


� î ñ ñ è é ñ ê à ÿ à ê à ä å ì è ÿ í à ó ê

Ì è í è ñ ò å ð ñ ò â î î á ð à ç î â à í è ÿ è í à ó ê è � Ô

Ñèáèðñêèé �åäåðàëüíûé óíèâåðñèòåò

Èíñòèòóò ìàòåìàòèêè è �óíäàìåíòàëüíîé èí�îðìàòèêè

Òîðãîâî-ýêîíîìè÷åñêèé èíñòèòóò

Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ �ÀÍ

Íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò ïðîáëåì ïîæàðíîé áåçîïàñíîñòè

Ò � Ó Ä Û

Ò�ÈÍÀÄÖÀÒÎÉ ÊÎÍÔÅ�ÅÍÖÈÈ

ÏÎ ÔÈÍÀÍÑÎÂÎ�ÀÊÒÓÀ�ÍÎÉ ÌÀÒÅÌÀÒÈÊÅ

È ÝÂÅÍÒÎËÎ�ÈÈ ÌÍÎ�ÎÌÅ�ÍÎÉ ÑÒÀÒÈÑÒÈÊÈ

Ê ð à ñ í î ÿ ð ñ ê

2014



ÓÄÊ 519.248: [004.8+33+301+159.9℄

Ò 78

Òðóäû XIII ÔÀÌÝÌÑ'2014 êîí�åðåíöèè. Ïîä ðåä. Îëåãà Âîðîáü�åâà. � Êðàñíîÿðñê: ÑÔÓ,

2014. � 251 ñ.

ISBN 978�5�9903358�4�4

Êîí�åðåíöèÿ ïîääåðæàíà

Èíñòèòóòîì ìàòåìàòèêè è �óíäàìåíòàëüíîé èí�îðìàòèêè

Òîðãîâî-ýêîíîìè÷åñêèì èíñòèòóòîì

�åäàêöèîííàÿ êîëëåãèÿ:

Àìåëü÷óãîâ Ñ.Ï., ä. òåõí. íàóê, ïðî�åññîð

Áàðàíîâà È.Â., êàíä. �èç.-ìàò. íàóê

Áûêîâà Â.Â., ä-ð �èç.-ìàò. íàóê, ïðî�åññîð

Âîðîáü�åâ Î.Þ., ä-ð �èç.-ìàò. íàóê, ïðî�åññîð (ðåäàêòîð)

�îëäåíîê Å.Å., êàíä. �èç.-ìàò. íàóê

Êëî÷êîâ Ñ.Â., êàíä. �èç.-ìàò. íàóê

Ëóêüÿíîâà Í.À.

Ìàæàðîâ Â.Ô., ä-ð ìåä. íàóê

Íîâîñ�åëîâ À.À., êàíä. �èç.-ìàò. íàóê

Ñåì�åíîâà Ä.Â., êàíä. �èç.-ìàò. íàóê (ïîìîùíèê ðåäàêòîðà)

© Ñèáèðñêèé �åäåðàëüíûé óíèâåðñèòåò, 2014

© Èíñòèòóò ìàòåìàòèêè è �óíäàìåíòàëüíîé èí�îðìàòèêè, 2014

© Òîðãîâî�ýêîíîìè÷åñêèé èíñòèòóò, 2014

© Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ �ÀÍ, 2014

© ÍÈÈ ïðîáëåì ïîæàðíîé áåçîïàñíîñòè, 2014

ISBN 978�5�9903358�4�4



R u s s i a n A  a d e m y o f S  i e n  e s

M i n i s t r y o f E d u  a t i o n a n d S  i e n  e o f R F

Siberian Federal University

Institute of Mathematis and Computer Siene

Institute for Trade and Eonomy

Institute of Computational Modeling of SB RAS

Researh Institute for Fire Safety Problems

P R O C E E D I N G S

OF THE XIII CONFERENCE

ON FINANCIAL AND ACTUARIAL MATHEMATICS

AND EVENTOLOGY OF MULTIVARIATE STATISTICS

K r a s n o y a r s k

2014



ÓÄÊ 519.248: [004.8+33+301+159.9℄

T78

Proeedings of the XIII FAMEMS'2014 Conferene. Oleg Vorobyev, ed. � Krasnoyarsk: SFU,

2014. � 251 p.

ISBN 978�5�9903358�4�4

The onferene is supported by

Institute of Mathematis and Computer Siene

Institute for Trade and Eonomis

Editorial board:

Amelhugov S.P., professor

Baranova I.V., Ph.D.

Bykova V.V., professor

Goldenok E.E., Ph.D.

Klohkov S.V., Ph.D.

Lukyanova N.A.

Mazharov V.F., Ph.D.

Novosyolov A.A., Ph.D.

Semenova D.V. Ph.D. (Assistant Editor)

Vorobyev O.Yu., professor (Editor)

© Siberian Federal University, 2014

© Institute of Mathematis and Computer Siene, 2014

© Institute for Trade and Eonomy, 2014

© Institute of Computational Modeling of RAS, 2014

© Researh Institute for Fire Safety Problems, 2014

ISBN 978�5�9903358�4�4



Ò�ÈÍÀÄÖÀÒÀß ÊÎÍÔÅ�ÅÍÖÈß

ÏÎ ÔÈÍÀÍÑÎÂÎ�ÀÊÒÓÀ�ÍÎÉ ÌÀÒÅÌÀÒÈÊÅ

È ÝÂÅÍÒÎËÎ�ÈÈ ÌÍÎ�ÎÌÅ�ÍÎÉ ÑÒÀÒÈÑÒÈÊÈ

18 ∼ 19 àïðåëÿ 2014 ãîäà, Êðàñíîÿðñê

Ò å ì û

• Ôèíàíñîâî-àêòóàðíàÿ ìàòåìàòèêà

• Ìàòåìàòèêà â ãóìàíèòàðíûõ, ñîöèî-ýêîíîìè÷åñêèõ è åñòåñòâåííîíàó÷íûõ îáëàñòÿõ.

• Ýâåíòîëîãèÿ ìíîãîìåðíîé ñòàòèñòèêè

• Ýâåíòîëîãèÿ áåçîïàñíîñòè

• Ýâåíòîëîãèÿ ðèñêà è ïðèíÿòèÿ ðåøåíèé â óñëîâèÿõ ðèñêà è íåîïðåäåëåííîñòè

• Ýâåíòîëîãèÿ è ìàòåìàòè÷åñêàÿ ýâåíòîëîãèÿ

• Ôèëîñî�ñêàÿ ýâåíòîëîãèÿ è �èëîñî�èÿ âåðîÿòíîñòè

• Ïðàêòè÷åñêàÿ ýâåíòîëîãèÿ

• Ýâåíòîëîãè÷åñêàÿ ýêîíîìèêà è ïñèõîëîãèÿ

• Ýâåíòîëîãè÷åñêèå ïðîáëåìû èñêóññòâåííîãî èíòåëëåêòà

• Ýâåíòîêîíâåðãåíöèÿ íàóê è òåõíîëîãèé

• Òåîðèÿ âåðîÿòíîñòåé è ìàòåìàòè÷åñêàÿ ñòàòèñòèêà

• Ìíîãîìåðíûé ñòàòèñòè÷åñêèé àíàëèç

• Ïðèíÿòèå ðåøåíèé â óñëîâèÿõ ðèñêà è íåîïðåäåëåííîñòè

• Èçìåðåíèå è ìîäåëè ðèñêà

• Òåîðèÿ íå÷åòêèõ ñîáûòèé, îáîáùåííàÿ òåîðèÿ íåîïðåäåëåííîñòè

• Ìàòåìàòè÷åñêèå íà÷àëà õàîñà â ýêîíîìèêå

• Ñèñòåìíûé àíàëèç è óïðàâëåíèå ñëó÷àéíûìè ñîáûòèÿìè

Ï ð å ä ñ å ä à ò å ë ü ê î í � å ð å í ö è è

Âîðîáü�åâ Î.Þ. (Êðàñíîÿðñê)

Ï ð î ã ð à ì ì í û é ê î ì è ò å ò

Àáäóøóêóðîâ À.À. (Óçáåêèñòàí) Çàíäåð Å.Â. (Êðàñíîÿðñê) Ñåì�åíêèí Å.Ñ. (Êðàñíîÿðñê)

Àëàõâåðäè Í. (Òóðöèÿ) Êèñåë�åâà Ò. (�åðìàíèÿ) Ñåì�åíîâ À.Ò. (Íîâîñèáèðñê)

Àëåêñàíäðîâ Þ.Ë. (Êðàñíîÿðñê) Êîêñ Ë.Ý. (ÑØÀ) Ñîðîêî Ý.Ì. (Áåëîðóññèÿ)

Àëèåâ Ò. (Àçåðáàéäæàí) Êóèìîâ Â.Â. (Êðàñíîÿðñê) Ñòîÿíîâ É. (Âåëèêîáðèòàíèÿ)

Àëèçàäå Ò. (Àçåðáàéäæàí) Êûòìàíîâ À.Ì. (Êðàñíîÿðñê) Óðÿñåâ Ñ. (ÑØÀ)

Àìåëü÷óãîâ Ñ.Ï. (Êðàñíîÿðñê) Ëåïñêèé Â.Å. (Ìîñêâà) Ôèíêåëü �. (Âåëèêîáðèòàíèÿ)

Àíãåëîâ Ï. (Âåëèêîáðèòàíèÿ) Ëå�åâð Â.À. (Èðâèí, ÑØÀ) Õàñàí Á.È. (Êðàñíîÿðñê)

Àíäðååâ Þ.À. (Êðàñíîÿðñê) Ëóêèí Â.Í. (Êàíàäà) Õëåáîïðîñ �.�. (Êðàñíîÿðñê)

Âèòëèíñêèé Â.Â. (Óêðàèíà) Ëóöåíêî Å.Â. (Êðàñíîäàð) Õîëòîí �. (ÑØÀ)

Âîðîáü�åâ À.Î. (Ìîñêâà) Ìàæàðîâ Â.Ô. (Êðàñíîÿðñê) Öèõ À.Ê. (Êðàñíîÿðñê)

�îëäáëàòò Äæ.Äæ. (Âåëèêîáðèòàíèÿ) Íåìèðîâñêèé Â.�. (Êðàñíîÿðñê) Öèöèàøâèëè �. Ø. (Âëàäèâîñòîê)

�èàííîïóëîñ Ê. (ÎÀÝ) Íîâîñ�åëîâ À.À. (Êðàñíîÿðñê) ×åðåìèñèí À. À. (Êðàñíîÿðñê)

�îðáàíü À.Í. (Âåëèêîáðèòàíèÿ) Îðñèíãåð Ý. (Èòàëèÿ) Øàéäóðîâ Â.Â. (Êðàñíîÿðñê)

�îðîäíèöêàÿ È. (ÑØÀ) Îõîðçèí Â.À. (Êðàñíîÿðñê) Øìèäò Ý. (Ïîëüøà)

�ðàíîâñêàÿ �.Ì. (Ñ.-Ïåòåðáóðã) Ïåð�èëüåâà È. (×åõèÿ) Øîêèí Þ.È. (Íîâîñèáèðñê)

�ðèãîðüåâ Þ.Ä. (Ñ.-Ïåòåðáóðã) Ïîääóáíûé Â.Â. (Òîìñê) äå Øïèíàäåëü Â. (Àðãåíòèíà)

�óö À.Ê. (Îìñê) Ïîäîïðèãîðà Â.�. (Êðàñíîÿðñê) ßíêîâñêàÿ À.Å. (Òîìñê)

Äîáðîíåö Á.Ñ. (Êðàñíîÿðñê) �óáàí À.È. (Êðàñíîÿðñê)

Äîððåð �.À. (Êðàñíîÿðñê) Ñàäîâñêèé Ì.�. (Êðàñíîÿðñê)

Î ð ã à í è ç à ö è î í í û é ê î ì è ò å ò

Àìåëü÷óãîâà Ñ.Â. (Êðàñíîÿðñê)

Àíäðåé÷èêîâà Ò.Â. (Êðàñíîÿðñê)

Áàðàíîâà È.Â. (Êðàñíîÿðñê)

�îëäåíîê Å.Å. (Êðàñíîÿðñê)

Êëî÷êîâ Ñ.Â. (Êðàñíîÿðñê)

Ëóêüÿíîâà Í.À. (Êðàñíîÿðñê)

Ñåìåíîâà Ä.Â. (Êðàñíîÿðñê)

Ê î í ò à ê ò û

• Îðãêîìèòåò XIII ÔÀÌÝÌÑ'2014 êîí�åðåíöèè: Òîðãîâî-ýêîíîìè÷åñêèé èíñòèòóò ÑÔÓ, óë. Ëèäû Ïðóøèíñêîé 2, ê.7-40,

Êðàñíîÿðñê, 660075, òåë. +73912219842, �îëäåíîê Åëåíà Åâãåíüåâíà, e-mail: ellen_gold�rambler.ru; Ñèáèðñêèé �åäåðàëü-

íûé óíèâåðñèòåò, ïð. Ñâîáîäíûé 79, ê.34-12, Êðàñíîÿðñê, 660041, òåë. +73912443149, Ñåì�åíîâà Äàðüÿ Âëàäèñëàâîâíà,

e-mail: famemonf�gmail.om, url: http://fam.onf.sfu-kras.ru.

• Ïðåäñåäàòåëü êîí�åðåíöèè: Âîðîáü�åâ Îëåã Þðüåâè÷,

ò. +73912494795; å-mail: oleg.yu.vorobyev�gmail.om, url: sfu-kras.aademia.edu/OlegVorobyev

• Ñåêðåòàðü îðãêîìèòåòà: Ñåì�åíîâà Äàðüÿ Âëàäèñëàâîâíà,

ò. +79029468205; å-mail: famemonf�gmail.om



THE XIII CONFERENCE

ON FINANCIAL AND ACTUARIAL MATHEMATICS

AND EVENTOLOGY OF MULTIVARIATE STATISTICS

18 ∼ 19 April, 2014, Krasnoyarsk

T o p i  s

• Finanial and atuarial mathematis

• Mathematis in the humanities, soio-eonomi and natural sienes

• Eventology of multivariate statistis

• Eventology of safety

• Eventology of risk and deision-making under risk and unertainty

• Eventology and mathematial eventology

• Philosophial eventology and philosophy of probability

• Eventology and the new humanity

• Pratial eventology

• Eventologial eonomis and psyhology

• Eventologial problems of arti�ial intelligene

• Converging sienes and tehnologies

• Probability theory and statistis

• Multivariate statistial analysis

• Deision-making under risk and unertainty

• Risk measurement and risk models

• Theory of fuzzy events and generalized theory of unertainty

• Mathematial onset to haos in eonomy

• System analysis and events management

C o n f e r e n  e C h a i r

Vorobyev Oleg (Russia)

P r o g r a m C o m m i t t e e

Abdushukurov Abdurahim (Uzbekistan) Guts Alexander (Russia) Ruban Anatoly (Russia)

Allahverdi Novruz (Turkey) Holton Glyn (USA) Sadovsky Mihael (Russia)

Alexandrov Yuri (Russia) Khasan Boris (Russia) Semenkin Euheny (Russia)

Aliev Telman (Azerbaijan) Khlebopros Rem (Russia) Semenov Alexander (Russia)

Alizada Tahir (Azerbaijan) Kiseliova Tatiana (Germany) Shaidurov Vladimir (Russia)

Amelhugov Sergey (Russia) Kuimov Basil (Russia) Shokin Yuri (Russia)

Angelov Plamen (UK) Kytmanov Alexander (Russia) Soroko Eduard (Belarus)

Andreyev Jury (Russia) Lefebvre Vladimir (USA) de Spinadel Vera (Argentina)

Cheremisin Alexander (Russia) Lepsky Vladimir (Russia) Stoyanov Jordan (UK)

Cox Louis (USA) Lukin Vladimir (Canada) Szmidt Eulalia (Poland)

Dobrone Boris (Russia) Lutsenko Euheny (Russia) Tsykh August (Russia)

Dorrer Georgy (Russia) Mazharov Vladimir (Russia) Tsytsyhashvili Gurami (Russia)

Finkel Rebea (UK) Nemirovsky Valentin (Russia) Uryasev Stanislav (USA)

Giannopoulos Kostas (UAE) Novosyolov Arady (Russia) Vitlinsky Valdemar (Ukraine)

Goldblatt Joe (UK) Okhorzin Vladimir (Russia) Vorobyev Alexey (Russia)

Gorban' Alexander (UK) Orsingher Enzo (Italy) Yankovskaya Anna (Russia)

Gorodnitsky Irina (USA) Per�l'eva Irina (Czeh Republik) Zander Euheniya (Russia)

Granovskaya Rada (Russia) Poddubny V.V. (Tomsk)

Grigor'ev Yuri (Russia) Podoprigora Vladimir (Russia)

O r g a n i z i n g C o m m i t t e e

Amelhugova Svetlana (Russia)

Andreyhikova Tatyana (Russia)

Baranova Irina (Russia)

Goldenok Ellen (Russia)

Klohkov Svyatoslav (Russia)

Lukyanova Nataly (Russia)

Semenova Daria (Russia)

C o n t a  t s

• Organizing Committee of the XIII FAMEMS'2014 Conferene: Trade Eonomy Institute of SFU, ul. Lidy Prushinskoi 2,

r.7-40, Krasnoyarsk, 660075, Ph. +73912219842, Goldenok Ellen, e-mail: ellen_gold�rambler.ru; Siberian Federal University,

pr.Svobodny 79, r.34-12, Krasnoyarsk, 660041, Ph. +73912443149, Semenova Daria, e-mail: famemonf�gmail.om, url:

http://fam.onf.sfu-kras.ru.

• Conferene Chair: Vorobyev Oleg,

tel. +73912494795; å-mail: oleg.yu.vorobyev�gmail.om, url: sfu-kras.aademia.edu/OlegVorobyev

• Organizing Seretary: Semenova Daria,

tel. +79029468205; å-mail: famemonf�gmail.om



XIII ÔÀÌÝÌÑ'2014 êîí�åðåíöèÿ 7

Ñ î ä å ð æ à í è å

Abdushukurov A.A., Kakadjanova L.R. (Tashkent, Uzbekistan) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

On speial empirial proesses of independene with appliation

Abdushukurov A.A., Chuyanov Kh. (Tashkent, Uzbekistan) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

Estimating of survival funtion in ox model under ompeting risks

Demothkine Val (London, United Kingdom) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

Hedge Fund Strategies, Finanial Instability, Fat Tails and Leverage Cyles

Imomov A.A., Almanova D. S. (Karshi, Uzbekistan) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

On estimation of main parameter in the long-surviving Markov branhing proess

Imomov A.A., Jumakulov K.Q., Tukhtaev E.E. ( Karshi, Uzbekistan) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

On estimation of main parameter in Q-proess

Àáäóøóêóðîâ À.À. è �.Ñ. Ìóðàäîâ (Òàøêåíò, Óçáåêèñòàí) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

Àñèìïòîòè÷åñêàÿ ãàóññîâîñòü êîïóëà îöåíîê �óíêöèè âûæèâàíèÿ

ïðè çàâèñèìîì ñëó÷àéíîì öåíçóðèðîâàíèè

Áàðàíîâà È.Â. (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

Êîâàðèàöèîííûé àíàëèç ðàçíîòèïíûõ äàííûõ

ñ ïîìîùüþ ìåòîäà äâóäîëüíûõ ìíîæåñòâ ñîáûòèé

Áàðàíîâà È.Â. è Ä.Ì. Áîãîäóõîâ (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

Ïðèìåíåíèå ãåíåòè÷åñêèõ àëãîðèòìîâ äëÿ ðåøåíèÿ çàäà÷è êëàñòåðèçàöèè äàííûõ

Áàðàíîâà È.Â. è Ä.Â. Êíÿçü (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

Ìåòîäû êëàñòåðèçàöèè ìíîãîìåðíûõ ñòàòèñòè÷åñêèõ äàííûõ

Âîðîáüåâ Î.Þ. (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

Âíå ïðèâû÷íûõ èçìåðåíèé ñòàòèñòè÷åñêèõ âçàèìîñâÿçåé: ýâåíòîëîãè÷åñêè ïåðåñìîòðåííûé

ïîäõîä ê èçìåðåíèþ îáùíîñòè è àññîöèàöèè (ñòàòèñòè÷åñêîé çàâèñèìîñòè) ìíîæåñòâ ñîáûòèé

Âîðîáüåâ Î.Þ. (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

Ñåò-äèñòîãðàììíûå èçìåðèòåëè ðàçîáùåííîñòè ñîáûòèé

Âîðîáüåâ Î.Þ. (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

Ê îáîñíîâàíèþ ýâåíòîëîãè÷åñêîãî ìåòîäà

Âîðîáüåâ Î.Þ. (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

Ýâåíòîëîãè÷åñêîå îáîáùåíèå ãðàíèö Ôðåøå äëÿ ìíîæåñòâà ñ�î-áûòèé

�îëäåíîê Å. Å. (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

Îöåíêà îáùíîñòè ïîêóïàòåëüñêèõ ñåãìåíòîâ ïî ÷åêîâîé ñòàòèñòèêå

�ðèãîðüåâ Þ.Ä. (Ñàíêò-Ïåòåðáóðã) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

Ïîëÿðíîå óðàâíåíèå è φp-îïòèìàëüíûå ïëàíû ýêñïåðèìåíòà

äëÿ ïîëèíîìèàëüíîé ðåãðåññèè

Äæàìèðçàåâ À.À. (Òàøêåíò, Óçáåêèñòàí) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

Î ïðåäåëüíîì ðàñïðåäåëåíèè ïîñëåäîâàòåëüíîñòåé ñëó÷àéíûõ âåëè÷èí

ñî ñëó÷àéíûì èíäåêñîì

Äîäîíîâà Ì.Ì. (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

Èçó÷åíèå ðàçëè÷íûõ ïîñòàíîâîê çàäà÷è î ðþêçàêå è ìåòîäîâ èõ ðåøåíèÿ

Åñèí �. Â. (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

�åøåíèå îáðàòíîé çàäà÷è òåîðèè ðèñêà äëÿ ìåðû âîçìóùåííîé âåðîÿòíîñòè

Çóïàðîâ Ò.Ì. è Î. Ñà�àðîâ (Òàøêåíò, Óçáåêèñòàí) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

Öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà äëÿ ñëó÷àéíûõ ñóìì ëèíåéíîãî ïðîöåññà,

ïîðîæäåííîãî ïîñëåäîâàòåëüíîñòüþ m-çàâèñèìûõ ñëó÷àéíûõ

Êëîêîâ À.Â. è Â.Å. �àñïîïîâ (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

×èñëåííàÿ èäåíòè�èêàöèÿ ñòàðøèõ êîý��èöèåíòîâ â ñèñòåìå ïàðàáîëè÷åñêèõ óðàâíåíèé



8 XIII ÔÀÌÝÌÑ'2014 êîí�åðåíöèÿ

Êðóïêèíà Ò. Â., Ìàæàðîâ Â.Ô., �îðíûé Á.Ý. è Ñ.Â. Áàáåíûøåâ (Êðàñíîÿðñê, Æåëåçíîãîðñê) . . . . . . 158

Î ðàçëè÷íûõ ïîäõîäàõ ê ïîñòðîåíèþ èíòåãðàëüíûõ ïîêàçàòåëåé

Êóñòèöêàÿ Ò .À. (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

Êîãåðåíòíûå ìåðû ðèñêà. Ïðèìåðû, ìîäè�èêàöèè, îáîáùåíèÿ

Ìàêñèìîâà Ê.È. è È.Â. Áàðàíîâà (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

�àçðàáîòêà âåðîÿòíîñòíîãî àëãîðèòìà ïîèñêà àññîöèàòèâíûõ ïðàâèë â ñòàòèñòèêå ïîêóïîê

Ìàõîíèí È.Â., Äåìèäåíêî Â.À. (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

Ïðîáëåìû ñáàëàíñèðîâàííîñòè çíàêîâûõ ãðà�îâ

Íàðòîâ ß.Â. (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

�åãðåññèÿ êàê óñëîâíîå ñðåäíåâåðîÿòíîå ñîáûòèå

Íè�îíòîâ À.Ñ. (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

Ñðåäíå-�åíîìåííûé ïîðò�åëüíûé àíàëèç

Íîâîñåëîâ À.À (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

Ñòðåññ-òåñòèðîâàíèå ðèñê-ìîäåëåé: íåêîòîðûå ïîäâîäíûå êàìíè

Íîâîñåëîâ À.À (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

Îáîáùåíèå ïîíÿòèÿ ãðàíèö Ôðåøå

Íîâîñåëîâ À.À (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200

Èçìåðèìîñòü ñëó÷àéíîãî ìíîæåñòâà ñîáûòèé

Ïîääóáíûé Â.Â. è À.À. Ïîëèêàðïîâ (Òîìñê, Ìîñêâà) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

Íåïðåðûâíàÿ ñòîõàñòè÷åñêàÿ äèíàìè÷åñêàÿ ìîäåëü ðàçâèòèÿ ïîëèñåìèè

è ñìûñëîâîãî îáúåìà àíñàìáëÿ çíàêîâ åñòåñòâåííîãî ÿçûêà

�àõèìîâà �. �., Ñàãèäóëëàåâ Ê.Ñ. è �.Ò. Òóðñóíîâ (Òàøêåíò, Óçáåêèñòàí) . . . . . . . . . . . . . . . . . . . . . . . . 202

Ñêîðîñòü ñõîäèìîñòè â ïîñëåäîâàòåëüíîì îöåíèâàíèè èíòåðâàëàìè �èêñèðîâàííîé øèðèíû

àñèìïòîòè÷åñêîé äèñïåðñèè ðàíãîâûõ îöåíîê ïàðàìåòðà ñäâèãà

Ñàäîâñêèé Ì. �. è ß.Â. �ðåáíåâ (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204

Ïðàâèëà ×àðãà��à è ñóïåð-ñèììåòðèÿ â ãåíîìàõ

Ñàäîâñêèé Ì. �. è Ê.À. Íèêèòèíà (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208

Ïîèñê è èçó÷åíèå ñòðóêòóð â ñèìâîëüíûõ ïîñëåäîâàòåëüíîñòÿõ,

çàäàííûõ ñëó÷àéíûìè ïðîöåññàìè

Ñàðêèñîâ Â.�. (Ñàìàðà) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

Ôîðìèðîâàíèå îáúåäèíåííûõ ïîðò�åëåé èíâåñòîðîâ ïðè ðàçëè÷íûõ êðèòåðèÿõ ðèñêà

Ñåìåíîâà Ä.Â. è A.È. Èâàíîâà (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222

Íå÷åòêàÿ è ñåò-ðåãðåññèîííàÿ ìîäåëè ðàñïðåäåëåíèÿ

ïîòðåáèòåëüñêèõ ïðåäïî÷òåíèé ìåæäó �èðìàìè

Ñåìåíîâà Ä.Â. è �. Êóøáàê êûçû (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 228

Êîððåëÿöèîííîå îòíîøåíèå ìåæäó ñëó÷àéíûìè ìíîæåñòâàìè ñîáûòèé

Ñåìåíîâà Ä.Â., Ëóêüÿíîâà Í.À., è Ë.Þ. Øàíãàðååâà (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234

Ñåìåéñòâî ñëó÷àéíûõ ìíîæåñòâ ñîáûòèé Ôðàíêà

Ñåìåíîâà Ä.Â., Ëóêüÿíîâà Í.À., è Ë.Þ. Øàíãàðååâà (Êðàñíîÿðñê) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239

Îöåíêà ïàðàìåòðà àññîöèàòèâíîé �óíêöèè ìåòîäîì íàèìåíüøèõ êâàäðàòîâ

äëÿ ñåìåéñòâ Ôðàíêà è Àëè-Ìèõàýëÿ-Õàêà ñëó÷àéíûõ ìíîæåñòâ ñîáûòèé

Ñ ï è ñ î ê à â ò î ð î â . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244

L i s t of a u t h o r s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244

A b s t r a  t s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 245



XIII FAMEMS'2014 Conferene 9

C o n t e n t s

Abdushukurov Abdurakhim and Leila Kakadjanova (Tashkent, Uzbekistan) . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

On speial empirial proesses of independene with appliation

Abdushukurov Abdurakhim and Khurshid Chuyanov (Tashkent, Uzbekistan) . . . . . . . . . . . . . . . . . . . . . . . . . . 13

Estimating of survival funtion in ox model under ompeting risks

Demothkine Val (London, United Kingdom) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

Hedge Fund Strategies, Finanial Instability, Fat Tails and Leverage Cyles

Imomov Azam and Dilnoza Almanova (Karshi, Uzbekistan) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

On estimation of main parameter in the long-surviving Markov branhing proess

Imomov Azam, Khurshid Jumakulov and Erkin Tukhtaev (Karshi, Uzbekistan) . . . . . . . . . . . . . . . . . . . . . . . . 21

On estimation of main parameter in Q-proess

Abdushukurov Abdurahim and Rustamjon Muradov (Tashkent, Uzbekistan) . . . . . . . . . . . . . . . . . . . . . . . . . . 23

The asymptoti Gaussian properties of opula estimating

the survival funtion for dependent random ensoring (in Russian)

Baranova Irina (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

Covariane analysis of polytypi data using the bipartite sets of events method (in Russian)

Baranova Irina and Dmitriy Bogodukhov (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

Appliation of geneti algorithms to solve the problem of data lustering (in Russian)

Baranova Irina and Dimitriya Knyaz' (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

Clustering methods of multivariate statistial data (in Russian)

Vorobyev Oleg (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

Beyond usual measuring statistial interonnetions: An eventologially revised approah to measurement

for agreement and assoiation (statistial dependene) of a set of events (in Russian)

Vorobyev Oleg (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

Set-distogram measurers of disagreement of events (in Russian)

Vorobyev Oleg (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

On the foundations of the eventologial method (in Russian)

Vorobyev Oleg (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

Eventologial generalization of Fr�ehet bounds for a set of �o-events (in Russian)

Goldenok Ellen (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

Assessment of an assoiation of onsumer segments for hek market statistis (in Russian)

Grigoriev Yuri (Ñàíêò-Ïåòåðáóðã) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

Polar equation and experimental φp-designs for polynomial regression (in Russian)

Djamirzayev Abdusunnat (Òàøêåíò, Óçáåêèñòàí) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

About the limiting distribution sequenes of random variables with random indies (in Russian)

Dodonova Maria (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

Researh of various formulations of the knapsak problem and methods of problem solution (in Russian)

Esin Roman (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

Solve the inverse problem for the theory of risk measures distorted probability (in Russian)

Zuparov Talat and Oybek Safarov (Òàøêåíò, Óçáåêèñòàí) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

The entral limit theorem for random sums of a linear proess generated sequene

of m-dependent random variables (in Russian)

Klokov Andrey and Vitaly Raspopov (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

Numerial identi�ation of the leading oe�ients of the system of paraboli equations (in Russian)



10 XIII ÔÀÌÝÌÑ'2014 êîí�åðåíöèÿ

Krupkina Tatiana, Mazharov Vladimir, Gornyi Boris, and Babenyshev Sergey

(Krasnoyarsk, Zheleznogorsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

About various approahes to the onstrution of integral indiators (in Russian)

Kustitskaya Tatyana (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

Coherent risk measures. Examples, variations, generalizations (in Russian)

Maksimova Kristina and Irina Baranova (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

The problem of �nding the assoiation rules method in Data Mining (in Russian)

Makhonin Igor and Vitaliy Demidenko (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

Problems of balane of sign graphs (in Russian)

Nartov Yakov (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

Regression as a Conditional Mean Probability Event (in Russian)

Nifontov Aleksander (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

Mean-phenomenon portfolio analysis (in Russian)

Novosyolov Arady (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

Stress-testing of risk models: some pitfalls (in Russian)

Novosyolov Arady (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

A generalization of Frehet bounds onept (in Russian)

Novosyolov Arady (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200

Measurability of random set of events (in Russian)

Poddubny Vasily and Anatoly Polikarpov (Òîìñê, Ìîñêâà) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

Continuous Stohasti Dynami Model for the Evolution

of Polysemy and Sense Volume of Signs Ensembles of Natural Language (in Russian)

Rakhimova Gulnoza, Sagidullaev Kalmurza and Gafurjon Tursunov (Òàøêåíò, Óçáåêèñòàí) . . . . . . . . . 202

The rate of onvergene in the sequential estimation of

�xed-width intervals of asymptoti variane of rank estimators of shift (in Russian)

Sadovsky Mihael and Yaroslav Grebnev (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204

Charga�'s rules and super-symmetry in genomes (in Russian)

Sadovsky Mihael and Ksenya Nikitina (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208

Searh and study of strutures in the harater sequenes de�ned by random proesses (in Russian)

Sarkisov Vigen (Ñàìàðà) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

Creating Investors' Pooled Portfolios at Various Risk Criteria (in Russian)

Semenova Daria and Anastasiya Ivanova (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222

Fuzzy and set-regression model of distribution of onsumer preferenes between �rms (in Russian)

Semenova Daria and Guliza Kushbak kyzy (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 228

Correlation ratio between random sets of events (in Russian)

Semenova Daria, Lukyanova Natalia and Ludmila Shangareeva (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . 234

Family of random sets of events of Frank (in Russian)

Semenova Daria, Lukyanova Natalia and Ludmila Shangareeva (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . 239

Estimate of the parameter of assoiative funtion by the least squares method

for assoiative random sets of events of Frank and Ali-Mikhail-Haq (in Russian)

L i s t of a u t h o r s (in Rissian) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244

L i s t of a u t h o r s (in English) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244

A b s t r a  t s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 245



The XIII Conferene on FAM and Eventology of Multivariate Statistis, Krasnoyarsk, Siberia, Russia, 2014

On speial empirial proesses of independene with appliation

Abdurahim Axmedovih Abdushukurov

National University of Uzbekistan

Uzbekistan

a_abdushukurov�rambler.ru

Leyla Reshitovna Kakadjanova

National University of Uzbekistan

Uzbekistan

leyla_tvms�rambler.ru

Abstrat. In this paper we investigate the asymptoti
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1 Introdution

In this paper we investigate the limit properties of a

lass of empirial proesses of independene indexed on a

set of measurable funtions. Consider a following model

of experiments in whih observed pairs are onsists

of {(Xk, Ak) , k ≥ 1}, where Xk are random elements

de�ned on a probability spae (Ω,A,P) with values in

a measurable spae (X,B). Events Ak have a ommon

probability p ∈ (0, 1). Let δk = I (Ak) is indiator of the
event Ak. At the n− th step of experiments is observed a

sample S(n) = {(Xk, δk) , 1 ≤ k ≤ n}. Eah pair in the

sample S(n) indued a statistial model with sample

spae X ⊗ {0, 1}, σ-algebra of sets of the form B × D
and indued distribution

Q∗ (B ×D) = P (Xk ∈ B, δk ∈ D) ,

where B ∈ B, D ⊂ {0, 1}. De�ne submeasures

Q1 (B) = Q∗ (B × {1}) , Q0 (B) = Q∗ (B × {0})

and

Q (B) = Q∗ (B × {0, 1}) = Q0 (B) +Q1 (B) ,

B ∈ ∈ B and its estimates

Q1n (B) =
1

n

n∑

k=1

δkI (Xk ∈ B) ,

Q0n (B) =
1

n

n∑

k=1

(1− δk)I (Xk ∈ B) ,

Qn (B) =
1

n

n∑

k=1

I (Xk ∈ B) = Q0n (B) +Q1n (B)

for all B ∈ B. Consider the hypothesis H of

independene of Xk and Ak for eah k ≥ 1 .

We onsider general lasses of speially normalized

empirial proesses of independene indexed by the lass

© 2014 A.A. Abdushukurov and L.R. Kakadjanova
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F of measurable funtions f : X → R. For a signed

measure G and funtion f ∈ F denote the integral

Gf =

∫

X

f dG.

De�ne F - indexed empirial proess Gn : F ∈ R as:

f 7→ Gnf =
√
n (Qn −Q) f =

= n−1/2

n∑

k=1

(f (Xk)−Qf), f ∈ F .

Note that Gnf = G0nf + G1nf , where Gjnf =
=
√
n (Qjn −Qj) f, j = 0, 1. Donsker-type theorems

provide a general onditions on F , under whih

Gnf ⇒ Gf in l∞(F), (1)

where l∞(F) - the spae of all bounded funtions

f : X → R equipped with the supremum � norm

‖f‖F and ⇒ means the weak onvergene. Limiting

�eld {Gf, f ∈ F} alled Q � Brownian bridge. In

onnetion with the problem of testing the hypothesis

H, we introdue F - proesses Λf = Q1f −
pQf, Λnf = = Q1nf − pnQnf, f ∈ F and

∆nf =

∫

X

fd∆n =

(
n

pn (1− pn)

)1/2

(Λn − Λ) f, (2)

f ∈ F . One of important properties of the proess

(2) is its onvergene to the same Q-Brownian bridge

{Gf , f ∈ F} under validity of H .

To present the basi theorems we de�ne the omplexity

or entropy of lass F . Braketing (or overing) number

N[ ] (ε,F ,Lq (Q)) is the minimum number of ε - brakets
in Lq(Q) needed to over F (see Shorak and Wellner

[4℄, Van der Vaart and Wellner [5℄):

N[ ] (ε,F ,Lq (Q)) = min

{
k : for some f1, ..., fk ∈ Lq (Q) ,
F ⊂ ∪

i,j
[fi, fj] : ‖fj − fi‖Q,q ≤ ε.

For weak onvergene of F - indexed empirial proesses

(2) we need the integral of the metri entropy with

braketing to be

J
(q)
j[ ] (δ) = Jj[ ] (δ;F ;Lq (Qj)) =

=

δ∫

0

(Hjq (ε))
1/2

dε, j = 0, 1, for 0 < δ < 1,
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where Hjq (ε) = logN[ ] (ε,F ,Lq (Qj)) is metri entropy

of lass F in Lq(Qj), j = 0, 1. We introdue the following

onditions:

(i) Let the lass F suh that

F ⊂ L2(Qj) and J (2)
j[ ]

(1) <∞, j = 0, 1. (3)

Òåîðåìà 1. Under the onditions (3) for n→∞

∆nf ⇒ ∆f in l∞(F), (4)

where {∆f, f ∈ F} is a Gaussian �eld with zero mean

and under validity of the hypothesis H, it oinides in

distribution with Q - Brownian bridge.

Now onider ase of random sample size. Let the

sequene Nn of Poisson r.v.-s with mean n. Suppose
that sequenes {Nn, n ≥ 1} and {(Xk, δk), k ≥ 1}
are independent. Let

{
∆∗

Nn
f, f ∈ F} be sequene

of normalized empirial proesses of independene

obtained from (2) by replaing upper index n of all

summation to a random sequene Nn .

Òåîðåìà 2. Under the onditions (3) at n→∞

∆∗
Nn

f ⇒ ∆∗f in l∞(F), (5)

where by hypothesis H, ∆∗f
d

= W(f), f ∈ F . Here

{W(f), f ∈ F} is Brownian sheet.

2 Appliation to random ensoring

Let's onsider a right random ensoring model, where

Xi = min{Ti, Ci} and Ai = {Ti ≤ Ci}. Here r.v.-s Ti

and Ci denotes life times and ensoring times, mutually

independent with ommon ontinuous distribution

funtions F and G respetively (F (0) = G(0) = 0).
Then in observing data S(n) = {(Xi, δi) , 1 ≤ i ≤ n}
with δi = I (Ai), r.v.-s of interest Ti are observed when

Ai ours, i.e. δi = 1 . Observe that theXi have ommon

distribution funtion H = 1 − (1 − F )(1 − G) and

subdistributions de�ned as

Q0 (B) = P (Xk ∈ B, δk = 0) =

= P (Ck ∈ B ∩ [0, Tk))

∫

B

(1− F (t))G(dt),

Q1 (B) = P (Xk ∈ B, δk = 1) =

= P (Tk ∈ B ∩ [0, Ck])

∫

B

(1−G(t))F (dt). (6)

Now onsider simple proportional hazards model (PHM)

or Koziol-Green model whih has been found in

statistial literature to be very useful and interesting

in pratie. In PHM assume the parametri relation

1−G = (1− F )β for some β > 0. (7)

Under (7) it is easy seen that 1 − F = (1 − H)p,
where p = 1

1+β = P(Ak). One of basi property

of PHM that (7) holds when r.v.-s Xk and δk are

independent and only this ase. Suh haraterization of

PHM plays a basi role in onstruting and investigating

of estimators of many funtionals of distribution F .
Consider su�ient maximum likelihood ACL-estimator

of F :
Fn(t) = 1− (1−Hn(t))

pn , (8)

where Hn(t) = 1
n

n∑
k=1

I(Xk ≤ t) and pn = 1
n

n∑
k=1

δk

are independent empirial estimators of H(t) and p
respetively.

There are a rih literature devoted to statistial analysis

of Fn. These papers are onerned with the superiority

of methods for estimation and the testing in PHM are

based on Fn rather than the produt-limit estimator

of Kaplan-Meier. Most of the outstanding referenes

an be found in [2℄. Hene we have a natural question:

when an the advantages of the PHM be used? In other

words, there is now a need for testing of validity of

PHM, i.e. for the omposite hypothesis desribed by

relation (7). But this relation is equivalent to hypothesis

H on independene of r.v.-s (X1, ..., Xn) and (δ1, ..., δn).
Consider following speial empirial proess of (2):

∆n(t) =

(
n

pn (1− pn)

)1/2

(H1n(t)− pnHn(t)) ,

−∞ < t <∞, (9)

where H1n(t) = 1
n

n∑
k=1

I(Xk ≤ t, δk = 1). Then we have

next onsequene from Theorem 1: If H holds then as

n→∞
∆n (·)⇒ B (H (·)) , (10)

where {B(y), 0 ≤ y ≤ 1} is a Brownian bridge.
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1 Introdution

In this artile we onsider Cox model with failure time

Z and k ompeting risks

Λ(i) (x/v) = Λ
(i)
0 (x) exp

((
βT , v

))
,

x ≥ 0, i = 1, k,

(1)

whih postulates that i-th onditional umulative

hazard funtion

Λ(i)(x/v) = lim
h↓0

P
(
Z ≤ x+ h, A(i)/Z ≥ x,V = v

)
,

an be written as a produt of an exponential fator

depending on the p-vetors of ovariate V = v,
regression parameterβ and a i-th baseline umulative

hazard funtion Λ
(i)
0 (x) = Λ(i) (x/0). Here A(1), ..., A(k)

are pairwise disjoint events. Let 1 − H(i) (x/v) the

onditional and 1 − H
(i)
0 (x) the baseline survival

funtions of i-th risk, where H
(i)
0 (x) = H(i) (x/0) and

1−H(i)(x/v) =
[
1−H

(i)
0 (x)

]exp((βT ,v))

, (2)

x ≥ 0, i = 1, k.

2 Main results

We onsider following three funtionals of exponential,

produt and relative - risk power types of umulative

hazard funtions:

1−H
(i)
1 (x/v) = exp

{
−Λ(i)

0c (x) exp
((
βT , v

))}
·

∏

u≤x

exp
{
−∆Λ

(i)
0 (u) exp

((
βT , v

))}
,

© 2014 A.A. Abdushukurov, Kh. Chuyanov
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1−H
(i)
2 (x/v) = exp

{
−Λ(i)

0c (x) exp
((
βT , v

))}
·

∏

u≤x

[
1−∆Λ

(i)
0 (u) exp

((
βT , v

))]
(3)

1−H
(i)
3 (x/v) = [1−H (x− /v)]

R(i)(x)
,

where

1−H (x/v) =
k∏

i=1

(
1−H(i) (x/v)

)
,

∆Λ
(i)
0 (u) = Λ

(i)
0 (u)− Λ

(i)
0 (u−) ,

Λ
(i)
0c (x) = Λ

(i)
0 (x)−

∑

u≤x

∆Λ
(i)
0 (u),

R(i) (x) =
Λ
(i)
0 (x)

k∑
i=1

Λ
(i)
0 (x)

, i = 1, k.

Let's introdue funtionals:

ω
(i)
1 (x, v) =

1

2
exp

{
−Λ(i)

0c (x) exp
((
βT , v

))}
·

∑

u≤x

∆Λ
(i)
0 (u) exp

((
βT , v

))
,

ω
(i)
2 (x, v) =

∑

u≤x

∆Λ
(i)
0 (u) exp

((
βT , v

))
[
1−∆Λ

(i)
0 (u) exp ((βT , v))

] ,

ω3(x, v) =
∑

u≤x

[∆ΛH (u/v)]
2

[1−∆ΛH (u/v)]
−∆ΛH (x/v) ,

ΛH (x/v) =

∫

[0,x]

dH (u/v)

1−H (u− /v)
,

and

ω
(i)
4 (x, v) = ω

(i)
2 (x, v)− ω3 (x, v) .

Note that funtionals (3) are very useful in estimating of

survival funtions (2) under various types of ensoring

(see, for example [1, 3℄). Therefore next we formulate

theorem whih gives some exat inequalities between

funtionals (3). Let TH = inf {x : H (x/v) = 1}.
Theorem 1. For all (x, v) ∈ [0, TH ] × Rp

and i =
1, ..., k :

(I) 0 ≤ H
(i)
2 (x/v)−H

(i)
1 (x/v) ≤ ω

(i)
1 (x, v) ;
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(II) 0 < − log
(
1−H

(i)
2 (x/v)

)
+

+ log
(
1−H

(i)
1 (x/v)

)
< ω

(i)
2 (x, v);

(III) 0 < log
(
1−H

(i)
3 (x/v)

)
+

+ log
(
1−H

(i)
1 (x/v)

)
< ω3(x, v);

(IV)

∣∣∣− log
(
1−H

(i)
2 (x/v)

)
+

+ log
(
1−H

(i)
3 (x/v)

)∣∣∣ < ω
(i)
4 (x, v);

(V) 0 ≤ H
(i)
3 (x/v)−H

(i)
1 (x/v) < ω3(x, v);

(VI)

∣∣∣H(i)
2 (x/v)−H

(i)
3 (x/v)

∣∣∣ < ω
(i)
4 (x, v).

Inequalities (I) - (VI) an be used in investigating of

three types of estimators of survival funtions (2). In

order to onstrut these estimators we use approahes

from [1, 3℄. Let the baseline umulative hazard funtions{
Λ
(i)
0 (x) , i = 1, ..., k

}
are ontinuous, V = (V1, ..., Vp)

is the vetor of ovariates and β = (β1, ..., βp) is

orresponding vetor of regression parameters. Our

�nal goal is to estimation of baseline survival funtions{
1−H

(i)
0 (x) = exp

{
−Λ(i)

0 (x)
}
, i = 1, ..., k

}
based

on independent observations of (p+ k + 1) - variate

vetor

ξ =
(
Z,V, δ(1), ..., δ(k)

)
,

where δ(i) = I
(
A(i)

)
is indiator of the event A(i)

. Let

S(n) = (ξ1, ..., ξn) is observed sample of independent

replias of vetor ξ, where ξi =
(
Zi,Vi, δ

(1)
i , ..., δ

(k)
i

)
,

δ
(j)
i = I

(
A

(i)
j

)
. In order to onstrut estimators

of baseline survival funtions we use three types of

funtionals (3) and representations (2). Let π (ν) =
P (V ≤ ν) = P (V1 ≤ ν1, ..., Vp ≤ νp) , ν = (ν1, ..., νp) ∈
Rp

, is joint distribution funtion of vetor V and

πn (t) =
1

n

n∑

i=1

I (V1i ≤ ν1, ..., Vpi ≤ νp), ν ∈ Rp,

is its empirial estimator. For 1 − H
(i)
0 (x) we propose

the following three types of intermediate estimators:

1−H(i)
mon (x) = Ψ(i)

m n (x;βn) , (4)

m = 1, 2, 3; i = 1, ..., k,

Ψ
(i)
1n (x;β) = exp

{
−Λ(i)

0n (x;β)
}
,

Ψ
(i)
1n (x;β) =

∏

u≤x

(
1−

(
Λ
(i)
0n (u;β)− Λ

(i)
0n (u−;β)

))
,

Ψ
(i)
1n (x;β) =

[
ω(i)
n (x;β)

]R(i)
n (x;β)

,

R(i)
n (x;β) = Λ

(i)
0n (x;β)


−

∫

[0;x]

dω
(i)
n (u;β)

ω
(i)
n (u;β)




−1

,

ω(i)
n (x;β) =

1

n

n∑

k=1

exp
(
βT ; ν

)
δ
(i)
k I (Zk ≥ x) ,

Λ
(i)
0n (x;β) =

1

n

n∑

k=1

δ
(i)
k

I (Zk ≤ x)

ω
(i)
n (Zk;β)

.

In onsidered model are assumed satis�ed following

onditions: (C1) Joint distribution of vetor(
Z,V, δ(1), ..., δ(k)

)
is suh that for a numbers

T (i), Λ
(i)
0

(
T (i)

)
<∞, we have

inf
x≤T (i)

∫

Rp

P
(
Z ≥ x, A(i)/V = ν

)
dπ (ν) > 0,

i = 1, . . . , k;

(C2) Distribution funtion π (ν) is absolutely ontinuous

and for any a ∈ Rp
:

sup
t∈B(ε;β)

E
[
aVTVaT · exp

((
tT ;V

))]2 ≤ K <∞,

where B (ε, β) - is the ball with diameter 2ε and the

enter at a point β (the true value). Let Z(n) =
max (Z1, . . . , Zn).

Theorem 2. Under onditions (C1), (C2) for all x ∈[
0, T (i)

]
, i = 1, ..., k and eah m = 1, 2, 3 :

(I) sup
x≤T (i)

x<Z(n)

∣∣∣H(i)
mon (x)−H

(i)
0 (x)

∣∣∣ p→
n→∞

0;

(II) n1/2
(
H(i)

mon(x) −H
(i)
0 (x)

)
D→

n→∞
χ(i)(x), in D[0, T (i)].

where χ(i) (x) � is entered Gaussion proess.
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1 Introdution

In [3℄, we disussed Global Maro, Diretional and Delta

Neutral hedge fund strategies. Market neutral funds

have a low orrelation with the overall market return.

Diretional funds spei�ally take bets on market

movements, and so their returns are often strongly

orrelated with the market. Still there are similarities

between all hedge fund strategies as more �exibility

omparing with traditional funds.

In [2℄, we disussed the non-trivial fat that the suess

of any investment strategy is highly dependent on

the skills and implementation ability of individual

managers. A good event-driven investment manager is a

useful addition to a diversi�ed portfolio of investments,

apable of produing absolute non-market orrelated

returns throughout the eonomi yle. The pratial

appliation for eventologial [8℄ approah in Deision

Making might be the optimization of performane of

the event-driven hedge funds.

In [4℄, we disussed a Performane Fees struture of the

hedge funds in general, and also provide a brief overview

of the Energy Funds (Energy, Oil and Gas) and the Real

© 2014 V. Demothkine
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Estate Investment Funds.

In [5℄, [6℄, we disussed a onnetion between the hedge

funds and the latest �nanial risis and the role of hedge

funds in the stabilization of stok pries.

2 The Finanial Cyles

The Hyman Minsky's Finanial Instability Theory

presumes pro-ylial human nature. In prosperous

times, when orporate ash �ow rises beyond what is

needed to pay o� debt, a speulative euphoria develops,

and soon thereafter debts exeed what borrowers an

pay o� from their inoming revenues, whih in turn

produes a �nanial risis. As a result of suh speulative

borrowing bubbles, banks and lenders tighten redit

availability, even to ompanies that an a�ord loans,

and the eonomy subsequently ontrats. Government

intervention required.

Reent events in �nanial markets have undersored the

dangerous onsequenes of the use of exessive redit.

At the most basi level the problem is obvious: If a �rm

buys assets with borrowed money, then under extreme

market onditions it may owe more money than it has

and default. If this happens on a su�iently wide sale

then it an severely stress reditors and ause them to

fail as well [7℄.

3 Hedge Funds and Leverage

Leverage should be an important onsideration in the

evaluation of hedge fund managers. While leverage

generally ampli�es both return and risk, higher leverage

does not always indiate higher risk, as it must be

understood in the ontext of other features of an

investment strategy.

It is not prudent to use leverage to magnify the returns

of a low-return position or strategy, or to inrease the

size of the hedge fund balane sheet without having a

great deal of onvition in the underlying investment

ideas.

There are many ways for funds to obtain leverage, eah

of whih o�er unique attributes with respet to term,

stability, ost, and availability. The amount of leverage

used by hedge funds an vary substantially, ditated by

the strategy being utilized and several other variables.
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Analyzing hedge fund balane sheets an help an

investor understand how di�ult market irumstanes

an a�et funds di�erently, with some funds able to

weather suh environments while others su�er greatly

or even go out of business.

Brunnermeier and Nagel argue that hedge funds did

not exert a orreting fore on stok pries during the

tehnology bubble. Instead, they were heavily invested

in tehnology stoks. This does not seem to be the result

of unawareness of the bubble: Hedge funds aptured the

upturn, but, by reduing their positions in stoks that

were about to deline, avoided muh of the downturn.

Their �ndings question the e�ient markets notion that

rational speulators always stabilize pries. They are

onsistent with models in whih rational investors may

prefer to ride bubbles beause of preditable investor

sentiment and limits to arbitrage.

Proponents of the e�ient markets hypothesis

(Friedman 1953 and Fama 1965) argue that rational

speulative ativity would eliminate not only riskless

arbitrage opportunities, but also other forms of

mispriing whose exploitation may require imperfetly

hedged and therefore risky trades.

In a �nanial system where balane sheets are

ontinuously marked to market, asset prie hanges

show up immediately as hanges in net worth, and

eliit responses from �nanial intermediaries who adjust

the size of their balane sheets. There is evidene that

marked-to-market leverage is strongly proylial [1℄.

Suh behavior has aggregate onsequenes. Changes in

dealer repos � the primary margin of adjustment for the

aggregate balane sheets of intermediaries � foreast

hanges in �nanial market risk as measured by the

innovations in the VIX index. Aggregate liquidity an

be seen as the rate of hange of the aggregate balane

sheet of the �nanial intermediaries.

Proylial leverage an be seen as a onsequene

of the ative management of balane sheets by

�nanial intermediaries who respond to hanges in

pries and measured risk. For �nanial intermediaries,

their models of risk and eonomi apital ditate

ative management of their overall Value-at-Risk (VaR)

through adjustments of their balane sheets.

The use of leverage in the eonomy is not just an esoteri

matter relating to funds: It is unavoidable. It is the

mehanism through whih most people are able to own

homes and orporations do business. Credit (and thus

leverage) is built into the fabri of soiety. The urrent

�nanial risis perfetly illustrates the dangers of too

muh leverage followed by too little leverage [7℄.

4 Mortgage Baked Seurities and

Leverage

By taking out a ollateralized loan a buyer of stoks or

mortgage baked seurities an put together a portfolio

that is worth a multiple of the ash he has available

for their purhase. In 2006 this multiple or ¾leverage¿

reahed 60 to 1 for AAA rated mortgage seurities, and

16 to 1 for what are now alled the toxi mortgage

seurities. The outstanding volume of these leveraged

asset purhases reahed many trillions of dollars.

Leverage has �utuated up and down in long yles

over the last 30 years. Conventional redit is for a �xed

amount and a �xed maturity, extending over the period

the borrower needs the money. In a ollateralized loan

with margin alls, the debt is guaranteed not by the

reputation (or punishment) of the borrower, but by

an asset whih is on�sated if the loan is not repaid.

Typially the loan maturity is very short, say a day,

muh shorter than the length of time the borrower

antiipates needing the money. The ontrat usually

spei�es that after the daily interest is paid, as long as

the loan to asset value ratio remains below a spei�ed

threshold, the debt is rolled over another day (up to

some �nal maturity, when the threshold ratio might be

hanged). If, however, the ollateral asset value falls, the

lender makes a margin all and the borrower is expeted

to repay part of the debt and so roll over a smaller

loan to maintain the old loan to value threshold. Quite

often the borrower will obtain the ash for this extra

downpayment by selling some of the ollateral. The

nature of the ollateralized loan ontrat thus sometimes

turns buyers of the ollateral into sellers, even when they

might think it is the best time to buy.

While the hedge fund ommunity's aess to and use

of leverage is evolving, we believe that it ontinues

to represent a valid tool in the hedge fund manager's

toolbox and that managers with better aess to it may

bene�t. Furthermore, while the use of leverage has in

many ases augmented the ability of ertain managers

and strategies to generate attrative returns, we do

not believe that in most ases aess to leverage is a

prerequisite to alpha generation within the hedge fund

spae.

However, high leverage with low basis risk may be less

risky than low leverage with high basis risk. Importantly,

strategies involving less basis risk will tend to all for

more leverage in order to generate returns.

5 Di�erent Hedge Funds Strategies and

The Leverage

Long/Short â�� In this strategy, hedge fund managers

an either purhase stoks that they feel are undervalued

or sell short stoks they deem to be overvalued. In

most ases, the fund will have positive exposure to the
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equity markets â�� for example, having 70% of the

funds invested long in stoks and 30% invested in the

shorting of stoks. In this example, the net exposure

to the equity markets is 40% (70%-30%) and the fund

would not be using any leverage (Their gross exposure

would be 100%). If the manager, however, inreases

the long positions in the fund to, say, 80% while still

maintaining a 30% short position, the fund would have

gross exposure of 110% (80%+30% = 110%), whih

indiates leverage of 10%.

Market Neutral � In this strategy, a hedge fund

manager applies the same basi onepts mentioned

in the previous paragraph, but seeks to minimize the

exposure to the broad market. This an be done in

two ways. If there are equal amounts of investment

in both long and short positions, the net exposure of

the fund would be zero. For example, if 50% of funds

were invested long and 50% were invested short, the net

exposure would be 0% and the gross exposure would be

100%.

Market-neutral funds are often ompared to 130/30

funds. In these funds, the portfolio manager holds a long

position equal to 130% of assets and a short position

equal to 30%. These funds would be expeted to have a

market beta, but potentially more alpha than a typial

100% long-only fund, as they provide more opportunities

for a manager to exerise stok seletion abilities.

There are many ways to onstrut and manage

portfolios, but in the world of high �nane, one ative

management strategy has aught the eye of many top

players, and for good reason. This partiular strategy is

alled ¾enhaned ative equity¿, but you'll �nd most

people just all it a 130/30 (or sometimes a 120/20).

Read on to learn how enhaned ative equity an make

your portfolio more e�ient and pro�table.

Enhaned Indexing: A Bakground to Enhaned Ative

Equity

Enhaned ative equity is similar to a onept you

may already be familiar with alled enhaned indexing.

Enhaned indexing has two goals in mind. The �rst is

to expose your portfolio to an index (or some other

given benhmark) to realize market returns. The seond

goal is to provide exposure to returns derived from

ative management. This ombination of goals an be

ahieved by exposing the portfolio to an index using

a ombination of equity and derivative seurities. This

leaves a portion of the original apital available for

managers to use to generate long-only (in other words,

buy and hold) ative returns.

The ombination of equity and derivatives provides full

exposure to market returns, while managers an use the

remaining apital to generate atively managed returns.

For example, if an investor has a $1,000 portfolio and

wants to invest it like an enhaned index fund, the

proess might go something like this: The investor

should ensure that the $1,000 is exposed to market

returns. To do this, he or she should buy a ombination

of the equity that makes up a given index and derivatives

that represent the index. The apital used to do this

should not equal 100% of the original apital beause of

the leverage provided by the derivatives. It is important

to note that the position still exposes the investor to

returns equal to 100% of the original apital. For this

example, let's suppose that the investor used $800. The

remaining $200 would then be invested in seurities that

the investor feels will outperform the index.

Enhaned indexing is still subjet to a few onstraints,

though, suh as the long-only onstraint (whih limits

investors to long positions) and a restrited amount

of residual risk to whih the overall portfolio may be

exposed. The amount of apital exposed to residual risk

is onstrained by the amount of apital not used to trak

the index. These onstraints suggest that enhaned

indexing may be a suboptimal approah.

6 Leverage and Futures Contrats

When you open a futures ontrat, the futures exhange

will state a minimum amount of money that you must

deposit into your aount. This original deposit of

money is alled the initial margin. When your ontrat

is liquidated, you will be refunded the initial margin plus

or minus any gains or losses that our over the span of

the futures ontrat. In other words, the amount in your

margin aount hanges daily as the market �utuates

in relation to your futures ontrat. The minimum-

level margin is determined by the futures exhange and

is usually 5% to 10% of the futures ontrat. These

predetermined initial margin amounts are ontinuously

under review: at times of high market volatility, initial

margin requirements an be raised.

7 Leverage: The Double-Edged Sword

In the futures market, leverage refers to having

ontrol over large ash amounts of ommodities with

omparatively small levels of apital. In other words,

with a relatively small amount of ash, you an enter

into a futures ontrat that is worth muh more than you

initially have to pay (deposit into your margin aount).

It is said that in the futures market, more than any other

form of investment, prie hanges are highly leveraged,

meaning a small hange in a futures prie an translate

into a huge gain or loss.

Futures positions are highly leveraged beause the initial

margins that are set by the exhanges are relatively

small ompared to the ash value of the ontrats in

question (whih is part of the reason why the futures

market is useful but also very risky). The smaller the

margin in relation to the ash value of the futures
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ontrat, the higher the leverage. So for an initial margin

of $5,000, you may be able to enter into a long position

in a futures ontrat for 30,000 pounds of o�ee valued

at $50,000, whih would be onsidered highly leveraged

investments.

Hedge fund leverage has soared over the past 12 months,

aording to new data from the Finanial Condut

Authority.

Aording to an anonymous poll of London-based hedge

funds, leverage has risen from 54 times in Marh 2013 to

64 times in Marh 2014 the size of net fund asset values.

The study also showed that the UK's 20 largest hedge

funds ontrolled 82 per ent of the total assets under

management. Global hedge fund assets rose 17 perent

in 2013 to a reord $2.63 trillion.

8 Conlusion

For many of fund managers, leverage will remain an

important tool for ahieving their return goals. Now

more than ever, investors must take a prudent and

thoughtful approah to assessing not just leverage, but a

variety of risks imbedded in hedge funds. We still think,

however, that leverage is useful tool in skilful hands.
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1 Introdution

We onsider a Markov branhing proess, its trajetory

will run on in remote future. Let Z(t), t ≥ 0 represents

the population size to the moment t in homogeneous

ontinuous time Markov Branhing proess (MBP) with

transition probabilities

Pij(t) := P {Z(t+ τ) = j |Z(τ) = i} , τ ≥ 0,

where i, j ∈ N0 = {0}∪N. These probabilities are equal

to i-fold onvolution of distribution P1j(t), that is

Pij(t) =
∑

j1+···+ji=j

P1j1 (t) · . . . · P1ji(t).

Probabilities P1j(t), in turn, are alulated using of

"loal densities" {aj , j ∈ N0} via the relation

P1j(ε) = δ1j + ajε+ o(ε), ε→ 0, (1)

where δ1j is the Kroneker delta, the densities aj ≥ 0 for
j ∈ N0\{1} and 0 < a0 < −a1, moreover

∑
j∈N0

aj = 0;
see Sevastyanov [3, pp. 11-12, 26℄.

Imomov [1℄ investigated some asymptoti properties

of so-alled Markov Q-proess (ÌQP) {W (t), t ≥ 0},
de�ned as "long surviving" MBP, whose transition

probabilities are

Qij(t) := P {W (t+ τ) = j |W (τ) = i}

=
jqj−i

iβt
Pij(t). (2)

In (2) β := exp
{∑

j∈N jajq
j−1
}
, and q is extintion

probability of MBP. Using (1) and (2) probabilities

Q1j(ε) may be represented as

Q1j(ε) = δ1j + pjε+ o(ε), ε→ 0,
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with transition probability densities p1 = a1 − lnβ < 0
and pj = jqj−1aj ≥ 0 äëÿ j ∈ N0\{1}. Therefore,
in�nitesimal generating funtion (GF)

g(x) :=
∑

j∈N

pjx
j = x [f ′(qx) − f ′(q)]

ompletely de�nes the onsidering ÌQP, where f(x) is
in�nitesimal GF that de�ne MBP Z(t), that is

f(x) =
∑

j∈N0

ajx
j .

In this designation β := exp {f ′(q)} and f(q) = 0; see
Imomov [1℄.

It is known that in the theory of MBP the quantity f ′(1)
plays a role of regulating parameter of its evolution.

Depending on its value three types of MBP is alloated:

the MBP is alled subritial, ritial and superritial

if f ′(1) < 0, f ′(1) = 0 and f ′(1) > 0 respetively. We

note that evolution of ÌQÏ is regulated essentially by

positive parameter β and it is known that β = 1 as

f ′(1) = 0 and β < 1 if f ′(1) 6= 0; see Imomov [1℄ and

literature therein. Thus, we divide two types of ÌQÏ

in dependene of values of parameter β. Told visually

a�rms in the following loal limit theorem.

So, let {W (t), t ≥ 0} is the ÌQÏ generated by GF g(x)
with the known �rst moment b := g′(1).

Theorem A [1℄. Let b <∞.

• If β = 1, then

t2Q11(t)→
2

bf(0)
, t→∞. (3)

• If β < 1, then

Q11(t)→
|lnβ|A
f(0)

, t→∞, (4)

where onstant

A = q exp

{∫ q

0

[
1

s− q
− f ′(q)

f(s)

]
ds

}
.

It is easy to be onvined that at q = 1 the positive

number A represents the Sevastyanov's onstant from

the theory of subritial MBP; see Sevastyanov [3, ñ.54℄.
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Now put into onsideration the probability GF of

distribution of states of MQP

Gi(t;x) = Eix
W (t) := E

[
xW (t)

∣∣∣W (0) = i
]

=
∑

j∈N

Qij(t)x
j .

As was shown by Imomov [1℄,

Gi(t;x) =

[
Φ(t; qx)

q

]i−1

G(t;x), (5)

where

G(t;x) = x exp

{∫ t

0

b

(
Φ(τ ; qx)

q

)
dτ

}
,

Φ(t;x) =
∑

j∈N0

P1j(t)x
j .

and

b(x) =
g(x)

x
= f ′(qx) − f ′(q).

By di�erentiation in a point of x = 1 from (5) will be

reeived

EiW (t) = (i− 1)βt +E1W (t), (6)

where

E1W (t) =

{
bt+ 1 , β = 1,
1 + γ(1− βt) , β < 1.

Repeatedly di�erentiation yields of the dispersion

DiW (t) = D [W (t) |W (0) = i ] in form of

DiW (t) =

{
bti , β = 1,
[γ + δ(i)βt] (1− βt) , β < 1,

(7)

where δ(i) = (i− 1) (1 + γ) è γ = b/|lnβ|.

2 Main results

In view of all above-stated, we purpose to estimate

parameter β by observing values of W (t). From (5) it is

obvious that

E

[
xW (t+1)

∣∣∣W (t)
]
=

[
Φ(1; qx)

q

]W (t)−1

G(1;x),

where G(t;x) is de�ne in (5). From here we will reeive

E [W (t+ 1) |W (t) ] = [W (t)− 1] · β +E1W (1).

This equality we will use to representW (t) by stohasti
equation

W (t+ 1) = [W (t)− 1] · β +W (1) + ε(t),

with the error term ε(t) has zero mean: Eε(t) = 0.
Considering this equation, we put forward the following

estimator for β, when E1W (1) is known:

β̂(t) =
W (t+ 1)−E1W (1)

W (t)− 1
, t > 1.

Aording to the formula of full probability and

onsidering homogeneity property of ÌQÏ with aount

of (6) we have

Eβ̂(t) =
∑

j

[
Q1j(t) ·

(
EjW (1)−E1W (1)

j − 1

)]

= β ·
∑

j

Q1j(t) = β.

Following theorems haraterize properties of

dispersions of estimator β̂(t).

Theorem 1. Let b <∞. If β = 1, then

t

2
·Dβ̂(t) = 1 +O

(
ln2 t

t

)
, t→∞.

Theorem 2. Let b <∞. If β < 1, then

Dβ̂(t) = O (1) , t→∞.

3 Ideas of proofs of Theorems

Using (7) and homogeneity property of ÌQÏ we reeive

Dβ̂(t) = T1 ·
∑

k∈N

Q1k+1(t)

k
+ T2 ·

∑

k∈N

Q1k+1(t)

k2
,

where onstants T1 and T2 depend on DkW (1). On the

other hand we obtain

∑

k∈N

Q1k+1(t)

k
=

∫ 1

0

G(t;x)−Q11(t)x

x2
dx (8)

and ∑

k∈N

Q1k+1(t)

k2
=

∫ 1

0

v(t;x)

x
dx, (9)

where

v(t;x) =

∫ x

0

G(t; s)−Q11(t)s

s2
ds.

So we should estimate integrals in (8) and (9). In further

disussion we will essentially use results of Imomov [2℄

in ombination with assertions (3) and (4).
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1 Preliminaries and results

Let Z0 = 1 and the sequene of random variables

{Zn, n ∈ N0} represents a population sizes in Galton-

Watson branhing Proess (GWP), where N0 = {0} ∪
{N = 1, 2, . . .}. Setting a reprodution law of the single

partile pk := P {Z1 = k ∈ N0} we ompletely de�ne a

distribution of Zn for all n ∈ N. In fat probability

generating funtion (GF) Fn(x) := ExZn
is n-th

funtional iteration of GF F (x) =
∑

k∈N0
pkx

k
; see [3℄.

Throughout the paper we will assume that p0 6= 0 è

p0 + p1 6= 1.

Consider the sequene {Wn, n ∈ N0} desribed by

family of GFs

{
Yn(x) := ExWn = x

F ′
n(qx)

βn
, n ∈ N0

}
, (1)

where β = F ′(q) and quantity q ∈ (0; 1] is the extintion
probability of the GWP, whih is smallest non-negative

root of the equation x = F (x). The above-de�ned

sequene means states of the Q-proess and forms a

homogeneous Markov hain with initial state W0
d
=Z0

on set of non-negative integers. Classi�ation of these

states depends on the value of parameter A := F ′(1) -
the per apita mean number of o�spring in GWP. This

hain is transient if A = 1 and, reurrent if A 6= 1. And
its transition probabilities P {Wn+k = j|Wk = i} =

Q
(n)
ij are form of

Q
(n)
ij =

jqj−i

iβn
P {Zn+k = j|Zk = i} , i, j ∈ N, (2)

for any k ∈ N0; see [3, pp.58-59℄. Considering (1) and

(2) it is easily to see that GF

Y (i)
n (x) = Eix

Wn := E
[
xWn

∣∣W0 = i
]

=
∑

j∈N

Q
(n)
ij xj
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be represented as

Y (i)
n (x) =

[
Fn(qx)

q

]i−1

Yn(x), (3)

where GF Yn(x) is introdued in (1). As GF Fn(x) obey

the iteration law, for de�nition of Y
(i)
n (x) it is enough

to introdue

Y (x) := Y1(x) = x
F ′(qx)

β
.

We know that the number A presents as regulating

parameter in evolution of GWP and divides three

types of GWP: it is alled as subritial, ritial and

superritial, if A < 1, A = 1 and A > 1, respetively.
Investigation shows that evolution of Q-proess in

essene regulates by positive parameter β. It is known
β < 1 at A 6= 1 and β = 1 if A = 1; see [2℄. Thus we will
subdivide two types of Q-proesses. The told visually

a�rms by the subsequent remarks. Further we suppose

Y ′(1) <∞. Then by di�erentiation from (3) will easily

be found

EiWn = (i− 1)βn +E1Wn, (4)

where

E1Wn =

{
F ′′(1)n+ 1 , β = 1,
1 + γ (1− βn) , β < 1.

and γ = qF ′′(q)/β(1 − β).

In view of above fats we purpose to estimate the

parameter β based on the observations Wn. From (3)

we see

E
[
xWn+1 |Wn

]
=

[
F (qx)

q

]Wn−1

Y (x),

and therefore

E [Wn+1 |Wn ] = [Wn − 1] · β +EW1.

The last relation allows us to write a following stohasti

equation:

Wn+1 = [Wn − 1] · β +EW1 + εn,

with an error term εn, has zero mean: Eεn = 0. We use

this equation to establish a following estimator funtion

for β when EW1 is known:

β̂n =
Wn+1 −EW1

Wn − 1
, n > 1.
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Considering the homogeneity property of Q-proess and

(4) we see

Eβ̂n =
∑

k

[
Q

(n)
1k ·

(
EkW1 −E1W1

k − 1

)]

= β ·
∑

k

Q
(n)
1k = β.

Following theorems hold.

Theorem 1. Let Y ′(1) <∞. If β < 1, then

Dβ̂n = O (1) , n→∞.

Theorem 2. Let Y ′(1) <∞. If β = 1, then

n

2
·Dβ̂n = 1 +O

(
ln2 n

n

)
, n→∞.

2 Ideas of proofs of Theorems

By formula of full probability and homogeneity property

of Q-proess we have

Dβ̂n =
∑

k∈N

Q
(n)
1k+1

k2
Dk+1W1,

where DiWn = D [Wn |W0 = i ]. Almost obvious that

under ondition of P {W0 = k} = 1 the following

relation holds:

W1 = 1+ ζ1 + ζ2 + · · · + ζk−1 + η,

where ζk are independent variables with ommon GF

Exζ1 = F (qx)/q and Exη = F ′(qx)/β. Using last

equality we easy will alulate DkWn and after simple

transformations we will write down

Dβ̂n = T1 ·
∑

k∈N

Q
(n)
1k+1

k
+ T2 ·

∑

k∈N

Q
(n)
1k+1

k2
, (5)

where onstants T1 and T2 depend on DkW1. On the

other hand we obtain

∑

k∈N

Q
(n)
1k+1

k
=

∫ 1

0

Yn(x)−Q
(n)
11 x

x2
dx (6)

and

∑

k∈N

Q
(n)
1k+1

k2
=

∫ 1

0

vn(x)

x
dx, (7)

where

vn(x) =

∫ x

0

Yn(s)−Q
(n)
11 s

s2
ds.

So integrals in (6) and (7) are subjet to estimate.

Using (1) and (2) we reeive

hn(x) :=
1

βn

f ′
n(x)− P

(n)
11

x
,

where fn(x) =
∑

k∈N0
P

(n)
1k xk

is n-fold funtional

iteration of GF

f(x) =
F (qx)

q
.

Now we will �nd an asymptoti representation for hn(x)
onsidering the disrete time analogue results for the

asymptoti relation of the funtion f ′
n(x); see [5℄ and

[6℄. We use it in (6) and (7). In the further reasoning

we follow the methods from [4℄ and [2℄. The reeived

estimations we put together in (5).
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Àñèìïòîòè÷åñêàÿ ãàóññîâîñòü êîïóëà îöåíîê �óíêöèè âûæèâàíèÿ
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Àáäóøóêóðîâ Àáäóðàõèì Àõìåäîâè÷

Íàöèîíàëüíûé Óíèâåðñèòåò Óçáåêèñòàíà èìåíè Ìèðçî Óëóãáåêà

ã. Òàøêåíò, Óçáåêèñòàí

a abdushukurov�rambler.ru

Ìóðàäîâ �óñòàìæîí Ñîáèòõîíîâè÷

Íàöèîíàëüíûé Óíèâåðñèòåò Óçáåêèñòàíà èìåíè Ìèðçî Óëóãáåêà

ã. Òàøêåíò, Óçáåêèñòàí

r muradov1985�rambler.ru,

Àííîòàöèÿ. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ

çàäà÷à îöåíèâàíèÿ �óíêöèè âûæèâàíèÿ ïðè ñëó÷àé-

íîì çàâèñèìîì öåíçóðèðîâàíèè íàáëþäåíèé ñïðàâà.

Äëÿ îöåíîê äîêàçàíû ñâîéñòâà àñèìïòîòè÷åñêîé

ãàóññîâîñòè.

Êëþ÷åâûå ñëîâà. Ñëó÷àéíîå öåíçóðèðîâàíèå,

�óíêöèÿ âûæèâàíèÿ, Àðõèìåäîâû êîïóëû.

1 Ââåäåíèå

Â ìåäèêî-áèîëîãè÷åñêèõ, ñîöèîëîãè÷åñêèõ èññëåäî-

âàíèÿõ, â èíæåíåðèè, â ñòðàõîâîì äåëå, â �èíàí-

ñîâîé ìàòåìàòèêå è äðóãèõ îáëàñòÿõ èññëåäîâàíèé

ïðàêòè÷åñêîãî õàðàêòåðà íàñ ÷àñòî èíòåðåñóþò ñîâ-

ìåñòíûå ñâîéñòâà äâóõ è áîëåå âîçìîæíî çàâèñèìûõ

ñëó÷àéíûõ âåëè÷èí (ñ.â.). Òàê â ìåäèöèíñêèõ èññëå-

äîâàíèÿõ ýòî ìîãóò áûòü ñîâìåñòíûå âðåìåíà æèç-

íè áëèçêèõ ðîäñòâåííèêîâ, â èíæåíåðèè - ñîâìåñò-

íûå âðåìåíà áåçîòêàçíîé ðàáîòû íåñêîëüêèõ òåõíè-

÷åñêèõ îáúåêòîâ, â ñòðàõîâîì äåëå ðàçìåðû ãðóïïî-

âûõ ñòðàõîâûõ âûïëàò ñòðàõîâîé êîìïàíèåé êëèåí-

òàì â ñâÿçè ñ îñóùåñòâëåíèåì êàêîãî-ëèáî ñòðàõîâî-

ãî ñëó÷àÿ è ò.ä.. Â ýòèõ ñëó÷àÿõ èíòåðåñ ïðåäñòàâ-

ëÿþò ñîâìåñòíûå ðàñïðåäåëåíèÿ íåñêîëüêèõ íåîòðè-

öàòåëüíûõ çàâèñèìûõ ñ.â.. Äëÿ òîãî, ÷òîáû äåëàòü

êàêèå-òî ñòàòèñòè÷åñêèå âûâîäû î ñîâìåñòíîì ðàñ-

ïðåäåëåíèè ýòèõ ñ.â. íåîáõîäèìî ïðîâîäèòü íàáëþ-

äåíèÿ íàä íèìè. Îäíàêî, íà ïðàêòèêå òàêèå çàâè-

ñèìûå íàáëþäåíèÿ ê òîìó æå ìîãóò áûòü è íåïîë-

íûìè. Íåïîëíîòà äàííûõ ìîæåò áûòü ðåçóëüòàòîì

öåíçóðèðîâàíèÿ îäíîé ñîâîêóïíîñòè ñ.â. äðóãîé âîç-

ìîæíî çàâèñèìîé îò ïåðâîíà÷àëüíîé ñîâîêóïíîñòüþ

ñ.â.. Íàïðèìåð, íà ñàìîì ïðîñòîì ñëó÷àå, êîãäà îäíà

ñ.â. ïîäâåðãàåòñÿ ñëó÷àéíîìó öåíçóðèðîâàíèþ, ñêà-

æåì ñïðàâà äðóãîé çàâèñèìîé îò íåå ñ.â., ïîëó÷à-

åì ïîâòîðíóþ äâóìåðíóþ âûáîðêó, ïî êîòîðîé òðå-

áóþòñÿ îöåíèòü îäíîìåðíîå ðàñïðåäåëåíèå èëè åãî

�óíêöèîíàëû. Ïðè ïîñòðîåíèè ñòàòèñòè÷åñêèõ îöå-

íîê äëÿ �óíêöèîíàëîâ îò ðàñïðåäåëåíèé ïî ïîëíûì

è íåïîëíûì ìíîãîìåðíûì çàâèñèìûì íàáëþäåíèÿì

áîëåå ïîïóëÿðíûìè è ñ ïðàêòè÷åñêîé òî÷êè çðåíèÿ

óäîáíûìè ñòàíîâÿòñÿ ìåòîäû, îñíîâàííûå íà òàê íà-
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çûâàåìûå êîïóëà �óíêöèè, êîòîðûõ òàêæå íàçûâàþò

è �óíêöèÿìè çàâèñèìîñòè. Â îñíîâå êîïóëà ìåòîäî-

ëîãèè íàõîäèòñÿ èäåÿ îòäåëåíèÿ ìàðãèíàëüíûõ ðàñ-

ïðåäåëåíèé èç ñòðóêòóðû çàâèñèìîñòè, ñâÿçûâàÿ èõ ñ

ñîâìåñòíûì ðàñïðåäåëåíèåì ÷åðåç êîïóëà �óíêöèþ.

2 Îöåíèâàíèå ñ èñïîëüçîâàíèåì

êîïóë

Íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (Ω,A, P ) ðàñ-

ñìîòðèì {(Xk, Yk) , k ≥ 1} � ïîñëåäîâàòåëüíîñòü

íåçàâèñèìûõ è îäèíàêîâî ðàñïðåäåëåííûõ (í.î.ð.)

ïàð íåîòðèöàòåëüíûõ ñ.â. ñ îáùåé ñîâìåñò-

íîé �óíêöèåé ðàñïðåäåëåíèÿ (�.ð.) H (x, y) =

P (X1 ≤ x, Y ≤ y) , (x, y) ∈ R
+2

. Ïðåäïîëîæèì, ÷òî

ìàðãèíàëüíûå �.ð. F (x) = P (X1 ≤ x) = H (x,+∞)

è G (y) = P (Y1 ≤ y) = H (+∞, y) , x, y ∈ R
+
,

ÿâëÿþòñÿ íåïðåðûâíûìè è F (0) = G (0) = 0.
Ïóñòü ïîñëåäîâàòåëüíîñòü {Xk, k ≥ 1} öåíçóðè-

ðóåòñÿ ñïðàâà ïîñëåäîâàòåëüíîñòüþ {Yk, k ≥ 1} è

â n-ì øàãå ýêñïåðèìåíòà íàáëþäåíèþ äîñòóïíà

ïîâòîðíàÿ âûáîðêà V(n) = {(Zk, δk) , 1 ≤ k ≤ n} ,
ãäå Zk = min (Xk, Yk) è δk = I (Zk = Xk) , ò.å. èíòå-
ðåñóþùèå íàñ ñ.â. Xk íàáëþäàåìû ëèøü â ñëó÷àå

δk = 1. Îòìåòèì, ÷òî çäåñü íå òðåáóåòñÿ íåçàâè-

ñèìîñòü ïîñëåäîâàòåëüíîñòåé {Xk} è {Yk}. Çàäà÷à
ñîñòîèò â îöåíèâàíèè �óíêöèîíàëîâ îò �.ð. F ïî

âûáîðêå V(n)
ïðè ìåùàþùåé �.ð. G. Îäíèì èç òàêèõ

îñíîâíûõ �óíêöèîíàëîâ ÿâëÿåòñÿ �óíêöèÿ âûæè-

âàíèÿ SX (x) = P (X1 > x) = 1 − F (x) , x ∈ R
+
,

îçíà÷àþùàÿ, ÷òî îòêàç (ñìåðòü) èñïûòûâàåìîãî íà

âûæèâàåìîñòü îáúåêòà ïðîèçîéäåò â ïðîìåæóòêå

âðåìåíè (x,+∞).

�àññìîòðèì îöåíêó Fn èç ðàáîò [3, 1, 2, 4℄ äëÿ

�.ð. F . Ïóñòü C (u, v) � êîïóëà �óíêöèÿ(ñì. [6℄),

ñîîòâåòñòâóþùàÿ ïàðå (X1, Y1) è C∗ (u, v) = u +

v − 1 + C (1− u, 1− v) , (u, v) ∈ [0, 1]
2
, îòâå÷àþ-

ùàÿ åé êîïóëà âûæèâàíèÿ ÿâëÿåòñÿ àðõèìåäîâîé:

C∗ (u, v) = ϕ−1 [ϕ (u) + ϕ (v)] , (u, v) ∈ [0, 1]
2
. Çäåñü

ϕ - �óíêöèÿ-ãåíåðàòîð êîïóëû ϕ : [0, 1] → R
+

�

íåïðåðûâíàÿ, ñòðîãî óáûâàþùàÿ �óíêöèÿ òàêàÿ, ÷òî

ϕ (1) = 0, ϕ (0) =∞ è ϕ−1
- îáðàòíàÿ äëÿ ϕ �óíêöèÿ.

Îïðåäåëèì îöåíêó Fn �îðìóëîé Fn (x) = 1−SX
n (x) ,

ãäå

SX
n (x) = ϕ−1

[
ϕ
(
SZ
n (x)

)
µn (x)

]
, x ∈ R̄+, (1)
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ïðè ýòîì â �îðìóëó (1) âõîäÿò ñòàòèñòèêè:

µn (x) =
ϕ
(
S̃X
n (x)

)

ϕ
(
S̃Z
n (x)

) , x ∈ R̄+,

SZ
n (x) =

1

n

n∑

k=1

I (Zk > x) = 1−Hn (x) ,

ϕ(S̃X
n (x)) = −

x∫

0

I(SZ
n (t−) > 0)SZ

n (t−)ϕ′(SZ
n (t))dΛn(t),

ϕ(S̃Z
n (x)) = −

x∫

0

I(SZ
n (t−) > 0)SZ

n (t−)ϕ′(SZ
n (t))dΛ

Z
n (t),

ΛZ
n (x) =

x∫

0

dHn (t)

SZ
n (t−) ,Λn (x) =

x∫

0

dH1n (t)

SZ
n (t−) ,

H1n (t) =
1

n

n∑

k=1

I (Zk ≤ t, δk = 1).

Îòìåòèì, ÷òî ïðåäëîæåííûå ðàíåå îöåíêè äëÿ SX

Çåíãà-Êëàéíà [8℄ è åå ïðèáëèæåíèå �èâåñòà-Óýëëñà

[7℄ èñïîëüçóþò ÷àñòü íàáëþäåíèé èç âûáîðêè V(n)
,

íàëàãàÿ ïðè ýòîì è óñëîâèå íà ñõåìó öåíçóðèâàíèÿ.

3 Îñíîâíîé ðåçóëüòàò

Äëÿ �îðìóëèðîâêè ðåçóëüòàòîâ íàì íåîáõîäèìû

íåêîòîðûå îáîçíà÷åíèÿ è óñëîâèÿ. Ïóñòü

Λ(x) =

x∫

0

lim
∆↓0

1

∆
P (u < X1 ≤ u+∆/X1 > u, Y1 > u)du,

ΛZ(x) =

x∫

0

lim
∆↓0

1

∆
P (u < Z1 ≤ u+∆/X1 > u, Y1 > u)du,

� èíòåãðàëüíûå �óíêöèè èíòåíñèâíîñòè

è Z(n) = sup {x ≥ 0 : Jn(x) > 0} , TX =
sup

{
x ≥ 0 : SX (x) > 0

}
, TY = sup { x ≥ 0 :

SY (x) > 0
}
, TZ = sup

{
x ≥ 0 : SZ(x) > 0

}
, Ψ(x) =

−xϕ′(x), ãäå Jn(x) = nSZ
n (x−), SY (x) = P (Y1 >

x), SZ(x) = P (Z1 > x). Ââåäåì ñëåäóþùèå óñëîâèÿ

ðåãóëÿðíîñòè îòíîñèòåëüíî SX , SZ
è ãåíåðàòîðà

êîïóëû ϕ ãäå ïîä Λ∗
ïîäðàçóìåâàþòñÿ îäíîâðåìåííî

è Λ è ΛZ
:

(Ñ1) Ôóíêöèÿ ϕ (·) ñòðîãî óáûâàåò íà (0,1℄ è ÿâëÿåò-

ñÿ äîñòàòî÷íî ãëàäêîé â ñëåäóþùåì ñìûñëå: ïåðâûå

äâå ïðîèçâîäíûå �óíêöèé ϕ (x) è Ψ(x) îãðàíè÷åíû
äëÿ x ∈ [ε, 1] , ãäå ε > 0 ïðîèçâîëüíîå ÷èñëî. Áîëåå

òîãî, ïåðâîå ïðîèçâîäíîå ϕ′
îãðàíè÷åíî è îòäåëåíî

îò íóëÿ íà [0, 1] ;

(Ñ2) 0 <
TZ∫
0

[
Ψ
(
SZ (x)

)]2
dΛ∗ (x) <∞;

(Ñ3)

TZ∫
0

∣∣Ψ′
(
SZ (x)

)∣∣ dΛ∗ (x) <∞ ;

(Ñ4) lim sup
x→TZ

TZ∫
x

Ψ(SZ(t))
SZ(t) dΛ∗ (t) = 0 ;

(Ñ5) SX (·)− íåïðåðåâíà íà [0, TZ ] åñëè TZ < ∞ , â
ïðîòèâíîì ñëó÷àå SX (∞) = lim

x→∞
SX (x) .

Îòìåòèì, ÷òî óñëîâèÿ (Ñ1)-(Ñ5) ñïðàâåäëèâû, íà-

ïðèìåð, äëÿ êîïóëà-ãåíåðàòîðîâ Êëåéòîíà-Ôðåíêà.

Â ðàáîòàõ [1, 2, 4℄ äîêàçàíî ñëåäóþùåå óòâåðæäåíèå î

ñîñòîÿòåëüíîñòè îöåíîê (1) íà îòðåçêå [0, T ], ãäå T =
TZ , åñëè TZ <∞ è T = Z(n)

, åñëè TZ =∞. Íà ñàìîì

äåëå, ýòè ðåçóëüòàòû âåðíû è íà âñåé ïîëóïðÿìîé

[0,∞) è ïðè TZ = ∞, ò.ê. SX
n (x) = 0 ïðè x > Z(n)

,

Z(n) p→∞ è SX
(
Z(n)

) p→SX (∞) = 0 ïðè n→∞.

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (Ñ1)-(Ñ3).

Òîãäà ïðè n→∞

sup
0≤x≤T

∣∣SX
n (x)− SX (x)

∣∣ P→ 0 .

Â äàííîé ðàáîòå äîêàæåì ñâîéñòâî ñëàáîé ñõîäèìî-

ñòè îöåíîê (1) ê ãàóññîâñêîìó ïðîöåññó. �àññìîòðèì

"îñòàíîâëåííûé"ïðîöåññ

Dn(x) = n1/2(ϕ(SX
n (x ∧ Z(n)))− ϕ(SX(x ∧ Z(n)))) ,

ãäå a ∧ b = min(a, b). �àññìîòðèì êîâàðèàöèîííóþ

�óíêöèþ ïðè x1, x2 ∈ [0, TZ) ïðåäåëüíîãî ãàóññîâ-

ñêîãî ïðîöåññà D (x) äëÿ Dn (x):

Z (x1, x2) = Cov (D (x1) ,D (x2)) =

=

x1∧x2∫

0

SZ(t)[ϕ′(SZ(t))]
2
dΛ(t)+

+2

x1∧x2∫

0

t∫

0

SZ(t)(1 − SZ(s))·

·Ψ′(SZ(t))Ψ′(SZ(s))dΛ(s)dΛ(t)+

+2

x1∧x2∫

0

t∫

0

ϕ′(SZ(s))SZ(t)Ψ′(SZ(t))dΛ(s)dΛ(t)+

+

x1∨x2∫

x1∧x2

SZ(t)Ψ′(SZ(t))dΛ (t) ·

·
x1∧x2∫

0

[(
1− SZ (s)

)
Ψ′
(
SZ (s)

)
+ ϕ′(SZ(s))

]
dΛ(s),

(2)

ãäå x1 ∨ x2 = max(x1, x2) è �óíêöèþ äèñïåðñèè

Z(x, x) = σ2 (x) . Ïóñòü

σ2
0 = lim

x→TZ

σ2 (x) <∞ , (3)
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è äëÿ êàæäîãî x ∈ [0, TZ)

C (x) = lim
t→TZ

Z (t, x) <∞ . (4)

Îïðåäåëèì ñ.â. ξ0
D
= N

(
0, σ2

0

)
è ðàññìîòðèì òàêæå

ïðîöåññû

D (x) = I [0, TZ) e (x) + I {TZ} · ξ0,

qn (x) = n1/2
(
SX
n

(
x ∧ Z(n)

)
− SX

(
x ∧ Z(n)

))
,

q (x) = e (x)
[
ϕ′
(
SX (x)

)]−1
+ ξ0

[
ϕ′
(
SX (TZ)

)]−1
,

ãäå e (x)−ãàóññîâñêèé ïðîöåññ ñ íóëåâûì ñðåäíèì è

êîâàðèàöèåé (2) è cov (e (x) , ξ0) = C(x) .

Ñ�îðìóëèðóåì îñíîâíîå óòâåðæäåíèå.

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ (Ñ1)-(Ñ5),

(3) è (4). Òîãäà ïðè n→∞

qn (x)
D⇒ q (x) â D [0, TZ] , (5)

ãäå D[0, TZ] - ïðîñòðàíñòâî Ñêîðîõîäà �óíêöèé íà

ìíîæåñòâå [0, TZ].

Äîêàçàòåëüñòâî òåîðåìû 2. Ñïåðâà èññëåäóåì ïðî-

öåññ

Dn(x) = n1/2(ϕ(SX
n (x∧Z(n)))−ϕ(SX(x∧Z(n)))) (6)

è ïîêàæåì, ÷òî ïðè n→∞

Dn (x)
D⇒D (x) â D [0, TZ ] .

Ñîãëàñíî ïðåäñòàâëåíèþ (19) èç [1℄

Dn (x) =
3∑

m=1

n1/2A∗
mn

(
x ∧ Z(n)

)
. (7)

Ïîñêîëüêó Z(n) ï.í.→ TZ ïðè n → ∞, òî ñîãëàñíî (33)

èç [1℄

sup
0≤x≤TZ

n1/2
∣∣∣A∗

mn(x ∧ Z(n))
∣∣∣ = Op(n

−1/2), m = 2, 3.

(8)

Ïîýòîìó äëÿ óñòàíîâëåíèÿ (6), ñ ó÷åòîì (7) è (8),

äîñòàòî÷íî äîêàçàòü, ÷òî

n1/2A∗
1n

(
x ∧ Z(n)

)
D⇒D (x) â D [0, TZ] . (9)

Èñïîëüçóÿ �îðìóëû (2.1.6), (2.1.14) è (2.1.16) èç [2℄,

èìååì

n1/2A∗
1n

(
x ∧ Z(n)

)
= n1/2(− 1

n

x∧Z(n)∫

0

I
(
SZ
n (t) > 0

)
·

·SZ
n (t−)ϕ′

(
SZ
n (t)

)
dΛn (t) +

x∧Z(n)∫

0

I
(
SZ
n (t) > 0

)
·

·SZ (t)ϕ′
(
SZ (t)

)
dΛ (t)) =

= n1/2(− 1

n

x∧Z(n)∫

0

I(SZ
n (t) > 0)·ϕ′

(
SZ
n (t)))dMn(t)+

+

x∧Z(n)∫

0

I(SZ
n (t) > 0)[Ψ(SZ

n (t)) −Ψ(SZ(t))]dΛ(t)))+

+O(
1

n
), (10)

ãäå òàêæå èñïîëüçîâàëè �îðìóëó (16) èç [1℄ è ðàâåí-

ñòâî SZ
n (t−) = SZ

n (t) + 1
n . Çäåñü

Mn (t) =

n∑

k=1

I (Zk ≤ t, δk = 1)−
t∫

0

Jn (u) dΛ (u) ,

� êâàäðàòè÷íî-èíòåãðèðóåìûé ìàðòèíãàë ñ êâàäðà-

òè÷åñêîé õàðàêòåðèñòè÷åñêîé

< Mn,Mn > (t) =

t∫

0

Jn (u)dΛ (u) .

Ñîãëàñíî ðàâíîìåðíîé îöåíêå

sup
t∈R

∣∣SZ
n (t)− S (t)

∣∣ ï.í.= O
((

n−1 lnn
)1/2)

äëÿ ýìïèðè÷åñêîé �óíêöèè SZ
n ñ ó÷åòîì óñëîâèÿ

(Ñ1), ïîëó÷àåì

ϕ′(SZ
n (t)) = ϕ′(SZ(t)) + Op((n

−1 lnn)
1/2

),

Ψ(SZ
n (t)) −Ψ(SZ(t)) =

= Ψ′(SZ(t))(SZ
n (t)− SZ(t)) + Op(n

−1 lnn). (11)

Èç ñîîòíîøåíèé (10) , (11) èìååì

n1/2A∗
1n

(
x ∧ Z(n)

)
= B1n (x) +B2n (x) + op (1) , (12)

ãäå

B1n (x) = −n1/2

x∧Z(n)∫

0

ϕ′
(
SZ (t)

)
dMn (t) ,

B2n (x) =

x∧Z(n)∫

0

Ψ′
(
SZ (t)

)
εn (t) dΛ (t) .

εn (t) = n1/2
(
SZ
n (t)− SZ (t)

)
.

Ñîãëàñíî (12) ñõîäèìîñòü (9) ñëåäóåò èç

Bn (x)
D⇒ D (x) â D [0, TZ] , (13)

ãäå Bn (x) = B1n (x)+B2n (x) . Â ðàáîòå [5℄ óñòàíîâëå-

íî, ÷òî äëÿ ëþáîãî x0 òàêîãî, ÷òî SZ (x0) > 0, Bn (x)
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ñëàáî ñõîäèòñÿ ê D (x) â D [0, x0] . Òîãäà äëÿ äîêàçà-

òåëüñòâà (13) ñîãëàñíî êðèòåðèþ ñëàáîé ñõîäèìîñòè

äîñòàòî÷íî óñòàíîâèòü ïëîòíîñòü Bn (x) , ò.å. ñëåäó-
þùåå ñîîòíîùåíèå ïðè k = 1, 2 äëÿ ëþáîãî ε > 0 :

lim
y→TZ

lim sup
n→∞

P

(
sup

x∈(y,TZ)

|Bkn (x)−Bkn (y)| > ε

)
= 0.

(14)

Ïðè k = 1

B1n (x)−B1n (y) = −n−1/2

x∧Z(n)∫

y∧Z(n)

ϕ′
(
SZ (t)

)
dMn (t) .

(15)

Çàìåòèì ÷òî (15) ÿâëÿåòñÿ ìàðòèíãàëîì èíòåãðàëü-

íîãî âèäà ñ ìîìåíòîì îñòàíîâêè Z(n)
è òîãäà ñîãëàñ-

íî íåðàâåíñòâó Ëåíãëÿðà ∀ε, η > 0 èìååì

P

(
sup

x∈[y,TZ ]

|B1n (x)−B1n (y)| > ε

)
≤ η

ε2
+

+P


 1

n

TZ∫

y∧Z(n)

(
ϕ′
(
SZ (t)

))2
Jn (t) dΛ (t) > η


 ≤ η

ε2
+

+P




TZ∫

y

(
ϕ′
(
SZ (t)

)2
SZ
n (t)

)
dΛ (t) > η


 . (16)

Ïðè ýòîì ñîãëàñíî òåîðåìå �ëèâåíêî-Êàíòåëëè ïðè

n→∞
TZ∫

y

(ϕ′(SZ(t)))
2
SZ
n (t)dΛ(t)

P→
TZ∫

y

(
Ψ(SZ(t))

SZ(t)
)

2

dΛ(t).

Ñëåäîâàòåëüíî, âòîðîå âûðàæåíèå â (15)ïðè y → TZ

ââèäó óñëîâèÿ (Ñ4) è ïðîèçâîëüíîñòè η > 0 ñõîäèòñÿ
ê íóëþ, ò.å. (14) ïðè k = 1 ñïðàâåäëèâî. Ïîñêîëü-

êó ïî òåîðåìå Äóáà-Äîíñêåðà ýìïèðè÷åñêèé ïðîöåññ

εn (t) ñëàáî ñõîäèòñÿ âD [0, TZ] ê áðîóíîâñêîìó ìîñòó
B
(
1− SZ (t)

)
, òî ñ ó÷åòîì óñëîâèÿ (Ñ3) è ïðåäñòàâ-

ëåíèÿ

B2n (x)−B2n (y) =

x∧Z(n)∫

y∧Z(n)

Ψ′
(
SZ (t)

)
εn (t) dΛ (t),

óáåäèìñÿ â ñïðàâåäëèâîñòè (14) è â ñëó÷àå k = 2. Òå-
ïåðü ïëîòíîñòü Bn (x) ñëåäóåò èç (14) ïî íåðàâåíñòâó
òðåóãîëüíèêà. Òàêèì îáðàçîì, (6) ñïðàâåäëèâî. Äëÿ

äîêàçàòåëüñòâà (5) äîñòàòî÷íî çàìåòèòü, ÷òî ñîãëàñ-

íî óñëîâèþ (Ñ1)

qn (x) = Dn (x)
[
ϕ′
(
SX

(
x ∧ Z(n)

))]−1

+ op (1) =

= Dn (x)
{[

ϕ′
(
SX (x)

)]−1
I
[
0, Z(n)

)
+

+
[
ϕ′
(
SX

(
Z(n)

))]−1

I
{
Z(n)

}}
+ op (1) . (17)

Òåïåðü (5) ñëåäóåò èç (17) ïðè n → ∞. Òåîðåìà 2

äîêàçàíà.

Çàìå÷àíèå 1. Â õîäå äîêàçàòåëüñòâå òåîðåìû 2 èñ-

ïîëüçîâåíà ñëàáàÿ ñõîäèìîñòü

Bn(x)⇒ D â D [0, x0] ,

ãäå ãàóññîâñêèé ïðîöåññ D(x) èìååò êîâàðèàöèþ (2),

âû÷èñëåíèå êîòîðîé èìååòñÿ â [5℄ ïîýòîìó îíî çäåñü

íå ïðèâîäèòñÿ.

Çàìå÷àíèå 2. Ñëåäóåò îòìåòèòü, ÷òî ðåçóëüòàòû

äàííîé ðàáîòû àâòîðàìè îáîáùåíû è äëÿ ìíîãîìåð-

íîãî àíàëîãà îöåíêè (1) ñ èñïîëüçîâàíèåì ìíîãîìåð-

íîé àðõèìåäîâà êîïóëà �óíêöèè.
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Êîâàðèàöèîííûé àíàëèç ðàçíîòèïíûõ äàííûõ ñ ïîìîùüþ ìåòîäà

äâóäîëüíûõ ìíîæåñòâ ñîáûòèé
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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ ïîíÿòèå

äâóäîëüíîãî ìíîæåñòâà ñîáûòèé, ñîñòîÿùåå èç

ìíîæåñòâ ñîáûòèé, ïåðâàÿ äîëÿ êîòîðûõ îïðåäåëÿ-

åòñÿ ñëó÷àéíûìè âåëè÷èíàìè, à âòîðàÿ � ñëó÷àé-

íûìè ìíîæåñòâàìè, à òàêæå � ìíîæåñòâà äâó-

äîëüíûõ ìíîæåñòâ. Ïðèâîäÿòñÿ ïîíÿòèÿ êëàññè÷å-

ñêîé è ýâåíòîëîãè÷åñêîé êîâàðèàöèè. Èçó÷àþòñÿ çà-

âèñèìîñòè ìåæäó äâóäîëüíûìè ìíîæåñòâàìè ñî-

áûòèé ñ ïîìîùüþ êîâàðèàöèè.

Êëþ÷åâûå ñëîâà. Ñîáûòèå, âåðîÿòíîñòü, êîâàðè-

àöèÿ, äâóäîëüíîå ìíîæåñòâî ñîáûòèé, ìíîæåñòâî

äâóäîëüíûõ ìíîæåñòâ

1 Ââåäåíèå

Èçìåðåíèå âåðîÿòíîñòíîé çàâèñèìîñòè ìåæäó ñîáû-

òèÿìè � �óíäàìåíòàëüíàÿ ïðîáëåìà òåîðèè âåðîÿò-

íîñòè è ìàòåìàòè÷åñêîé ñòàòèñòèêè, êîòîðàÿ ðåøà-

åòñÿ ñ ïîìîùüþ èçó÷åíèÿ çàâèñèìîñòåé ñëó÷àéíûõ

âåëè÷èí èëè çàâèñèìîñòåé áîëåå îáùèõ ñëó÷àéíûõ

ýëåìåíòîâ ëèíåéíûõ ïðîñòðàíñòâ. Òðàäèöèîííûìè

ìåðàìè çàâèñèìîñòè ñëó÷àéíûõ ëèíåéíûõ ýëåìåíòîâ

ñ÷èòàåòñÿ êîâàðèàöèÿ è êîððåëÿöèÿ.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ èçó÷åíèå çàâèñèìî-

ñòè ìåæäó ðàçíîòèïíûìè äàííûìè, îïèñûâàþùèìè

ïîâåäåíèå ñëîæíîé ñèñòåìû, ñ ïîìîùüþ íàõîæäåíèÿ

êîâàðèàöèîííîé ñâÿçè ìåæäó íèìè.

Îñíîâíûå òðóäíîñòè ïðè ïðîâåäåíèè àíàëèçà òàêèõ

ñèñòåì çàêëþ÷àþòñÿ â ñëîæíîé ñòðóêòóðå çàâèñèìî-

ñòè ìåæäó ýëåìåíòàìè ñèñòåìû, áîëüøîì ÷èñëå ýëå-

ìåíòîâ è èõ ðàçíîòèïíîñòè. Ïîýòîìó äëÿ óñòðàíåíèÿ

ýòèõ òðóäíîñòåé áûë ïðåäëîæåí ìåòîä äâóäîëüíûõ

ìíîæåñòâ ñëó÷àéíûõ ñîáûòèé [1℄, [3℄. Ñîãëàñíî äàí-

íîìó ìåòîäó êàæäîìó ýëåìåíòó ñèñòåìû áûëî ïðåä-

ëîæåíî ïîñòàâèòü â ñîîòâåòñòâèå äâóäîëüíîå ìíîæå-

ñòâî ñëó÷àéíûõ ñîáûòèé, êîòîðîå ïðåäñòàâëÿåò ñî-

áîé îáúåäèíåíèå äâóõ ìíîæåñòâ ñîáûòèé, ïåðâàÿ äî-

ëÿ êîòîðîãî îïðåäåëÿåòñÿ ñëó÷àéíûìè âåëè÷èíàìè,

à âòîðàÿ � ñëó÷àéíûìè ìíîæåñòâàìè.

1.1 Êîâàðèàöèÿ â òåîðèè âåðîÿòíîñòè

Îïðåäåëåíèå 1. Âåðîÿòíîñòíûì ïðîñòðàíñòâîì

íàçûâàåòñÿ òðîéêà (Ω,F ,P) , ãäå Ω� ïðîñòðàíñòâî

ýëåìåíòàðíûõ ñîáûòèé, F� àëãåáðà ñîáûòèé è P �

âåðîÿòíîñòü, îïðåäåëåííàÿ íà ýëåìåíòàõ àëãåáðû F
� ñëó÷àéíûõ ñîáûòèÿõ x, y, . . . ∈ F .
Îïðåäåëåíèå 2. Êîíå÷íîå ìíîæåñòâî èçáðàííûõ

ñîáûòèé X ⊆ F , âûáðàííûõ èç àëãåáðû âåðîÿòíîñò-

íîãî ïðîñòðàíñòâà (Ω,F ,P) è ñîñòîÿùåå èç N = |X|
ñîáûòèé, íàçûâàåòñÿ ìíîæåñòâîì ñëó÷àéíûõ ñîáû-

òèé.

Îïðåäåëåíèå 3. Äâà ñëó÷àéíûõ ñîáûòèÿ x, y ∈ X

(x 6= ∅, y 6= ∅) íàçûâàþòñÿ âëîæåííûìè, åñëè ìåæ-

äó íèìè âîçìîæíû òîëüêî äâà îòíîøåíèÿ

x ∩ y =

{
x,

y,

òî åñòü îäíî èç ýòèõ ñîáûòèé âëîæåíî â äðóãîå:

x ⊆ y, y ⊆ x.

Îïðåäåëåíèå 4. Åñëè êàæäûå äâà ñîáûòèÿ èç X

âëîæåííûå, òî X íàçûâàåòñÿ ìíîæåñòâîì âëî-

æåííûõ ñîáûòèé èëè ìíîæåñòâîì ñëó÷àéíûõ ñî-

áûòèé ñ âëîæåííîé ýâåíòîëîãè÷åñêîé ñòðóêòóðîé.

Îïðåäåëåíèå 5. Ñëó÷àéíàÿ âåëè÷èíà îïðåäåëÿåòñÿ

êàê èçìåðèìîå îòîáðàæåíèå

ξ : (Ω,F ,P)→ (R,B) ,

ãäå R � âåùåñòâåííàÿ ïðÿìàÿ, B � áîðåëåâñêàÿ àë-

ãåáðà ïîäìíîæåñòâ R.

�àññìîòðèì ïîíÿòèå êîâàðèàöèè â òåîðèè âåðîÿòíî-

ñòè. ÏóñòüX èY � äâå ñëó÷àéíûå âåëè÷èíû, îïðåäå-

ëåííûå íà îäíîì è òîì æå ïðîñòðàíñòâå ýëåìåíòàð-

íûõ ñîáûòèé. Òîãäà X+Y è XY ñóòü íîâûå ñëó÷àé-

íûå âåëè÷èíû, ðàñïðåäåëåíèå êîòîðûõ ìîæíî íàéòè

ïðîñòîé ãðóïïèðîâêîé ÷ëåíîâ ñîâìåñòíîãî ðàñïðåäå-

ëåíèÿ X è Y. Íàøà öåëü ñîñòîèò òåïåðü â âû÷èñ-

ëåíèè D(X + Y). Äëÿ ýòîãî ââåäåì íîâîå ïîíÿòèå

êîâàðèàöèè. Åñëè {p(xj , yk)} åñòü ñîâìåñòíîå ðàñïðå-
äåëåíèå âåëè÷èíX èY, òî ìàòåìàòè÷åñêîå îæèäàíèå

XY îïðåäåëÿåòñÿ �îðìóëîé

E(XY) =
∑

xjykp(xj,yk),

â ïðåäïîëîæåíèè, êîíå÷íî, ÷òî ðÿä àáñîëþòíî ñõî-

äèòñÿ. Äàëåå, |xjyk| ≤ (x2
j + y2k)/2, è ïîýòîìó E(XY)

îáÿçàòåëüíî ñóùåñòâóåò, åñëè ñóùåñòâóåò E(X2) è
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E(Y2). Â ýòîì ñëó÷àå ñóùåñòâóåò òàêæå è ìàòåìà-

òè÷åñêîå îæèäàíèå

µx = E(X), µy = E(Y)

à ñëó÷àéíûå âåëè÷èíûX−µx èY−µy èìåþò íóëåâûå

ìàòåìàòè÷åñêèå îæèäàíèÿ. Äëÿ èõ ïðîèçâåäåíèÿ ïî

òåîðåìå ñëîæåíèÿ ïîëó÷àåì

E((X− µx)(Y − µy)) =

= E(XY)−µxE(Y)−µyE(X)+µyµx = E(XY)−µyµx.

Îïðåäåëåíèå 6. Êîâàðèàöèåé ñëó÷àéíûõ âåëè÷èí

X è Y íàçûâàåòñÿ

Cov(X,Y) = E((X− µx)(Y − µy)) = E(XY) − µyµx.

2 Ýâåíòîëîãè÷åñêèé ïîäõîä ê

êîâàðèàöèè

2.0.1 Ïëåòíûå êîâàðèàöèè ñîáûòèé

Ïëåòíûå êîâàðèàöèè � ýòî îáû÷íûå êîâàðèàöèè, èñ-

ïîëüçóåìûå â òåîðèè âåðîÿòíîñòåé. Áóäåì íàçûâàòü

èõ ïðîñòî êîâàðèàöèÿì.

Îáîçíà÷èì

1x = 1x(ω) =

{
1, ω ∈ x
0, èíà÷å,

� èíäèêàòîðû ñîáûòèé x ∈ X�áóëåâû ñëó÷àéíûå âå-

ëè÷èíû íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (Ω,F ,P).

Îïðåäåëåíèå 7. Êîâàðèàöèåé X, ïëåòíîé êîâàðè-

àöèåé X, N-ïëåòíîé êîâàðèàöèåé ñîáûòèé èç X, X-

ïëåòíîé êîâàðèàöèåé íàçûâàåòñÿ âåëè÷èíà

CovX =

{
E
(∏

x∈X

(
1x − p1

x

))
, X 6= ∅,

1, èíà÷å,

� öåíòðàëüíûé ñìåøàííûé ìîìåíò ïîðÿäêà N =
|X| èíäèêàòîðîâ ñîáûòèé èç X.

2.0.2 Àðíûå êîâàðèàöèè ñîáûòèé

Â [5℄ ââîäèòñÿ íîâîå ïîíÿòèå � ýòî àðíàÿ êîâàðèàöèÿ

ñîáûòèé.

Îïðåäåëåíèå 8. Àðíîé êîâàðèàöèåé X, N-àðíîé êî-

âàðèàöèåé ñîáûòèé èç X, X-àðíîé êîâàðèàöèåé íàçû-

âàåòñÿ âåëè÷èíà

KovX =

{
E
(∏

x∈X
1x

)
−∏x∈X

p1
x, X 6= ∅,

0, èíà÷å.

Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî

KovX =

{
P
(⋂

x∈X
x
)
−∏x∈X

P(x), X 6= ∅,
0, èíà÷å.

=

=

{
pX(X)− indX(X) X 6= ∅,
0, èíà÷å.

�ýòî ðàçíîñòü ìåæäó âåðîÿòíîñòÿìè ïåðåñå÷åíèÿ è

íåçàâèñèìîãî ïåðåñå÷åíèÿ ñîáûòèé ìóëüòèïëåòà X.

3 Äâóäîëüíîå ìíîæåñòâî ñëó÷àéíûõ

ýëåìåíòîâ è äâóäîëüíîå ìíîæåñòâî

ñëó÷àéíûõ ñîáûòèé

Â ñèòóàöèè, êîãäà ïîâåäåíèå êàæäîãî ýëåìåíòà ñëîæ-

íîé ñèñòåìû õàðàêòåðèçóåòñÿ äàííûìè, îäíà ÷àñòü

êîòîðûõ � ÷èñëîâàÿ, à äðóãàÿ � ìíîæåñòâåííàÿ,

îáúåêò, ïîðîæäàþùèé äàííóþ ñòàòèñòèêó, ìîæåò

áûòü ïðåäñòàâèì êàê îáúåäèíåíèå äâóõ äîëåé: ñëó-

÷àéíûõ âåëè÷èí è ñëó÷àéíûõ ìíîæåñòâ ñîáûòèé.

Ïóñòü (Ω,F ,P) � âåðîÿòíîñòíîå ïðîñòðàíñòâî, ãäå F
� àëãåáðà ñîáûòèé, ñëó÷àéíûå ñîáûòèÿ x, y, . . . ∈ F
� ýëåìåíòû àëãåáðû F , íà êîòîðîé îïðåäåëåíà âåðî-

ÿòíîñòü P. Ìíîæåñòâî èçáðàííûõ ñëó÷àéíûõ ñîáû-

òèé X ∈ F .
Îïðåäåëåíèå 9. Cëó÷àéíîå ìíîæåñòâî ñîáûòèé

ïîä X îïðåäåëÿåòñÿ êàê èçìåðèìîå îòîáðàæåíèå

K : (Ω,F ,P)→
(
2X, 22

X
)
,

ãäå 2X � ìíîæåñòâî âñåõ ïîäìíîæåñòâ ìíîæå-

ñòâà X.

Â ìåòîäå áûëî ïðåäëîæåíî ñëó÷àéíóþ âåëè÷èíó è

ñëó÷àéíîå êîíå÷íîå ìíîæåñòâî ñîáûòèé ðàññìàòðè-

âàòü êàê ðåàëèçàöèþ ñëó÷àéíîãî ýëåìåíòà, è îáúåêò,

ïîðîæäàþùèé ñòàòèñòèêó, � ðàññìàòðèâàòü êàê äâó-

äîëüíîå ìíîæåñòâî ñëó÷àéíûõ ýëåìåíòîâ.

Îïðåäåëåíèå 10. Äâóäîëüíûì ìíîæåñòâîì ñëó-

÷àéíûõ ýëåìåíòîâ íàçûâàåòñÿ ìíîæåñòâî {ξ,K},
ïðåäñòàâèìîå â ñëåäóþùåì âèäå:

{ξ,K} = ξ ∪K = {ξa, a ∈ A, Kβ, β ∈ B} , (1)

çäåñü ïåðâàÿ äîëÿ � ýòî ñëó÷àéíûå âåëè÷èíû ξ =
{ξa, a ∈ A}, âòîðàÿ � ñëó÷àéíûå ìíîæåñòâà ñîáû-

òèé K = {Kβ, β ∈ B}, A � ìíîæåñòâî èíäåêñîâ

ñëó÷àéíûõ âåëè÷èí, B � ìíîæåñòâî èíäåêñîâ ñëó-

÷àéíûõ ìíîæåñòâ ñîáûòèé.

Ñîáûòèÿ, êîòîðûå ïîðîæäàþòñÿ äâóäîëüíûì ìíîæå-

ñòâîì ñëó÷àéíûõ ýëåìåíòîâ, áóäåì íàçûâàòü ìíîæå-

ñòâîì ñëó÷àéíûõ ñîáûòèé.

Îïðåäåëåíèå 11. Äâóäîëüíîå ìíîæåñòâî ñëó÷àé-

íûõ ñîáûòèé ïðåäñòàâëÿåò ñîáîé îáúåäèíåíèå äâóõ

ìíîæåñòâ � ìíîæåñòâà ñîáûòèé, êîòîðîå îïðåäå-

ëÿåòñÿ ñëó÷àéíûìè âåëè÷èíàìè, è ìíîæåñòâà ñî-

áûòèé, êîòîðîå îïðåäåëÿåòñÿ ñëó÷àéíûìè ìíîæå-

ñòâàìè ñîáûòèé:

{Y,X} = {Ya, Xβ, a ∈ A, β ∈ B} . (2)

Ïîëíîé õàðàêòåðèñòèêîé äâóäîëüíîãî ìíîæåñòâà

ñëó÷àéíûõ ñîáûòèé ñëóæèò åãî ýâåíòîëîãè÷åñêîå

ðàñïðåäåëåíèå. Â ðàáîòå [5℄ áûëè íàéäåíû âñå �îðìû

ýâåíòîëîãè÷åñêîãî ðàñïðåäåëåíèÿ äâóäîëüíîãî ìíî-

æåñòâà ñëó÷àéíûõ ñîáûòèé. Ïðèâåäåì íèæå âèä äëÿ

îäíîãî èç íèõ.
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�àñïðåäåëåíèå âåðîÿòíîñòåé ñîáûòèé äâóäîëüíîãî

ìíîæåñòâà {Y,X}:

p (r,X) = P

( ⋂

a∈A




⋂

y 6=r

{ξ = y}c




⋂

xβ∈X

xβ

⋂

xβ∈Xc

xc
β , a ∈ A, β ∈ B

)
,

(3)

xβ ∈ X, β ∈ B,

r = {ra, ra ∈ R} ,
X = {Xβ, Xβ ⊆ Xβ} .

Íà ïðàêòèêå ðàáîòàòü ñ òàêèìè ðàñïðåäåëåíèÿ äî-

ñòàòî÷íî ñëîæíî. Ïîýòîìó â [3℄ áûëî ïðåäëîæåíî èñ-

ïîëüçîâàòü äëÿ èõ îöåíèâàíèÿ ñåò-îïåðàöèè ïî Ìèí-

êîâñêîìó.

4 Ñåò�îïåðàöèè ïî Ìèíêîâñêîìó íàä

äâóäîëüíûìè ìíîæåñòâàìè

ñëó÷àéíûõ ñîáûòèé

Â ðàáîòå [3℄ áûëî ââåäåíî ïîíÿòèå ïðîèçâîëüíîé îïå-

ðàöèè ïî Ìèíêîâñêîìó íàä äâóìÿ äâóäîëüíûìè ìíî-

æåñòâàìè ñîáûòèé è åå âåðîÿòíîñòü.

Ïóñòü èìåþòñÿ äâà äâóäîëüíûõ ìíîæå-

ñòâà s1 =
{
Y1
a , X1

β , a ∈ A, β ∈ B
}

è s2 =
{
Y2
a , X

2
β , a ∈ A, β ∈ B

}
.

Îïðåäåëåíèå 12. Ïðîèçâîëüíîé îïåðàöèåé ïî

Ìèíêîâñêîìó íàä äâóìÿ äâóäîëüíûìè ìíîæåñòâà-

ìè ñîáûòèé s1 è s2 íàçûâàåòñÿ òåîðåòèêî�

ìíîæåñòâåííàÿ îïåðàöèÿ (ñåò�îïåðàöèÿ), êîòîðàÿ

ïðåäñòàâëÿåòñÿ êàê ìíîæåñòâî ñîáûòèé, ïîëó÷åí-

íûõ ñ ïîìîùüþ îïåðàöèé ïî Ìèíêîâñêîìó íàä ñîîò-

âåòñòâóþùèìè ñîáûòèÿìè èç êàæäîé äîëè:

s1(O)s2 =
{
Y1
a(O)Y2

a , X
1
β(O)X2

β , a ∈ A,

β ∈ B
}
=
{
Y1
a(ra)OY2

a(ra), X
1
βOX2

β , Xβ ⊆ Xβ,

ra ∈ Ra, a ∈ A, β ∈ B
}
.

(4)

Çäåñü Y1
a ,Y2

a ⊆ Ya, X1
β ,X

2
β ⊆ Xβ. Âåðîÿòíîñòü ïðîèç-

âîëüíîé îïåðàöèè îïðåäåëÿåòñÿ êàê

P

(
s1(O)s2

)
=

1

|A|
∑

a∈A

1

|Ya|
∑

ra∈Ra

P

(
Y1
a(ra)O

Y2
a(ra)

)
+

1

|B|
∑

β∈B

1

|Xβ|
∑

Xβ⊆Xβ

P

(
X1

βOX2
β

)
.

(5)

Ïðèìåðîì òàêîé îïåðàöèè ÿâÿëÿåòñÿ ñåò�îïåðàöèÿ

ñèììåòðè÷åñêîé ðàçíîñòè ïî Ìèíêîâñêîìó äâóõ äâó-

äîëüíûõ ìíîæåñòâ ñîáûòèé.

Ñåò�îïåðàöèÿ ñèììåòðè÷åñêîé ðàçíîñòè ïî Ìèíêîâ-

ñêîìó äâóõ äâóäîëüíûõ ìíîæåñòâ s1 è s2 èìååò ñëå-

äóþùèé âèä:

s1(∆)s2 =
{
Y1
a(ra)∆Y2

a(ra), X
1
β∆X2

β,

Xβ ⊆ Xβ , ra ∈ Ra, a ∈ A, β ∈ B
}
.

(6)

Âåðîÿòíîñòü ñèììåòðè÷åñêîé ðàçíîñòè ðàâíà

P

(
s1(∆)s2

)
=

1

|A|
∑

a∈A

1

|Ya|
∑

ra∈R

P

(
Y1
a(ra)∆

Y2
a(ra)

)
+

1

|B|
∑

β∈B

1

|Xβ|
∑

Xβ⊆Xβ

P

(
X1

β∆X2
β

)
.

(7)

Â [5℄ áûëî äîêàçàíî, ÷òî âåðîÿòíîñòü ñåò�îïåðàöèè

ñèììåòðè÷åñêîé ðàçíîñòè ïî Ìèíêîâñêîìó äâóäîëü-

íûõ ìíîæåñòâ ñîáûòèé ÿâëÿåòñÿ ïñåâäîìåòðèêîé

ìåæäó íèìè. Ïîýòîìó áûëî ïðåäëîæåíî èñïîëüçî-

âàòü åå äëÿ èçìåðåíèÿ ðàññòîÿíèÿ ìåæäó äâóäîëü-

íûìè ìíîæåñòâàìè ñîáûòèé.

5 Ïîíÿòèå ñîáûòèå-òåððàñêè

äâóäîëüíîãî ìíîæåñòâà ñîáûòèé

Îáîçíà÷èì äâóäîëüíîå ìíîæåñòâî ñëó÷àéíûõ ñîáû-

òèé, ïðåäñòàâëåííîå â �îðìóëå (2), ñëåäóþùèì îá-

ðàçîì:

Z = {Y,X} = {Ya,Xβ, a ∈ A, β ∈ B}.

Ïóñòü çàäàíî äâóäîëüíîå ìíîæåñòâî ñëó÷àéíûõ ñî-

áûòèé s, ÿâëÿþùååñÿ ïîäìíîæåñòâîì äâóäîëüíîãî

ìíîæåñòâà ñîáûòèé Z (ò.å. s ⊆ Z):

s = {YsA ,XsB , sA ⊆ A, sB ⊆ B}.

Îïðåäåëåíèå 13. Cîáûòèå-òåððàñêà äâóäîëüíîãî

ìíîæåñòâà ñëó÷àéíûõ ñîáûòèé s ïðåäñòàâëÿåò ñî-

áîé íàáîð íåïåðåñåêàþùèåñÿ ñîáûòèé, ãäå êàæäîå

ñîáûòèå ÿâëÿåòñÿ ïîäìíîæåñòâîì ñîîòâåòñòâóþ-

ùåãî ìíîæåñòâà ñîáûòèé Ya èëè Xβ:

ter(s) = ter{YsA ,XsB} =
=
⋂

a∈sA

ter(Ya)
⋂

β∈sB

ter(Xβ) =

=
⋂

a∈sa

Ya(ra)
⋂

β∈sB

( ⋂

xβ∈Xβ

xβ

⋂

xβ∈Xc
β

xc
β

)
,

(8)

ãäå sA ⊆ A, sB ⊆ B, ra ∈ Ra, Xβ ⊆ Xβ. Çäåñü ìíî-

æåñòâî Ra ïðåäñòàâëÿåò ñîáîé ìíîæåñòâî âîç-

ìîæíûõ çíà÷åíèé ñëó÷àéíîé âåëè÷èíû ξa:

Ra =
{
ra1 , . . . , raNa

}
⊂ R, a ∈ A.



30 XIII ÔÀÌÝÌÑ'2014 êîí�åðåíöèÿ

6 Ìíîæåñòâî äâóäîëüíûõ ìíîæåñòâ

ñîáûòèé

Â ðàáîòå [6℄ áûëî ïðåäëîæåíî ïîíÿòèå ìíîæåñòâà

äâóäîëüíûõ ìíîæåñòâ ñîáûòèé. Ââåäåì áîëåå ñòðî-

ãîå îïðåäåëåíèå äëÿ äàííîãî ïîíÿòèÿ.

Îïðåäåëåíèå 5. Ìíîæåñòâî äâóäîëüíûõ ìíî-

æåñòâ ñëó÷àéíûõ ñîáûòèé ïðåäñòàâëÿåò ñîáîé íà-

áîð ìíîæåñòâ ñîáûòèé, êàæäîå èç êîòîðûõ ñîñòî-

èò èç äâóõ äîëåé, ïðè÷åì èõ ïåðâàÿ äîëÿ îïðåäåëÿ-

åòñÿ ñëó÷àéíûìè âåëè÷èíàìè, à âòîðàÿ � ñëó÷àé-

íûìè ìíîæåñòâàìè:

S =
{
s1, . . . , sn

}
. (9)

Âîçìîæíû ñëåäóþùèå ðàçíîâèäíîñòè ñòðóêòóðû

äàííîãî ìíîæåñòâà:

1. Ñëó÷àé îäíîòèïíûõ äâóäîëüíûõ ìíîæåñòâ ñî-

áûòèé (âñå ìíîæåñòâà ïîðîæäàþòñÿ îäíèì è

òåì æå äâóäîëüíûì ìíîæåñòâîì ñëó÷àéíûõ ýëå-

ìåíòîâ, îíè îïèñûâàþòñÿ îäíèì è òåì æå äâó-

äîëüíûì ìíîæåñòâîì Z è, ñëåäîâàòåëüíî, èõ

òåððàñêè-ñîáûòèÿ îäèíàêîâû. À ðàçëè÷àþòñÿ

îíè äëÿ êàæäîãî ìíîæåñòâà si òîëüêî âåðîÿò-

íîñòÿìè èõ íàñòóïëåíèÿ):

S =
{
s1 =

{
Y1
a , X

1
β, a ∈ A, β ∈ B

}
, . . . ,

sn =
{
Yn
a ,X

n
β , a ∈ A, β ∈ B

}}
.

Ýòîò ñëó÷àé ÿâëÿåòñÿ ïðîñòåéøèì. Èìåííî ýòà

ñèòóàöèÿ áûëà ðàññìîòðåíà â ðàáîòàõ [5℄ è [6℄.

2. Ñëó÷àé, êîãäà äâóäîëüíûå ìíîæåñòâà ñîáûòèé

si ÿâëÿþòñÿ ïîäìíîæåñòâàìè îäíîãî è òîãî æå

äâóäîëüíîãî ìíîæåñòâà ñîáûòèé Z:

S =
{
s1 =

{
Ys1A ,Xs1B

, s1A ⊆ A, s1B ⊆ B
}
, . . . ,

sn =
{
YsnA ,XsnB

, snA ⊆ A, snB ⊆ B
}}

.

3. Ñëó÷àé, êîãäà äâóäîëüíûå ìíîæåñòâà ñîáûòèé

si ÿâëÿþòñÿ ïîäìíîæåñòâàìè ðàçëè÷íûõ äâó-

äîëüíûõ ìíîæåñòâ ñîáûòèé Zi = {Yi,Xi} =
{Yi

a,X
i
β, a ∈ Ai, β ∈ Bi}:

S =
{
s1 =

{
Yk1

A
,Xk1

B
, k1A ⊆ A1, k1B ⊆ B1

}
, . . . ,

sn =
{
Ykn

A
,Xkn

B
, knA ⊆ An, knB ⊆ Bn

}}
.

Äàííûé ñëó÷àé ÿâëÿåòñÿ ñàìûì îáùèì è ñàìûì

ñëîæíûì ïî ñâîåé ñòðóêòóðå.

Ïðèâåäåì äëÿ êàæäîãî ñëó÷àÿ ïðàêòè÷åñêèå ïðèìå-

ðû è íàáîð âîçìîæíûõ çàäà÷, ïðèâîäÿùèõ ê îïèñû-

âàåìûì ñëó÷àÿì.

7 Ïðèìåíåíèå ìíîæåñòâ äâóäîëüíûõ

ìíîæåñòâ ñîáûòèé

7.1 Ìíîæåñòâî îäíîòèïíûõ äâóäîëüíûõ

ìíîæåñòâ ñîáûòèé

Êàê óæå áûëî ñêàçàíî âûøå, íàèáîëåå ïðîñòûì (è

÷àùå âñåãî âñòðå÷àþùèìñÿ) ÿâëÿåòñÿ ñëó÷àé îäíî-

òèïíûõ äâóäîëüíûõ ìíîæåñòâ ñîáûòèé. Ëþáàÿ çàäà-

÷à ñèñòåìíîãî èëè �àêòîðíîãî àíàëèçà ïðèâîäèò íàñ

ê èçó÷åíèþ òàêîãî ìíîæåñòâà.

Ïóñòü èìååòñÿ ñëîæíàÿ ñèñòåìà, êîòîðàÿ ñîñòîèò èç

n ýëåìåíòîâ. Êàæäûé ýëåìåíò õàðàêòåðèçóåòñÿ ïî-

êàçàòåëÿìè, îäíè èç êîòîðûõ ÿâëÿþòñÿ ÷èñëîâûìè,

à äðóãèå � ìíîæåñòâåííûìè. Ñîãëàñíî ìåòîäó äâó-

äîëüíûõ ìíîæåñòâ ñîáûòèé, ïîâåäåíèå êàæäîãî ýëå-

ìåíòà ñèñòåìû ìîæíî îõàðàêòåðèçîâàòü äâóäîëüíûì

ìíîæåñòâîì ñîáûòèé {Y,X}. Äàëåå àíàëèç ïîâåäåíèÿ
ýëåìåíòîâ ñèñòåìû ñâîäèòñÿ ê àíàëèçó ýâåíòîëîãè-

÷åñêèõ ðàñïðåäåëåíèé ñîîòâåòñòâóþùèõ èì äâóäîëü-

íûõ ìíîæåñòâ ñîáûòèé. Òàêèì îáðàçîì, ñëîæíîé ñè-

ñòåìå ñòàâèòñÿ â ñîîòâåòñòâèå ìíîæåñòâî

S =
{
s1 =

{
Y1
a , X

1
β , a ∈ A, β ∈ B

}
, . . . ,

sn =
{
Yn
a ,X

n
β, a ∈ A, β ∈ B

}}
.

Ïðèìåðàìè òàêèõ ñèñòåì ÿâëÿþòñÿ áàíêîâñêàÿ ñè-

ñòåìà (ñîñòîÿíèå êàæäîãî áàíêà îöåíèâàåòñÿ ÷èñ-

ëîâûìè è ìíîæåñòâåííûìè ïîêàçàòåëÿìè), ñèñòåìà

çäðàâîîõðàíåíèÿ òåððèòîðèàëüíûõ åäèíèö ðåãèîíà,

ñèñòåìà êðåäèòíûõ ïðîäóêòîâ è ò.ä.

Ïðèâåäåì ïðàêòè÷åñêèé ïðèìåð ìíîæåñòâà îäíîòèï-

íûõ äâóäîëüíûõ ìíîæåñòâ ñîáûòèé.

Ïðåäñòàâëåíèå áàíêîâñêîé ñèñòåìû

Áàíêîâñêàÿ ñèñòåìà ïðåäñòàâëÿåò ñîáîé ìíîæåñòâî

áàíêîâ è ñîñòîèò èç n ýëåìåíòîâ. Ôèíàíñîâîå ïî-

ëîæåíèå è ðåïóòàöèÿ êàæäîãî áàíêà õàðàêòåðèçóåò-

ñÿ ìíîæåñòâîì ïîêàçàòåëåé, îäíè èç êîòîðûõ ÿâëÿ-

åòñÿ ÷èñëîâûìè, à äðóãèå � ìíîæåñòâåííûìè. Íà-

ïðèìåð, ê ÷èñëîâûì ïîêàçàòåëÿì ìîãóò áûòü îòíåñå-

íû: ðåçåðâû â Öåíòðîáàíêå, óñòàâíûé êàïèòàë, ýìèñ-

ñèîííûé äîõîä, ïðèáûëüíîñòü ïî ðàçëè÷íûì îïåðà-

öèÿì, îáúåì êðåäèòîâ, ïðåäîñòàâëåííûõ êîììåð÷å-

ñêèì ïðåäïðèÿòèÿì è îðãàíèçàöèÿì, ÷àñòíûì ëèöàì

è ò.ä., êî ìíîæåñòâåííûì � îáìåííàÿ âàëþòà áàíêà,

àññîðòèìåíò áàíêîâñêèõ óñëóã, ìíîæåñòâî àêöèîíå-

ðîâ (ó÷àñòíèêîâ), âëàäåþùèõ àêöèÿìè áàíêà. Î÷å-

âèäíî, ÷òî áàíêîâñêàÿ ñèñòåìà ÿâëÿåòñÿ ïðèìåðîì

ñëîæíîé ñèñòåìû, à áàíêè � åå ýëåìåíòû. Â ðàáî-

òå [5℄ ðàññìàòðèâàëîñü 39 ïîêàçàòåëåé �èíàíñîâîãî

ïîëîæåíèÿ áàíêà.

Ôèíàíñîâîå ñîñòîÿíèå êàæäîãî áàíêà ìîæíî ïðåä-

ñòàâèòü ñ ïîìîùüþ äâóäîëüíîãî ìíîæåñòâà ñîáû-

òèé: ïåðâàÿ äîëÿ êîòîðîãî îïðåäåëÿåòñÿ ñëó÷àéíû-

ìè âåëè÷èíàìè (÷èñëîâûìè ïîêàçàòåëÿìè), âòîðàÿ
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� ñëó÷àéíûìè ìíîæåñòâàìè ñîáûòèé (ìíîæåñòâåí-

íûìè ïîêàçàòåëÿìè):

si = {Yi
a,X

i
β, a ∈ A, β ∈ B}, i = 1, . . . , n.

Âñåé áàíêîâñêîé ñèñòåìå ìîæíî ïîñòàâèòü â ñîîòâåò-

ñòâèå ìíîæåñòâî äâóäîëüíûõ ìíîæåñòâ ñîáûòèé

S =
{
s1 =

{
Y1
a , X

1
β, a ∈ A, β ∈ B

}
, . . . ,

sn =
{
Yn
a ,X

n
β , a ∈ A, β ∈ B

}}
.

Òàêèì îáðàçîì, ìíîæåñòâî âñåõ ïîêàçàòåëåé èìååò

âèä

Z = {Ya,Xβ} ={
Y1,Y2,Y3, . . . ,Y36,X1,X2,X3

}
,

(10)

ãäå Y1 � âåëè÷èíà äåíåæíûõ ðåçåðâîâ â Öåíòðîáàí-

êå (â òûñ. ðóáëåé), Y2 � ðàçìåð óñòàâíîãî êàïèòàëà

(â òûñ. ðóáëåé), Y3 � ýìèññèîííûé äîõîä, è ò.ä. À X1

� îáìåííàÿ âàëþòà áàíêà, X2 � àññîðòèìåíò áàíêîâ-

ñêèõ óñëóã, X3 � ìíîæåñòâî àêöèîíåðîâ áàíêà.

Ïîñêîëüêó âñå äâóäîëüíûå ìíîæåñòâà si ïîðîæäàþò-
ñÿ îäíèì è òåì æå äâóäîëüíûì ìíîæåñòâîì ñëó÷àé-

íûõ ýëåìåíòîâ Z, çíà÷èò:

|Ya| = |Y1
a | = |Y2

a | = . . . = |Yn
a |,

|Xβ| = |X1
β| = |X2

β | = . . . = |Xn
β |.

Âåðíåìñÿ ê ðàñìîòðåíèþ ìíîæåñòâà îäíîòèïíûõ

äâóäîëüíûõ ìíîæåñòâ ñîáûòèé.

Ïîëíîé õàðàêòåðèñòèêîé ìíîæåñòâà äâóäîëüíûõ

ìíîæåñòâ ñëó÷àéíûõ ñîáûòèé ñëóæèò åãî ýâåíòîëî-

ãè÷åñêîå ðàñïðåäåëåíèå. Äëÿ ýòîãî íåîáõîäèìî çà-

äàòü ðàñïðåäåëåíèå âåðîÿòíîñòåé ñîáûòèé ìíîæå-

ñòâà äâóäîëüíûõ ìíîæåñòâ.

Ïóñòü çàäàíî ðàñïðåäåëåíèå âåðîÿòíîñòåé ñîáûòèé

äâóäîëüíîãî ìíîæåñòâà s:

p (s) = p (Ya, Xβ) = p (r,X) =

P

( ⋂

a∈A

{Ya(ra)}

⋂

xβ∈X

xβ

⋂

xβ∈Xc

xc
β , a ∈ A, β ∈ B

)
,

(11)

xβ ∈ X, β ∈ B,

r = {ra, ra ∈ R} ,

X = {Xβ, Xβ ⊆ Xβ} .

Òîãäà ðàñïðåäåëåíèå âåðîÿòíîñòåé ñîáûòèé

ìíîæåñòâà äâóäîëüíûõ ìíîæåñòâ ñîáûòèé

S =
{
s1, . . . , sn

}
p (St) , St ⊆ S èìååò âèä:

p
(
St
)
= P

( ⋂

si∈St

s

)
=

= P

( ⋂

si∈St

{ ⋂

a∈A

Yi
a(ra)

⋂

xβ∈X

xβ

⋂

xβ∈Xc

xc
β

})
, St ⊆ S.

(12)

Â ðàáîòàõ [3, 5℄ áûëè ðåøåíû íåñêîëüêî çàäà÷ ñè-

ñòåìíîãî àíàëèçà � îïðåäåëåíèå ýêñòðåìàëüíîãî ýëå-

ìåíòà ñèñòåìû (íàèëó÷øåãî èëè íàèõóäøåãî), êëàñ-

ñè�èêàöèÿ è ðàíæèðîâàíèå ýëåìåíòîâ ñèñòåìû. Âñå

ýòè çàäà÷è ïðåäïîëàãàëè ñðàâíåíèå òîëüêî ïàð äâó-

äîëüíûõ ìíîæåñòâ, ÷òî è âûïîëíÿëîñü ñ ïîìîùüþ

ïðåäñòàâëåííîãî â �îðìóëå (7) ðàññòîÿíèÿ ìåæ-

äó ýâåíòîëîãè÷åñêèìè ðàñïðåäåëåíèÿìè äâóäîëüíûõ

ìíîæåñòâ ñîáûòèé (êàê âåðîÿòíîñòè ñåò-îïåðàöèè

ñèììåòðè÷åñêîé ðàçíîñòè ïî Ìèíêîâñêîìó).

Êðîìå òîãî, ê àíàëîãè÷íîìó âèäó ìíîæåñòâà äâó-

äîëüíûõ ìíîæåñòâ ñîáûòèé ïðèâîäÿò çàäà÷è êëà-

ñòåðíîãî àíàëèçà, âèçóàëèçàöèè (ïîñòðîåíèå êàðò âè-

çóàëèçàöèè), áàíêîâñêîãî (ñòðàõîâîãî) ñêîðèíãà è

íåêîòîðûå äðóãèå.

Â ðàáîòå [6℄ áûëî ïðåäëîæåíî ïðèìåíèòü ìåòîä äâó-

äîëüíûõ ìíîæåñòâ ñîáûòèé äëÿ ïðîâåäåíèÿ �àêòîð-

íîãî àíàëèçà ñëîæíûõ ñèñòåì. Çäåñü òðåáîâàëîñü

îïðåäåëèòü ñòåïåíü âëèÿíèÿ �àêòîðîâ íà ðàçëè÷èå

ìåæäó ýëåìåíòàìè è íàéòè âíóòðèñèñòåìíîå ðàçëè-

÷èå (ò.å. çäåñü íåîáõîäèìî ñðàâíèâàòü îäíîâðåìåííî

âñå ýëåìåíòû ñèñòåìû).

Î÷åâèäíî, ÷òî äëÿ ïðàêòè÷åñêèõ çàäà÷ äîñòà-

òî÷íî ñëîæíî îöåíèòü âåðîÿòíîñòè ðàñïðåäåëåíèÿ

p (St) , St ⊆ S. Ïîýòîìó â [6℄ áûëè ââåäåíû ïîíÿ-

òèÿ ïðîèçâîëüíîé ñåò-îïåðàöèè ïî Ìèíêîâñêîìó íàä

ìíîæåñòâîì äâóäîëüíûõ ìíîæåñòâ ñîáûòèé è åå âå-

ðîÿòíîñòè.

Îïðåäåëåíèå 14. Ïðîèçâîëüíóþ ñåò�îïåðàöèþ ïî

Ìèíêîâñêîìó íàä ìíîæåñòâîì äâóäîëüíûõ ìíî-

æåñòâ ñîáûòèé ìîæíî îïðåäåëèòü êàê ìíîæå-

ñòâî ñîáûòèé, ïîëó÷åííûõ ñ ïîìîùüþ îïåðàöèé ïî

Ìèíêîâñêîìó íàä ñîîòâåòñòâóþùèìè ñîáûòèÿìè

èç êàæäîé äîëè:

(O)

s∈S

s =
{
(O)

s∈S

{
Ya
}
,(O)

s∈S

{
Xβ

}
, a ∈ A,

β ∈ B
}
=
{O

s∈S

{
Ya(ra)

}
,O
s∈S

{
Xβ

}
, ra ∈ Ra,

a ∈ A, Xβ ⊆ Xβ, β ∈ B
}
.

(13)

Âåðîÿòíîñòü ïðîèçâîëüíîé ñåò�îïåðàöèè ïî Ìèíêîâ-

ñêîìó íàä ìíîæåñòâîì äâóäîëüíûõ ìíîæåñòâ ñîáû-
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òèé îïðåäåëèì ñëåäóþùèì îáðàçîì:

P

(
(O)

s∈S

s

)
=

=
1

|A|
∑

a∈A

1

|Ya|
∑

ra∈Ra

P

(
O
s∈S

{
Ya(ra)

})
+

1

|B|
∑

β∈B

1

|Xβ |
∑

Xβ⊆Xβ

P

(
O
s∈S

{
Xβ

})
.

(14)

Ïðèâåäåì îïðåäåëåíèå è âåðîÿòíîñòü äëÿ ñåò-

îïåðàöèè ñèììåòðè÷åñêîé ðàçíîñòè ïî Ìèíêîâñêîìó

íàä ìíîæåñòâîì äâóäîëüíûõ ìíîæåñòâ.

Îïðåäåëåíèå 15. Ñåò-îïåðàöèÿ ñèììåòðè÷åñêîé

ðàçíîñòè ïî Ìèíêîâñêîìó íàä ìíîæåñòâîì äâó-

äîëüíûõ ìíîæåñòâ ñîáûòèé îïðåäåëÿåòñÿ êàê ìíî-

æåñòâî ñîáûòèé, ïîëó÷åííûõ ñ ïîìîùüþ îïåðàöèé

ïî Ìèíêîâñêîìó íàä ñîîòâåòñòâóþùèìè ñîáûòèÿ-

ìè èç êàæäîé äîëè:

(∆)

s∈S

s =

{
(∆)

s∈S

{
Ya
}
,(∆)

s∈S

{
Xβ

}}
=

{
∆
s∈S

{
Ya(ra)

}
,∆
s∈S

{
Xβ

}
, ra ∈ Ra, a ∈ A,

Xβ ⊆ Xβ, β ∈ B
}
.

(15)

Îïðåäåëåíèå 16. Ïîä îïåðàòîðîì îáùåé ñèììåò-

ðè÷åñêîé ðàçíîñòè ∆
s∈S

íàä ìíîæåñòâîì ñîáûòèé S

ïîíèìàåòñÿ ñðåäíåå ñîáûòèå ïî ìíîæåñòâó, âåðî-

ÿòíîñòü êîòîðîãî îïðåäåëÿåòñÿ ñëåäóþùèì îáðà-

çîì:

P

(
∆
s∈S

s
)
=

1

|S|
∑

s,t∈S

P (s∆t). (16)

Âåðîÿòíîñòü îáùåé ñèììåòðè÷åñêîé ðàçíîñòè ïî

Ìèíêîâñêîìó íàä ìíîæåñòâîì äâóäîëüíûõ ìíîæåñòâ

ñîáûòèé âûãëÿäèò ñëåäóþùèì îáðàçîì:

P

(
(∆)

s∈S

s

)
=

1
|A|

∑
a∈A

1
|Ya|

∑
ra∈Ra

P

(
∆

ra∈Ra

{
Ya(ra)

})
+

+ 1
|B|

∑
β∈B

1
|Xβ|

∑
Xβ⊆Xβ

P

(
∆
s∈S

{
Xβ

})
.

(17)

7.2 Ìíîæåñòâî ïîäìíîæåñòâ äâóäîëüíûõ

ìíîæåñòâ ñîáûòèé

Òåïåðü ðàññìîòðèì âòîðîé ñëó÷àé, êîãäà äâóäîëüíûå

ìíîæåñòâà ñîáûòèé si ÿâëÿþòñÿ ïîäìíîæåñòâàìè îä-
íîãî è òîãî æå äâóäîëüíîãî ìíîæåñòâà ñîáûòèé Z:

S =
{
s1 =

{
Ys1A ,Xs1B

, s1A ⊆ A, s1B ⊆ B
}
, . . . ,

sn =
{
YsnA ,XsnB

, snA ⊆ A, snB ⊆ B
}}

.

Ê èçó÷åíèþ ìíîæåñòâ òàêîãî âèäà ìîãóò ïðèâåñòè

çàäà÷è ðåãðåññèîííîãî èëè êîâàðèàöèîííîãî àíàëè-

çà. Íàïðèìåð, êîãäà òðåáóåòñÿ íàéòè êîâàðèàöèþ

èëè êîððåëÿöèþ ìåæäó äâóäîëüíûìè ìíîæåñòâàìè

ñîáûòèé. Â êà÷åñòâå ïðàêòè÷åñêîãî ïðèìåðà ìîæíî

ïðèâåñòè çàäà÷ó èçó÷åíèÿ âçàèìîñâÿçè ìåæäó ñîñòî-

ÿíèåì çäîðîâüÿ íàñåëåíèÿ è àíòðîïîãåííûì çàãðÿçå-

íèåì âîçäóõà è ïî÷âû.

Çàäà÷à èññëåäîâàíèÿ çàâèñèìîñòè ìåæäó àí-

òðîïîãåííûì çàãðÿçíåíèåì âîçäóõà-ïî÷âû è

çàáîëåâàåìîñòüþ íàñåëåíèÿ

Â ðàáîòå [2℄ ðåøàëàñü çàäà÷à, êîòîðàÿ çàêëþ÷à-

ëàñü â âûÿâëåíèè çàâèñèìîñòè ìåæäó àíòðîïîãåí-

íûì çàãðÿçíåíèåì àòìîñ�åðû è ïî÷âû, êîý��èöè-

åíòîì îïàñíîñòè âûáðàñûâàåìûõ â àòìîñ�åðó âå-

ùåñòâ, æåñòêîñòüþ ïîãîäû è çàáîëåâàåìîñòüþ íàñå-

ëåíèÿ Êðàñíîÿðñêîãî êðàÿ.

Çäåñü äâóäîëüíîå ìíîæåñòâî Z ñîñòîèò èç òðåõ ÷èñ-

ëîâûõ è òðåõ ìíîæåñòâåííûõ ïîêàçàòåëåé

Z = {Y,X} = {Ya,Xβ , a ∈ A, β ∈ B} =

{Y1,Y2,Y3,X1,X2,X3},
ãäå

Y1 � êîý��èöèåíò îïàñíîñòè (÷èñëîâîé ïîêàçàòåëü);

Y2 � êîý��èöèåíò æåñòêîñòè ïîãîäû ïî Îñîêèíó çà

ëåòíèé ïåðèîä (÷èñëîâîé ïîêàçàòåëü);

Y3 � êîý��èöèåíò æåñòêîñòè ïîãîäû ïî Îñîêèíó çà

çèìíèé ïåðèîä (÷èñëîâîé ïîêàçàòåëü);

X1 � ìíîæåñòâî âûáðîñîâ âðåäíûõ âåùåñò â àòìî-

ñ�åðó (ìíîæåñòâåííûé ïîêàçàòåëü);

X2 � õèìè÷åñêèé ñîñòàâ ïî÷âû (ìíîæåñòâåííûé ïî-

êàçàòåëü);

X3 � ìíîæåñòâî çàáîëåâàíèé (ìíîæåñòâåííûé ïîêà-

çàòåëü).

�àññìàòðèâàëèñü äâóäîëüíûå ìíîæåñòâà

s = {Y1,Y2,Y3,X1,X2}, (18)

t = {X3}. (19)

Îíè ÿâëÿþòñÿ ïîäìíîæåñòâàìè äâóäîëüíîãî ìíîæå-

ñòâà Z (s, t ⊆ Z).

Îäíàêî äëÿ èññëåäîâàíèÿ èíòåðåñíû ëèøü ÷àñòü òåð-

ðàñîê ïîêàçàòåëåé, ïîýòîìó â êà÷åñòâå èññëåäóåìî-

ãî ìíîæåñòâà â ðàáîòå èñïîëüçîâàëîñü íå âñå ìíî-

æåñòâî, à ìíîæåñòâî ïîäìíîæåñòâ äâóäîëüíûõ ìíî-

æåñòâ ñîáûòèé � íàèáîëåå ¾ïëîõèå¿ òåððàñêè (ñ íàè-

áîëüøèìè çíà÷åíèÿìè âûáðîñîâ è íàèáîëüøåé îïàñ-

íîñòüþ) è íàèáîëåå ¾õîðîøèå¿ (ñ íàèìåíüøèìè çíà-

÷åíèÿìè).

Ê àíàëîãè÷íîìó âèäó ìíîæåñòâà äâóäîëüíûõ ìíî-

æåñòâ ñîáûòèé ïðèâîäÿò çàäà÷è ïîèñêà àññîöèàòèâ-
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íûõ ïðàâèë (îòûñêàíèÿ çàêîíîìåðíîñòåé ìåæäó ìíî-

æåñòâàìè ñîáûòèé), ïðîãíîçèðîâàíèÿ ïîâåäåíèÿ ñè-

ñòåìû è çàäà÷è ïðèíÿòèÿ ðåøåíèé.

�àñïðåäåëåíèå âåðîÿòíîñòåé ñîáûòèé ìíîæåñòâà

äâóäîëüíûõ ìíîæåñòâ ñîáûòèé S =
{
s1, . . . , sn

}

p (St) , St ⊆ S äëÿ äàííîãî ñëó÷àÿ èìååò ñëåäóþùèé

âèä:

p
(
St
)
= P

( ⋂

si∈St

si

)
=

= P

( ⋂

si∈St

{ ⋂

a∈siA

ter(Ya)
⋂

β∈siB

ter(Xβ)
}
=

= P

( ⋂

a∈sia

Ya(ra)
⋂

β∈siB

( ⋂

xβ∈Xβ

xβ

⋂

xβ∈Xc
β

xc
β

))
,

siA ⊆ A, siB ⊆ B, St ⊆ S.

(20)

Â ðàáîòå [4℄ áûëî äàíî îïðåäåëåíèå êîâàðèàöèè äëÿ

äâóõ ñîáûòèé-òåððàñîê è ðåøåíà çàäà÷à åå íàõîæäå-

íèÿ. Òàêèì îáðàçîì, áûë ðàññìîòðåí ñëó÷àé, êîãäà

ìíîæåñòâî ñîñòîèò âñåãî èç äâóõ ñîáûòèé-òåððàñîê

äâóäîëüíûõ ìíîæåñòâ. Ïðèâåäåì ýòî îïðåäåëåíèå.

Îïðåäåëåíèå 17. Êîâàðèàöèåé ñîáûòèé-òåððàñîê

äâóäîëüíûõ ìíîæåñòâ ñëó÷àéíûõ ñîáûòèé s è t íà-
çûâàåòñÿ

Kovter(s),ter(t) = P (ter(s) ∩ ter(t))−
P (ter(s))P (ter(t)) .

Ìîæíî ðàñïðîñòðàíèòü äàííîå ïîíÿòèå è íà ìíîæå-

ñòâî ñîáûòèé-òåððàñîê äâóäîëüíûõ ìíîæåñòâ.

Îïðåäåëåíèå 18. Êîâàðèàöèåé ìíîæåñòâà St ⊆ S,
ãäå

S =
{
s1 =

{
Ys1A ,Xs1B

, s1A ⊆ A, s1B ⊆ B
}
, . . . ,

sn =
{
YsnA ,XsnB

, snA ⊆ A, snB ⊆ B
}}

.

íàçûâàåòñÿ

KovSt = p
(
St
)
−
∏

si∈St

p
(
si
)
, (21)

ãäå p
(
si
)
� ðàñïðåäåëåíèå âåðîÿòíîñòåé ñîáûòèé

äâóäîëüíîãî ìíîæåñòâà si, à ðàñïðåäåëåíèå ìíî-

æåñòâà äâóäîëüíûõ ìíîæåñòâ p (St) íàõîäèòñÿ ïî

�îðìóëå (20).

�àñïðåäåëåíèÿ p
(
si
)
èìåþò âèä, ïðåäñòàâëåííûé âû-

øå:

p
(
si
)
= p

(
Yi
a, X

i
β

)
= p (r,X) =

P

( ⋂

a∈A

{Ya(ra)}

⋂

xβ∈X

xβ

⋂

xβ∈Xc

xc
β , a ∈ A, β ∈ B

)
,

(22)

xβ ∈ X, β ∈ B,

r = {ra, ra ∈ R} ,

X = {Xβ , Xβ ⊆ Xβ} .

7.3 Ìíîæåñòâî ïîäìíîæåñòâ ðàçëè÷íûõ

äâóäîëüíûõ ìíîæåñòâ ñîáûòèé

Òåïåðü ðàññìîòðèì òðåòèé ñëó÷àé, êîãäà äâóäîëü-

íûå ìíîæåñòâà ñîáûòèé si ÿâëÿþòñÿ ïîäìíîæåñòâà-

ìè ðàçëè÷íûõ äâóäîëüíûõ ìíîæåñòâ ñîáûòèé Zi =
{Yi,Xi} = {Yi

a,X
i
β, a ∈ Ai, β ∈ Bi}:

S =
{
s1 =

{
Yk1

A
,Xk1

B
, k1A ⊆ A1, k1B ⊆ B1

}
, . . . ,

sn =
{
Ykn

A
,Xkn

B
, knA ⊆ An, knB ⊆ Bn

}}
,

çäåñü ïîä Aj
ïîíèìàåòñÿ ìíîæåñòâî èíäåêñîâ äëÿ

÷èñëîâîé äîëè äâóäîëüíîãî ìíîæåñòâà sj ∈ S, ïîä
Bj

ïîíèìàåòñÿ ìíîæåñòâî èíäåêñîâ äëÿ ìíîæåñòâåí-

íîé äîëè ýòîãî æå äâóäîëüíîãî ìíîæåñòâà. Îáîçíà-

÷åíèå kjA ïðèíÿòî äëÿ èíäåêñà, êîòîðûé ïðîáåãàåò

ñîîòâåòñòâóþùåå ìíîæåñòâî èíäåêñîâ Aj
. Àíàëîãè÷-

íûì îáðàçîì, îáîçíà÷åíèå kjB � äëÿ èíäåêñà, êîòî-

ðûé ïðîáåãàåò ñîîòâåòñòâóþùåå ìíîæåñòâî èíäåêñîâ

Bj
. Òàêèì îáðàçîì, ìíîæåñòâî ñîáûòèé Yk1

A
⊆ Yi

, à

Xk1
B
⊆ Xi

β.

Ê èçó÷åíèþ ìíîæåñòâ òàêîãî âèäà ìîãóò ïðèâå-

ñòè çàäà÷è ðåãðåññèîííîãî, êîâàðèàöèîííîãî àíàëè-

çà, ïîèñêà àññîöèàòèâíûõ ïðàâèë (îòûñêàíèÿ çàêî-

íîìåðíîñòåé ìåæäó ìíîæåñòâàìè ñîáûòèé), ïðîãíî-

çèðîâàíèÿ ïîâåäåíèÿ ñèñòåìû è ïðèíÿòèÿ ðåøåíèé.

Êàê ìû âèäèì, ýòîò ïåðå÷åíü çàäà÷ àíàëîãè÷åí ñèòó-

öèè ñ âòîðûì âèäîì ðàñïðåäåëåíèÿ ìíîæåñòâà äâó-

äîëüíûõ ìíîæåñòâ ñîáûòèé. Îäíàêî îòëè÷èåì ÿâëÿ-

åòñÿ òî, ÷òî âî âòîðîì ñëó÷àå âñå ìíîæåñòâà ÿâëÿþò-

ñÿ ïîäìíîæåñòâàìè îäíîãî è òîãî æå ìíîæåñòâà Z, â
òî âðåìÿ êàê äëÿ äàííîãî ñëó÷àÿ ïðîèñõîäèò ðàáîòà

íå ñ îäíèì, à ñ öåëûì íàáîðîì ðàçíûõ îáëàñòåé Zi
.

Áîëüøèíñòâî çàäà÷ ðåãðåññèîííîãî è êîâàðèàöèîí-

íîãî àíàëèçà îòíîñÿòñÿ èìåííî ê äàííîìó âèäó ìíî-

æåñòâà äâóäîëüíûõ ìíîæåñòâ.

�àñïðåäåëåíèå âåðîÿòíîñòåé ñîáûòèé ìíîæåñòâà

äâóäîëüíûõ ìíîæåñòâ ñîáûòèé S =
{
s1, . . . , sn

}

p (St) , St ⊆ S äëÿ äàííîãî ñëó÷àÿ èìååò ñëåäóþùèé



34 XIII ÔÀÌÝÌÑ'2014 êîí�åðåíöèÿ

âèä:

p
(
St
)
= P

( ⋂

si∈St

si

)
=

= P

(
ter
(
Yk1

A

)⋂
ter
(
Yk2

A

)
. . .
⋂

ter
(
Ykt

A

)

ter
(
Xk1

B

)⋂
ter
(
Xk2

B

)
. . .
⋂

ter
(
Xkt

B

))
=

= P

( ⋂

k1
A∈A1

Yk1
A
. . .

⋂

kt
A∈At

Ykt
A

⋂

k1
B∈B1

( ⋂

xβ∈X
k1
B

xβ

⋂

xβ∈Xc

k1
B

xc
β

)
. . .

⋂

kt
B∈Bt

( ⋂

xβ∈Xkt
B

xβ

⋂

xβ∈Xc
kt
B

xc
β

)
,

Yk1
A
⊆ Yi, Xk1

B
⊆ X

i
β, S

t ⊆ S.

(23)

Â äàííîé �îðìóëå äëÿ ïðîñòîòû çàïèñè äëÿ ïîä-

ìíîæåñòâà St
óêàçàíî ïîäìíîæåñòâî

{
s1, . . . , st

}
ñî

ìíîæåñòâàìè èíäåêñîâ äëÿ ÷èñëîâîé äîëè A1, . . . , At

è ìíîæåñòâàìè èíäåêñîâ äëÿ ìíîæåñòâåííîé äîëè

B1, . . . , Bt
, à òàêæå ñ ñîîòâåòñòâóþùèìè èì èíäåêñà-

ìè k1A, . . . , k
t
A è k1B, . . . , k

t
B. Íà ñàìîì äåëå ðå÷ü èäåò

íå î ïåðâûõ t äâóäîëüíûõ ìíîæåñòâàõ (ñ ïåðâîãî ïî t-

ûé âêëþ÷èòåëüíî), à î ïðîèçâîëüíîì íàáîðå èç t äâó-

äîëüíûõ ìíîæåñòâ (ò.å. î ëþáîì ïîìíîæåñòâå St ⊆ S,
ñ ìîùíîñòüþ ðàâíîé t (ò.å. |St| = t).

Ïðèâåäåì åùå ðàç ñïèñîê ïðèêëàäíûõ çàäà÷, ïðè-

âîäÿùèõ ê ðàáîòå ñî ìíîæåñòâîì äâóäîëüíûõ ìíî-

æåñòâ ñîáûòèé.

7.4 Îñíîâíûå çàäà÷è ïðèìåíåíèÿ ìíîæåñòâà

äâóäîëüíûõ ìíîæåñòâ ñîáûòèé

Ê ÷èñëó çàäà÷, ïðè ðåøåíèè êîòîðûõ èñïîëüçóåòñÿ

ðàññìîòðåííîå â ðàáîòå ïîíÿòèå ìíîæåñòâà äâóäîëü-

íûõ ìíîæåñòâ ñîáûòèé îòíîñÿòñÿ çàäà÷è:

• îïðåäåëåíèå íàèëó÷øåãî èëè íàèõóäøåãî ýëå-

ìåíòà ñèñòåìû,

• êëàññè�èêàöèÿ ýëåìåíòîâ èëè ãðóïï,

• ðàíæèðîâàíèå ýëåìåíòîâ ñèñòåìû,

• �àêòîðíûé àíàëèç,

• êëàñòåðíûé àíàëèç,

• ïîñòðîåíèå êàðò âèçàóëèçàöèè äàííûõ,

• ïîèñê àññîöèàòèâíûõ ïðàâèë (îòûñêàíèå çàêîíî-

ìåðíîñòåé ìåæäó ìíîæåñòâàìè ñîáûòèé),

• êîâàðèàöèîííûé àíàëèç ðàçíîòèïíûõ äàííûõ

(âûÿâëåíèå ñâÿçè ìåæäó ðàçíîòèïíûìè äàííû-

ìè),

• ðåãðåññèîííûé àíàëèç ðàçíîòèïíûõ äàííûõ (ïî-

ñòðîåíèå �óíêöèè çàâèñèìîñòè ìåæäó äàííû-

ìè),

• ïðîãíîçèðîâàíèå ïîâåäåíèÿ ñèñòåìû,

• ïðèíÿòèå ðåøåíèé ïðè íå÷åòêèõ äàííûõ,

• áàíêîâñêèé (ñòðàõîâîé) ñêîðèíã,

• îïðåäåëåíèå èí�îðìàòèâíîñòè ïðèçíàêîâ (ñ ïî-

ìîùüþ ýíòðîïèè ñèñòåìû).

Çàêëþ÷åíèå

Â ðàáîòå ðàññìàòðèâàëîñü ïîíÿòèå ìíîæåñòâà äâó-

äîëüíûõ ìíîæåñòâ ñîáûòèé, êàæäîå èç êîòîðûõ

ïðåäñòàâëÿåò ñîáîé îáúåäèíåíèå ìíîæåñòâ ñîáûòèé,

ïåðâàÿ äîëÿ êîòîðûõ îïðåäåëÿåòñÿ ñëó÷àéíûìè âå-

ëè÷èíàìè, à âòîðàÿ � ñëó÷àéíûìè ìíîæåñòâàìè.

Ïðèâåäåíû ïîíÿòèÿ êëàññè÷åñêîé è ýâåíòîëîãè÷å-

ñêîé êîâàðèàöèè. �àññìîòðåíû âèäû ðàñïðåäåëåíèé

ìíîæåñòâà äâóäîëüíûõ ìíîæåñòâ. Èçó÷åíû çàâèñè-

ìîñòè ìåæäó äâóäîëüíûìè ìíîæåñòâàìè ñîáûòèé ñ

ïîìîùüþ êîâàðèàöèè.
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Àííîòàöèÿ. Öåëüþ ðàáîòû ÿâëÿåòñÿ ðàçðàáîò-

êà ãåíåòè÷åñêèõ àëãîðèòìîâ, ïîçâîëÿþùèõ íàõî-

äèòü ðåøåíèå çàäà÷è êëàñòåðèçàöèè äàííûõ ñ çà-

äàííûì ÷èñëîì êëàñòåðîâ. Ïðèâîäÿòñÿ îñíîâíûå ïî-

íÿòèÿ è ïîñòàíîâêà çàäà÷è êëàñòåðèçàöèè äàííûõ.

�àññìàòðèâàþòñÿ îñíîâíûå ìåòîäû êëàñòåðèçàöèè

äàííûõ. Â ðàáîòå äàåòñÿ îïèñàíèå îäíîãî èç íàèáî-

ëåå ïîïóëÿðíûõ ìåòîäîâ êëàñòåðèçàöèè äàííûõ: ìå-

òîäà k-ñðåäíèõ. Èçëàãàþòñÿ ïðèíöèïû ðàáîòû ãåíå-

òè÷åñêèõ àëãîðèòìîâ. Ïðèâîäèòñÿ ïîäðîáíîå îïè-

ñàíèå ðàçðàáàòûâàåìîãî ãåíåòè÷åñêîãî àëãîðèòìà,

ðåøàþùåãî îïèñàííóþ çàäà÷ó êëàñòåðèçàöèè. Ïðî-

âåäåíî ñðàâíåíèå ãåíåòè÷åñêîãî àëãîðèòìà è ìåòî-

äà k-ñðåäíèõ.

Êëþ÷åâûå ñëîâà. Êëàñòåð, äàííûå, êëàñòåðè-

çàöèÿ, ìåòðèêà, �óíêöèîíàë, ãåíåòè÷åñêèé àëãî-

ðèòì

1 Ââåäåíèå

Êëàñòåðèçàöèÿ � ýòî çàäà÷à ðàçáèåíèÿ ìíîæåñòâà

îáúåêòîâ íà ñðàâíèòåëüíî îäíîðîäíûå ãðóïïû, íà-

çûâàåìûå êëàñòåðàìè [1℄, [2℄. Îäíîðîäíîñòü êëàñòå-

ðîâ îçíà÷àåò, ÷òî îáúåêòû, îòíåñåííûå ê îäíîìó êëà-

ñòåðó, äîëæíû áûòü áëèçêè îòíîñèòåëüíî âûáðàííîé

ìåòðèêè. Îáúåêòû èç ðàçíûõ êëàñòåðîâ äîëæíû ñó-

ùåñòâåííî îòëè÷àòüñÿ.

Êîãäà íàáîð äàííûõ êëàñòåðèçîâàí, êàæäàÿ òî÷êà

âêëþ÷àåòñÿ â îïðåäåëåííûé êëàñòåð è ìîæåò áûòü

îõàðàêòåðèçîâàíà îäíîé îïèñàòåëüíîé òî÷êîé, êàê

ïðàâèëî, ñðåäíåé òî÷êîé â êëàñòåðå.

Îñíîâíàÿ öåëü êëàñòåðèçàöèè äàííûõ � óìåíüøåíèå

ðàçìåðà è ñëîæíîñòè äàííûõ. Ñîêðàùåíèå äàííûõ

îñóùåñòâëÿåòñÿ çàìåíîé êîîðäèíàòû êàæäîé òî÷êè â

êëàñòåðå êîîðäèíàòàìè îïèñàòåëüíîé òî÷êè êëàñòå-

ðà. Êëàñòåðèçîâàííûå äàííûå òðåáóþò çíà÷èòåëüíî

ìåíüøå ðåñóðñîâ ïàìÿòè è èìè ìîæíî ìàíèïóëèðî-

âàòü ãîðàçäî áûñòðåå, ÷åì èñõîäíûìè äàííûìè. Çíà-

÷åíèå òîãî èëè èíîãî ìåòîäà êëàñòåðèçàöèè áóäåò çà-

âèñåòü îò òîãî, íàñêîëüêî òî÷íî òî÷êè ïðåäñòàâëÿþò
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ñîáîé äàííûå, à òàêæå, íàñêîëüêî áûñòðî ðàáîòàåò

ïðîãðàììà.

Ñïåêòð ïðèìåíåíèé êëàñòåðíîãî àíàëèçà î÷åíü øè-

ðîê: åãî èñïîëüçóþò â ìåäèöèíå, ïñèõîëîãèè, õèìèè,

áèîëîãèè, ñîöèîëîãèè, ýêîíîìèêå è äðóãèõ äèñöèïëè-

íàõ. Â êëàñòåðíîì àíàëèçå ñóùåñòâóþò ðàçíûå âèäû

çàäà÷, ìû áóäåì ðàññìàòðèâàòü çàäà÷ó êëàñòåðíîãî

àíàëèçà òèïà ¾îáúåêò � ïðèçíàê¿ ñ çàäàííûì ÷èñëîì

êëàñòåðîâ. Ïðèâåäåì �îðìàëüíóþ ïîñòàíîâêó çàäà-

÷è êëàñòåðèçàöèè äàííûõ.

2 Ïîñòàíîâêà çàäà÷è

Ïóñòü X = {x1, x2, . . . , xm} � ìíîæåñòâî îáúåê-

òîâ, çàäàííûõ çíà÷åíèÿìè â ïðîñòðàíñòâå ïðèçíà-

êîâ P = {P1, P2, . . . , Pn} (ò.å. êàæäûé îáúåêò xi =
(x1

i , x
2
i , . . . , x

n
i ), i = 1, . . . ,m ) è çàäàíà �óíêöèÿ

ðàññòîÿíèÿ (ìåòðèêà) ìåæäó îáúåêòàìè ρ(xi, xj),
xi, xj ∈ X .

Îïðåäåëåíèå 1. Ôóíêöèåé êëàñòåðèçàöèè íàçûâà-

åòñÿ �óíêöèÿ f : X → Y êîòîðàÿ ëþáîìó îáúåêòó

x ∈ X ñòàâèò â îäíîçíà÷íîå ñîîòâåòñòâèå íîìåð

y ∈ Y = {1, . . . , k}, k ≤ m.

Îïðåäåëåíèå 2. Ìíîæåñòâî êëàñòåðîâ C =
{C1, C2, . . . , Ck}, k ≤ m ïðåäñòàâëÿåò ñîáîé ðàçáè-

åíèå ìíîæåñòâà îáúåêòîâ X òàêîå, ÷òî êëàñòåð

Ci = {x ∈ X : f(x) = i, } Ci ∩ Cj = ∅. Ïðè-

÷åì äëÿ C ñïðàâåäëèâî ñëåäóþùåå: åñëè xi, xj ∈ Ci,

òî ρ(xi, xj) → min. Åñëè xi ∈ Ci, xj ∈ Cj , òî

ρ(xi, xj)→ max.

Òîãäà ïîñòàíîâêó çàäà÷ó êëàñòåðèçàöèè äàííûõ

ìîæíî ñ�îðìóëèðîâàòü ñëåäóþùèì îáðàçîì.

Òðåáóåòñÿ íàéòè òàêóþ �óíêöèþ êëàñòåðèçàöèè f∗
,

÷òîáû

Q(f∗, C, ρ) = minfQ(f, C, ρ),

ãäå Q(f, C, ρ) � âûáðàííûé êðèòåðèé êà÷åñòâà êëà-

ñòåðèçàöèè. Â äàííîé ðàáîòå â êà÷åñòâå êðèòåðèÿ

êëàñòåðèçàöèè ðàññìàòðèâàåòñÿ ñëåäóþùèé �óíêöè-

îíàë:

Q =
∑

i

1

|Ci|
∑

x∈Ci

ρ(x, µi)

ãäå µi =
1

|Ci|

∑
x∈Ci

x� öåíòð êëàñòåðà Ci.
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Â êà÷åñòâå ìåòðèêè ìåæäó îáúåêòàìè áóäåì èñïîëü-

çîâàòü åâêëèäîâó ìåòðèêó

ρ(x, y) =

√√√√
n∑

i=1

(xi − yi)2.

Êàê óæå áûëî ñêàçàíî âûøå, êàæäûé îáúåêò îïè-

ñûâàåòñÿ íàáîðîì ñâîèõ õàðàêòåðèñòèê, íàçûâàåìûõ

ïðèçíàêàìè. Ïðèçíàêè ìîãóò áûòü ñëåäóþùèõ òè-

ïîâ:

• áèíàðíûé ïðèçíàê: Pi = {0, 1};

• íîìèíàëüíûé (êà÷åñòâåííûé) ïðèçíàê: Pi � êî-

íå÷íîå ìíîæåñòâî;

• ïîðÿäêîâûé ïðèçíàê: Pi � êîíå÷íîå óïîðÿäî÷åí-

íîå ìíîæåñòâî;

• êîëè÷åñòâåííûé ïðèçíàê: Pi = R � ìíîæåñòâî

äåéñòâèòåëüíûõ ÷èñåë.

Ñàìîé ðàñïðîñòðàíåííîé ñèòóàöèåé ÿâëÿåòñÿ êëàñòå-

ðèçàöèÿ îáúåêòîâ, ó êîòîðûõ âñå ïðèçíàêè ÿâëÿþòñÿ

êîëè÷åñòâåííûìè. Â ðàáîòå ìû áóäåì ðàññìàòðèâàòü

èìåííî òàêóþ ñèòóàöèþ.

3 Ìåòîäû êëàñòåðèçàöèè

Îáùåïðèíÿòîé êëàññè�èêàöèè ìåòîäîâ êëàñòåðèçà-

öèè íå ñóùåñòâóåò, íî ìîæíî âûäåëèòü ðÿä îáùåïðè-

íÿòûõ ãðóïï ïîäõîäîâ [2℄:

1. Âåðîÿòíîñòíûé ïîäõîä: àëãîðèòì K-ñðåäíèõ (K-

means), K-ìåäèàí (K-medians), EM-àëãîðèòì,

àëãîðèòìû ñåìåéñòâà FOREL, äèñêðèìèíàíò-

íûé àíàëèç;

2. Ïîäõîäû íà îñíîâå ñèñòåì èñêóññòâåííîãî èíòåë-

ëåêòà: ìåòîä íå÷åòêîé êëàñòåðèçàöèè C-ñðåäíèõ

(C-means), ñàìîîðãàíèçóþùèåñÿ êàðòû Êîõîíå-

íà (íåéðîííûå ñåòè), ãåíåòè÷åñêèé àëãîðèòì;

3. Ëîãè÷åñêèé ïîäõîä: äåðåâüÿ ðåøåíèé;

4. Òåîðåòèêî-ãðà�îâûé ïîäõîä: ãðà�îâûå àëãîðèò-

ìû êëàñòåðèçàöèè;

5. Èåðàðõè÷åñêèé ïîäõîä: ìåòîä áëèæàéøåãî ñî-

ñåäà, ìåòîä Âàðäà, àëãîðèòìà Ëàíñà-Óèëüÿìñà,

ìåòîäû âçâåøåííîãî è íåâçâåøåííîãî ïîïàðíîãî

ñðåäíåãî è ò.ï.;

6. Äðóãèå ìåòîäû:

• Ñòàòèñòè÷åñêèå àëãîðèòìû êëàñòåðèçàöèè,

• Àíñàìáëü êëàñòåðèçàòîðîâ,

• Àëãîðèòìû ñåìåéñòâà KRAB,

• Àëãîðèòì, îñíîâàííûé íà ìåòîäå ïðîñåèâà-

íèÿ.

Âûáîð ìåòîäà êëàñòåðèçàöèè çàâèñèò îò êîëè÷å-

ñòâà äàííûõ è îò òîãî, åñòü ëè íåîáõîäèìîñòü ðà-

áîòàòü îäíîâðåìåííî ñ íåñêîëüêèìè òèïàìè äàííûõ.

Òåîðåòèêî-ãðà�îâûé è èåðàðõè÷åñêèé ïîäõîäû èíî-

ãäà îáúåäèíÿþò ïîä íàçâàíèåì ñòðóêòóðíîãî èëè ãåî-

ìåòðè÷åñêîãî ïîäõîäà, îáëàäàþùåãî áîëüøåé �îðìà-

ëèçîâàííîñòüþ ïîíÿòèÿ áëèçîñòè. Íåñìîòðÿ íà íà÷è-

òåëüíûå ðàçëè÷èÿ ìåæäó ïåðå÷èñëåííûìè ìåòîäàìè

âñå îíè îïèðàþòñÿ íà èñõîäíóþ ¾ãèïîòåçó êîìïàêò-

íîñòè¿: â ïðîñòðàíñòâå îáúåêòîâ âñå áëèçêèå îáúåê-

òû äîëæíû îòíîñèòüñÿ ê îäíîìó êëàñòåðó, à âñå ðàç-

ëè÷íûå îáúåêòû ñîîòâåòñòâåííî äîëæíû íàõîäèòüñÿ

â ðàçëè÷íûõ êëàñòåðàõ.

3.1 Ìåòîä k�ñðåäíèõ

Ìåòîä k-ñðåäíèõ ÿâëÿåòñÿ ñàìûì ïîïóëÿðíûì ìåòî-

äîì êëàñòåðèçàöèè äàííûõ. Öåëüþ ìåòîäà ÿâëÿåòñÿ

ðàçäåëåíèå m íàáëþäåíèé (èç ïðîñòðàíñòâà Rn
) íà

k êëàñòåðîâ, ïðè ýòîì êàæäîå íàáëþäåíèå îòíîñèò-

ñÿ ê òîìó êëàñòåðó, ê öåíòðîèäó êîòîðîãî îíî áëèæå

âñåãî.

Îïðåäåëåíèå 3. Öåíòðîèä � òî÷êà, ïðåäñòàâëÿ-

þùåå ñîáîé öåíòð ìàññ òî÷åê êëàñòåðà, ò.å. ïîêî-

îðäèíàòíûå ñðåäíèå òî÷åê èç êëàñòåðîâ:

µj = (µj1, µj2, . . . , µjn), (1)

ãäå

µjl =

∑
xj∈Cj

xjl

|Cj |
, l = 1, . . . , n, j = 1, . . . , k.

Îïèñàíèå àëãîðèòìà:

Ïóñòü èìååòñÿ ìíîæåñòâî òî÷åê äàííûõ X =
{x1, . . . , xm}, ãäå xi = (xi1, xi2, . . . , xin) ∈ Rn

.

1) Çàäàåòñÿ êîëè÷åñòâî êëàñòåðîâ k, è íà ïåðâîì øà-

ãå ïðîèçâîäèòñÿ çàäàíèå öåíòðîèäîâ µj , j = 1, . . . , k
� ¾öåíòðîâ ìàññ¿ êëàñòåðîâ Cj , j = 1, . . . , k. Êàæ-
äîìó êëàñòåðó ñîîòâåòñòâóåò îäèí öåíòð. Âûáîð íà-

÷àëüíûõ öåíòðîèäîâ ìîæåò îñóùåñòâëÿòüñÿ ñëåäóþ-

ùèì îáðàçîì:

• âûáîð k-íàáëþäåíèé äëÿ ìàêñèìèçàöèè íà÷àëü-

íîãî ðàññòîÿíèÿ;

• ñëó÷àéíûé âûáîð k-íàáëþäåíèé;

• âûáîð ïåðâûõ k-íàáëþäåíèé.

Êëàñòåðû Cj = {∅}, j = 1, . . . , k.
2) Ïðîèçâîäèòñÿ ðàñïðåäåëåíèå îáúåêòîâ ïî êëàñòå-

ðàì. Òî÷êà xi, i = 1, . . . , n îòíîñèòñÿ ê áëèæàéøåìó
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êëàñòåðó, ò.å. xi ∈ Cj∗, ãäå

ρ(xi, µj∗) = min
j=1,...,k

ρ(xi, µj).

Â ðåçóëüòàòå êàæäûé îáúåêò íàçíà÷åí îïðåäåëåííî-

ìó êëàñòåðó.

3) Âû÷èñëÿþòñÿ íîâûå öåíòðû êëàñòåðîâ µj , j =
1, . . . , k êàê öåíòðû ìàññ íîâûõ êëàñòåðîâ Cj , j =
1, . . . , k, ïîëó÷åííûõ íà ïðåäûäóùåì ýòàïå.

4)Ïðîäîëæàòü èòåðàöèîííûé ïðîöåññ âû÷èñëåíèÿ

öåíòðîâ è ïåðåðàñïðåäåëåíèÿ îáúåêòîâ äî òåõ ïîð,

ïîêà íå âûïîëíèòñÿ îäíî èç óñëîâèé:

• êëàñòåðíûå öåíòðû µj ñòàáèëèçèðîâàëèñü (ïåðå-

ñòàëè èçìåíÿòüñÿ);

• ÷èñëî èòåðàöèé ðàâíî ìàêñèìàëüíîìó ÷èñëó

èòåðàöèé (îãðàíè÷åíèå íà ÷èñëî èòåðàöèé).

4 Ââåäåíèå â ãåíåòè÷åñêèå

àëãîðèòìû

�åíåòè÷åñêèå àëãîðèòìû (�À) � ýòî àäàïòèâíûå ìå-

òîäû ïîèñêà, â êîòîðûõ èñïîëüçóþòñÿ àíàëîãè, êàê

ìåõàíèçìà ãåíåòè÷åñêîãî íàñëåäîâàíèÿ, òàê è àíàëî-

ãè åñòåñòâåííîãî îòáîðà [3℄, [4℄. Îñíîâíîé èäååé ãåíå-

òè÷åñêèõ àëãîðèòìîâ ÿâëÿåòñÿ îðãàíèçàöèÿ ¾áîðüáû

çà ñóùåñòâîâàíèå¿ è ¾åòåñòâåííîãî îòáîðà¿ ñðåäè

ýòèõ ïðîáíûõ ðåøåíèé. Ââåäåì îñíîâíûå ïîíÿòèÿ,

ïðèìåíÿåìûå â ãåíåòè÷åñêèõ àëãîðèòìàõ.

Îïðåäåëåíèå 4. Âåêòîð � óïîðÿäî÷åííûé íàáîð

÷èñåë, íàçûâàåìûõ êîìïîíåíòàìè âåêòîðà. Òàê êàê

âåêòîð ìîæíî ïðåäñòàâèòü â âèäå ñòðîêè åãî êîîð-

äèíàò, òî â äàëüíåéøåì ïîíÿòèÿ âåêòîðà è ñòðîêè

ñ÷èòàþòñÿ èäåíòè÷íûìè.

Îïðåäåëåíèå 5. Õðîìîñîìà � âåêòîð (èëè ñòðî-

êà) èç êàêèõ-ëèáî ÷èñåë. Åñëè ýòîò âåêòîð ïðåä-

ñòàâëåí áèíàðíîé ñòðîêîé èç íóëåé è åäèíèö, íà-

ïðèìåð, 1010011, òî îí ïîëó÷åí ëèáî ñ èñïîëüçîâàíè-
åì äâîè÷íîãî êîäèðîâàíèÿ, ëèáî êîäà �ðåÿ. Êàæäàÿ

ïîçèöèÿ (áèò) õðîìîñîìû íàçûâàåòñÿ ãåíîì.

Îïðåäåëåíèå 6. Èíäèâèäóóì (ãåíåòè÷åñêèé êîä,

îñîáü) � íàáîð õðîìîñîì (âàðèàíò ðåøåíèÿ çàäà÷è).

Îáû÷íî îñîáü ñîñòîèò èç îäíîé õðîìîñîìû, ïîýòî-

ìó â äàëüíåéøåì îñîáü è õðîìîñîìà èäåíòè÷íûå ïî-

íÿòèÿ.

Îïðåäåëåíèå 7. Ïîïóëÿöèÿ � ñîâîêóïíîñòü èíäè-

âèäóóìîâ.

Îïðåäåëåíèå 8. Ôóíêöèÿ ïðèñïîñîáëåííîñòè �

�óíêöèÿ, ïîçâîëÿþùàÿ îöåíèòü ñòåïåíü ïðèñïîñîá-

ëåííîñòè êîíêðåòíûõ îñîáåé â ïîïóëÿöèè è âû-

áðàòü èç íèõ íàèáîëåå ïðèñïîñîáëåííûå (ò.å. èìåþ-

ùèå íàèáîëüøèå çíà÷åíèÿ �óíêöèè ïðèñïîñîáëåííî-

ñòè) â ñîîòâåòñòâèè ñ ýâîëþöèîííûì ïðèíöèïîì

âûæèâàíèÿ «ñèëüíåéøèõ» (ëó÷øå âñåãî ïðèñïîñî-

áèâøèõñÿ).

Òåðìèíîëîãèÿ �À ïðåäñòàâëÿåò ñîáîé ñèíòåç ãåíåòè-

÷åñêèõ è èñêóññòâåííûõ ïîíÿòèé [3℄.

�àññìîòðèì ïîïóëÿðíûå ãåíåòè÷åñêèå îïåðàòîðû:

1. Îïåðàòîð ñåëåêöèè � îòáèðàåò ïîïóëÿöèþ äëÿ

äàëüíåéøåãî ðàçìíîæåíèÿ. Âûáîð ïðîèçâîäèò-

ñÿ ñîãëàñíî ïðèíöèïó åñòåñòâåííîãî îòáîðà, ïî

êîòîðîìó íàèáîëüøèå øàíñû íà ó÷àñòèå â ñîçäà-

íèè íîâûõ îñîáåé èìåþò õðîìîñîìû ñ íàèáîëü-

øèìè çíà÷åíèÿìè �óíêöèè ïðèñïîñîáëåííîñòè.

2. Îïåðàòîð ñêðåùèâàíèÿ � åãî öåëüþ ñëóæèò, ðàñ-

ïðîñòðàíåíèå õîðîøèõ ãåíîâ ïî ïîïóëÿöèè. Ïðè

ñêðåùèâàíèè îòîáðàííûå èíäèâèäû (ðîäèòåëè)

ïî çàäàííîìó ïðàâèëó ïåðåäàþò ÷àñòè ñâîèõ

õðîìîñîì. Ïîòîìîê ìîæåò óíàñëåäîâàòü òîëüêî

òå ãåíû, êîòîðûå åñòü ó åãî ðîäèòåëåé.

3. Îïåðàòîð ìóòàöèè èçìåíÿåò çíà÷åíèå ãåíà â õðî-

ìîñîìå íà ëþáîå äðóãîå âîçìîæíîå çíà÷åíèå.

Ìóòàöèÿ ðàññìàòðèâàåòñÿ êàê ìåòîä âîññòàíîâ-

ëåíèÿ ïîòåðÿííîãî ãåíåòè÷åñêîãî ìàòåðèàëà, à

íå êàê ïîèñê ëó÷øåãî ðåøåíèÿ. Îáû÷íî ìóòà-

öèÿ ïðèìåíÿåòñÿ ê ãåíàì ñ î÷åíü íèçêîé âåðîÿò-

íîñòüþ pm ∈ [0.0001, 0.01].

Îäíàêî ñëåäóåò îòìåòèòü, ÷òî îïåðàòîð ìóòàöèè èã-

ðàåò ÿâíî âòîðîñòåïåííóþ ðîëü ïî ñðàâíåíèþ ñ îïå-

ðàòîðîì ñêðåùèâàíèÿ. Ýòî îçíà÷àåò, ÷òî ñêðåùèâà-

íèå â êëàññè÷åñêîì ãåíåòè÷åñêîì àëãîðèòìå ïðîèçâî-

äèòñÿ ïðàêòè÷åñêè âñåãäà, òîãäà êàê ìóòàöèÿ � äî-

ñòàòî÷íî ðåäêî. Âåðîÿòíîñòü ñêðåùèâàíèÿ, êàê ïðà-

âèëî, äîñòàòî÷íî âåëèêà (îáû÷íî 0.5 ≤ pc ≤ 1.0), òî-
ãäà êàê âåðîÿòíîñòü ìóòàöèè óñòàíàâëèâàåòñÿ âåñüìà

ìàëîé (÷àùå âñåãî pm ∈ [0.0001, 0.01] ). Ýòî ñëåäóåò

èç àíàëîãèè ñ ìèðîì æèâûõ îðãàíèçìîâ, ãäå ìóòàöèè

ïðîèñõîäÿò ÷ðåçâû÷àéíî ðåäêî [4℄.

5 �åíåòè÷åñêèé àëãîðèòì äëÿ

ðåøåíèÿ çàäà÷è êëàñòåðèçàöèè

Â ðàáîòå ïðåäëàãàåòñÿ ãåíåòè÷åñêèé àëãîðèòì äëÿ

ðåøåíèÿ çàäà÷è êëàñòåðèçàöèè äàííûõ ñ äåòåðìèíè-

ðîâàííûì ÷èñëîì êëàñòåðîâ. Àëãîðèòì îñíîâàí íà

èäåå îáúåäèíåíèÿ â êëàñòåð îáúåêòîâ â îáëàñòÿõ èõ

íàèáîëüøåãî ñãóùåíèÿ.

�àññìîòðèì ïîäðîáíî îñíîâíûå ýòàïû ðàáîòû ãåíå-

òè÷åñêîãî àëãîðèòìà:

1. Èíèöèàëèçàöèÿ.

�åíåðèðóåì íà÷àëüíóþ ïîïóëÿöèþ. Äëÿ êàæäîé

òî÷êè ñëó÷àéíûì îáðàçîì óñòàíàâëèâàåì íîìåð

êëàñòåðà. Â êà÷åñòâå èñõîäíîãî ðåøåíèÿ áåðåò-

ñÿ õðîìîñîìà (âåêòîð) vj = (vj1, v
j
2, . . . , v

j
m), m �
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÷èñëî òî÷åê, vji ∈ [1, k] � íîìåð êëàñòåðà Cj , â

êîòîðûé ïîïàäàåò òî÷êà xi. Ïîïóëÿöèþ çàïîë-

íÿåòñÿ n õðîìîñîìàìè.

2. Âû÷èñëåíèå êîý��èöèåíòà ïðèãîäíîñòè.

Îöåíêà ïðèñïîñîáëåííîñòè îñîáåé â ïîïóëÿöèè

çàêëþ÷àåòñÿ â âû÷èñëåíèè çíà÷åíèÿ �óíêöèè

ïðèãîäíîñòè äëÿ êàæäîãî ÷ëåíà ïîïóëÿöèè. ×åì

âûøå ýòî çíà÷åíèå, òåì áîëüøå îñîáü îòâå÷àåò

òðåáîâàíèÿì ðåøàåìîé çàäà÷è. Â êà÷åñòâå êîý�-

�èöèåíò ïðèãîäíîñòè èñïîëüçóåòñÿ �óíêöèîíàë

ñóììû ñðåäíèõ âíóòðèêëàñòåðíûõ ðàññòîÿíèé:

Q =
∑

i

1

|Ci|
∑

x∈Ci

ρ(x, µi)

ãäå µi = 1
|Ci|

∑
x∈Ci

x� öåíòð êëàñòåðà Ci, à

ρ(vij , µi) � åâêëèäîâî ðàññòîÿíèå îò òî÷êè vij äî
öåíòðà, ê êîòîðîìó îíà ïðèíàäëåæèò.

3. Ñåëåêöèÿ.

Îòîáðàòü ïàðó õðîìîñîì-ðîäèòåëåé vi è vj , ó

êîòîðûõ çíà÷åíèå âûøå ñðåäíåãî ïî ïîïóëÿöèè.

4. Ñêðåùèâàíèå.

Ïðîâîäèòñÿ ñêðåùèâàíèå äâóõ ðîäèòåëåé ñ âå-

ðîÿòíîñòüþ pc, ïðîèçâîäÿ ïîòîìêà, ò.å. ñîçäàåò-

ñÿ íîâîå ðåøåíèå íà îñíîâå ðåêîìáèíàöèè èç ñó-

ùåñòâóþùèõ. Öåëüþ ðåêîìáèíàöèè ÿâëÿåòñÿ ïî-

ëó÷åíèå òàêîé êîìáèíàöèè ïðîìåæóòêîâ õðîìî-

ñîì, ïðè êîòîðîé îñîáü áóäåò ïðåäñòàâëÿòü ñî-

áîé íàèëó÷øåå èç ðåøåíèé, âîçìîæíîå ïðè òå-

êóùåì ãåíåòè÷åñêîì ìàòåðèàëå. Ïîäîáíûé ìå-

õàíèçì ðåøåíèÿ çàäà÷ êëàñòåðèçàöèè äàííûõ, â

îòëè÷èå îò ñóùåñòâóþùèõ ìåòîäîâ, íå îñóùåñòâ-

ëÿåò çàìåíó îäíîãî ðåøåíèÿ íà äðóãîå, à ïî-

ëó÷àåò íîâûå âîçìîæíûå ðåøåíèÿ ïîñðåäñòâîì

îáìåíà èí�îðìàöèåé ìåæäó íèìè. Âûáèðàþò-

ñÿ õðîìîñîìû-ðîäèòåëè vi = (vi1, v
i
2, . . . , v

i
m) è

vj = (vj1, v
j
2, . . . , v

j
m), âûáèðàåòñÿ ñëó÷àéíàÿ òî÷-

êà ðàçðûâà t, è õðîìîñîìû îáìåíèâàþòñÿ ñâîè-

ìè ÷àñòÿìè, â ðåçóëüòàòå ïîëó÷àåì äâà ïîòîìêà:

vi∗ = (vi1, v
i
2, . . . , v

i
t,m vjt+1, v

j
t+2, . . . , v

j
m) è vj∗ =

(vj1, v
j
2, . . . , v

j
t ,m vit+1, v

i
t+2, . . . , v

i
m).

5. Ìóòàöèÿ.

Ïðîèçâîäèòñÿ ìóòàöèÿ ïîòîìêîâ ñ âåðîÿòíîñòüþ

pm. Â ðàìêàõ ðåøåíèÿ çàäà÷è êëàñòåðèçàöèè

äàííûõ íàèáîëüøåå çíà÷åíèå èìåþò ãåííûå ìó-

òàöèè, êîòîðûå â áîëüøèíñòâå ñëó÷àåâ çàòðàãè-

âàþò îäèí èëè íåñêîëüêî ãåíîâ. Â ðàññìàòðèâà-

åìîì ãåíåòè÷åñêîì àëãîðèòìå ãåíû ñîäåðæàò â

ñåáå öåëûå ÷èñëà îò 1 äî k, ãäå k � ÷èñëî êëàñòå-

ðîâ. Êîý��èöèåíò ìóòàöèè pm îïðåäåëÿåò äîëþ

ãåíîâ, ïîäâåðãíóòûõ ìóòàöèè íà òåêóùåé èòåðà-

öèè, â ðàñ÷åòå íà èõ îáùåå êîëè÷åñòâî. Åñëè êî-

ý��èöèåíò ìóòàöèè ñëèøêîì ìàë, òî ïîëó÷èòñÿ

ñèòóàöèÿ, ïðè êîòîðîé ìíîæåñòâî ïîëåçíûõ ãå-

íîâ ïðîñòî íå áóäóò ñóùåñòâîâàòü â ïîïóëÿöèè.

Â òî æå âðåìÿ èñïîëüçîâàíèå áîëüøîãî çíà÷å-

íèÿ êîý��èöèåíòà ìóòàöèè ïðèâåäåò ê ìíîæå-

ñòâó ñëó÷àéíûõ âîçìóùåíèé è çíà÷èòåëüíî óâå-

ëè÷èò âðåìÿ ïîèñêà. Ïîòîìêè ïåðåñòàíóò ïîõî-

äèòü íà ðîäèòåëåé, àëãîðèòì áîëüøå íå áóäåò

èìåòü âîçìîæíîñòè îáó÷àòüñÿ íà îñíîâå ñîõðà-

íåíèÿ íàñëåäñòâåííûõ ïðèçíàêîâ. Ê âûáðàííûì

ãåíàì ïðèìåíÿþò ïðåîáðàçîâàíèå, êîòîðîå âû-

çûâàåò èçìåíåíèå çíà÷åíèÿ òåêóùåãî ãåíà íà ëþ-

áîå äðóãîå âîçìîæíîå.

6. �åíåðàöèÿ íîâîãî ïîêîëåíèÿ.

Âàæíåéøèì ýòàïîì ðàçðàáîòàííîãî ãåíåòè÷å-

ñêîãî àëãîðèòìà ÿâëÿåòñÿ �îðìèðîâàíèå íîâîé

ïîïóëÿöèè. Íàñêîëüêî ñèëüíî âûðîñëà ÷èñëåí-

íîñòü ïîïóëÿöèè, îïðåäåëÿåòñÿ îáùèì êîý��è-

öèåíòîì ìóòàöèè pm è êîý��èöèåíòîì ñêðå-

ùèâàíèÿ pc. Ýòàï �îðìèðîâàíèÿ íîâîé ïîïó-

ëÿöèè ïðåäíàçíà÷åí äëÿ òîãî, ÷òîáû âåðíóòü

÷èñëåííîñòü ïîïóëÿöèè ê åå èñõîäíîìó çíà÷å-

íèþ. Çíà÷åíèå �óíêöèé ïðèãîäíîñòè õðîìîñîì�

ðîäèòåëåé, êîòîðûå óæå íàõîäèëèñü â ïîïóëÿ-

öèè, èçâåñòíî. Àëãîðèòì îñóùåñòâëÿåò îöåíêó

ïðèãîäíîñòè õðîìîñîì-ïîòîìêîâ, ïîëó÷åííûõ â

ðåçóëüòàòå îïåðàöèè ñêðåùèâàíèÿ, à òàêæå îöåí-

êó îñîáåé, êîòîðûå áûëè ïîëó÷åíû â ðåçóëüòàòå

ðàáîòû îïåðàòîðà ìóòàöèè. Íà îñíîâå ïîëó÷åí-

íûõ çíà÷åíèé �óíêöèè ïðèãîäíîñòè äëÿ êàæäîé

îñîáè íîâîé ïîïóëÿöèè ïðîèçâîäèòñÿ óäàëåíèå

òåõ îñîáåé, ó êîòîðûõ çíà÷åíèÿ �óíêöèè ïðèãîä-

íîñòè íàèìåíüøèå. Àëãîðèòì ðåàëèçóåò äàííóþ

çàäà÷ó ïóòåì ïîñëåäîâàòåëüíîãî óäàëåíèÿ îñîáè

ñ ìèíèìàëüíûì çíà÷åíèåì �óíêöèè ïðèãîäíî-

ñòè äî òåõ ïîð, ïîêà ÷èñëåííîñòü ïîïóëÿöèè íå

âåðíåòñÿ ê íà÷àëüíîìó çíà÷åíèþ.

7. Âûáîð íàèëó÷øåé õðîìîñîìû.

Íà äàííîì ýòàïå âûïîëíÿåòñÿ ïîèñê íàèëó÷øå-

ãî ðåøåíèÿ � òîé îñîáè, ó êîòîðîé ìàêñèìàëü-

íîå çíà÷åíèå �óíêöèè ïðèãîäíîñòè. Ýòà îïåðà-

öèÿ âûïîëíÿåòñÿ ïîñëå òîãî, êàê ÷èñëåííîñòü ïî-

ïóëÿöèè óñòàíîâèëàñü äî èñõîäíîé âåëè÷èíû.

Ïîñëå âûáîðà íàèëó÷øåé îñîáè àëãîðèòì ïåðå-

äàåò óïðàâëåíèå ïðîöåññîì ñëåäóþùåìó ýòàïó �

ïðîâåðêå îñòàíîâêè àëãîðèòìà.

8. Ïóíêòû 3-7 ïîâòîðÿòü äî òåõ ïîð, ïîêà íå áóäåò

äîñòèãíóò êðèòåðèé îñòàíîâêè àëãîðèòìà.

Îïðåäåëåíèå êðèòåðèÿ îñòàíîâêè ãåíåòè÷åñêîãî àë-

ãîðèòìà íàïðÿìóþ çàâèñèò îò ñïåöè�èêè ðåøàåìîé

çàäà÷è è èìåþùèõñÿ ñâåäåíèé îá îáúåêòå ïîèñêà [3℄.

Â ðàìêàõ ðåøåíèÿ çàäà÷è êëàñòåðèçàöèè äàííûõ,

äëÿ êîòîðîé íå èçâåñòíî îïòèìàëüíîå çíà÷åíèå �óíê-

öèè ïðèãîäíîñòè, îñòàíîâêó àëãîðèòìà ìîæíî îðãà-

íèçîâàòü ñëåäóþùèì îáðàçîì:

1. Ïðè îòñóòñòâèè èçìåíåíèÿ �óíêöèè ïðèãîäíî-

ñòè íàèëó÷øåé îñîáè â òå÷åíèå îïðåäåëåííîãî
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÷èñëà èòåðàöèé, êîòîðîå çàäàåòñÿ â êà÷åñòâå ïà-

ðàìåòðà ãåíåòè÷åñêîãî àëãîðèòìà (ò.å. ïîëó÷åí-

íàÿ íàèëó÷øàÿ îñîáü ñîâïàäàþùåé ñ íàèëó÷øåé

îñîáüþ ïðîøëîãî ïîêîëåíèÿ).

2. Êðîìå ýòîãî, àëãîðèòì ïðåäóñìàòðèâàåò îñòà-

íîâêó ñâîåé ðàáîòû ïî èñòå÷åíèè îïðåäåëåííîãî

÷èñëà èòåðàöèé, êîòîðîå òàêæå çàäàåòñÿ â êà÷å-

ñòâå ïàðàìåòðà.

Â òîì ñëó÷àå, åñëè óñëîâèå îñòàíîâêè âûïîëíåíî, òî

àëãîðèòì âûäàåò â êà÷åñòâå îïòèìàëüíîãî ðåøåíèÿ

òî, êîòîðîå ïðåäñòàâëåíî íàèëó÷øåé îñîáüþ, îïðå-

äåëåííîé íà ýòàïå �îðìèðîâàíèÿ íîâîé ïîïóëÿöèè.

Åñëè æå óñëîâèå íå âûïîëíåíî, òî àëãîðèòì ïåðåäàåò

óïðàâëåíèå ýòàïó ñåëåêöèè.

6 Ñðàâíåíèå ïðåäëîæåííîãî

àëãîðèòìà ñ ìåòîäîì k-ñðåäíèõ

Â ðàáîòå áûëî ïðîâåäåíî ñðàâíåíèå ïðåäëîæåííîãî

àëãîðèòìà ñ ìåòîäîì k-ñðåäíèõ. �àáîòà àëãîðèòìîâ

ñðàâíèâàëàñü íà ðÿäå òåñòîâûõ ïðèìåðîâ. Áûëî âû-

ÿâëåíî ñëåäóþùåå:

Àëãîðèòì k-ñðåäíèõ êðàéíå ÷óâñòâèòåëåí ê âûáîðó

íà÷àëüíûõ ïðèáëèæåíèé öåíòðîâ, à òàêæå ê âûáðî-

ñàì, êîòîðûå ìîãóò èñêàæàòü ñðåäíåå. Íåäîñòàòêîì

àëãîðèòìà òàêæå ÿâëÿåòñÿ íåîáõîäèìîñòü çàäàâàòü

÷èñëî êëàñòåðîâ, èññëåäîâàòåëü ìîæåò ïðè ýòîì èñ-

õîäèòü èç íåêîòîðûõ àïðèîðíûõ çíàíèé èëè ñîîá-

ðàæåíèé. Áîëüøèíñòâî ïîïóëÿðíûõ àëãîðèòìîâ êëà-

ñòåðèçàöèè òðåáóþò ââåäåíèÿ äîïîëíèòåëüíûõ ïàðà-

ìåòðîâ, êîòîðûå çàòåì èçìåíÿåòñÿ â òó èëè èíóþ ñòî-

ðîíó. Òàêèì îáðàçîì, ïîëó÷àåòñÿ õîðîøåå ðàçáèåíèå,

íî íå âñåãäà � ñàìîå îïòèìàëüíîå. �ëàâíûì äîñòî-

èíñòâîì ãåíåòè÷åñêèõ àëãîðèòìîâ â äàííîì ïðèìå-

íåíèè ÿâëÿåòñÿ òî, ÷òî îíè èùóò ãëîáàëüíîå îïòè-

ìàëüíîå ðåøåíèå. Îïåðàòîðû ñêðåùèâàíèÿ è ìóòà-

öèè âûáèâàþò ïîïóëÿöèþ èç ëîêàëüíîãî ýêñòðåìóìà

è ïîçâîëÿþò ïîëó÷èòü ðåøåíèÿ, íå ïîõîæèå íà èñ-

õîäíûå.

Ïðåäëîæåííûé ãåíåòè÷åñêèé àëãîðèòì, ý��åêòèâ-

íî �óíêöèîíèðóåò ïðè îáðàáîòêå ìàññèâîâ áîëüøîé

ðàçìåðíîñòè, ïîñêîëüêó â íåì îïòèìàëüíî ñî÷åòàþò-

ñÿ öåëåíàïðàâëåííûé ïîèñê è ýëåìåíòû ñëó÷àéíî-

ñòè, íàïðàâëåííûå íà âûáèâàíèå öåëåâîé �óíêöèè

èç ëîêàëüíûõ ìèíèìóìîâ. Íèêàêèõ ïðåäâàðèòåëü-

íûõ óñëîâèé äëÿ åãî èñïîëüçîâàíèÿ íå òðåáóåòñÿ.

7 Çàêëþ÷åíèå

Â äàííîé ðàáîòå ïðèâåäåíî îïèñàíèå ðàçðàáîòàííîãî

ãåíåòè÷åñêîãî àëãîðèòìà äëÿ ðåøåíèÿ çàäà÷è êëà-

ñòåðèçàöèè äàííûõ. Àëãîðèòì èìååò ðÿä ñóùåñòâåí-

íûõ äîñòîèíñòâ, à èìåííî:

1. �àçðàáîòàííûé ãåíåòè÷åñêèé àëãîðèòì íå òðå-

áóåò çàäàíèÿ äîïîëíèòåëüíûõ ïàðàìåòðîâ, êîòî-

ðûå íåîáõîäèìû äëÿ ðåøåíèÿ çàäà÷è êëàñòåðè-

çàöèè ñ ïîìîùüþ áîëüøèíñòâà ïîïóëÿðíûõ àë-

ãîðèòìîâ êëàñòåðèçàöèè.

2. �ëàâíûì äîñòîèíñòâîì ãåíåòè÷åñêèõ àëãîðèò-

ìîâ ÿâëÿåòñÿ òî, ÷òî îíè èùóò ãëîáàëüíîå îï-

òèìàëüíîå ðåøåíèå.

3. Ïðåäëîæåííûé ãåíåòè÷åñêèé àëãîðèòì ý��åê-

òèâíî �óíêöèîíèðóåò ïðè îáðàáîòêå ìàññèâîâ

áîëüøîé ðàçìåðíîñòè, ïîñêîëüêó â íåì îïòè-

ìàëüíî ñî÷åòàþòñÿ öåëåíàïðàâëåííûé ïîèñê è

ýëåìåíòû ñëó÷àéíîñòè, òàêèå êàê îïåðàòîð ñêðå-

ùèâàíèÿ è ìóòàöèè, íàïðàâëåííûå íà âûáèâàíèå

ïîïóëÿöèè èç ëîêàëüíûõ ýêñòðåìóìîâ è ïîçâî-

ëÿþùèå ïîëó÷èòü ðåøåíèÿ, íåïîõîæèå íà èñõîä-

íûå.

Âñå ýòè ïðåèìóùåñòâà ñâèäåòåëüñòâóþò î íåîáõîäè-

ìîñòè ðåøåíèè çàäà÷è êëàñòåðèçàöèè äàííûõ ïðåä-

ëîæåííûì ìåòîäîì.
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Àííîòàöèÿ. Â ñòàòüå ðàññìàòðèâàþòñÿ îñíîâíûå

ïîíÿòèÿ, àëãîðèòìû è ìåòîäû êëàñòåðèçàöèè. Öå-

ëüþ êëàñòåðíîãî àíàëèçà ÿâëÿåòñÿ âûáîð íåîáõîäè-

ìûõ ñðåäñòâ è ìåòîäîâ äëÿ îáðàáîòêè è àíàëèçà

äàííûõ. Ïðèìåíèòåëüíî ê êîíêðåòíîìó èññëåäîâà-

òåëüñêîìó ïðîåêòó âûáèðàþòñÿ òå ñòàòèñòè÷å-

ñêèå ïðîöåäóðû, êîòîðûå íàèáîëåå ïîäõîäÿò äëÿ ðå-

øåíèÿ ïîñòàâëåííûõ çàäà÷ ïðèìåíèòåëüíî ê èçó÷à-

åìîìó âîïðîñó.

Êëþ÷åâûå ñëîâà. Êëàñòåðíûé àíàëèç, îáúåêò,

êëàñòåðèçàöèÿ, òèïîëîãèÿ, êëàñòåð, ìåòîä ê-

ñðåäíèõ, êðàò÷àéøèé íåçàìêíóòûé ïóòü, àëãî-

ðèòì Ëàíñà�Óèëüÿìñà.

1 Ââåäåíèå

Êëàñòåðíûé àíàëèç (luster analysis) [3℄ � ìíîãîìåð-

íàÿ ñòàòèñòè÷åñêàÿ ïðîöåäóðà, âûïîëíÿþùàÿ ñáîð

äàííûõ, ñîäåðæàùèõ èí�îðìàöèþ î âûáîðêå îáú-

åêòîâ, è çàòåì óïîðÿäî÷èâàþùàÿ îáúåêòû â ñðàâ-

íèòåëüíî îäíîðîäíûå ãðóïïû. Çàäà÷à êëàñòåðèçàöèè

îòíîñèòñÿ ê ñòàòèñòè÷åñêîé îáðàáîòêå, à òàêæå ê øè-

ðîêîìó êëàññó çàäà÷ îáó÷åíèÿ áåç ó÷èòåëÿ [1℄. Òåð-

ìèí êëàñòåðèçàöèÿ âïåðâûå ââåë Òðèîí â 1939 ãîäó.

Ïîä êëàñòåðîì îáû÷íî ïîíèìàåòñÿ ÷àñòü äàííûõ (â

òèïè÷íîì ñëó÷àå � ïîäìíîæåñòâî îáúåêòîâ èëè ïå-

ðåìåííûõ), êîòîðàÿ âûäåëÿåòñÿ èç îñòàëüíîé ÷àñòè

íàëè÷èåì íåêîòîðîé îäíîðîäíîñòè åå ýëåìåíòîâ. Â

ïðîñòåéøåì ñëó÷àå ðå÷ü èäåò î ïîõîæåñòè ýëåìåíòîâ,

â èäåàëüíîì ñëó÷àå � î ñîâïàäàþùèõ çíà÷åíèÿõ îñ-

íîâíûõ ïåðåìåííûõ èëè èíîãî ðîäà áëèçîñòè, âûðà-

æàåìîé ãåîìåòðè÷åñêîé áëèçîñòüþ ñîîòâåòñòâóþùèõ

îáúåêòîâ.

2 Ïîñòàíîâêà çàäà÷è êëàñòåðèçàöèè

Ïóñòü X =
{
x1, . . . , xm

}
� ìíîæåñòâî îáúåêòîâ, Y �

ìíîæåñòâî íîìåðîâ êëàñòåðîâ. Çàäàíà �óíêöèÿ ðàñ-

ñòîÿíèÿ ìåæäó îáúåêòàìè (ìåòðèêà) ρ(x, x
′

).
Òðåáóåòñÿ ðàçáèòü îáúåêòû íà íåïåðåñåêàþùèåñÿ

ïîäìíîæåñòâà, íàçûâàåìûå êëàñòåðàìè, òàê, ÷òîáû

êàæäûé êëàñòåð ñîñòîÿë èç îáúåêòîâ, áëèçêèõ ïî
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ìåòðèêå ρ, à îáúåêòû ðàçíûõ êëàñòåðîâ ñóùåñòâåí-

íî îòëè÷àëèñü.

Ïðè ýòîì êàæäîìó îáúåêòó xi ∈ Xm
ïðèïèñûâàåòñÿ

íîìåð êëàñòåðà Yi.

Àëãîðèòì êëàñòåðèçàöèè � ýòî �óíêöèÿ a : X → Y ,

êîòîðàÿ ëþáîìó îáúåêòó x ∈ X ñòàâèò â ñîîòâåò-

ñòâèå íîìåð êëàñòåðà y ∈ Y . Ìíîæåñòâî Y â íåêîòî-

ðûõ ñëó÷àÿõ èçâåñòíî çàðàíåå, îäíàêî ÷àùå ñòàâèòñÿ

çàäà÷à îïðåäåëèòü îïòèìàëüíîå ÷èñëî êëàñòåðîâ, ñ

òî÷êè çðåíèÿ òîãî èëè èíîãî êðèòåðèÿ êà÷åñòâà êëà-

ñòåðèçàöèè.

Êëàñòåðèçàöèÿ (îáó÷åíèå áåç ó÷èòåëÿ) îòëè÷àåòñÿ îò

êëàññè�èêàöèè (îáó÷åíèÿ ñ ó÷èòåëåì) òåì, ÷òî ìåò-

êè èñõîäíûõ îáúåêòîâ Yi èçíà÷àëüíî íå çàäàíû, è

äàæå ìîæåò áûòü íåèçâåñòíî ñàìî ìíîæåñòâî Y .

Êëàñòåðíûé àíàëèç ïðåäúÿâëÿåò ñëåäóþùèå òðåáî-

âàíèÿ ê äàííûì:

1. ïîêàçàòåëè íå äîëæíû êîððåëèðîâàòü ìåæäó ñî-

áîé;

2. ïîêàçàòåëè äîëæíû áûòü áåçðàçìåðíûìè;

3. ðàñïðåäåëåíèå ïîêàçàòåëåé äîëæíî áûòü áëèçêî

ê íîðìàëüíîìó;

4. ïîêàçàòåëè äîëæíû îòâå÷àòü òðåáîâàíèþ

¾óñòîé÷èâîñòè¿, ïîä êîòîðîé ïîíèìàåòñÿ îò-

ñóòñòâèå âëèÿíèÿ íà èõ çíà÷åíèÿ ñëó÷àéíûõ

�àêòîðîâ;

5. âûáîðêà äîëæíà áûòü îäíîðîäíà.

Äëÿ âû÷èñëåíèÿ ðàññòîÿíèÿ ìåæäó îáúåêòàìè èñ-

ïîëüçóþòñÿ ðàçëè÷íûå ìåðû ñõîäñòâà (ìåðû ïîäî-

áèÿ), íàçûâàåìûå òàêæå ìåòðèêàìè èëè �óíêöèÿìè

ðàññòîÿíèé. Ïðèâåäåì íàèáîëåå ïîïóëÿðíûå ìåòðè-

êè:

• Íàèáîëåå ïîïóëÿðíîé ÿâëÿåòñÿ åâêëèäîâà ìåò-

ðèêà. Åâêëèäîâà ìåòðèêà ìåæäó òî÷êàìè x è y
� ýòî äëèíà îòðåçêà xy. Â äåêàðòîâûõ êîîðäè-

íàòàõ, åñëè x = (x1, x2, . . . , xn) è
y = (y1, y2, . . . , yn) � äâå òî÷êè â åâêëèäîâîì

ïðîñòðàíñòâå, åâêëèäîâà ìåòðèêà èìååò âèä:

ρ(x, y) =

√√√√
n∑

i=1

(xi − yi)2. (1)
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Äëÿ ïðèäàíèÿ áîëüøåãî çíà÷åíèÿ áîëåå îòäàëåí-

íûì äðóã îò äðóãà îáúåêòàì, ìîæíî èñïîëüçî-

âàòü êâàäðàò åâêëèäîâà ðàññòîÿíèÿ:

ρ(x, y) =

n∑

i=1

(xi − yi)
2. (2)

• Õåììèíãîâî ðàññòîÿíèå. Îíî òàêæå íàçûâàåò-

ñÿ ìàíõýòòåíñêèì èëè ðàññòîÿíèåì ãîðîäñêèõ

êâàðòàëîâ. Ýòî ðàññòîÿíèå ÿâëÿåòñÿ ðàçíîñòüþ

ïî êîîðäèíàòàì. Â áîëüøèíñòâå ñëó÷àåâ ýòà ìå-

ðà ðàññòîÿíèÿ ïðèâîäèò ê òàêèì æå ðåçóëüòàòàì,

êàê è äëÿ îáû÷íîãî ðàññòîÿíèÿ Åâêëèäà. Îäíàêî

ñòîèò îòìåòèòü, ÷òî äëÿ ýòîé ìåðû âëèÿíèå îò-

äåëüíûõ áîëüøèõ ðàçíîñòåé (âûáðîñîâ) óìåíü-

øàåòñÿ (òàê êàê îíè íå âîçâîäÿòñÿ â êâàäðàò).

Õåììèíãîâî ðàññòîÿíèå âû÷èñëÿåòñÿ ïî �îðìó-

ëå:

ρ(x, y) =

n∑

i=1

(|xi| − |yi|). (3)

• �àññòîÿíèå ×åáûøåâà. Ïðèíèìàåò çíà÷åíèå

íàèáîëüøåãî ìîäóëÿ ðàçíîñòè ìåæäó çíà÷åíèÿ-

ìè ñîîòâåòñòâóþùèõ ñâîéñòâ (ïðèçíàêîâ) îáúåê-

òîâ:

ρ(x, y) = max
i=1,...,n

|xi − yi|. (4)

Ýòî ðàññòîÿíèå ñòîèò èñïîëüçîâàòü, êîãäà íåîá-

õîäèìî îïðåäåëèòü äâà îáúåêòà êàê ¾ðàçëè÷-

íûå¿, åñëè îíè îòëè÷àþòñÿ ïî êàêîìó-òî îäíîìó

èçìåðåíèþ.

3 Ìåòîäû êëàñòåðèçàöèè

Îáùåïðèíÿòîé êëàññè�èêàöèè ìåòîäîâ êëàñòåðèçà-

öèè íå ñóùåñòâóåò, íî ìîæíî âûäåëèòü ðÿä îáùåïðè-

íÿòûõ ãðóïï ïîäõîäîâ [2℄:

1. Âåðîÿòíîñòíûé ïîäõîä: àëãîðèòì K-ñðåäíèõ (K-

means), K-ìåäèàí (K-medians), EM-àëãîðèòì,

àëãîðèòìû ñåìåéñòâà FOREL, äèñêðèìèíàíò-

íûé àíàëèç;

2. Ïîäõîäû íà îñíîâå ñèñòåì èñêóññòâåííîãî èíòåë-

ëåêòà: ìåòîä íå÷åòêîé êëàñòåðèçàöèè C-ñðåäíèõ

(C-means), ñàìîîðãàíèçóþùèåñÿ êàðòû Êîõîíå-

íà (íåéðîííûå ñåòè), ãåíåòè÷åñêèé àëãîðèòì;

3. Ëîãè÷åñêèé ïîäõîä: äåðåâüÿ ðåøåíèé;

4. Òåîðåòèêî-ãðà�îâûé ïîäõîä: ãðà�îâûå àëãîðèò-

ìû êëàñòåðèçàöèè;

5. Èåðàðõè÷åñêèé ïîäõîä: ìåòîä áëèæàéøåãî ñî-

ñåäà, ìåòîä Âàðäà, àëãîðèòìà Ëàíñà-Óèëüÿìñà,

ìåòîäû âçâåøåííîãî è íåâçâåøåííîãî ïîïàðíîãî

ñðåäíåãî è ò.ï.;

6. Äðóãèå ìåòîäû:

• Ñòàòèñòè÷åñêèå àëãîðèòìû êëàñòåðèçàöèè,

• Àíñàìáëü êëàñòåðèçàòîðîâ,

• Àëãîðèòìû ñåìåéñòâà KRAB,

• Àëãîðèòì, îñíîâàííûé íà ìåòîäå ïðîñåèâà-

íèÿ.

Âûáîð ìåòîäà êëàñòåðèçàöèè çàâèñèò îò êîëè÷å-

ñòâà äàííûõ è îò òîãî, åñòü ëè íåîáõîäèìîñòü ðà-

áîòàòü îäíîâðåìåííî ñ íåñêîëüêèìè òèïàìè äàííûõ.

Òåîðåòèêî-ãðà�îâûé è èåðàðõè÷åñêèé ïîäõîäû èíî-

ãäà îáúåäèíÿþò ïîä íàçâàíèåì ñòðóêòóðíîãî èëè ãåî-

ìåòðè÷åñêîãî ïîäõîäà, îáëàäàþùåãî áîëüøåé �îðìà-

ëèçîâàííîñòüþ ïîíÿòèÿ áëèçîñòè. Íåñìîòðÿ íà íà÷è-

òåëüíûå ðàçëè÷èÿ ìåæäó ïåðå÷èñëåííûìè ìåòîäàìè

âñå îíè îïèðàþòñÿ íà èñõîäíóþ ¾ãèïîòåçó êîìïàêò-

íîñòè¿: â ïðîñòðàíñòâå îáúåêòîâ âñå áëèçêèå îáúåê-

òû äîëæíû îòíîñèòüñÿ ê îäíîìó êëàñòåðó, à âñå ðàç-

ëè÷íûå îáúåêòû ñîîòâåòñòâåííî äîëæíû íàõîäèòüñÿ

â ðàçëè÷íûõ êëàñòåðàõ.

Â îñíîâå òåîðåòèêî-ãðà�îâûõ ìåòîäîâ ëåæèò ïðèí-

öèï ïðåäñòàâëåíèÿ äàííûõ â âèäå âåðøèí ãðà�à, à

ðàññòîÿíèå ìåæäó íèìè èìååò ñìûñë ðåáåð ãðà�à.

Äëÿ ïîñëåäóþùåé êëàñòåðèçàöèè èñïîëüçóåòñÿ ñðàâ-

íèòåëüíî øèðîêèé ñïåêòð ìåòîäîâ, ðàçðàáîòàííûé

äëÿ àíàëèçà ãðà�îâ. Òèïè÷íûìè ïðåäñòàâèòåëÿìè

ãðà�îâûõ àëãîðèòìîâ êëàñòåðèçàöèè ÿâëÿþòñÿ: àë-

ãîðèòì êðàò÷àéøåãî íåçàìêíóòîãî ïóòè, âûäåëåíèÿ

ñâÿçíûõ êîìïîíåíò, ÔÎ�ÝË è äðóãèå.

Ñóòü èåðàðõè÷åñêîé êëàñòåðèçàöèè ñîñòîèò â ïî-

ñëåäîâàòåëüíîì îáúåäèíåíèè ìåíüøèõ êëàñòåðîâ â

áîëüøèå èëè ðàçäåëåíèå áîëüøèõ êëàñòåðîâ íà ìåíü-

øèå. Ê èåðàðõè÷åñêèì ìåòîäàì îòíîñÿòñÿ ìåòîä áëè-

æàéøåãî ñîñåäà (èëè îäèíî÷íàÿ ñâÿçü), ìåòîä íàè-

áîëåå óäàëåííûõ ñîñåäåé (èëè ïîëíàÿ ñâÿçü), ìåòîä

Âàðäà, ìåòîä íåâçâåøåííîãî ïîïàðíîãî ñðåäíåãî, ìå-

òîä âçâåøåííîãî ïîïàðíîãî ñðåäíåãî, íåâçâåøåííûé

öåíòðîèäíûé ìåòîä,âçâåøåííûé öåíòðîèäíûé ìåòîä

è äðóãèå. Ñëîæíîñòè èåðàðõè÷åñêèõ ìåòîäîâ êëàñòå-

ðèçàöèè: îãðàíè÷åíèå îáúåìà íàáîðà äàííûõ; âûáîð

ìåðû áëèçîñòè; íåãèáêîñòü ïîëó÷åííûõ êëàññè�èêà-

öèé. Ïðåèìóùåñòâî ýòîé ãðóïïû ìåòîäîâ � èõ íà-

ãëÿäíîñòü è âîçìîæíîñòü ïîëó÷èòü äåòàëüíîå ïðåä-

ñòàâëåíèå î ñòðóêòóðå äàííûõ.

Ïðè áîëüøîì êîëè÷åñòâå íàáëþäåíèé èåðàðõè÷åñêèå

ìåòîäû êëàñòåðíîãî àíàëèçà íå ïðèãîäíû. Â òàêèõ

ñëó÷àÿõ èñïîëüçóþò íåèåðàðõè÷åñêèå ìåòîäû, îñíî-

âàííûå íà ðàçäåëåíèè, êîòîðûå ïðåäñòàâëÿþ ñîáîé

èòåðàòèâíûå ìåòîäû äðîáëåíèÿ èñõîäíîé ñîâîêóïíî-

ñòè. Â ïðîöåññå äåëåíèÿ íîâûå êëàñòåðû �îðìèðó-

þòñÿ äî òåõ ïîð, ïîêà íå áóäåò âûïîëíåíî ïðàâèëî

îñòàíîâêè. Íåèåðàðõè÷åñêèå ìåòîäû âûÿâëÿþò áî-

ëåå âûñîêóþ óñòîé÷èâîñòü ïî îòíîøåíèþ ê øóìàì è

âûáðîñàì, íåêîððåêòíîìó âûáîðó ìåòðèêè, âêëþ÷å-

íèþ íåçíà÷èìûõ ïåðåìåííûõ â íàáîð, ó÷àñòâóþùèé

â êëàñòåðèçàöèè.
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Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ òðè íàèáîëåå ïî-

ïóëÿðíûõ àëãîðèòìà êëàñòåðèçàöèè äàííûõ: ìåòîä

Ê-ñðåäíèõ, êðàò÷àéøåãî íåçàìêíóòîãî ïóòè è Ëàíñà-

Óèëüÿìñà.

3.1 Ìåòîä k-ñðåäíèõ

Àëãîðèòì k-ñðåäíèõ ÿâëÿåòñÿ ñàìûì ïîïóëÿðíûì

ìåòîäîì, îòíîñÿùèìñÿ ê íåèåðàðõè÷åñêîìó ïîäõîäó.

Òàêæå ýòîò ìåòîä íàçûâàþò áûñòðûì êëàñòåðíûì

àíàëèçîì. Â îòëè÷èå îò èåðàðõè÷åñêèõ ìåòîäîâ, êî-

òîðûå íå òðåáóþò ïðåäâàðèòåëüíûõ ïðåäïîëîæåíèé

îòíîñèòåëüíî ÷èñëà êëàñòåðîâ, äëÿ âîçìîæíîñòè èñ-

ïîëüçîâàíèÿ ýòîãî ìåòîäà íåîáõîäèìî èìåòü ãèïîòå-

çó î íàèáîëåå âåðîÿòíîì êîëè÷åñòâå êëàñòåðîâ.

×èñëî ¾k¿ â íàçâàíèè ìåòîäà îçíà÷àåò êîëè÷åñòâî

êëàñòåðîâ, íà êîòîðîå ïðîèçâîäèòñÿ ðàçáèåíèå äàí-

íûõ. Âûáîð ÷èñëà K ìîæåò áàçèðîâàòüñÿ íà ðåçóëü-

òàòàõ ïðåäøåñòâóþùèõ èññëåäîâàíèé, òåîðåòè÷åñêèõ

ñîîáðàæåíèÿõ èëè èíòóèöèè.

Ñëîâî ¾ñðåäíèå¿ â íàçâàíèè ìåòîäà îòíîñèòñÿ ê öåí-

òðîèäàì êëàñòåðîâ.

Îïðåäåëåíèå 1. Öåíòðîèä � òî÷êà, ïðåäñòàâëÿ-

þùåå ñîáîé öåíòð ìàññ òî÷åê êëàñòåðà, ò.å. ïîêî-

îðäèíàòíûå ñðåäíèå òî÷åê èç êëàñòåðîâ:

µj = (µj1, µj2, . . . , µjn), (5)

ãäå

µjl =

∑
xj∈Sj

xjl

|Sj |
, l = 1, . . . , n, j = 1, . . . , k.

Îïèñàíèå àëãîðèòìà:

Ïóñòü èìååòñÿ ìíîæåñòâî òî÷åê äàííûõ X =
{x1, . . . , xm}, ãäå xi = (xi1, xi2, . . . , xin) ∈ Rn

.

1) Çàäàåòñÿ êîëè÷åñòâî êëàñòåðîâ k, è íà ïåðâîì øà-

ãå ïðîèçâîäèòñÿ çàäàíèå öåíòðîèäîâ µj , j = 1, . . . , k
� ¾öåíòðîâ ìàññ¿ êëàñòåðîâ Sj , j = 1, . . . , k. Êàæ-
äîìó êëàñòåðó ñîîòâåòñòâóåò îäèí öåíòð. Âûáîð íà-

÷àëüíûõ öåíòðîèäîâ ìîæåò îñóùåñòâëÿòüñÿ ñëåäóþ-

ùèì îáðàçîì:

• âûáîð k-íàáëþäåíèé äëÿ ìàêñèìèçàöèè íà÷àëü-

íîãî ðàññòîÿíèÿ;

• ñëó÷àéíûé âûáîð k-íàáëþäåíèé;

• âûáîð ïåðâûõ k-íàáëþäåíèé.

Êëàñòåðû Sj = {∅}, j = 1, . . . , k.
2) Ïðîèçâîäèòñÿ ðàñïðåäåëåíèå îáúåêòîâ ïî êëàñòå-

ðàì. Òî÷êà xi, i = 1, . . . , n îòíîñèòñÿ ê áëèæàéøåìó

êëàñòåðó, ò.å. xi ∈ Sj∗, ãäå

ρ(xi, µj∗) = min
j=1,...,k

ρ(xi, µj).

Â êà÷åñòâå ìåòðèêè èñïîëüçóåòñÿ îäíà èç ïðèâå-

äåííûõ âûøå ìåòðèê, ÷àùå âñåãî åâêëèäîâà. Â

ðåçóëüòàòå êàæäûé îáúåêò íàçíà÷åí îïðåäåëåííîìó

êëàñòåðó.

3) Âû÷èñëÿþòñÿ íîâûå öåíòðû êëàñòåðîâ µj , j =
1, . . . , k êàê öåíòðû ìàññ íîâûõ êëàñòåðîâ Sj , j =
1, . . . , k, ïîëó÷åííûõ íà ïðåäûäóùåì ýòàïå.

4)Ïðîäîëæàòü èòåðàöèîííûé ïðîöåññ âû÷èñëåíèÿ

öåíòðîâ è ïåðåðàñïðåäåëåíèÿ îáúåêòîâ äî òåõ ïîð,

ïîêà íå âûïîëíèòñÿ îäíî èç óñëîâèé:

• êëàñòåðíûå öåíòðû µj ñòàáèëèçèðîâàëèñü (ïåðå-

ñòàëè èçìåíÿòüñÿ);

• ÷èñëî èòåðàöèé ðàâíî ìàêñèìàëüíîìó ÷èñëó

èòåðàöèé (îãðàíè÷åíèå íà ÷èñëî èòåðàöèé).

Âûáîð ÷èñëà êëàñòåðîâ ÿâëÿåòñÿ ñëîæíûì âîïðîñîì.

Åñëè íåò ïðåäïîëîæåíèé îòíîñèòåëüíî ýòîãî ÷èñëà,

ðåêîìåíäóþò ñîçäàòü 2 êëàñòåðà, çàòåì 3, 4, 5 è ò.ä.,

ñðàâíèâàÿ ïîëó÷åííûå ðåçóëüòàòû.

3.2 Àëãîðèòì ÊÍÏ � ¾Êðàò÷àéøèé

Íåçàìêíóòûé Ïóòü¿

Èìååòñÿ ìíîæåñòâî òî÷åê äàííûõ X = {x1, . . . , xm}.
Çàäàåòñÿ êîëè÷åñòâî êëàñòåðîâ k. Ïðåäñòàâëÿåì äàí-

íûå â âèäå âåðøèí ãðà�à, ðàññòîÿíèå ìåæäó äâóìÿ

òî÷êàìè äàííûõ èìååò ñìûñë ðåáåð ãðà�à.

Îïèñàíèå àëãîðèòìà:

1. Íàéòè ïàðó âåðøèí xi, xj ñ íàèìåíüøèì ðàññòî-

ÿíèåì ρ(xi, xj) ìåæäó âåðøèíàìè, è ñîåäèíèòü

èõ ðåáðîì;

2. Ïîêà â âûáîðêå îñòàþòñÿ èçîëèðîâàííûå òî÷êè

(íå ñîåäèíåííûå ðåáðàìè ñ äðóãèìè âåðøèíàìè)

âûïîëíÿòü:

• Íàéòè èçîëèðîâàííóþ òî÷êó, áëèæàéøóþ ê

íåêîòîðîé íåèçîëèðîâàííîé (â ñìûñëå ìåò-

ðèêè ρ);

• Ñîåäèíèòü ýòè äâå òî÷êè ðåáðîì;

3. Óäàëèòü k − 1 ñàìûõ äëèííûõ ðåáåð.

3.3 Àëãîðèòì Ëàíñà-Óèëüÿìñà

Èìååòñÿ ìíîæåñòâî òî÷åê äàííûõ X = {x1, . . . , xm}.
Â àëãîðèòìå îáîçíà÷åíèå Ct èñïîëüçóåòñÿ äëÿ îáî-

çíà÷åíèÿ ìíîæåñòâà êëàñòåðîâ, ïîëó÷åííûõ íà t-îé
èòåðàöèè àëãîðèòìà, ïîä Rt ïîíèìàåòñÿ ðàññòîÿíèå

ìåæäó êëàñòåðàìè íà t-îé èòåðàöèè.

Îïèñàíèå àëãîðèòìà:

1. Ñíà÷àëà âñå êëàñòåðû îäíîýëåìåíòíûå: t = 1,
Ct = {{x1}, . . . , {xm}}
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2. Äëÿ âñåõ t=2,...,l (t � íîìåð èòåðàöèè);

3. Íàéòè â Ct−1 äâà áëèæàéøèõ êëàñòåðà U, V ∈
Ct−1:

(U, V ) = arg min
U 6=V

R(U, V ).

4. Ñëèòü èõ â îäèí êëàñòåð:

5. Äëÿ âñåõ âû÷èñëèòü R(W,S) ïî �îðìóëå Ëàíñà�
Óèëüÿìñà.

Ôîðìóëà Ëàíñà-Óèëüÿìñà èìååò ñëåäóþùèé âèä:

R(U ∪ V, S) = αU (U, S) + αV R(V, S)+

+βR(U, V ) + γ|R(U, S)−R(V, S)|, (6)

ãäå αU , αV , β è γ � ÷èñëîâûå ïàðàìåòðû.

Ïðèâåäåì íàèáîëåå óïîòðåáëÿåìûå ÷àñòíûå ñëó÷àè

�îðìóëû Ëàíñà-Óèëüÿìñà:

1. �àññòîÿíèå áëèæíåãî ñîñåäà:

R(W,S) = min
w∈W, s∈S

ρ(w, s),

ò.å. â �îðìóëå (6) αU = αV = 1
2 , β = 0 è γ = − 1

2 .

2. �àññòîÿíèå äàëüíåãî ñîñåäà:

R(W,S) = max
w∈W, s∈S

ρ(w, s),

â �îðìóëå (6) αU = αV = 1
2 , β = 0 è γ = 1

2 .

3. �ðóïïîâîå ñðåäíåå ðàññòîÿíèå:

R(W,S) =
1

|W ||S|
∑

w∈W

∑

s∈S

ρ(w, s),

â �îðìóëå (6) αU = |U|
|W | , αV = |V |

|W | , β = γ = 0.

4. �àññòîÿíèå ìåæäó öåíòðàìè:

R(W,S) = ρ2

(∑

w∈W

|w|
|W |

∑

s∈S

|s|
|S|

)
,

â �îðìóëå (6) αU = |U|
|W | , αV = |V |

|W | , β = −αUαV ,

γ = 0.

4 Ïðàêòè÷åñêàÿ çàäà÷à

êëàñòåðèçàöèè

Â ðàáîòå ðåøàåòñÿ ïðàêòè÷åñêàÿ çàäà÷à êëàñòåðèçà-

öèè âåäóùèõ ðîññèéñêèõ áàíêîâ ïî îñíîâíûì ïîêàçà-

òåëÿì èõ �èíàíñîâîé ñòàáèëüíîñòè. Äëÿ ðåøåíèÿ çà-

äà÷è èñïîëüçîâàëàñü î�èöèàëüíàÿ ñòàòèñòèêà îò÷åò-

íîñòè êðåäèòíûõ îðãàíèçàöèé �Ô ïî ïîêàçàòåëÿì èõ

äåÿòåëüíîñòè, ïóáëèêóåìàÿ íà ñàéòå Áàíêà �îññèè.

Â ñòàòèñòèêå ðàññìàòðèâàþòñÿ ñëåäóþùèå îñíîâíûå

ïîêàçàòåëè äåÿòåëüíîñòè áàíêîâ: àêòèâû íåòòî, ÷è-

ñòàÿ ïðèáûëü, êðåäèòíûé ïîðò�åëü, ïðîñðî÷åííàÿ

çàäîëæåííîñòü â êðåäèòíîì ïîðò�åëå, âêëàäû �è-

çè÷åñêèõ ëèö, âëîæåíèå â öåííûå áóìàãè, ñðåäñòâà

ïðåäïðèÿòèé è îðãàíèçàöèé, ïðèâëå÷åííûå ìåæáàí-

êîâñêèå êðåäèòû, âåêñåëÿ è îáëèãàöèè è äð.

Êëàñòåðèçàöèÿ äàííûõ ïðîâîäèëàñü ñ ïîìîùüþ òð�åõ

ìåòîäîâ: ìåòîäà Ê-ñðåäíèõ (âåðîÿòíîñòíûé ïîäõîä);

ñ èñïîëüçîâàíèåì àëãîðèòìà ÊÍÏ � ¾Êðàò÷àéøèé

íåçàìêíóòûé ïóòü¿ (òåîðåòèêî-ãðà�îâûé ïîäõîä),

è àëãîðèòìà Ëàíñà-Óèëüÿìñà (èåðàðõè÷åñêèé ïîä-

õîä). Äëÿ àëãîðèòìà Ëàíñà�Óèëüÿìñà ðàññìàòðèâà-

ëèñü ÷àñòíûå ñëó÷àè �îðìóëû Ëàíñà-Óèëüÿìñà, òà-

êèå êàê: à) ðàññòîÿíèå áëèæíåãî ñîñåäà; á) ãðóïïîâîå

ñðåäíåå ðàññòîÿíèå; â) ðàññòîÿíèå ìåæäó öåíòðàìè.

5 Çàêëþ÷åíèå

Â ðàáîòå íà îñíîâå ñòàòèñòè÷åñêèõ äàííûõ ðåøåíà

ïðàêòè÷åñêàÿ çàäà÷à êëàñòåðèçàöèè âåäóùèõ ðîññèé-

ñêèõ áàíêîâ ïî îñíîâíûì ïîêàçàòåëÿì �èíàíñîâîé

ñòàáèëüíîñòè. Çàäà÷à ðåøåíà ïðè ïîìîùè êëàñòåð-

íîãî àíàëèçà. Îïðåäåëåíà ïðèíàäëåæíîñòü êàæäîãî

îáúåêòà ê îïðåäåëåííîìó êëàñòåðó. Ïðîâåäåíî ñðàâ-

íåíèå êëàñòåðîâ, ïîëó÷åííûõ â ðåçóëüòàòå ðàáîòû

êàæäîãî ìåòîäà.
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Àííîòàöèÿ. Àâòîð ðàçâèë îáùóþ òåîðèþ èçìåðå-

íèé ñòàòèñòè÷åñêîé âçàèìîñâÿçè ìåæäó ñîáûòèÿ-

ìè, íàçûâàåìóþ �ìàòåìàòè÷åñêàÿ ýâåíòîëîãèÿ� [3,

2007℄, [4, 2011℄. Ýòà ðàáîòà ïðåäñòàâëÿåò ñâåæèå

�ýâåíòîëîãè÷åñêèå� èäåè, êîòîðûå êàðäèíàëüíî

ïåðåñìàòðèâàþò îñíîâû ïðåæíåãî ïîäõîäà ê èç-

ìåðåíèþ ñòàòèñòè÷åñêèõ âçàèìîñâÿçåé ñîáûòèé

è âûõîäÿò çà ïðåäåëû òðàäèöèîííûõ èçìåðåíèé

â òåîðèè âåðîÿòíîñòåé è ìàòåìàòè÷åñêîé ñòà-

òèñòèêå, äîáàâëÿÿ ê óæå èçâåñòíûì ìåòîäàì

èçìåðåíèÿ àññîöèàöèè (assoiation), èëè ñòàòè-

ñòè÷åñêîé çàâèñèìîñòè (statistial dependeny), åùå

îäíó íîâóþ ãðóïïó ìåòîäîâ èçìåðåíèÿ îáùíîñòè

(agreement) ìíîæåñòâ ñîáûòèé. Ïîêàçàíî, ÷òî

ïðè ïîìîùè ðÿäà ïîëåçíûõ èçìåðèòåëåé âçàèìî-

ñâÿçè ìíîæåñòâà ñîáûòèé, íàçâàííûõ îáùíîñòü,

àññîöèàöèÿ, êîâàðèàöèÿ, ñåò-ðàññòîÿíèå,

ñåò-áëèçîñòü è ñåò-êó÷íîñòü, �îðìóëû â ýòîì

êîíòåêñòå ìîãóò áûòü óïðîùåíû è ýëåãàíòíî

îáîáùåíû äëÿ ìíîãèõ ïðèëîæåíèé, â òîì ÷èñëå,

äëÿ êîððåêòíîãî îáîáùåíèÿ òàêèõ òðàäèöèîí-

íûõ ïîêàçàòåëåé ñòàòèñòè÷åñêîé âçàèìîñâÿçè

ñîáûòèé, êàê êîððåëÿöèÿ Ïèðñîíà, àññîöèàöèÿ

Þëà, à òàêæå ïîïóëÿðíîãî ïîêàçàòåëÿ îáùíîñòè

� êàïïà Êîýíà [9, 1960℄. Ïðåäëàãàåìûå íîâûå

ìåòîäû äåìîíñòðèðóþò ðàñòóùèé ïîòåíöèàë

�ýâåíòîëîãè÷åñêèõ� òåõíîëîãèé â èññëåäîâàíèè

ñòðóêòóð âçàèìîñâÿçè (îáùíîñòè, àññîöèàöèè, èëè

ñòàòèñòè÷åñêîé çàâèñèìîñòè) ñîáûòèé, êîòîðûé

ðàñïðîñòðàíÿåòñÿ íà èçìåðåíèÿ êàê â íîìèíàëüíûõ

(êàòåãîðèàëüíûõ), òàê è â óïîðÿäî÷åííûõ è ÷èñëî-

âûõ (ðàçíîñòåé, îòíîøåíèé) øêàëàõ.

Êëþ÷åâûå ñëîâà. Êàòåãîðèàëüíûé àíàëèç, íîìè-

íàëüíàÿ øêàëà, ìíîæåñòâî ñîáûòèé, àññîöèàöèÿ,

îáùíîñòü, ðàçîáùåííîñòü, ñòàòèñòè÷åñêàÿ çàâè-

ñèìîñòü, ñòàòèñòè÷åñêàÿ íåçàâèñèìîñòü, ìíîãî-

ìåðíûå ñîïðÿæåííûå òàáëèöû, ìíîãèå ýêñïåðòû,

ìíîãèå êàòåãîðèè, êîâàðèàöèÿ, ñåò-ðàññòîÿíèå, ìå-

ðû îáùíîñòè, ñåò-áëèçîñòü, ñåò-êó÷íîñòü.
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Ïîíÿòèå ñåò-ðàññòîÿíèÿ ìíîæåñòâà ñîáûòèé

(ì.ñ.) � ïîêàçàòåëÿ ðàçîáùåííîñòè åãî ñîáûòèé â

ïðîñòðàíñòâå ýëåìåíòàðíûõ èñõîäîâ � áûëî ââåäåíî

â ýâåíòîëîãè÷åñêóþ òåîðèþ [1, 20, 2004℄ êàê ðàçâèòèå

èçâåñòíîãî ïîíÿòèÿ âåðîÿòíîñòíîãî ðàññòîÿíèÿ

äóïëåòà ñîáûòèé � âåðîÿòíîñòè ñèììåòðè÷åñêîé

ðàçíîñòè äâóõ ñîáûòèé � äëÿ ïðîèçâîëüíîãî ì.ñ. Ýòî

ïðîäâèæåíèå ñðàçó ïîçâîëèëî, íàïðèìåð, åñòåñòâåí-

íûì îáðàçîì ðàñïðîñòðàíèòü ïðèíöèï ìåòðè÷åñêîé

èíòåðïðåòàöèè ïàðíîé êîâàðèàöèè [2, 10, 2002℄ íà

êîâàðèàöèþ ïðîèçâîëüíîãî ì.ñ. [3, 17, 2007℄, è îêà-

çàëîñü äîâîëüíî óäà÷íûì, ÷òîáû ñ�îðìóëèðîâàòü â

[3, 17, 2007℄ îáùåå îïðåäåëåíèå ñåò-ðàññòîÿíèÿ ì.ñ.,

äîïîëíåííîå äîêàçàòåëüñòâîì äëÿ íåãî íåðàâåíñòâà

ñåò-òðåóãîëüíèêà â [4, 18℄. Äàëüíåéøåå ðàçâèòèå ýòî-

ãî ïîíÿòèÿ â âèäå äèñòîãðàììíîé òåîðèè èçìåðåíèÿ

ðàçîáùåííîñòè ì.ñ. â ïðîñòðàíñòâå ýëåìåíòàðíûõ

èñõîäîâ äàíî â [5, 19℄.

�àçðàáîòêà è èñïîëüçîâàíèå â ðàçíîîáðàçíûõ ïðèëî-

æåíèÿõ íîâîãî ïîíÿòèÿ ñåò�ðàññòîÿíèÿ ì.ñ. ðàíî èëè

ïîçäíî äîëæíû áûëè òàê èëè èíà÷å ñîïðèêîñíóòü-

ñÿ ñ îáøèðíîé îáëàñòüþ ñîâðåìåííîé ìíîãîìåðíîé

ñòàòèñòèêè, êîòîðàÿ çàíèìàåòñÿ èçìåðåíèåì ìåæýêñ-

ïåðòíîé îáùíîñòè îöåíîê â êàòåãîðèàëüíûõ (íîìè-

íàëüíûõ) øêàëàõ. �åçóëüòàòû ýòîãî äðàìàòè÷åñêî-

ãî ñîïðèêîñíîâåíèÿ èçëîæåíû íèæå, ãäå â êà÷åñòâå

�ìàëü÷èêà äëÿ áèòüÿ (whipping boy)� âûáðàíà, ïî-

æàëóé ñàìàÿ ïîïóëÿðíàÿ ãðóïïà òàêèõ ñòàòèñòèê �

êàïïà-ïîêàçàòåëè ìåæýêñïåðòíîé îáùíîñòè îöåíîê â

êàòåãîðèàëüíûõ øêàëàõ.

1 Êàïïà Êîýíà êàê èçìåðèòåëü

ìåæýêñïåðòíîé îáùíîñòè â

êàòåãîðèàëüíîé øêàëå

Â áîëåå ÷åì ìíîãî÷èñëåííîé ëèòåðàòóðå, ïîñâÿ-

ùåííîé êàïïà-ïîêàçàòåëÿì ìåæýêñïåðòíîé îáùíîñòè

(interrater agreement), ñ ëåãêîé ðóêè îòöà-îñíîâàòåëÿ

Äæåêîáà Êîýíà [9, 1960℄ ïðîäîëæàåò ðåêëàìèðîâàòü-

ñÿ êàê îñíîâíîå äîñòîèíñòâî êàïïà-ïîêàçàòåëåé èõ

òàê íàçûâàåìàÿ øàíñ-îòêîððåêòèðîâàííîñòü (hane-

orreted), èëè øàíñ-îòðåãóëèðîâàííîñòü (hane-
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adjusted), êîòîðîå òðàäèöèîííî èíòåðïðåòèðóåòñÿ

êàê óäàëåíèå èç íèõ �ó÷åòà ñëó÷àéíîé îáùíîñòè

ýêñïåðòîâ�. Ñàì �àêò ïîÿâëåíèÿ â ñåðåäèíå ïðî-

øëîãî âåêà â ðàáîòàõ ïî ìåæýêñïåðòíîé îáùíî-

ñòè (interrater agreement) òåðìèíîâ �êîððåêòèðîâ-

êà ñëó÷àÿ (hane-orreted)� è �ðåãóëèðîâêà ñëó÷àÿ

(hane-adjusted)� çàñëóæèâàåò ïðèñòàëüíîãî âíèìà-

íèÿ è ïîäðîáíîãî òîëêîâàíèÿ. �àçóìååòñÿ, ýòà òåð-

ìèíîëîãèÿ ìîæåò ïðèâåñòè è ïðèâîäèò ê íåäîðàçó-

ìåíèÿì è çàáëóæäåíèÿì. Òåì áîëåå èíòåðåñíî èçó-

÷èòü ïðè÷èíû åå âîçíèêíîâåíèÿ è ïóòè âîçìîæíîãî

îïðàâäàíèÿ â ðàìêàõ ýâåíòîëîãè÷åñêîãî ïîäõîäà.

Â òðàäèöèîííûõ îïèñàíèÿõ çàäà÷è îöåíêè îáùíîñòè

ìíåíèé ýêñïåðòîâ â êàòåãîðèàëüíîé øêàëå è â èíòåð-

ïðåòàöèè êàïïà-ïîêàçàòåëÿ îáùíîñòè åñòü äâà ïóíê-

òà

1

, ñïîðíîñòü êîòîðûõ íå óñêîëüçàåò îò âíèìàíèÿ

ýâåíòîëîãà:

1) â ïîñòàíîâêå çàäà÷è ÷àñòî ïîä÷åðêèâàåòñÿ ïðåäïî-

ëîæåíèå, ÷òî â ðàìêàõ ýêñïåðèìåíòà ïî îöåíêå îáù-

íîñòè ýêñïåðòû äåéñòâóþò �íåçàâèñèìî äðóã îò äðó-

ãà�;

2) â èíòåðïðåòàöèè êàïïà-ïîêàçàòåëÿ çà ðåäêèì èñ-

êëþ÷åíèåì óòâåðæäàåòñÿ, ÷òî ýòîò ïîêàçàòåëü �îñâî-

áîæäåí îò ó÷åòà ñëó÷àéíîé îáùíîñòè�.

Êîíå÷íî, ñïîðíîñòü äëÿ ýâåíòîëîãà ýòèõ äâóõ ïóíê-

òîâ âî ìíîãîì îáúÿñíÿåòñÿ âñåãî ëèøü íåóäà÷åé â

èñïîëüçîâàíèè òåðìèíîëîãèè, êîòîðàÿ îäíàêî, ìíå

êàæåòñÿ, ñêðûâàåò �óíäàìåíòàëüíûå ðàñõîæäåíèÿ â

ïîíèìàíèè âåðîÿòíîñòè â ðàìêàõ êîëìîãîðîâñêîãî è

áàéåñîâñêîãî ïîäõîäîâ.

x0

y0

Ω

�èñóíîê 1: Äèàãðàììà Âåííà äóïëåòà ïðîèçâîëüíî-çàâèñèìûõ ñî-

áûòèé X0 = {x0, y0} (4 = 22 òåððàñíûõ ñîáûòèÿ). Ñîáûòèå x0

îáâåäåíî òîëñòîé ëèíèåé. Ïðîñòðàíñòâî âñåîáùèõ ýëåìåíòàðíûõ

ñîáûòèé Ω � áåñöâåòíûé êâàäðàò.

1

Ïåðâûå ðàáîòû ïî èçìåðåíèþ îáùíîñòè ýêñïåðòîâ, îöåíè-

âàþùèõ ïðåäúÿâëÿåìûå èì ñîáûòèÿ, íà÷àëè ïîÿâëÿòüñÿ â ñå-

ðåäèíå ïðîøëîãî âåêà. Öèòàòû èç íèõ, èëëþñòðèðóþùèå ýòè

äâà ñïîðíûõ ïóíêòà, ñì. â Ïðèëîæåíèè íà ñòð. 91.

ßâíî íåóäà÷íóþ òåðìèíîëîãèþ: �êîððåêòèðîâêà ñëó-

÷àÿ�, ïî-âèäèìîìó, ïîðîäèëî æåëàíèå ñðàâíèòü ïî-

âåäåíèÿ ýêñïåðòîâ ñ íåçàâèñèìûì ïîäáðàñûâàíèåì

ñìåùåííûõ (bias) ìîíåò. Äëÿ ïîäðîáíîãî èçó÷åíèÿ

ýòîãî êàçóñà óìåñòíî âíèìàòåëüíî ðàññìîòðåòü ñîâ-

ìåñòíóþ äèàãðàììó Âåííà òðåõ m-ìíîæåñòâ ñîáû-

òèé, õàðàêòåðèçóþùèõ òðè âîçìîæíûõ ñïîñîáà ïîâå-

äåíèÿ m ýêñïåðòîâ, â êàæäîì èç êîòîðûõ ðåøàþùóþ

ðîëü èãðàåò ñëó÷àé:

• ïåðâîå (ãäå èñòî÷íèêîì ñëó÷àÿ ñëóæàò ñà-

x1

y1

Ω

�èñóíîê 2: Äèàãðàììà Âåííà äóïëåòà ïðîèçâîëüíî-çàâèñèìûõ ñî-

áûòèé X1 = {x1, y1} (4 = 22 òåððàñíûõ ñîáûòèÿ), èìåþùèõ òî æå

âåðîÿòíîñòíîå ðàñïðåäåëåíèå, ÷òî è äóïëåò ñîáûòèé X0; ò.å. ñîâïà-

äàþò âåðîÿòíîñòè âñåõ 4-õ ñîîòâåòñòâóþùèõ òåððàñíûõ ñîáûòèé,

ïîðîæäåííûõ äóïëåòàìè ñîáûòèé X0 è X1. Ñîáûòèå x1 îáâåäåíî

òîëñòîé ëèíèåé. Ïðîñòðàíñòâî âñåîáùèõ ýëåìåíòàðíûõ ñîáûòèé Ω
� áåñöâåòíûì êâàäðàò.

y⋆

x⋆

Ω

�èñóíîê 3: Äèàãðàììà Âåííà äóïëåòà íåçàâèñèìûõ ñîáûòèé X⋆ =
{x⋆, y⋆} (4 = 22 òåððàñíûõ ñîáûòèÿ), ïðîèñõîäÿùèõ ñ òåìè æå âå-

ðîÿòíîñòÿìè, ÷òî è ñîáûòèÿ èç X0. Ñîáûòèå x⋆ � ãîðèçîíòàëüíûé

ïðÿìîóãîëüíèê, îáâåäåííûé òîëñòîé ëèíèåé; ñîáûòèå y⋆ � âåðòè-

êàëüíûé ïðÿìîóãîëüíèê ñïðàâà. Ïðîñòðàíñòâî âñåîáùèõ ýëåìåí-

òàðíûõ ñîáûòèé Ω � áåñöâåòíûé êâàäðàò.
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ìè ýêñïåðòû ñî ñâîèìè ìíåíèÿìè) õàðàê-

òåðèçóåò ýêñïåðòîâ, êîòîðûå îöåíèâàþò íàñòóï-

ëåíèå ïðåäúÿâëÿåìîãî èì ñîáûòèÿ �ïî ñîâåñòè�

� íà îñíîâå ñâîèõ çíàíèé, îïûòà è èíòóèöèè;

• âòîðîå (ãäå èñòî÷íèêîì ñëó÷àÿ ñëóæèò

íåçàâèñèìî ïîäáðàñûâàåìûå ñìåùåííûå

ìîíåòû) õàðàêòåðèçóåò ýêñïåðòîâ, êîòîðûå

äëÿ îöåíêè íàñòóïëåíèÿ ïðåäúÿâëÿåìîãî èì ñî-

áûòèÿ ïðèáåãàþò ê íåçàâèñèìîìó äðóã îò äðóãà

ïîäáðàñûâàíèþ ñìåùåííûõ (bias) ìîíåò, âûïà-

äàþùèõ íàñòóïëåíèåì ïðåäúÿâëÿåìîãî ñîáûòèÿ

ñ âåðîÿòíîñòüþ, ðàâíîé âåðîÿòíîñòè èõ ñîáñòâåí-

íîé îöåíêè åãî íàñòóïëåíèÿ;

• è, íàêîíåö, òðåòüå (ãäå èñòî÷íèêîì ñëó÷àÿ

ñëóæèò çàâèñèìî ïîäáðàñûâàåìûå ñìå-

ùåííûå ìîíåòû) õàðàêòåðèçóåò ýêñïåðòîâ,

êîòîðûå äëÿ îöåíêè íàñòóïëåíèÿ ïðåäúÿâëÿå-

ìîãî èì ñîáûòèÿ ïðèáåãàþò ê çàâèñèìîìó äðóã

îò äðóãà ïîäáðàñûâàíèþ ñìåùåííûõ (bias) ìî-

íåò, âûïàäàþùèõ íàñòóïëåíèåì ïðåäúÿâëÿåìî-

ãî ñîáûòèÿ ñ âåðîÿòíîñòüþ, ðàâíîé âåðîÿòíî-

ñòè èõ ñîáñòâåííîé îöåíêè åãî íàñòóïëåíèÿ, ïðè-

÷åì ñòðóêòóðà çàâèñèìîñòè òðåòüåãî ìíîæåñòâà

ñîáûòèéñîâïàäàåò ñî ñòðóêòóðîé çàâèñèìîñòè

ïåðâîãî ìíîæåñòâà ñîáûòèé, õàðàêòåðèçóþùå-

ãî îöåíêè �ïî ñîâåñòè�.

Äèàãðàììû Âåííà ýòèõ m-ì.ñ. ïðè m = 2, ïîêàçàí-
íûå íà ðèñóíêàõ 1, 2, 3, 4, ïîçâîëÿþò äàòü ñëåäóþùèå

ýâåíòîëîãè÷åñêèå êîììåíòàðèè ê äâóì óïîìÿíóòûì

ñïîðíûì ïóíêòàì:

Ê1) ÷åì âûøå êâàëè�èêàöèÿ ýêñïåðòîâ, òåì áîëåå èõ

�èñóíîê 4: Ïÿòü äèàãðàììÂåííà (ñëåâà íàïðàâî, ñâåðõó âíèç) äóï-

ëåòîâ ñîáûòèé X0 = {x0, y0} (êðàñíûé), X1 = {x1, y1} (àêâà) è

X⋆ = {x⋆, y⋆} (ñåðûé) è íåñâÿçíûå äèàãðàììû Âåííà êâàðòåòà ñî-

áûòèé X0 + X1 (16 = 24 òåððàñíûõ ñîáûòèé) è ñåêñòåòà ñîáûòèé

X0 +X1 +X⋆ (64 = 26 òåððàñíûõ ñîáûòèÿ), ñîñòàâëåííûõ èç ýòèõ

äóïëåòîâ. Ñîáûòèÿ x0, x1 è x⋆ îáâåäåíû íà âñåõ äèàãðàììàõ òîë-

ñòûìè ëèíèÿìè ñîîòâåòñòâóþùåãî öâåòà. Ïðîñòðàíñòâî âñåîáùèõ

ýëåìåíòàðíûõ ñîáûòèé Ω � áåñöâåòíûé êâàäðàò.

ìíåíèÿ îá îäíîì è òîì æå ñîáûòèè �ñòàòèñòè÷å-

ñêè çàâèñèìû äðóã îò äðóãà�; à ÿêîáû åñòåñòâåííîå

ïðåäïîëîæåíèå î íåçàâèñèìîì ïîâåäåíèè ýêñïåð-

òîâ � ýòî çàñòàðåëûé êàçóñ êëàññè÷åñêîãî çàáëóæ-

äåíèÿ ïåðâûõ ñòàòèñòèêîâ ðóáåæà XIX − XX â.â.,

êîòîðûå ïûòàëèñü âûâîäèòü ïðè÷èííî-ñëåäñòâåííóþ

ñâÿçü èç ñòàòèñòè÷åñêîé çàâèñèìîñòè; çàáûâàÿ, ÷òî

ýòî âñåãî ëèøü, íàïðèìåð, íàñòóïëåíèå ëåòà çàñòàâ-

ëÿåò âñåõ �ñâåäóùèõ â ëåòå ýêñïåðòîâ� ïî÷òè ðàçîì,

ò.å. ñòàòèñòè÷åñêè çàâèñèìî, ïåðåéòè íà ëåòíèå

îäåæäû.

Ê2) �îñâîáîæäåíèå îò ó÷åòà ñëó÷àéíîé îáùíîñòè�

� ýòî èëëþçèÿ, çà êîòîðîé ñêðûâàåòñÿ âñåãî ëèøü

èçìåðåíèå îòêëîíåíèÿ íàáëþäàåìîãî ïîâåäåíèÿ ýêñ-

ïåðòîâ îò ñòàòèñòè÷åñêè íåçàâèñèìîãî ïîâåäå-

íèÿ.

2 Ýâåíòîëîãè÷åñêèå ïîêàçàòåëè

îáùíîñòè ìíîæåñòâà ñîáûòèé (ì.ñ.)

2.1 Èçìåðåíèå âåðîÿòíîñòíîé îáùíîñòè è

çàâèñèìîñòè ñîáûòèé

Ñîáûòèÿ âçàèìîñâÿçàíû. Îäíè ñèëüíåå, äðóãèå ñëà-

áåå. Îäíè ñîáûòèÿ ïðîèñõîäÿò âìåñòå ÷àùå, ÷åì

�ìîæíî áûëî ïðåäâèäåòü�; äðóãèå � ðåæå. Èçìåðåíèå

âçàèìîñâÿçåé ñîáûòèé â ðàìêàõ âûáðàííîãî êîíå÷íî-

ãî ì.ñ. � ýòî íàøå ïîâñåäíåâíîå âûíóæäåííîå çàíÿ-

òèå. ×òîáû èçìåðÿòü âçàèìîñâÿçè ñîáûòèé òðåáóåò-

ñÿ ïîäõîäÿùàÿ ìåðà. Òåîðèÿ âåðîÿòíîñòåé, ðàáîòàÿ â

ðàìêàõ âåðîÿòíîñòíîãî ïðîñòðàíñòâà (Ω,A,P), ïðåä-
ëàãàåò èçìåðÿòü âåðîÿòíîñòíûå âçàèìîñâÿçè ìåæ-

äó ñîáûòèÿìè èç âûáðàííîãî êîíå÷íîãî ì.ñ. X ⊆ A,

ò.å. âçàèìîñâÿçè, êîòîðûå îïðåäåëÿþòñÿ âåðîÿòíîñò-

íîé ìåðîé P.

Ω
áåç äî///äÿ

äî///äü

ω′ ·
x

ω ·
x
c

�èñóíîê 5: Äèàãðàììà Âåííà îäíîãî ñîáûòèÿ �äî///äü�: x ⊆ Ω,
êîòîðîå ïðîèñõîäèò, êîãäà ω′ ∈ x (ýëåìåíòàðíûé èñõîä ω′ ∈ Ω
�ïîïàäàåò� â x); è åãî äîïîëíåíèÿ �áåç äî///äÿ�: xc = Ω−x ⊆ Ω,
êîòîðîå ïðîèñõîäèò, êîãäà ω ∈ xc

(ýëåìåíòàðíûé èñõîä ω ∈ Ω
�ïîïàäàåò� â xc

).
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2.1.1 Âåðîÿòíîñòíàÿ çàâèñèìîñòü è íåçàâèñèìîñòü

ñîáûòèé è �íåçàâèñèìàÿ òî÷êà îòñ÷åòà�

Â êà÷åñòâå ìåð âåðîÿòíîñòíîé âçàèìîñâÿçè â òåî-

ðèè âåðîÿòíîñòåé îáû÷íî èñïîëüçóþòñÿ îòêëîíåíèÿ

âåðîÿòíîñòíûõ õàðàêòåðèñòèê ñîáûòèé îòíîñèòåëü-

íî �íåçàâèñèìîé òî÷êè îòñ÷åòà� , êîòîðîé ñëó-

æèò çíà÷åíèå àíàëîãè÷íûõ âåðîÿòíîñòíûõ õàðàêòå-

ðèñòèê íåçàâèñèìûõ ñîáûòèé. Äàííûé ïîäõîä ïðè-

âåë òåîðèþ âåðîÿòíîñòåé ê èçìåðåíèþ òàêîé âçàèìî-

ñâÿçè ñîáûòèé, êîòîðóþ íàçûâàþò ëèáî âåðîÿòíîñò-

íîé çàâèñèìîñòüþ, ëèáî âåðîÿòíîñòíîé íåçàâèñè-

ìîñòüþ, è äàâàë îñíîâàíèÿ ãîâîðèòü, ÷òî åäèíñòâåí-

íûì îòëè÷èåì òåîðèè âåðîÿòíîñòè îò îáùåé òåîðèè

ìåðû ìîæíî ñ÷èòàòü ïîíÿòèÿ çàâèñèìîñòè è íåçà-

âèñèìîñòè ñîáûòèé.

Ïðè èçìåðåíèè çàâèñèìîñòè ì.ñ.

�íåçàâèñèìàÿ òî÷êà îòñ÷åòà� �

çíà÷åíèå ïîêàçàòåëÿ äëÿ òîòàëüíî-

íåçàâèñèìîãî ì.ñ., ïðîèñõîäÿùèõ ñ òåìè

æå âåðîÿòíîñòÿìè.

2.1.2 Âåðîÿòíîñòíàÿ îáùíîñòü è ðàçîáùåííîñòü

ñîáûòèé è �ñðåäíåâåðîÿòíàÿ òî÷êà îòñ÷åòà�

Â ðàìêàõ íîâîãî íàïðàâëåíèÿ â òåîðèè âåðîÿòíî-

ñòåé, êîòîðîå íàçûâàåòñÿ �ìàòåìàòè÷åñêàÿ ýâåíòîëî-

ãèÿ�, áûëè ïðåäëîæåíû äðóãèå ìåðû âçàèìîñâÿçåé

ñîáûòèé èç äàííîãî ì.ñ., êîòîðûå èçìåðÿþò îòêëîíå-

íèÿ âåðîÿòíîñòíûõ õàðàêòåðèñòèê ñîáûòèé îò äðó-

ãîé �òî÷êè îòñ÷åòà� � ñðåäíåé âåðîÿòíîñòè ñî-

áûòèé èç ýòîãî ì.ñ. Äàííûé ïîäõîä ïðèâîäèò �ìà-

òåìàòè÷åñêóþ ýâåíòîëîãèþ� ê èçìåðåíèþ òàêîé âçà-

èìîñâÿçè ñîáûòèé, êîòîðàÿ íàçûâàåòñÿ ëèáî âåðî-

ÿòíîñòíîé îáùíîñòüþ, ëèáî âåðîÿòíîñòíîé ðàçîá-

ùåííîñòüþ, è äàåò îñíîâàíèÿ ãîâîðèòü, ÷òî åùå îä-

íèì îòëè÷èåì òåîðèè âåðîÿòíîñòè, âêëþ÷àþùåé ìà-

òåìàòè÷åñêóþ ýâåíòîëîãèþ, îò îáùåé òåîðèè ìåðû

ìîæíî ñ÷èòàòü ïîíÿòèå îáùíîñòè è ðàçîáùåííîñòè

ñîáûòèé.

Ïðè èçìåðåíèè îáùíîñòè ì.ñ. �ñðåäíå-

âåðîÿòíàÿ òî÷êà îòñ÷åòà� � ñðåäíÿÿ

âåðîÿòíîñòü ñîáûòèé â ýòîì ì.ñ.

2.1.3 Äâå ñòîðîíû è äâå øêàëû èçìåðåíèÿ

âçàèìîñâÿçåé ñîáûòèé

Âåðîÿòíîñòíûå âçàèìîñâÿçè ñîáûòèé � çàâèñèìîñòü

/ íåçàâèñèìîñòü, îáùíîñòü / ðàçîáùåííîñòü �

ìîæíî èçìåðÿòü ñ äâóõ ñòîðîí, â ðàìêàõ äâóõ øêàë

îòíîñèòåëüíî äâóõ ñîîòâåòñòâóþùèõ òî÷åê îòñ÷åòà.

Ïåðâàÿ øêàëà ïîçâîëÿåò àíàëèçèðîâàòü òó ñòîðî-

íó âçàèìîñâÿçåé ñîáûòèé, êîòîðàÿ èçìåðÿåòñÿ âåðî-

ÿòíîñòÿìè ïåðåñå÷åíèÿ ñîáûòèé ëèáî îòíîñèòåëü-

íî âåðîÿòíîñòåé ïåðåñå÷åíèÿ íåçàâèñèìûõ ñîáûòèé

(�íåçàâèñèìîé òî÷êè îòñ÷åòà�) è íàçûâàåòñÿ çàâèñè-

ìîñòüþ / íåçàâèñèìîñòüþ, ëèáî îòíîñèòåëüíî ñðåä-

íåé âåðîÿòíîñòè (�ñðåäíåâåðîÿòíîé òî÷êè îòñ÷åòà�) è

íàçûâàåòñÿ îáùíîñòüþ / ðàçîáùåííîñòüþ.

Âòîðàÿ øêàëà � òó ñòîðîíó, êîòîðàÿ èçìåðÿåòñÿ

âåðîÿòíîñòÿìè îáúåäèíåíèÿ ñîáûòèé ëèáî îòíîñè-

òåëüíî âåðîÿòíîñòåé îáúåäèíåíèÿ íåçàâèñèìûõ ñî-

áûòèé (�íåçàâèñèìîé òî÷êè îòñ÷åòà�) è íàçûâàåòñÿ

çàâèñèìîñòüþ / íåçàâèñèìîñòüþ, ëèáî îòíîñèòåëü-

íî ñðåäíåé âåðîÿòíîñòè (�ñðåäíåâåðîÿòíîé òî÷êè îò-

ñ÷åòà�) è íàçûâàåòñÿ îáùíîñòüþ / ðàçîáùåííîñòüþ.

Øêàëîé âåðîÿòíîñòåé ïåðåñå÷åíèé ñîáûòèé èçìå-

ðÿþòñÿ âçàèìîñâÿçè â òåõ ÷àñòÿõ ñîáûòèé (â òåõ òåð-

ðàñíûõ ñîáûòèÿõ), ãäå ïðîèñõîäèò ìíîãî ñîáûòèé è

êîòîðûå íà äèàãðàììå Âåííà ðàñïîëîæåíû â ñòîðîíå,

�òÿãîòåþùåé� ê ïåðåñå÷åíèþ âñåõ ñîáûòèé èç äàííî-

ãî ì.ñ.

Øêàëîé âåðîÿòíîñòåé îáúåäèíåíèé ñîáûòèé èçìå-

ðÿþòñÿ âçàèìîñâÿçè â òåõ ÷àñòÿõ ñîáûòèé (â òåõ òåð-

ðàñíûõ ñîáûòèÿõ), ãäå ïðîèñõîäèò ìàëî ñîáûòèé è

êîòîðûå íà äèàãðàììå Âåííà ðàñïîëîæåíû â èíîé

ñòîðîíå, �òÿãîòåþùåé� ê ïåðåñå÷åíèþ âñåõ äîïîëíå-

íèé ýòèõ ñîáûòèé.

Òàêèì îáðàçîì êàæäàÿ èç äâóõ ñòîðîí âçàèìîñâÿ-

çåé ñîáûòèé èçìåðÿåòñÿ ñâîèìè îäíîñòîðîííèìè ÷à-

ñòè÷íûìè íåñèììåòðè÷íûìè èçìåðèòåëÿìè â ñîîò-

âåòñòâóþùèõ øêàëàõ. À äëÿ èçìåðåíèÿ âçàèìîñâÿçè

äàííîãî ì.ñ. â öåëîì, òðåáóåòñÿ ñèììåòðè÷íàÿ êîí-

ñòðóêöèÿ ýòèõ èçìåðèòåëåé, êîòîðàÿ èçìåðÿåò ñðà-

çó îáå ñòîðîíû âçàèìîñâÿçåé ñîáûòèé, èñïîëüçóÿ îáå

øêàëû.

2.1.4 Êîâàðèàöèÿ � ìåðà çàâèñèìîñòè è

íåçàâèñèìîñòè ñîáûòèé

Ï-êîâàðèàöèÿ. �àñïðîñòðàíåííîé ìåðîé âåðî-

ÿòíîñòíîé çàâèñèìîñòè ñîáûòèé ÿâëÿåòñÿ Ï-

êîâàðèàöèÿ ì.ñ. X ⊆ X, êîòîðàÿ èçìåðÿåò îòêëî-

íåíèå âåðîÿòíîñòè ïåðåñå÷åíèÿ ì.ñ. îò �íåçàâèñèìîé

òî÷êè îòñ÷åòà� � ïðîèçâåäåíèÿ âåðîÿòíîñòåé ñîáû-

òèé, îïðåäåëÿåòñÿ �îðìóëîé

Kov

∩
X = pX − p⋆X , (2.1.1)

ãäå

pX = P

( ⋂

x∈X

x

)

� âåðîÿòíîñòü ïåðåñå÷åíèÿ ñîáûòèé èç ì.ñ. X ⊆ X,

p⋆X =
∏

x∈X

px

� âåðîÿòíîñòü ïåðåñå÷åíèÿ òåõ æå ñîáûòèé, áóäü îíè

íåçàâèñèìû, à

px = P(x)

� âåðîÿòíîñòè ñîáûòèé x ∈ X .
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Ïîëîæèòåëüíàÿ Ï-êîâàðèàöèÿ ì.ñ. X ⊆ X îçíà÷à-

åò, ÷òî ñîáûòèÿ èç ýòîãî ì.ñ. ïðîèñõîäÿò âìåñòå ÷à-

ùå, ÷åì áóäü îíè íåçàâèñèìûìè; îòðèöàòåëüíàÿ Ï-

êîâàðèàöèÿ ì.ñ. X ⊆ X îçíà÷àåò, ÷òî ñîáûòèÿ èç ýòî-

ãî ì.ñ. ïðîèñõîäÿò âìåñòå ðåæå, ÷åì áóäü îíè íåçà-

âèñèìûìè; íóëåâàÿ Ï-êîâàðèàöèÿ ì.ñ. X ⊆ X îçíà-

÷àåò, ÷òî ñîáûòèÿ èç ýòîãî ì.ñ. íåçàâèñèìû

2

.

Â ÷àñòíîñòè, ïàðíàÿ Ï-êîâàðèàöèÿ äóïëåòà ñîáûòèé

X = {x, y} ⊆ X ñîâïàäàåò ñ îáû÷íîé êîâàðèàöèåé

èíäèêàòîðîâ ýòèõ ñîáûòèé, êàê áóëåâûõ ñ.â. 1x è 1y:

Kov

∩
{x,y} = pxy − pxpy =

= E (1x1y)−E1xE1y = Cov(1x,1x).

Î-êîâàðèàöèÿ. Ìåíåå ðàñïðîñòðàíåííîé ìåðîé âå-

ðîÿòíîñòíîé çàâèñèìîñòè ñîáûòèé ÿâëÿåòñÿ Î-

êîâàðèàöèÿ ì.ñ. X ⊆ X, êîòîðàÿ èçìåðÿåò îòêëîíå-

íèå âåðîÿòíîñòè îáúåäèíåíèÿ ì.ñ. îò �íåçàâèñèìîé

òî÷êè îòñ÷åòà� � âåðîÿòíîñòè îáúåäèíåíèÿ òåõ æå

ñîáûòèé, áóäü îíè íåçàâèñèìû, îïðåäåëÿåòñÿ �îðìó-

ëîé

Kov

∪
X = u⋆

X − uX , (2.1.2)

ãäå

uX = P

( ⋃

x∈X

x

)

� âåðîÿòíîñòü îáúåäèíåíèÿ ñîáûòèé èç ì.ñ. X ⊆ X,

u⋆
X = 1−

∏

x∈X

(1− px)

� âåðîÿòíîñòü îáúåäèíåíèÿ òåõ æå ñîáûòèé, áóäü îíè

íåçàâèñèìû, à

px = P(x)

� âåðîÿòíîñòè ñîáûòèé x ∈ X .

Ïîëîæèòåëüíàÿ Î-êîâàðèàöèÿ ì.ñ. X ⊆ X îçíà÷à-

åò, ÷òî ñîáûòèÿ èç ýòîãî ì.ñ. ïðîèñõîäÿò âìåñòå ÷à-

ùå, ÷åì áóäü îíè íåçàâèñèìûìè; îòðèöàòåëüíàÿ Î-

êîâàðèàöèÿ ì.ñ. X ⊆ X îçíà÷àåò, ÷òî ñîáûòèÿ èç ýòî-

ãî ì.ñ. ïðîèñõîäÿò âìåñòå ðåæå, ÷åì áóäü îíè íåçà-

âèñèìûìè; íóëåâàÿ Î-êîâàðèàöèÿ ì.ñ. X ⊆ X îçíà-

÷àåò, ÷òî ñîáûòèÿ èç ýòîãî ì.ñ. íåçàâèñèìû

3

.

Â ÷àñòíîñòè, ïàðíàÿ Î-êîâàðèàöèÿ äóïëåòà ñîáûòèé

X = {x, y} ⊆ X ñîâïàäàåò ñ îáû÷íîé êîâàðèàöèåé

áóëåâûõ ñ.â. 1− 1x è 1− 1y:

Kov

∪
{x,y} = 1− (1− px)(1− py)− uxy =

= E ((1− 1x)(1− 1y))−E(1− 1x)E(1 − 1y) =

= Cov(1− 1x, 1− 1x).

2

Çàìåòèì, ÷òî äëÿ òîòàëüíîé íåçàâèñèìîñòè ñîáûòèé èç

ì.ñ. X ⊆ X ýòîãî, ðàçóìååòñÿ, íåäîñòàòî÷íî è òðåáóåòñÿ áîëü-

øåå, ÷òîáû Ï-êîâàðèàöèè âñåõ åãî ïîäìíîæåñòâ îáðàùàëèñü â

íóëü: KovY = 0 äëÿ Y ⊆ X.

3

Çàìåòèì, ÷òî äëÿ òîòàëüíîé íåçàâèñèìîñòè ñîáûòèé èç

ì.ñ. X ⊆ X ýòîãî, ðàçóìååòñÿ, íåäîñòàòî÷íî è òðåáóåòñÿ áîëü-

øåå, ÷òîáû Ï-êîâàðèàöèè âñåõ åãî ïîäìíîæåñòâ îáðàùàëèñü â

íóëü: KovY = 0 äëÿ Y ⊆ X.

2.1.5 Ñåò-ðàññòîÿíèå è áëèçîñòü ì.ñ. � ìåðû

ðàçîáùåííîñòè è îáùíîñòè ñîáûòèé

Î-ñåò-ðàññòîÿíèå ì.ñ. Ïåðâîé ìåðîé âåðîÿòíîñò-

íîé ðàçîáùåííîñòè ñîáûòèé, ââåäåííîé â ìàòåìà-

òè÷åñêîé ýâåíòîëîãèè, áûëî Î-ñåò-ðàññòîÿíèå ì.ñ.

X ⊆ X [4, 2011℄, êîòîðîå îïðåäåëÿåòñÿ �îðìóëîé

∆∪
X = uX − 〈p〉X , (2.1.2)

ãäå

uX = P

( ⋃

x∈X

x

)

� âåðîÿòíîñòü îáúåäèíåíèÿ ñîáûòèé èç ì.ñ. X ⊆ X,

〈p〉X =
1

|X |
∑

x∈X

px

� ñðåäíÿÿ âåðîÿòíîñòü ñîáûòèé èç ì.ñ. X ⊆ X, à

px = P(x)

� âåðîÿòíîñòè ñîáûòèé x ∈ X .

Íóëåâîå Î-ñåò-ðàññòîÿíèå ì.ñ. X ⊆ X îçíà÷àåò, ÷òî

ñîáûòèÿ èç ýòîãî ì.ñ. ñîâïàäàþò, ò.å. ìèíèìàëü-

íî ðàçîáùåíû; ìàêñèìàëüíî âîçìîæíîå çíà÷åíèå èç

[0, 1] îçíà÷àåò, ÷òî ñîáûòèÿ èç ýòîãî ì.ñ. ìàêñèìàëü-

íî ðàçîáùåíû, ò.å. íàèìåíåå ïåðåñåêàþòñÿ èëè æå íå

ïåðåñåêàþòñÿ, åñëè èì �ïîçâîëÿþò� èõ âåðîÿòíîñòè.

Â ÷àñòíîñòè, Î-ñåò-ðàññòîÿíèå äóïëåòà ñîáûòèé X =
{x, y} ⊆ X ñîâïàäàåò ñ ïîëîâèíîé âåðîÿòíîñòíîãî

ðàññòîÿíèÿ ìåæäó íèìè:

∆∪
{x,y} = uxy −

1

2
(px + py) =

1

2
(px + py)− pxy =

=
1

2
(px + py − 2pxy) =

1

2
P(x∆y).

Ñåò-ðàññòîÿíèå ì.ñ. îòíîñèòåëüíî ïåðåñå÷å-

íèÿ. Åñëè îïðåäåëåíèå Î-ñåò-ðàññòîÿíèÿ (2.1.2) ïðè-

ìåíèòü íå ê ì.ñ. X ⊆ X, à ê åãî Ì-äîïîëíåíèþ

X(c) = {xc, x ∈ X},

òî íåòðóäíî ïîëó÷èòü ñëåäóþùóþ �îðìóëó

∆X(c) = 〈p〉X − pX , (2.1.3)

òàê êàê ðàáîòàþò çàêîíû äå Ìîðãàíà: uX(c) = 1−pX ,
à ñðåäíèå âåðîÿòíîñòè ñîáûòèé èçX è èõ äîïîëíåíèé

èç X(c)
ñâÿçàíû ñîîòíîøåíèåì: 〈1−p〉X(c) = 1−〈p〉X .

�àäè êðàòêîñòè ñåò-ðàññòîÿíèå ì.ñ. X(c)
(2.1.3) íàçû-

âàåòñÿ

✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿

Ï-ñåò-ðàññòîÿíèåì ì.ñ. X ⊆ X è èìååò ñïå-

öèàëüíîå îáîçíà÷åíèå:

∆∩
X = 〈p〉X − pX = ∆X(c) . (2.1.3′)

Íóëåâîå Ï-ñåò-ðàññòîÿíèå ì.ñ. X ⊆ X îçíà÷àåò, ÷òî

ñîáûòèÿ èç ýòîãî ì.ñ. ñîâïàäàþò, ò.å. ìèíèìàëüíî

ðàçîáùåíû.
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Ìàêñèìàëüíî âîçìîæíîå çíà÷åíèå èç [0, 1] îçíà÷àåò,
÷òî ñîáûòèÿ èç ýòîãî ì.ñ. ìàêñèìàëüíî ðàçîáùåíû,

ò.å. íàèìåíåå ïåðåñåêàþòñÿ èëè æå íå ïåðåñåêàþòñÿ,

åñëè èì �ïîçâîëÿþò� èõ âåðîÿòíîñòè.

Â ÷àñòíîñòè, Ï-ñåò-ðàññòîÿíèå äóïëåòà ñîáûòèé X =
{x, y} ⊆ X ñîâïàäàåò ñ åãî Î-ñåò-ðàññòîÿíèåì:

∆∩
{x,y} =

1

2
(px + py)− pxy =

1

2
(px + py − 2pxy) =

=
1

2
P(x∆y) = ∆∪

{x,y}.

2.1.6 Ñåò-ðàññòîÿíèå

Îïðåäåëåíèå ñåò-ðàññòîÿíèÿ îòíîñèòåëüíî

îáúåäèíåíèÿ. Ñåò-ðàññòîÿíèå ì.ñ. X îòíîñèòåëü-

íî îáúåäèíåíèÿ (ñåò-Î-ðàññòîÿíèå) îïðåäåëÿåòñÿ

êàê âåëè÷èíà

∆∪
X =

∑

∅⊂X⊆X

(
1− |X ||X|

)
p(X//X) = uX − 〈p〉X,

êîòîðàÿ èíòåðïðåòèðóåòñÿ êàê �ñðåäíèé øòðà� çà

íåñîâïàäåíèå� ñîáûòèé èç X.

x y

1/2 0

0

1/2

Ω

✫✪
✬✩

✫✪
✬✩

x y

z

1/3
0

1/32/3 2/3

2/3

0

1/3

Ω

✫✪
✬✩

✫✪
✬✩

✫✪
✬✩

�èñóíîê 6: Òåððàñíûå ¾øòðà�û çà íåñîâïàäåíèå¿ äóïëåòà ñîáû-

òèé {x, y} (ñëåâà) è òðèïëåòà ñîáûòèé {x, y, z} (ñïðàâà) äëÿ ñåò-

ðàññòîÿíèé ýòèõ ìíîæåñòâ: ∆xy è ∆xyz ñîîòâåòñòâåííî (ñåò-Î-

ðàññòîÿíèé ýòèõ ìíîæåñòâ: ∆∪
xy è ∆∪

xyz).

Îïðåäåëåíèå ñåò-ðàññòîÿíèÿ îòíîñèòåëüíî ïå-

ðåñå÷åíèÿ. Ñåò-ðàññòîÿíèå ì.ñ. X îòíîñèòåëüíî

ïåðåñå÷åíèÿ (ñåò-Ï-ðàññòîÿíèå) îïðåäåëÿåòñÿ êàê

âåëè÷èíà

∆∩
X =

∑

∅⊆X⊂X

|X |
|X| p(X//X) = 〈p〉X − pX.

êîòîðàÿ èíòåðïðåòèðóåòñÿ êàê �ñðåäíèé øòðà� çà

íåñîâïàäåíèå� ñîáûòèé èç X.

x y

1/2 0

0

1/2

Ω

✫✪
✬✩

✫✪
✬✩

x y

z

2/3
0

2/31/3 1/3

1/3

0

2/3

Ω

✫✪
✬✩

✫✪
✬✩

✫✪
✬✩

�èñóíîê 7: Òåððàñíûå ¾øòðà�û çà íåñîâïàäåíèå¿ Ì-äîïîëíåíèÿ

{x, y}(c)
äóïëåòà ñîáûòèé {x, y} (ñëåâà) è Ì-äîïîëíåíèÿ

{x, y, z}(c)
òðèïëåòà ñîáûòèé {x, y, z} (ñïðàâà) äëÿ ñåò-ðàññòîÿíèé

Ì-äîïîëíåíèé: ∆
{x,y}(c)

è ∆
{x,y,z}(c)

ñîîòâåòñòâåííî (ñåò-Ï-

ðàññòîÿíèé ýòèõ ìíîæåñòâ: ∆∩
xy è ∆∩

xyz).

2.1.7 Êîâàðèàöèÿ

Îïðåäåëåíèå êîâàðèàöèè îòíîñèòåëüíî îáú-

åäèíåíèÿ. Êîâàðèàöèÿ ì.ñ. X ⊆ X îòíîñèòåëüíî

îáúåäèíåíèÿ (Î-êîâàðèàöèÿ) îïðåäåëÿåòñÿ êàê âåëè-

÷èíà

Kov

∪
X = u⋆

X − uX ,

êîòîðàÿ èíòåðïðåòèðóåòñÿ êàê îòêëîíåíèå âåðîÿòíî-

ñòè îáúåäèíåíèÿ uX ì.ñ. X îò �íåçàâèñèìîé òî÷êè îò-

ñ÷åòà� u⋆
X � âåðîÿòíîñòè îáúåäèíåíèÿ òîòàëüíî íåçà-

âèñèìîãî ì.ñ. X⋆
, èìåþùèõ òå æå âåðîÿòíîñòè.

Îïðåäåëåíèå êîâàðèàöèè îòíîñèòåëüíî ïåðå-

ñå÷åíèÿ. Êîâàðèàöèÿ ì.ñ. X ⊆ X îòíîñèòåëüíî ïå-

ðåñå÷åíèÿ (Ï-êîâàðèàöèÿ) îïðåäåëÿåòñÿ êàê âåëè÷è-

íà

Kov

∩
X = pX − p⋆X ,

êîòîðàÿ èíòåðïðåòèðóåòñÿ êàê îòêëîíåíèå âåðîÿòíî-

ñòè ïåðåñå÷åíèÿ pX ì.ñ. X îò �íåçàâèñèìîé òî÷êè îò-

ñ÷åòà� p⋆X � âåðîÿòíîñòè ïåðåñå÷åíèÿ òîòàëüíî íåçà-

âèñèìîãî ì.ñ. X⋆
, èìåþùèõ òå æå âåðîÿòíîñòè.

2.1.8 Ôðåøå-êîððåëÿöèÿ

Îïðåäåëåíèå Ôðåøå-êîððåëÿöèè îòíîñèòåëü-

íî îáúåäèíåíèÿ. Ôðåøå-êîððåëÿöèÿ ì.ñ. X ⊆ X

îòíîñèòåëüíî îáúåäèíåíèÿ (Î-êîâàðèàöèÿ) îïðåäå-

ëÿåòñÿ êàê âåëè÷èíà

Kov

∪
X = u⋆

X − uX ,

êîòîðàÿ èíòåðïðåòèðóåòñÿ êàê îòêëîíåíèå âåðîÿòíî-

ñòè îáúåäèíåíèÿ uX ì.ñ. X îò �íåçàâèñèìîé òî÷êè îò-

ñ÷åòà� u⋆
X � âåðîÿòíîñòè îáúåäèíåíèÿ òîòàëüíî íåçà-

âèñèìîãî ì.ñ. X⋆
, èìåþùèõ òå æå âåðîÿòíîñòè.

Îïðåäåëåíèå Ôðåøå-êîððåëÿöèè îòíîñèòåëü-

íî ïåðåñå÷åíèÿ. Ôðåøå-êîððåëÿöèÿ ì.ñ. X ⊆ X

îòíîñèòåëüíî ïåðåñå÷åíèÿ (Ï-êîâàðèàöèÿ) îïðåäå-

ëÿåòñÿ êàê âåëè÷èíà

Kov

∩
X = pX − p⋆X ,

êîòîðàÿ èíòåðïðåòèðóåòñÿ êàê îòêëîíåíèå âåðîÿòíî-

ñòè ïåðåñå÷åíèÿ pX ì.ñ. X îò �íåçàâèñèìîé òî÷êè îò-

ñ÷åòà� p⋆X � âåðîÿòíîñòè ïåðåñå÷åíèÿ òîòàëüíî íåçà-

âèñèìîãî ì.ñ. X⋆
, èìåþùèõ òå æå âåðîÿòíîñòè.

3 Ñåò-ðàññòîÿíèå ì.ñ. � ïîêàçàòåëü

ðàçîáùåííîñòè ì.ñ.

3.1 Âåðîÿòíîñòíàÿ ìåòðèêà íà àëãåáðå

ñîáûòèé

3.1.1 Ìåòðèêà

Îïðåäåëåíèå (ìåòðèêà). Ìåòðèêà íà ìíîæåñòâå

X (ðàññòîÿíèå ìåæäó äâóìÿ ýëåìåíòàìè x, y ìíî-

æåñòâà X) � ýòî äåéñòâèòåëüíàÿ ÷èñëîâàÿ �óíêöèÿ

ρ(x, y), îïðåäåëåííàÿ íà X × X è óäîâëåòâîðÿþùàÿ

äëÿ ëþáûõ x, y, z ∈ X äâóì àêñèîìàì:
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1) ρ(x, y) = 0 ⇐⇒ x = y (àêñèîìà íóëÿ),

2) ρ(x, z)+ ρ(y, z) ≥ ρ(x, y) (àêñèîìà òðåóãîëüíè-

êà).

Çàìå÷àíèå 1. Èç îïðåäåëåíèÿ âûòåêàþò äâà ñâîé-

ñòâà ðàññòîÿíèÿ:

• ρ(x, y) ≥ 0 (íåîòðèöàòåëüíîñòü),

• ρ(x, y) = ρ(y, x) (ñèììåòðè÷íîñòü).

Äåéñòâèòåëüíî, åñëè â àêñèîìå òðåóãîëüíèêà, âî-

ïåðâûõ, ïîëîæèòü y = x, òî ïîëó÷èì íåîòðèöàòåëü-

íîñòü: 2ρ(x, y) ≥ 0, à âî-âòîðûõ, ïîëîæèòü z = x, òî
ïîëó÷èì ñèììåòðè÷íîñòü, òàê êàê èç âîçíèêàþùå-

ãî íåðàâåíñòâà ρ(y, x) ≥ ρ(x, y) ñðàçó æå ñëåäóåò åìó
ïðîòèâîïîëîæíîå: ρ(x, y) ≥ ρ(y, x).

Çàìå÷àíèå 2. Åñëè äëÿ �óíêöèè ρ âûïîëíåíà òîëü-
êî îäíà àêñèîìà òðåóãîëüíèêà, òî îíà íàçûâàåò-

ñÿ ïñåâäîìåòðèêîé (êâàçèìåòðèêîé), èëè ïñåâäîðàñ-

ñòîÿíèåì (êâàçèðàññòîÿíèåì).

Çàìå÷àíèå 3. Êîãäà X ⊆ F � êîíå÷íîå ì.ñ., òî äåé-

ñòâèòåëüíàÿ ÷èñëîâàÿ �óíêöèÿ

∆xy =
1

2
P(x∆ y), x, y ∈ X, (⋆)

� âåðîÿòíîñòü ñèììåòðè÷åñêîé ðàçíîñòè äâóõ ñî-

áûòèé x è y, áóäåò ìåòðèêîé íà X âñÿêèé ðàç, êîãäà

âåðîÿòíîñòü P òàêîâà, ÷òî

P(x) = 0 ⇐⇒ x = ∅. (⋆⋆)

Èíà÷å P(x∆ y) � ïñåâäîìåòðèêà.

Äàëåå âåðîÿòíîñòü áóäåò ïðåäïîëàãàòüñÿ ðåãóëÿðíîé,

ò.å. äëÿ êîòîðîé âûïîëíåíî (⋆⋆), à ìåòðèêà (⋆) áóäåò
íàçûâàòüñÿ âåðîÿòíîñòíîé ìåòðèêîé, èëè âåðîÿò-

íîñòíûì ðàññòîÿíèåì.

3.1.2 Ìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ïàðíîé

êîâàðèàöèè ñîáûòèé

Ïàðíàÿ êîâàðèàöèÿ ñîáûòèé èìååò ìåòðè÷åñêóþ èí-

òåðïðåòàöèþ:

2Kovxy = Pi(x∆y) −P(x∆y), (3.1.2.2)

ãäå

P(x∆y) = P(x ∪ y)−P(x ∩ y)

� âåðîÿòíîñòíîå ðàññòîÿíèå ìåæäó ñîáûòèÿìè x è

y â îáùåì ñëó÷àå, à

Pi(x∆y) = P(x ∪ y)−P(x)P(y)

� âåðîÿòíîñòíîå ðàññòîÿíèå ìåæäó íåçàâèñèìûìè

ñîáûòèÿìè, èìåþùèìè òå æå âåðîÿòíîñòè, ÷òî è ñî-

áûòèÿ x è y.

Ñîîòíîøåíèå (3.1.2.1) îçíà÷àåò, ÷òî óäâîåííàÿ ïàð-

íàÿ êîâàðèàöèÿ ñîáûòèé � ýòî îòëè÷èå âåðîÿòíîñò-

íîãî ðàññòîÿíèÿ ìåæäó ýòèìè ñîáûòèÿìè îò âåðîÿò-

íîñòíîãî ðàññòîÿíèÿ ìåæäó íåçàâèñèìûìè ñîáûòèÿ-

ìè ñ òàêèìè æå âåðîÿòíîñòÿìè. Ïðè÷åì åñëè âåðî-

ÿòíîñòíîå ðàññòîÿíèå ìåæäó ñîáûòèÿìè áîëüøå âå-

ðîÿòíîñòíîãî ðàññòîÿíèÿ ìåæäó íåçàâèñèìûìè ñî-

áûòèÿìè ñ òàêèìè æå âåðîÿòíîñòÿìè (îòðèöàòåëü-

íàÿ ïàðíàÿ êîâàðèàöèÿ), òî çíà÷èò ñîáûòèÿ ¾âåðî-

ÿòíîñòíî îòòàëêèâàþòñÿ¿, â ïðîòèâíîì ñëó÷àå (ïî-

ëîæèòåëüíàÿ ïàðíàÿ êîâàðèàöèÿ) � ¾âåðîÿòíîñòíî

ïðèòÿãèâàþòñÿ¿.

Îïðåäåëèì äîïîëíåíèå ïî Ìèíêîâñêîìó (Ì-

äîïîëíåíèå) ì.ñ. X ⊆ X êàê ìíîæåñòâî

X(c) = {xc : x ∈ X} ⊆ F,

ñîñòàâëåííîå èç äîïîëíåíèé ñîáûòèé èç X . �àññìîò-

ðèì

{x, y}(c) = {xc, yc}
� äîïîëíåíèå ïî Ìèíêîâñêîìó äóïëåòà ñîáûòèé

{x, y} ⊆ X, è ïàðíóþ êîâàðèàöèþ ýòîãî ì.ñ.:

Kov{x,y}(c) = P(xc ∩ yc)−P(xc)P(yc), (3.1.2.3)

êîòîðàÿ, êàê ëåãêî ïîêàçàòü, ñîâïàäàåò ñ ïàðíîé êî-

âàðèàöèåé äóïëåòà ñîáûòèé {x, y}:
Kov{x,y}(c) = Kov{x,y} = Kovxy.

Ïàðíàÿ êîâàðèàöèÿ Ì-äîïîëíåíèÿ äóïëåòà ñîáûòèé

òàêæå èìåþò ìåòðè÷åñêóþ èíòåðïðåòàöèþ:

2Kov{x,y}(c) =Pi(xc∆yc)−P(xc∆yc), (3.1.2.4)

ãäå P(xc∆yc) � âåðîÿòíîñòíîå ðàññòîÿíèå ìåæäó ñî-

áûòèÿìè xc
è yc, à Pi(xc∆yc) � âåðîÿòíîñòíîå ðàñ-

ñòîÿíèå ìåæäó ñîáûòèÿìè xc
è yc â íåçàâèñèìîì ñëó-

÷àå.

Èòàê, ïàðíàÿ êîâàðèàöèÿ Kovxy, à òàêæå ïàðíàÿ êî-

âàðèàöèÿ Kov{x,y}(c) Ì-äîïîëíåíèÿ {x, y}(c) äóïëåòà
ñîáûòèé {x, y} ÿâëÿþòñÿ ìåðàìè çàâèñèìîñòè ñîáû-

òèé èç äóïëåòà, à èõ ìåòðè÷åñêèå èíòåðïðåòàöèè èìå-

þò ñìûñë ðàçíîñòè âåðîÿòíîñòíûõ ðàññòîÿíèé ìåæ-

äó ñîáûòèÿìè äóïëåòà â îáùåì è íåçàâèñèìîì ñëó-

÷àÿõ.

3.2 Ñåò-ðàññòîÿíèå ì.ñ.

Îáû÷íî ðàññòîÿíèå îïðåäåëÿåòñÿ ëèøü äëÿ ïàð ýëå-

ìåíòîâ, à íå äëÿ ïðîèçâîëüíûõ ìíîæåñòâ ýëåìåíòîâ.

Îïðåäåëèì íà 2X òàêóþ ñåò-�óíêöèþ ∆∪
X � �óíê-

öèþ ìíîæåñòâà X ⊆ X, êîòîðàÿ áû, âî-ïåðâûõ, îáîá-

ùàëà ïîíÿòèå âåðîÿòíîñòíîãî ðàññòîÿíèÿ ìåæäó

äâóìÿ ñîáûòèÿìè x, y ∈ X, ò.å. áûëà ïðîïîðöèîíàëü-

íà âåðîÿòíîñòè èõ ñèììåòðè÷åñêîé ðàçíîñòè, êîãäà

X = {x, y} � äóïëåò:

∆∪
xy =

1

2
P(x∆ y),
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à, âî-âòîðûõ, äëÿ ïðîèçâîëüíîãî X ⊆ X îáëàäàëà

áû ñâîéñòâàìè, íàïîìèíàþùèìè ïðèâû÷íûå ñâîé-

ñòâà ðàññòîÿíèÿ. Êàê âûÿñíèòñÿ íèæå, ýòèì óñëîâè-

ÿì âïîëíå óäîâëåòâîðÿåò ñåò-�óíêöèÿ ∆X , îïðåäå-

ëÿåìàÿ äëÿ X ⊆ X êàê

∆∪
X =




P

( ⋃

x∈X

x

)
− 1

|X |
∑

x∈X

P(x), X 6= ∅,

0, X = ∅,
(3.2.e0)

êîòîðàÿ íàçûâàåòñÿ ñåò-ðàññòîÿíèåì ì.ñ. X ⊆ X.

Ïðèìåð 1. Ïóñòü ì.ñ. X = {x, y} � äóïëåò ñîáûòèé.

Òîãäà

∆∪
xy = uxy −

1

2
(px + py) =

1

2
(px + py − 2pxy) (3.2.e1)

� ñåò-ðàññòîÿíèå ì.ñ. {x, y}.
Ïðèìåð 2. Ïóñòü ì.ñ. Xi = {x1

i , . . . , x
m
i } � i-å êàòå-

ãîðèàëüíîåm-ì.ñ. äëÿ ñîïðÿæåííîé (m,M)-òàáëèöû.
Òîãäà

∆∪
Xi

= uXi −
1

m

∑

x∈Xi

px (3.2.e2)

� ñåò-ðàññòîÿíèå ì.ñ. Xi.

Ïðèìåð 3.Ïóñòü ì.ñ. X⋆
i = {x1

i , . . . , x
m
i } � òîòàëüíî-

íåçàâèñèìîå i-å êàòåãîðèàëüíîåm-ì.ñ. äëÿ ñîïðÿæåí-

íîé (m,M)-òàáëèöû. Òîãäà

∆Σ⋆
Xi

= u⋆
Xi
− 1

m

∑

x∈Xi

px =

= 1−
∏

x∈Xi

(1 − px)−
1

m

∑

x∈Xi

px (3.2.e3)

� ñåò-ðàññòîÿíèå òîòàëüíî-íåçàâèñèìîãî ì.ñ. X⋆
i .

3.2.1 Ñåò-ìåòðèêà

Äâà ñîáûòèÿ. �àññìîòðèì äâà ñîáûòèÿ x, y ∈ F,

îáðàçóþùèå äóïëåò ñîáûòèé X = {x, y} ⊂ F. Âåðî-

ÿòíîñòíûì ðàññòîÿíèåì ìåæäó äâóìÿ ñîáûòèÿìè

ñëóæèò ïîëó-âåðîÿòíîñòü èõ ñèììåòðè÷åñêîé ðàçíî-

ñòè ∆xy = 1
2P(x∆ y), êîòîðóþ ìîæíî ïðåäñòàâèòü

â âèäå ñëåäóþùåé âçâåøåííîé ñóììû âåðîÿòíîñòåé

òåððàñíûõ ñîáûòèé:

∆∪
xy = 1/2 ·P(x ∩ yc) + 1/2 ·P(xc ∩ y)+

+0 ·P(x ∩ y) + 0 ·P(xc ∩ yc).

Âåñà âåðîÿòíîñòåé òåððàñíûõ ñîáûòèé èìåþò ñìûñë

¾øòðà�îâ çà íåñîâïàäåíèå¿ ñîáûòèé. Íàèìåíüøèé

¾øòðà�¿ 0 èìååò òåððàñíîå ñîáûòèå x ∩ y, òàê êàê

åãî íàñòóïëåíèå îçíà÷àåò îäíîâðåìåííîå íàñòóïëå-

íèå äâóõ ñîáûòèé (ò.å. ñîáûòèÿ x è y ñîâïàäàþò íà

ýòîì òåððàñíîì ñîáûòèè); òåððàñíûå ñîáûòèÿ x ∩ yc

è xc ∩ y øòðà�óþòñÿ 1/2, òàê êàê íàñòóïàåò òîëüêî

x y

1/2 0

0

1/2

Ω

✫✪
✬✩

✫✪
✬✩

x y

z

1/3
0

1/32/3 2/3

2/3

0

1/3

Ω

✫✪
✬✩

✫✪
✬✩

✫✪
✬✩

�èñóíîê 8: Òåððàñíûå ¾øòðà�û çà íåñîâïàäåíèå¿ äóïëåòà ñîáû-

òèé {x, y} (ñëåâà) è òðèïëåòà ñîáûòèé {x, y, z} (ñïðàâà) äëÿ ñåò-

ðàññòîÿíèé ýòèõ ìíîæåñòâ: ∆xy è ∆xyz ñîîòâåòñòâåííî (ñåò-Î-

ðàññòîÿíèé ýòèõ ìíîæåñòâ: ∆∪
xy è ∆∪

xyz).

îäíî ñîáûòèå èç äâóõ (ðèñ. 8 ñëåâà). Òàêèì îáðàçîì,

âåñ òåððàñíîãî ñîáûòèÿ � ýòî äîëÿ íåíàñòóïàþùèõ

ñîáûòèé ïðè åãî íàñòóïëåíèè.

Òðè ñîáûòèÿ. Ïðèìåíèì òó æå ñèñòåìó ¾òåððàñíûõ

øòðà�îâ¿ äëÿ òåððàñíûõ ñîáûòèé, îáðàçîâàííûõ ïå-

ðåñå÷åíèåì òðåõ ñîáûòèé x, y, z ∈ F (ðèñ. 8 ñïðàâà).

Òîãäà àíàëîãè÷íàÿ âçâåøåííàÿ ñóììà, êîòîðóþ ìû

îáîçíà÷èì ∆xyz, èìååò âèä

∆∪
xyz = 0 ·P(x ∩ y ∩ z) + 0 ·P(xc ∩ yc ∩ zc)+

+1/3·P(x∩y∩zc)+1/3·P(x∩yc∩z)+1/3·P(xc∩y∩z)+
+2/3·P(x∩yc∩zc)+2/3·P(xc∩y∩zc)+2/3·P(xc∩yc∩z).

Ïðîèçâîëüíîå ì.ñ.. Äëÿ ïðîèçâîëüíîãî ì.ñ. X ⊂ F

àíàëîãè÷íàÿ âçâåøåííàÿ ñóììà ðàâíà

∆∪
X =

∑

∅⊂Y⊆X

(
1− |Y ||X |

)
P


⋂

x∈Y

x
⋂

x∈X\Y

xc


 ,

ãäå ñóììèðîâàíèå ðàñïðîñòðàíÿåòñÿ íà âñå íåïóñòûå

ïîäìíîæåñòâà X . Ñíà÷àëà çàìåòèì, ÷òî

P


⋂

x∈Y

x
⋂

x∈X\Y

xc


 = p(X,Y ) = P (KX = Y )

� âåðîÿòíîñòü òîãî, ÷òî ñðåäè ì.ñ. X íàñòóïÿò òîëü-

êî ñîáûòèÿ èç ïîäìíîæåñòâà Y ⊆ X , ò.å. âåðîÿòíîñòü

òîãî, ÷òî ñëó÷àéíîå ìíîæåñòâî íàñòóïèâøèõ ñîáû-

òèé KX , îïðåäåëåííîå ïîä X , ïðèìåò çíà÷åíèå Y .

Îïðåäåëåíèå (ñåò-ðàññòîÿíèå ì.ñ., Î-ñåò-

ðàññòîÿíèå). Ñåò-ðàññòîÿíèå ì.ñ., Î-ñåò-

ðàññòîÿíèå ì.ñ. � ýòî ñåò-�óíêöèÿ, îïðåäåëÿåìàÿ

äëÿ êàæäîãî ì.ñ. X ⊂ X ⊆ F êàê âåëè÷èíà

∆∪
X = P

( ⋃

x∈X

x

)
− 1

|X |
∑

x∈X

P(x) = ∆∪
X . (3.2.2)

3.2.2 Ñåò-ðàññòîÿíèå Ì-äîïîëíåíèÿ

�àññìîòðèì ñåò-ðàññòîÿíèå∆X(c) Ì-äîïîëíåíèÿX(c)

ì.ñ. X ⊆ F. Èç (3.2.2) íå òðóäíî äàòü ñëåäóþùåå

Îïðåäåëåíèå (ñåò-ðàññòîÿíèå Ì-äîïîëíåíèÿ

ì.ñ., Ï-ñåò-ðàññòîÿíèå ì.ñ.). Ñåò-ðàññòîÿíèå Ì-

äîïîëíåíèÿ ì.ñ. X, Ï-ñåò-ðàññòîÿíèå ì.ñ. X � ýòî
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ñåò-�óíêöèÿ, îïðåäåëÿåìàÿ äëÿ êàæäîãî ì.ñ. X ⊂
X ⊆ F êàê âåëè÷èíà

∆X(c) =
1

|X |
∑

x∈X

P(x) −P

( ⋂

x∈X

x

)
= ∆∩

X (3.2.3)

Ñõåìà ¾òåððàñíûõ øòðà�îâ çà íåñîâïàäåíèå¿ Ì-

äîïîëíåíèÿ ïîêàçàíà íà ðèñ. 9.

x y

1/2 0

0

1/2

Ω

✫✪
✬✩

✫✪
✬✩

x y

z

2/3
0

2/31/3 1/3

1/3

0

2/3

Ω

✫✪
✬✩

✫✪
✬✩

✫✪
✬✩

�èñóíîê 9: Òåððàñíûå ¾øòðà�û çà íåñîâïàäåíèå¿ Ì-äîïîëíåíèÿ

{x, y}(c)
äóïëåòà ñîáûòèé {x, y} (ñëåâà) è Ì-äîïîëíåíèÿ

{x, y, z}(c)
òðèïëåòà ñîáûòèé {x, y, z} (ñïðàâà) äëÿ ñåò-ðàññòîÿíèé

Ì-äîïîëíåíèé: ∆
{x,y}(c)

è ∆
{x,y,z}(c)

ñîîòâåòñòâåííî (ñåò-Ï-

ðàññòîÿíèé ýòèõ ìíîæåñòâ: ∆∩
xy è ∆∩

xyz).

Ïðèâåäåì åùå �îðìóëó, ñïðàâåäëèâóþ äëÿ ñåò-

ðàññòîÿíèÿ Ì-äîïîëíåíèÿ ì.ñ.:

∆X(c) =
∑

∅⊆Y⊂X

|Y |
|X |p(Y ),

ãäå |Y |/|X | � �øòðà� çà íåñîâïàäåíèå� ñîáûòèé xc ∈
X(c)

ïðè íàñòóïëåíèè òåððàñíîãî ñîáûòèÿ ter(Y ), ∅ ⊆
Y ⊂ X .

Çàìåòèì, ÷òî êîãäà Y = X , ò.å. ïðè íàñòóïëåíèè òåð-

ðàñíîãî ñîáûòèÿ ter(X), �øòðà� çà íåñîâïàäåíèå� ïî-

ëàãàåòñÿ ðàâíûì íóëþ. Ïîäðîáíåå:

ρ(Y//X) =





1− |Y |/|X |, ∅ ⊂ Y ⊆ X,

0, Y = ∅,

ρc(Y//X) =





|Y |/|X |, ∅ ⊆ Y ⊂ X,

0, Y = X,

ãäå îáîçíà÷åíû:

• ρ(Y//X) � �øòðà� çà íåñîâïàäåíèå� ñîáûòèé

x ∈ X ïðè íàñòóïëåíèè òåððàñíîãî ñîáûòèÿ

ter(Y//X);

• ρc(Y//X) � �øòðà� çà íåñîâïàäåíèå� ñîáûòèé

xc ∈ X(c)
ïðè íàñòóïëåíèè òåððàñíîãî ñîáûòèÿ

ter(Y//X).

Òàê ÷òî, âî-ïåðâûõ, äëÿ ∅ ⊆ Y ⊆ X

ρ(Y//X) + ρc(Y//X) =

{
1, ∅ ⊂ Y ⊂ X,

0, èíà÷å,
(3.2.4)

è, âî-âòîðûõ, ñåò-ðàññòîÿíèÿ ì.ñ. X è åãî Ì-

äîïîëíåíèÿ X(c)
âûðàæàþòñÿ ÷åðåç �øòðà�û çà

íåñîâïàäåíèå� �îðìóëàìè:

∆∪
X =

∑

Y⊆X

ρ(Y//X)p(Y ) = Eρ(K//X),

∆X(c) =
∑

Y ⊆X

ρc(Y//X)p(Y ) = Eρc(K//X)

è èíòåðïðåòèðóþòñÿ êàê ñðåäíèå çíà÷åíèÿ �øòðà�îâ

çà íåñîâïàäåíèå� ñîáûòèé èç X è èç X(c)
ñîîòâåò-

ñòâåííî. Èç (3.2.4), â ÷àñòíîñòè, ñëåäóåò, ÷òî

∆∪
X +∆X(c) =

∑

∅⊂Y⊂X

p(Y ) =

= 1− p(∅)− p(X) = uX − pX . (3.2.5)

3.2.3 Íåîòðèöàòåëüíîñòü ñåò-ðàññòîÿíèÿ

Ñåò-ðàññòîÿíèå � íåîòðèöàòåëüíàÿ ñåò-�óíêöèÿ:

∆∪
X ≥ 0, X ⊆ X.

Ýòî ñëåäóåò èç òîãî, ÷òî

∆∪
X =

1

|X |
∑

x∈X

{
P

( ⋃

x∈X

x

)
−P(x)

}
,

à äëÿ ëþáîãî X ⊆ X è êàæäîãî x ∈ X

P

( ⋃

x∈X

x

)
−P(x) ≥ 0.

3.3 Íåðàâåíñòâî ñåò-òðåóãîëüíèêà

Ëåììà (íåðàâåíñòâî ñåò-òðåóãîëüíèêà). Ñåò-

ðàññòîÿíèå ì.ñ. óäîâëåòâîðÿåò íåðàâåíñòâó ñåò-

òðåóãîëüíèêà äëÿ ïðîèçâîëüíûõ ïîäìíîæåñòâ X ⊆
X, Y ⊆ X ëþáîãî êîíå÷íîãî ì.ñ. X ñ ðàçëè÷íûìè èìå-

íàìè:

∆X +∆Y ≥ ∆X(∪)Y , (3.3.1)

ãäå

X(∪)Y = {x ∪ y : x ∈ X, y ∈ Y }. (3.3.2)

� îáúåäèíåíèå ìíîæåñòâ ñîáûòèé X è Y ïî Ìèí-

êîâñêîìó (M-îáúåäèíåíèå).

Äîêàçàòåëüñòâî ñì. â [18, 4℄.

3.4 �ðàíèöû Ôðåøå äëÿ ñåò-ðàññòîÿíèÿ ì.ñ.

Ñåò-ðàññòîÿíèå ì.ñ. X ⊆ X îïðåäåëÿåòñÿ êàê âåëè÷è-

íà

∆∪
X = uX//X −

1

|X |
∑

x∈X

px =

= 1− p(∅//X)− 1

|X |
∑

x∈X

px,
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ãäå

uX//X = P

( ⋃

x∈X

x

)
, p(∅//X) = P

( ⋂

x∈X

xc

)

� âåðîÿòíîñòè òåððàñíûõ ñîáûòèé 4-ãî è 1-ãî ðîäîâ

ñîîòâåòñòâåííî.

�ðàíèöû äëÿ ñåò-ðàññòîÿíèÿ ì.ñ. X ⊆ X â íåðàâåí-

ñòâàõ Ôðåøå

∆∪−
X ≤ ∆∪

X ≤ ∆∪+
X

ñâÿçàíû ñ ãðàíèöàìè Ôðåøå äëÿ îáúåäèíåíèÿ ñîáû-

òèé èç X è îïðåäåëÿþòñÿ �îðìóëàìè

∆∪−
X = u−

X−
1

|X |
∑

x∈X

px = max
x∈X

px−
1

|X |
∑

x∈X

px, (3.4.1)

∆∪+
X = u+

X −
1

|X |
∑

x∈X

px =

=





(
1− 1

|X |

)∑

x∈X

px,
∑

x∈X

px ≤ 1,

1− 1

|X |
∑

x∈X

px,
∑

x∈X

px > 1.

(3.4.2)

Åñëè èñïîëüçîâàòü óäîáíóþ àááðåâèàòóðó

〈p〉X =
1

|X |
∑

x∈X

px, (3.4.3)

äëÿ ñðåäíåé âåðîÿòíîñòè ñîáûòèé èç ì.ñ. X , òî �îð-

ìóëû (3.4.1) è (3.4.2) ïðèìóò âèä

∆∪−
X = max

x∈X
px − 〈p〉X , (3.4.4)

∆∪+
X =





∑

x∈X

px − 〈p〉X ,
∑

x∈X

px ≤ 1,

1− 〈p〉X ,
∑

x∈X

px > 1.

(3.4.5)

Áîëåå òîãî, �îðìóëó (3.4.5) ìîæíî ýêâèâàëåíòíûì

îáðàçîì èçáàâèòü è îò ñóììû âåðîÿòíîñòåé:

∆∪+
X =





(|X | − 1)〈p〉X , 〈p〉X ≤
1

|X | ,

1− 〈p〉X , 〈p〉X >
1

|X | .
(3.4.5)

3.5 Ôðåøå-íîðìàëèçàöèÿ �óíêöèè ì.ñ.

Îïðåäåëåíèå (Ôðåøå-íîðìàëèçàöèÿ �óíêöèè

ì.ñ.). Ôðåøå-íîðìàëèçàöèåé �óíêöèè fX ì.ñ. X ,

äëÿ êàæäîãî çíà÷åíèé êîòîðîé fX îïðåäåëåíû íèæ-

íÿÿ f−
X è âåðõíÿÿ f+

X ãðàíèöû Ôðåøå, íàçûâàåòñÿ

�óíêöèÿ

⌈fX⌉± =





fX , f+
X = f−

X ,

fX − f−
X

f+
X − f−

X

, f+
X > f−

X ,
(3.5.1)

ãäå �óíêöèÿ f+
X − f−

X íàçûâàåòñÿ ðàçìàõîì Ôðåøå

�óíêöèè fX .

Ñâîéñòâî.

⌈1− fX⌉± = 1− ⌈fX⌉± =

=





1− fX , f+
X = f−

X ,

f+
X − fX

f+
X − f−

X

, f+
X > f−

X .
(3.5.2)

Äîêàçàòåëüñòâî î÷åâèäíî ñëåäóåò èç îïðåäåëåíèÿ.

4 Áëèçîñòü è êó÷íîñòü ì.ñ. �

ïîêàçàòåëè îáùíîñòè ì.ñ.

4.1 Îïðåäåëåíèå ïîêàçàòåëåé îáùíîñòè è

ðàçîáùåííîñòè ì.ñ. íà îñíîâå åãî

ñåò-ðàññòîÿíèÿ

Íà îñíîâå ïîíÿòèÿ ñåò-ðàññòîÿíèÿ ì.ñ. è Ôðåøå-

íîðìàëèçàöèè ìîæíî ñêîíñòðóèðîâàòü íåñêîëüêî ïî-

êàçàòåëåé îáùíîñòè è ðàçîáùåííîñòè ì.ñ.: Ôðåøå-

ðàññòîÿíèå, Î-áëèçîñòü, Ôðåøå-Î-áëèçîñòü, Î-

êó÷íîñòü è Ôðåøå-Î-êó÷íîñòü.

4.1.1 Ôðåøå-ðàññòîÿíèå ì.ñ.

Îòêëîíåíèå ñåò-ðàññòîÿíèÿ îò åãî íèæíåé ãðàíèöû

Ôðåøå (ìèíèìàëüíî âîçìîæíîãî çíà÷åíèÿ ïðè äàí-

íûõ âåðîÿòíîñòÿõ ñîáûòèé) ðàâíî:

∆X −∆−
X = uX −max

x∈X
px, (4.1.1.1)

îòêëîíåíèå ñåò-ðàññòîÿíèÿ îò åãî âåðõíåé ãðàíèöû

Ôðåøå (ìàêñèìàëüíî âîçìîæíîãî çíà÷åíèÿ ïðè äàí-

íûõ âåðîÿòíîñòÿõ ñîáûòèé) ðàâíî:

∆∪+
X −∆∪

X =





∑

x∈X

px − uX ,
∑

x∈X

px ≤ 1,

1− uX ,
∑

x∈X

px > 1,

(4.1.1.2)

ðàçìàõ Ôðåøå

4

ñåò-ðàññòîÿíèÿ ì.ñ. X ïðè äàííûõ

âåðîÿòíîñòÿõ ñîáûòèé ðàâåí

∆∪+
X −∆∪−

X =





∑

x∈X

px −max
x∈X

px,
∑

x∈X

px ≤ 1,

1−max
x∈X

px,
∑

x∈X

px > 1,

=

=





|X |〈p〉X −max
x∈X

px, 〈p〉X ≤
1

|X | ,

1−max
x∈X

px, 〈p〉X >
1

|X | .
(4.1.1.3)

4

�àçìàõ Ôðåøå ñåò-ðàññòîÿíèÿ ∆X ì.ñ. X îïðåäåëÿåòñÿ

êàê ðàçíîñòü ìåæäó åãî âåðíåé è íèæíåé ãðàíèöåé Ôðåøå.

(ñì. �3.5)
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Ôðåøå-íîðìàëèçàöèÿ ñåò-ðàññòîÿíèÿ ì.ñ.X ðàâíà ïî

îïðåäåëåíèþ

⌈∆X⌉± =





∆X , ∆+
X = ∆−

X ,

∆X −∆−
X

∆+
X −∆−

X

, ∆+
X > ∆−

X .

(4.1.1.4)

Âûïîëíåíèå óñëîâèÿ ∆+
X = ∆−

X â (4.1.1.4) çàâèñèò

îò ñðåäíåé âåðîÿòíîñòè ñîáûòèé èç ì.ñ. X è ïîýòîìó

ïåðåïèñûâàåòñÿ â âèäå





max
x∈X

px = |X |〈p〉X , 〈p〉X ≤
1

|X | ,

max
x∈X

px = 1, 〈p〉X >
1

|X | .
(4.1.1.5)

Îòñþäà Ôðåøå-íîðìàëèçàöèÿ ñåò-ðàññòîÿíèÿ ì.ñ. X
ðàâíà

⌈∆X⌉± =

=





∆X , max
x∈X

px =
∑

x∈X

px ≤ 1

èëè

max
x∈X

px = 1 <
∑

x∈X

px,

uX −max
x∈X

px
∑

x∈X

px −max
x∈X

px
, max

x∈X
px <

∑

x∈X

px ≤ 1,

uX −max
x∈X

px

1−max
x∈X

px
, max

x∈X
px < 1 <

∑

x∈X

px.

(4.1.1.6)

Èç ñâîéñòâà Ôðåøå-íîðìàëèçàöèè (3.5.2) ñëåäóåò,

÷òî Ôðåøå-íîðìàëèçàöèÿ �óíêöèè 1−∆X ðàâíà

⌈1−∆X⌉± =

=





1−∆X , max
x∈X

px =
∑

x∈X

px ≤ 1

èëè

max
x∈X

px = 1 <
∑

x∈X

px,

∑

x∈X

px − uX

∑

x∈X

px −max
x∈X

px
, max

x∈X
px <

∑

x∈X

px ≤ 1,

1− uX
1−max

x∈X
px

, max
x∈X

px < 1 <
∑

x∈X

px.

(4.1.1.7)

Îïðåäåëåíèå (Ôðåøå-ðàññòîÿíèå ì.ñ.).

Ôðåøå-ðàññòîÿíèåì ì.ñ. X íàçûâàåòñÿ Ôðåøå-

íîðìàëèçàöèÿ åãî ñåò-ðàññòîÿíèÿ

∆∆∪
X = ⌈∆∪

X⌉±. (4.1.1.7)

Ïðèìåð 1. Ïóñòü ì.ñ. X = {x, y} � äóïëåò ñîáûòèé.

Òîãäà

∆∪
xy = uxy −

1

2
(px + py) =

1

2
(px + py − 2pxy) (4.1.1.8)

� ñåò-ðàññòîÿíèå ì.ñ. {x, y},

∆∆∪
xy = ⌈∆∪

xy⌉± =

=





∆xy, max{px, py} = px + py ≤ 1

èëè

max{px, py} = 1 < px + py,

min{px, py} − pxy
px + py −max{px, py}

,max{px, py} < px + py ≤ 1,

min{px, py} − pxy
1−max{px, py}

, max{px, py} < 1 < px + py

(4.1.1.9)

� Ôðåøå-ðàññòîÿíèå ì.ñ. {x, y}.
Ïðèìåð 2. Ïóñòü ì.ñ. Xi = {x1

i , . . . , x
m
i } � i-å êàòå-

ãîðèàëüíîåm-ì.ñ. äëÿ ñîïðÿæåííîé (m,M)-òàáëèöû.
Òîãäà

∆Xi = uXi −
1

m

∑

x∈Xi

px (4.1.1.10)

� ñåò-ðàññòîÿíèå ì.ñ. Xi,

∆∆Xi = ⌈∆Xi⌉± =

=





∆Xi , max
x∈Xi

px =
∑

x∈Xi

px ≤ 1

èëè

max
x∈X

px = 1 <
∑

x∈X

px,

uXi −max
x∈Xi

px
∑

x∈Xi

px −max
x∈Xi

px
, max

x∈Xi

px <
∑

x∈Xi

px ≤ 1,

uXi −max
x∈Xi

px

1−max
x∈Xi

px
, max

x∈Xi

px < 1 <
∑

x∈Xi

px.

(4.1.1.11)

� Ôðåøå-ðàññòîÿíèå ì.ñ. Xi.

Ïðèìåð 3.Ïóñòü ì.ñ. X
⋆
i = {x1

i , . . . , x
m
i }� òîòàëüíî-

íåçàâèñèìîå i-å êàòåãîðèàëüíîåm-ì.ñ. äëÿ ñîïðÿæåí-

íîé (m,M)-òàáëèöû. Òîãäà

∆⋆
Xi

= u⋆
Xi
− 1

m

∑

x∈Xi

px =

= 1−
∏

x∈Xi

(1− px)−
1

m

∑

x∈Xi

px (4.1.1.12)

� ñåò-ðàññòîÿíèå òîòàëüíî-íåçàâèñèìîãî ì.ñ. X⋆
i ,

∆∆⋆
Xi

= ⌈∆⋆
Xi
⌉± =
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=





∆⋆
Xi
, max

x∈Xi

px =
∑

x∈Xi

px ≤ 1

èëè

max
x∈X

px = 1 <
∑

x∈X

px,

u⋆
Xi
−max

x∈Xi

px
∑

x∈Xi

px −max
x∈Xi

px
, max

x∈Xi

px <
∑

x∈Xi

px ≤ 1,

u⋆
Xi
−max

x∈Xi

px

1−max
x∈Xi

px
, max

x∈Xi

px < 1 <
∑

x∈Xi

px

(4.1.1.13)

� Ôðåøå-ðàññòîÿíèå òîòàëüíî-íåçàâèñèìîãî ì.ñ.

X
⋆
i .

4.1.2 Î-áëèçîñòü è Ôðåøå-Î-áëèçîñòü ì.ñ.

Îïðåäåëåíèå (Î-áëèçîñòü ì.ñ.). Î-Áëèçîñòüþ

ì.ñ. X ⊆ X íàçûâàåòñÿ âåëè÷èíà

1−∆∪
X =

{
1− uX + 〈p〉X , X 6= ∅,
1, X = ∅, (4.1.2.1)

êîòîðàÿ äîïîëíÿåò åãî ñåò-ðàññòîÿíèå ∆X äî åäèíè-

öû, ãäå

〈p〉X =





1

|X |
∑

x∈X

px, X 6= ∅,

0, X = ∅
� óäîáíàÿ àááðåâèàòóðà äëÿ ñðåäíåé âåðîÿòíîñòè ñî-

áûòèé èç X .

Îïðåäåëåíèå (Ôðåøå-Î-áëèçîñòü ì.ñ.). Ôðåøå-

Î-áëèçîñòü ì.ñ. X îïðåäåëÿåòñÿ êàê Ôðåøå-

íîðìàëèçàöèÿ åãî Î-áëèçîñòè:

1−∆∆∪
X = ⌈1−∆∪

X⌉± =

=





1−∆∪
X , max

x∈X
px =

∑

x∈X

px ≤ 1

èëè

max
x∈X

px = 1 <
∑

x∈X

px,

∑

x∈X

px − uX

∑

x∈X

px −max
x∈X

px
, max

x∈X
px <

∑

x∈X

px ≤ 1,

1− uX
1−max

x∈X
px

, max
x∈X

px < 1 <
∑

x∈X

px.

(4.1.2.2)

Ïðèìåð 1. Ïóñòü ì.ñ. X = {x, y} � äóïëåò ñîáûòèé.

Òîãäà

1−∆∪
xy = 1− uxy +

1

2
(px + py) =

= 1− 1

2
(px + py − 2pxy) (4.1.2.7)

� Î-áëèçîñòü ì.ñ. {x, y},

1−∆∆∪
xy = ⌈1−∆xy⌉± =

=





1−∆xy, max{px, py} = px + py ≤ 1

èëè

max{px, py} = 1 < px + py,

pxy
px + py −max{px, py}

,max{px, py} < px + py ≤ 1,

1− px − py + pxy
1−max{px, py}

, max{px, py} < 1 < px + py

(4.1.2.8)

� Ôðåøå-Î-áëèçîñòü ì.ñ. {x, y}.
Ïðèìåð 2. Ïóñòü ì.ñ. Xi = {x1

i , . . . , x
m
i } � i-å êàòå-

ãîðèàëüíîåm-ì.ñ. äëÿ ñîïðÿæåííîé (m,M)-òàáëèöû.
Òîãäà

1−∆∪
Xi

= 1− uXi +
1

m

∑

x∈Xi

px (4.1.2.9)

� Î-áëèçîñòü ì.ñ. Xi,

1−∆∆Xi = ⌈1−∆Xi⌉± =

=





1−∆∪
Xi
, max

x∈Xi

px =
∑

x∈Xi

px ≤ 1

èëè

max
x∈X

px = 1 <
∑

x∈X

px,

∑

x∈Xi

px − uXi

∑

x∈Xi

px −max
x∈Xi

px
, max

x∈Xi

px <
∑

x∈Xi

px ≤ 1,

1− uXi

1−max
x∈Xi

px
, max

x∈Xi

px < 1 <
∑

x∈Xi

px.

(4.1.2.10)

� Ôðåøå-Î-áëèçîñòü ì.ñ. Xi.

Ïðèìåð 3.Ïóñòü ì.ñ. X⋆
i = {x1

i , . . . , x
m
i }� òîòàëüíî-

íåçàâèñèìîå i-å êàòåãîðèàëüíîåm-ì.ñ. äëÿ ñîïðÿæåí-

íîé (m,M)-òàáëèöû. Òîãäà

1−∆∪⋆
Xi

= 1− u⋆
Xi

+
1

m

∑

x∈Xi

px =

=
∏

x∈Xi

(1− px) +
1

m

∑

x∈Xi

px (4.1.2.11)

� Î-áëèçîñòü òîòàëüíî-íåçàâèñèìîãî ì.ñ. X⋆
i ,

1−∆∆∪⋆
Xi

= ⌈1−∆∪⋆
Xi
⌉± =
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=





1−∆∪⋆
Xi
, max

x∈Xi

px =
∑

x∈Xi

px ≤ 1

èëè

max
x∈X

px = 1 <
∑

x∈X

px,

∑

x∈Xi

px − u⋆
Xi

∑

x∈Xi

px −max
x∈Xi

px
, max

x∈Xi

px <
∑

x∈Xi

px ≤ 1,

1− u⋆
Xi

1−max
x∈Xi

px
, max

x∈Xi

px < 1 <
∑

x∈Xi

px.

(4.1.2.12)

� Ôðåøå-Î-áëèçîñòü òîòàëüíî-íåçàâèñèìîãî ì.ñ.

X⋆
i .

4.1.3 Î-êó÷íîñòü è Ôðåøå-Î-êó÷íîñòü ì.ñ.

Îïðåäåëåíèå (Î-êó÷íîñòü ì.ñ.). Î-êó÷íîñòüþ

ì.ñ. X íàçûâàåòñÿ âåëè÷èíà

1−∇∪
X =




1− ∆∪

X

uX
=
〈p〉X
uX

, X 6= ∅,
1, X = ∅

(4.1.3.1)

� îòíîøåíèå ñðåäíåé âåðîÿòíîñòè 〈p〉X ñîáûòèé èç

X ê âåðîÿòíîñòè èõ îáúåäèíåíèÿ uX , äîïîëíÿþùåå
äî åäèíèöû Î-ðàçáðîñ ì.ñ. X (4.1.4.1).

Îïðåäåëåíèå (ãðàíèöû Ôðåøå êó÷íîñòè ì.ñ.).

�ðàíèöû Ôðåøå êó÷íîñòè ì.ñ. X îïðåäåëÿþòñÿ êàê

âåëè÷èíû, îáðàçóþùèå íåðàâåíñòâà Ôðåøå äëÿ êó÷-

íîñòè X ïðè äàííûõ âåðîÿòíîñòÿõ ñîáûòèé èç X :

(1−∇∪
X)− ≤ 1−∇∪

X ≤ (1−∇X)∪+,

ãäå

(1−∇X)∪− = 1−∇∪+
X =

〈p〉X
u−
X

=
〈p〉X
max
x∈X

px
,

(1−∇X)∪+ = 1−∇∪−
X =

〈p〉X
u+
X

=





1

|X | , 〈p〉X ≤
1

|X | ,

〈p〉X , 〈p〉X >
1

|X | .

Îïðåäåëåíèå (ðàçìàõ ãðàíèö Ôðåøå äëÿ êó÷-

íîñòè ì.ñ.). �àçìàõ ãðàíèö Ôðåøå äëÿ êó÷íîñòè

ì.ñ. X îïðåäåëÿåòñÿ êàê âåëè÷èíà

(1−∇∪
X)+− (1−∇∪

X)− = ∇∪+
X −∇∪−

X = 〈p〉X
u+
X − u−

X

u+
Xu−

X

,

êîòîðàÿ ñîâïàäàåò ñ ðàçìàõîì ãðàíèö Ôðåøå äëÿ

ðàçáðîñà îáúåäèíåíèÿ X (îïðåäåëåíèå ðàçáðîñà îáú-

åäèíåíèÿ ì.ñ. ñì. íèæå).

Îïðåäåëåíèå (Ôðåøå-Î-êó÷íîñòü ì.ñ.). Ôðåøå-

Î-êó÷íîñòü ì.ñ. X îïðåäåëÿåòñÿ êàê Ôðåøå-

íîðìàëèçàöèÿ åãî êó÷íîñòè

1−∇∇∪
X = ⌈1−∇∪

X⌉± =

=





1−∇∪
X ,

max
x∈X

px

|X | = 〈p〉X ≤
1

|X |
èëè

max
x∈X

px

|X | =
1

|X | < 〈p〉X ,

max
x∈X

px

uX
·

∑

x∈X

px − uX

∑

x∈X

px −max
x∈X

px
,
max
x∈X

px

|X | < 〈p〉X ≤
1

|X | ,

max
x∈X

px

uX
· 1− uX
1−max

x∈X
px

,
max
x∈X

px

|X | <
1

|X | < 〈p〉X .

(4.1.3.2)

Ïðèìåð 1. Ïóñòü ì.ñ. X = {x, y} � äóïëåò ñîáûòèé.

Òîãäà

1−∇xy =
〈p〉xy
uxy

=
1

2
· px + py
px + py − pxy

(4.1.3.3)

� Î-êó÷íîñòü ì.ñ. {x, y},

1−∇∇xy =

=





1−∇xy, max{px, py} = px + py ≤ 1

èëè

max{px, py} = 1 < px + py,

max{px, py}
px + py − pxy

· pxy
min{px, py}

,

max{px, py} < px + py ≤ 1,

max{px, py}
px + py − pxy

· 1− px − py + pxy
1−max{px, py}

,

max{px, py} < 1 < px + py

(4.1.3.4)

� Ôðåøå-Î-êó÷íîñòü ì.ñ. {x, y}.
Ïðèìåð 2. Ïóñòü ì.ñ. Xi = {x1

i , . . . , x
m
i } � i-å êàòå-

ãîðèàëüíîåm-ì.ñ. äëÿ ñîïðÿæåííîé (m,M)-òàáëèöû.
Òîãäà

1−∇Xi =
〈p〉Xi

uXi

=
1

m · uXi

∑

x∈Xi

px (4.1.3.5)

� Î-êó÷íîñòü ì.ñ. Xi,

1−∇∇Xi =
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=





1−∇Xi ,
max
x∈Xi

px

m
= 〈p〉Xi ≤

1

m
èëè

max
x∈Xi

px

m
=

1

m
< 〈p〉Xi ,

max
x∈Xi

px

uXi

·

∑

x∈Xi

px − uXi

∑

x∈Xi

px −max
x∈Xi

px
,
max
x∈Xi

px

m
< 〈p〉Xi ≤

1

m
,

max
x∈Xi

px

uXi

· 1− uXi

1−max
x∈Xi

px
,

max
x∈Xi

px

m
<

1

m
< 〈p〉Xi .

(4.1.3.6)

� Ôðåøå-Î-êó÷íîñòü ì.ñ. Xi.

Ïðèìåð 3.Ïóñòü ì.ñ. X⋆
i = {x1

i , . . . , x
m
i } � òîòàëüíî-

íåçàâèñèìîå i-å êàòåãîðèàëüíîåm-ì.ñ. äëÿ ñîïðÿæåí-

íîé (m,M)-òàáëèöû. Òîãäà

1−∇⋆
Xi

=
〈p〉X⋆

i

u⋆
Xi

=

1

m

∑

x∈Xi

px

1−
∏

x∈Xi

(1− px)
(4.1.3.7)

� Î-êó÷íîñòü òîòàëüíî-íåçàâèñèìîãî ì.ñ. X
⋆
i ,

1−∇∇⋆
Xi

=

=





1−∇⋆
Xi
,

max
x∈Xi

px

m
= 〈p〉Xi ≤

1

m
èëè

max
x∈Xi

px

m
=

1

m
< 〈p〉Xi ,

max
x∈Xi

px

u⋆
Xi

·

∑

x∈Xi

px − u⋆
Xi

∑

x∈Xi

px −max
x∈Xi

px
,
max
x∈Xi

px

m
< 〈p〉Xi ≤

1

m
,

max
x∈Xi

px

u⋆
Xi

· 1− u⋆
Xi

1−max
x∈Xi

px
,

max
x∈Xi

px

m
<

1

m
< 〈p〉Xi

(4.1.3.8)

� Ôðåøå-Î-êó÷íîñòü òîòàëüíî-íåçàâèñèìîãî ì.ñ.

X
⋆
i .

4.1.4 Î-ðàçáðîñ è Ôðåøå-Î-ðàçáðîñ ì.ñ.

Îïðåäåëåíèå (Î-ðàçáðîñ ì.ñ.). �àçáðîñîì îáú-

åäèíåíèÿ ì.ñ. X íàçûâàåòñÿ îòíîøåíèå åãî ñåò-

ðàññòîÿíèÿ ê îáúåäèíåíèþ

∇∪
X =





∆∪
X

uX
= 1− 〈p〉X

uX
, X 6= ∅,

0, X = ∅,
(4.1.4.1)

êîòîðîå äîïîëíÿåò åãî Î-êó÷íîñòü

5 1 − ∇∪
X =

〈p〉X
uX

äî åäèíèöû.

Îïðåäåëåíèå (ãðàíèöû Ôðåøå ðàçáðîñà îáú-

åäèíåíèÿ ì.ñ.). �ðàíèöû Ôðåøå ðàçáðîñà îáúåäèíå-

íèÿ ì.ñ. X îïðåäåëÿþò êàê âåëè÷èíû, îáðàçóþùèå

íåðàâåíñòâà Ôðåøå äëÿ ðàçáðîñà îáúåäèíåíèÿ X ïðè

äàííûõ âåðîÿòíîñòÿõ ñîáûòèé èç X :

∇∪−
X ≤ ∇∪

X ≤ ∇∪+
X ,

ãäå

∇∪−
X = 1− 〈p〉X

u−
X

= 1− 〈p〉X
max
x∈X

px
,

∇∪+
X = 1− 〈p〉X

u+
X

=





1− 1

|X | ,
∑

x∈X

px ≤ 1,

1− 〈p〉X ,
∑

x∈X

px > 1,

=

=





1− 1

|X | , 〈p〉X ≤
1

|X | ,

1− 〈p〉X , 〈p〉X >
1

|X |

� íèæíÿÿ è âåðõíÿÿ ãðàíèöû Ôðåøå ðàçáðîñà îáú-

åäèíåíèÿ ì.ñ. X , îïðåäåëÿåìûå, ñîîòâåòñòâåííî, ÷å-

ðåç âåðõíþþ è íèæíþþ ãðàíèöû äëÿ uX � âåðîÿò-

íîñòè îáúåäèíåíèÿ ñîáûòèé èç ì.ñ. X .

Îïðåäåëåíèå (ðàçìàõ ãðàíèö Ôðåøå äëÿ ðàç-

áðîñà îáúåäèíåíèÿ ì.ñ.). �àçìàõ ãðàíèö Ôðåøå

äëÿ ðàçáðîñà îáúåäèíåíèÿ ì.ñ. X îïðåäåëÿåòñÿ êàê

âåëè÷èíà

(1−∇∪
X)+− (1−∇∪

X)− = ∇∪+
X −∇∪−

X = 〈p〉X
u+
X − u−

X

u+
Xu−

X

,

êîòîðàÿ ñîâïàäàåò ñ ðàçìàõîì ãðàíèö Ôðåøå äëÿ

êó÷íîñòè X .

Îïðåäåëåíèå (Ôðåøå-Î-ðàçáðîñ ì.ñ.). Ôðåøå-

ðàçáðîñîì îáúåäèíåíèÿ ì.ñ. X íàçûâàåòñÿ Ôðåøå-

íîðìàëèçàöèÿ åãî ðàçáðîñà îáúåäèíåíèÿ

∇∇∪
X = ⌈∇∪

X⌉± =

5

Ñì. îïðåäåëåíèå Î-êó÷íîñòè íà ñòð. 56
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=





∇∪
X ,

max
x∈X

px

|X | = 〈p〉X ≤
1

|X |
èëè

max
x∈X

px

|X | =
1

|X | < 〈p〉X ,

∑

x∈X

px

uX
·

uX −max
x∈X

px
∑

x∈X

px −max
x∈X

px
,
max
x∈X

px

|X | < 〈p〉X ≤
1

|X | ,

1

uX
·
uX −max

x∈X
px

1−max
x∈X

px
,

max
x∈X

px

|X | <
1

|X | < 〈p〉X .

(4.1.4.2)

Ïðèìåð 1. Ïóñòü ì.ñ. X = {x, y} � äóïëåò ñîáûòèé.

Òîãäà

∇xy = 1− ∆xy

uxy
= 1− 〈p〉xy

uxy
=

=
1

2
· px + py − 2pxy
px + py − pxy

(4.1.3.7)

� Î-ðàçáðîñ ì.ñ. {x, y},

∇∇xy =





∇xy, max{px, py} = px + py ≤ 1

èëè

max{px, py} = 1 < px + py,

px + py
px + py − pxy

· min{px, py} − pxy
min{px, py}

,

max{px, py} < px + py ≤ 1,

1

px + py − pxy
· min{px, py} − pxy
1−max{px, py}

,

max{px, py} < 1 < px + py

(4.1.4.3)

� Ôðåøå-Î-ðàçáðîñ ì.ñ. {x, y}.
Ïðèìåð 2. Ïóñòü ì.ñ. Xi = {x1

i , . . . , x
m
i } � i-å êàòå-

ãîðèàëüíîåm-ì.ñ. äëÿ ñîïðÿæåííîé (m,M)-òàáëèöû.
Òîãäà

∇Xi = 1− 〈p〉Xi

uXi

= 1− 1

m · uXi

∑

x∈Xi

px (4.1.3.8)

� Î-ðàçáðîñ ì.ñ. Xi,

∇∇Xi =

=





∇Xi ,
max
x∈Xi

px

m
= 〈p〉Xi ≤

1

m
èëè

max
x∈Xi

px

m
=

1

m
< 〈p〉Xi ,

∑

x∈Xi

px

uXi

·
uXi −max

x∈Xi

px
∑

x∈Xi

px −max
x∈Xi

px
,
max
x∈Xi

px

m
< 〈p〉Xi ≤

1

m
,

1

uXi

·
uXi −max

x∈Xi

px

1−max
x∈Xi

px
,

max
x∈Xi

px

m
<

1

m
< 〈p〉Xi .

(4.1.4.4)

� Ôðåøå-Î-ðàçáðîñ ì.ñ. Xi.

Ïðèìåð 3.Ïóñòü ì.ñ. X⋆
i = {x1

i , . . . , x
m
i }� òîòàëüíî-

íåçàâèñèìîå i-å êàòåãîðèàëüíîåm-ì.ñ. äëÿ ñîïðÿæåí-

íîé (m,M)-òàáëèöû. Òîãäà

∇⋆
Xi

= 1− 〈p〉X
⋆
i

u⋆
Xi

= 1−

1

m

∑

x∈Xi

px

1−
∏

x∈Xi

(1− px)
(4.1.3.8)

� Î-ðàçáðîñ òîòàëüíî-íåçàâèñèìîãî ì.ñ. X⋆
i ,

∇∇⋆
Xi

=

=





∇⋆
Xi
,

max
x∈Xi

px

m
= 〈p〉Xi ≤

1

m
èëè

max
x∈Xi

px

m
=

1

m
< 〈p〉Xi ,

∑

x∈Xi

px

u⋆
Xi

·
u⋆
Xi
−max

x∈Xi

px
∑

x∈Xi

px −max
x∈Xi

px
,
max
x∈Xi

px

m
< 〈p〉Xi ≤

1

m
,

1

u⋆
Xi

·
u⋆
Xi
−max

x∈Xi

px

1−max
x∈Xi

px
,

max
x∈Xi

px

m
<

1

m
< 〈p〉Xi .

(4.1.4.4)

� Ôðåøå-Î-ðàçáðîñ òîòàëüíî-íåçàâèñèìîãî ì.ñ. X⋆
i .

4.2 Íîðìàëèçîâàííûå ïîêàçàòåëè îáùíîñòè

è ðàçîáùåííîñòè ì.ñ.

κ(X) =
κdiag(X)− κ⋆

diag(X)

1− κ⋆
diag(X)

= ⌈κdiag(X)⌉⋆

K(κ∆), K(κ∆∆), K(κ∇), K(κ∇∇).

⌈κ∆⌉⋆, ⌈⌈κ∆⌉±⌉⋆, ⌈κ∇⌉⋆, ⌈⌈κ∇⌉±⌉⋆.
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⌈κ∆(X)⌉⋆, ⌈⌈κ∆(X)⌉±⌉⋆, ⌈κ∇(X)⌉⋆, ⌈⌈κ∇(X)⌉±⌉⋆.

4.3 Íîðìàëèçàöèÿ ïîêàçàòåëåé îáùíîñòè

ì.ñ.

4.3.1 Êîýí-íîðìàëèçàöèÿ �óíêöèè ì.ñ.

Ïðîñòåéøèì ïîêàçàòåëåì îáùíîñòè (m,M)-
ñîïðÿæåííîãî ì.ñ. X ñëóæèò åãî äèàãîíàëüíàÿ

êàïïà, èëè êàïïà-äèàãîíàëü κdiag(X), êîòîðàÿ

âû÷èñëÿåòñÿ êàê ñóììà �äèàãîíàëüíûõ� âåðîÿòíî-

ñòåé ñîîòâåòñòâóþùåé ñîïðÿæåííîé òàáëèöû, ò.å.

âåðîÿòíîñòåé ïåðåñå÷åíèÿ âñåõ m ñîáûòèé èç i-ãî
êàòåãîðèàëüíîãî ì.ñ. Xi = {x1

i , . . . , x
m
i }, i = 1, . . . ,M :

κdiag(X) =
M∑

i=1

π1...m
i...i , (4.2.1)

à äëÿ ñîïðÿæåííîãî ì.ñ. X = X1+ . . .+XM ó êîòîðî-

ãî âñå êàòåãîðèàëüíûå ì.ñ. Xi òîòàëüíî íåçàâèñèìû,

ðàâíà

κ⋆
diag(X) =

M∑

i=1

m∏

j=1

πj
i , (4.2.2)

ãäå pji = P(xj
i ) � âåðîÿòíîñòè ñîáûòèé ñîïðÿæåííîãî

ì.ñ.

X =

M∑

i=1

m∑

j=1

{xj
i}.

Êëàññè÷åñêàÿ êàïïà, èëè êàïïà Êîýíà ñîïðÿæåííîãî

ì.ñ. X, îïðåäåëÿåòñÿ òàê [9℄, ÷òî åå ìîæíî ðàññìàò-

ðèâàòü êàê ðåçóëüòàò ïðåîáðàçîâàíèÿ ⌈κdiag(X)⌉⋆ íàä
êàïïà-äèàãîíàëüþ κdiag(X) ì.ñ. X:

κ(X) = ⌈κdiag(X)⌉⋆ =
κdiag(X)− κ⋆

diag(X)

1− κ⋆
diag(X)

, (4.2.3)

ñîñòîÿùåãî èç �öåíòðèðîâàíèÿ� êàïïà-äèàãîíàëè

κdiag(X) òîòàëüíî íåçàâèñèìîé êàïïà-äèàãîíàëüþ

κ⋆
diag(X) è �íîðìèðîâàíèÿ� �öåíòðèðîâàííîé� âåëè÷è-

íû κdiag(X)−κ⋆
diag(X) íà âåëè÷èíó 1−κ⋆

diag(X), êîòî-
ðàÿ âñåãäà áîëüøå �öåíòðèðîâàííîé� âåëè÷èíû.

Ïðåîáðàçîâàíèå ⌈·⌉⋆, îïðåäåëÿåìîå �îðìóëîé (4.2.3),
íàçûâàåòñÿ Êîýí-íîðìàëèçàöèåé, à åå çíà÷åíèå íà

êàïïà-äèàãîíàëè κdiag, ðàâíîå êëàññè÷åñêîé êàïïà

κ(X) = ⌈κdiag(X)⌉⋆, ìîæíî òàêæå íàçâàòü Êîýí-

êàïïà-äèàãîíàëüþ ñîïðÿæåííîãî ì.ñ. X.

Îïðåäåëåíèå (Êîýí-íîðìàëèçàöèÿ �óíêöèè

ì.ñ.). Êîýí-íîðìàëèçàöèåé ëþáîãî âåðîÿòíîñòíîãî

ïîêàçàòåëÿ f = f(X), êàê �óíêöèè ì.ñ. X ñî çíà÷å-

íèÿìè èç [0, 1], äëÿ êîòîðîé îïðåäåëåíî åå çíà÷åíèå

f⋆
äëÿ òîòàëüíî íåçàâèñèìîé ïðîåêöèè X⋆

ì.ñ. X ,

íàçûâàåòñÿ �óíêöèÿ, îïðåäåëÿåìàÿ �îðìóëîé

⌈f⌉⋆ =




fX , f⋆

X = 1,
fX − f⋆

X

1− f⋆
X

f⋆
X < 1;

(4.2.4)

4.3.2 Ôðåøå-íîðìàëèçàöèÿ �óíêöèè ì.ñ.

Îïðåäåëåíèå (Ôðåøå-íîðìàëèçàöèÿ �óíêöèè

ì.ñ.). Ôðåøå-íîðìàëèçàöèåé ëþáîãî âåðîÿòíîñòíîãî

ïîêàçàòåëÿ f = f(X), êàê �óíêöèè ì.ñ. X ñî çíà-

÷åíèÿìè èç [0, 1], äëÿ êîòîðîé îïðåäåëåíû âåðõíÿÿ è

íèæíÿÿ ãðàíèöû Ôðåøå: f+
è f−

, íàçûâàåòñÿ �óíê-

öèÿ, îïðåäåëÿåìàÿ �îðìóëîé

⌈f⌉± =





fX , f+
X = f−

X ,

fX − f−
X

f+
X − f−

X

, f+
X > f−

X ;
(4.2.5)

4.3.3 Ôðåøå-Êîýí-íîðìàëèçàöèÿ �óíêöèè ì.ñ.

Âíèìàòåëüíîå ðàññìîòðåíèå �îðìóëû Êîýí-

íîðìàëèçàöèè (4.2.3) ïîêàçûâàåò, ÷òî âåëè÷èíà

1 − κ⋆
diag(X), íà êîòîðóþ íîðìèðóåòñÿ �öåíòðèðîâàí-

íàÿ� âåëè÷èíà κdiag(X) − κ⋆
diag(X), íå ÿâëÿåòñÿ åå

ìàêñèìàëüíî âîçìîæíûì çíà÷åíèåì, è ìîæåò áûòü

ðàâíà ìåíüøåé âåëè÷èíå:

κ+
diag(X)− κ⋆

diag(X),

ãäå

κ+
diag(X) =

M∑

i=1

κ+
diag(Xi) =

M∑

i=1

min
x∈Xi

px ≤ 1.

� âåðõíÿÿ ãðàíèöà Ôðåøå �óíêöèè κdiag(X) ì.ñ. X.

Îòñþäà âîçíèêàåò èäåÿ îïðåäåëåíèÿ íîðìàëèçà-

öèè ⌈·⌉ �óíêöèè ì.ñ., áîëåå æåñòêîé, ÷åì Êîýí-

íîðìàëèçàöèÿ ⌈·⌉⋆, êîòîðàÿ îêàçûâàåòñÿ ñîâïàäàåò ñ

ñóïåðïîçèöèåé Ôðåøå- è Êîýí- íîðìàëèçàöèé ⌈⌈·⌉±⌉⋆
(ñì. òåîðåìó íèæå) è ïîýòîìó íàçâàíà Ôðåøå-Êîýí-

íîðìàëèçàöèåé �óíêöèè ì.ñ.

Îïðåäåëåíèå (Ôðåøå-Êîýí-íîðìàëèçàöèÿ

�óíêöèè ì.ñ.). Âåðõíåé è íèæíåé Ôðåøå-Êîýí-

íîðìàëèçàöèÿìè �óíêöèè f = fX ì.ñ. X , äëÿ

êàæäîãî çíà÷åíèé êîòîðîé fX îïðåäåëåíû íèæíÿÿ

f−
X è âåðõíÿÿ f+

X ãðàíèöû Ôðåøå è åå çíà÷åíèå

f⋆
X íà òîòàëüíî íåçàâèñèìîé ïðîåêöèè X⋆

ì.ñ. X ,

íàçûâàþòñÿ ñîîòâåòñòâåííî �óíêöèè:

⌈f⌉ =




fX , f+

X = f⋆
X ,

fX − f⋆
X

f+
X − f⋆

X

, f+
X > f⋆

X ,
(4.2.6)

⌊f⌋ =




fX , f⋆

X = f−
X ,

f⋆
X − fX

f⋆
X − f−

X

, f⋆
X > f−

X ,
(4.2.7)

ãäå �óíêöèÿ f+
X−f⋆

X � âåðõíèé Ôðåøå-Êîýí-ðàçìàõ,

à �óíêöèÿ f⋆
X − f−

X � íèæíèé Ôðåøå-Êîýí-ðàçìàõ

�óíêöèè f = fX .

Òåîðåìà (î âåðõíèõ íîðìàëèçàöèÿõ �óíêöèè

ì.ñ.). Ïóñòü f = fX � �óíêöèÿ ì.ñ. X, òîãäà

⌈⌈f⌉±⌉⋆ = ⌈f⌉
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� âåðõíÿÿ Êîýí-íîðìàëèçàöèÿ âåðõíåé Ôðåøå-

íîðìàëèçàöèè (3.5.1) �óíêöèè f ñîâïàäàåò ñ åå âåðõ-

íåé Ôðåøå-Êîýí-íîðìàëèçàöèåé (4.2.4).

Äîêàçàòåëüñòâî ñëåäóåò èç îïðåäåëåíèé Ôðåøå-

íîðìàëèçàöèè (4.2.5) Êîýí-íîðìàëèçàöèè (4.2.4) è

âåðõíåé Ôðåøå-Êîýí-íîðìàëèçàöèè (4.2.6).

Çàìå÷àíèå (íîðìàëèçàöèè ïîêàçàòåëåé îáù-

íîñòè ñîïðÿæåííîãî ì.ñ.). Ìîæíî ãîâîðèòü î

Ôðåøå-, Êîýí- è Ôðåøå-Êîýí-íîðìàëèçàöèÿõ ïîêàçà-

òåëåé îáùíîñòè è ðàçîáùåííîñòè ñîïðÿæåííîãî ì.ñ.

X, êîòîðûå îïðåäåëåíû âûøå. Íàïðèìåð,

⌈κ∪
diag(X)⌉± =

κ∪
diag(X)− κ∪−

diag(X)

κ∪+
diag(X)− κ∪−

diag(X)
; (4.2.8)

⌈κ∪
diag(X)⌉⋆ =

κ∪
diag(X)− κ∪⋆

diag(X)

1− κ∪⋆
diag(X)

; (4.2.8′)

⌈κ∪
diag(X)⌉ =

κ∪
diag(X)− κ∪⋆

diag(X)

κ∪+
diag(X)− κ∪⋆

diag(X)
(4.2.8′′)

� Ôðåøå-Î-äèàãîíàëü, Êîýí-Î-äèàãîíàëü, Ôðåøå-Î-

äèàãîíàëü,

⌈κdiag(X)⌉± =
κdiag(X)− κ−

diag(X)

κ+
diag(X)− κ−

diag(X)
; (4.2.9)

⌈κdiag(X)⌉⋆ =
κdiag(X)− κ⋆

diag(X)

1− κ⋆
diag(X)

; (4.2.9′)

⌈κdiag(X)⌉ =
κdiag(X)− κ⋆

diag(X)

κ+
diag(X)− κ⋆

diag(X)
(4.2.9′′)

� Ôðåøå-Ï-äèàãîíàëü, Êîýí-Ï-äèàãîíàëü, Ôðåøå-Ï-

äèàãîíàëü,

⌈1−∆X⌉± =
∆+

X −∆X

∆+
X −∆−

X

; (4.2.10)

⌈1−∆X⌉⋆ = 1− ∆X

∆⋆
X

; (4.2.10′)

⌈1−∆X⌉ =
∆⋆

X −∆X

∆⋆
X −∆−

X

(4.2.10′′)

� Ôðåøå-Î-áëèçîñòü, Êîýí-Î-áëèçîñòü, Ôðåøå-

Êîýí-Î-áëèçîñòü,

⌈1−∆∩
X⌉± =

∆∩+
X −∆∩

X

∆∩+
X −∆∩−

X

; (4.2.11)

⌈1−∆∩
X⌉⋆ = 1− ∆∩

X

∆∩⋆
X

; (4.2.11′)

⌈1−∆∩
X⌉ =

∆∩⋆
X −∆∩

X

∆∩⋆
X −∆∩−

X

(4.2.11′′)

� Ôðåøå-Ï-áëèçîñòü, Êîýí-Ï-áëèçîñòü, Ôðåøå-

Êîýí-Ï-áëèçîñòü,

⌈1−∇X⌉± =
∇+

X −∇X

∇+
X −∇−

X

; (4.2.12)

⌈1−∇X⌉⋆ = 1− ∇X

∇⋆
X

; (4.2.12′)

⌈1−∇X⌉ =
∇⋆

X −∇X

∇⋆
X −∇−

X

(4.2.12′′)

� Ôðåøå-Î-êó÷íîñòü, Êîýí-Î-êó÷íîñòü, Ôðåøå-

Êîýí-Î-êó÷íîñòü.

⌈1−∇∩
X⌉± =

∇∩+
X −∇∩

X

∇∩+
X −∇∩−

X

; (4.2.13)

⌈1−∇∩
X⌉⋆ = 1− ∇

∩
X

∇∩⋆
X

; (4.2.13′)

⌈1−∇∩
X⌉ =

∇∩⋆
X −∇∩

X

∇∩⋆
X −∇∩−

X

(4.2.13′′)

� Ôðåøå-Ï-êó÷íîñòü, Êîýí-Ï-êó÷íîñòü, Ôðåøå-

Êîýí-Ï-êó÷íîñòü.

4.4 24 ïîêàçàòåëÿ îáùíîñòè

êàòåãîðèàëüíîãî ì.ñ.

Ñåìåéñòâî èç 24-õ ïîêàçàòåëåé îáùíîñòè êàòåãîðè-

àëüíîãî ì.ñ. ïîðîæäàåòñÿ âñåìè âîçìîæíûìè êîìáè-

íàöèÿìè èç

• 3-õ òèïîâ ïîêàçàòåëåé:

� �äèàãîíàëü�,

� �áëèçîñòü�,

� �êó÷íîñòü�;

• 2-õ âàðèàíòîâ îïðåäåëåíèÿ ñåò-ðàññòîÿíèÿ

� îòíîñèòåëüíî îáúåäèíåíèÿ (∪),
� îòíîñèòåëüíî ïåðåñå÷åíèÿ (∩);

• 4-õ âàðèàíòîâ íîðìàëèçàöèè:

� áåç íîðìàëèçàöèè,

� Ôðåøå-íîðìàëèçàöèÿ (⌈·⌉±),

� Êîýí-íîðìàëèçàöèÿ (⌈·⌉⋆),
� Ôðåøå-Êîýí-íîðìàëèçàöèÿ (⌈·⌉).

4.5 Øåñòü ïîêàçàòåëåé êàïïà ì.ñ.

�àññìîòðèì ñîïðÿæåííóþ (m,M)-òàáëèöó, ò.å. m-

ìåðíóþ òàáëèöó ñ M êàòåãîðèÿìè ïî êàæäîé ðàç-

ìåðíîñòè. Â Mm
êëåòêàõ ýòîé ñîïðÿæåííîé òàáëèöû

âçàèìíî îäíîçíà÷íî ðàñïîëîæåíû âåðîÿòíîñòè 2-ãî

ðîäà ñîîòâåòñòâóþùèõ {x1
i1
, ..., xm

im
}-òåððàñíûõ ñîáû-

òèé 2-ãî ðîäà

ter{x1
i1

,...,xm
im

}//X =

m⋂

j=1

xj
ij
,

ïîðîæäåííûõ ñîïðÿæåííûì mM -ì.ñ.

X =

M∑

i=1

m∑

j=1

{xj
i} =

M∑

i=1

Xi =

m∑

j=1

Xj ,

ãäå

Xi = {x1
i , . . . , x

m
i }
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⋃ ⋂

Î-äèàãîíàëü Ï-äèàãîíàëü

Äèàãîíàëü κ∪
diag ⌈κ∪

diag⌉± κ∩
diag ⌈κ∩

diag⌉±

⌈κ∪
diag⌉⋆ ⌈κ∪

diag⌉ ⌈κ∩
diag⌉⋆ ⌈κ∩

diag⌉

Î-áëèçîñòü Ï-áëèçîñòü

Áëèçîñòü κ∪
∆ ⌈κ∪

∆⌉± κ∩
∆ ⌈κ∩

∆⌉±

⌈κ∪
∆⌉⋆ ⌈κ∪

∆⌉ ⌈κ∩
∆⌉⋆ ⌈κ∩

∆⌉

Î-êó÷íîñòü Ï-êó÷íîñòü

Êó÷íîñòü κ∪
∇ ⌈κ∪

∇⌉± κ∩
∇ ⌈κ∩

∇⌉±

⌈κ∪
∇⌉⋆ ⌈κ∪

∇⌉ ⌈κ∩
∇⌉⋆ ⌈κ∩

∇⌉

Òàáëèöà 1: 24 ïîêàçàòåëÿ îáùíîñòè êàòåãîðèàëüíîãî ì.ñ.

� êàòåãîðèàëüíûå ì.ñ. ïðîèçâîëüíîãî âèäà äëÿ i =
1, . . . ,M , êîòîðûå ïîïàðíî íå ïåðåñåêàþòñÿ ïî äèàãî-

íàëè:

Xi[∩]Xk = {∅, . . . , ∅︸ ︷︷ ︸
m

}, i 6= k,

à

Xj = {xj
1, . . . , x

j
M}

� ýêñïåðòíûå ì.ñ. ñïåöèàëüíîãî âèäà, êîòîðûå äëÿ

êàæäîãî j = 1, . . . ,m îáðàçóþò ðàçáèåíèå:

xj
1 + . . .+ xj

M = Ω.

Ïðè ýòîì

M∑

i1=1

. . .

M∑

im=1

ter{x1
i1

,...,xm
im

}//X = Ω

� êëåòî÷íûå {x1
i1
, ..., xm

im
}-òåððàñíûå ñîáûòèÿ îáðà-

çóþò ðàçáèåíèå ïðîñòðàíñòâà èñõîäîâΩ íàMm
�ðàã-

ìåíòîâ.

Òàêèì îáðàçîì, âåðîÿòíîñòíîå ðàñïðåäåëåíèå mM -

ì.ñ. X îïðåäåëÿåòñÿ Mm
êëåòî÷íûìè âåðîÿòíîñòÿ-

ìè {x1
i1
, ..., xm

im
}-òåððàñíûõ ñîáûòèé 2-ãî ðîäà

p{x1
i1
,...,xm

im
}//X = P

(
ter{x1

i1
,...,xm

im
}//X

)
, (4.5.1)

ðàñïîëîæåííûìè â êëåòêàõ ñîïðÿæåííîé (m,M)-
òàáëèöû ïðè

x1
i1 ∈ X1, ..., xm

im ∈ Xm,

ãäå

6

M∑

i1=1

. . .

M∑

im=1

p{x1
i1
,...,xm

im
}//X = 1.

Âåðîÿòíîñòü êàæäîãî èç mM ñîáûòèé xj
i ∈ X îïðå-

äåëÿåòñÿ äàííûì âåðîÿòíîñòíûì ðàñïðåäåëåíèåì ïî

�îðìóëàì

P(xj
i ) =

M∑

ik=1

k 6=j

p{x1
i1
,...,xj

i ,...,x
m
im

}//X (4.5.2)

äëÿ i = 1, . . . ,M , j = 1, . . . ,m, ãäå (m − 1)-
êðàòíîå ñóììèðîâàíèå ïðîèçâîäèòñÿ ïî èíäåêñàì

ik ∈ {i1, . . . , im} − {ij}, ò.å. ïî âñåì âñåì èíäåêñàì

ik, èñêëþ÷àÿ j-òûé, ðàâíûé i.

Ââåäåì ñîêðàùåííûå îáîçíà÷åíèÿ äëÿ mM âåðîÿò-

íîñòåé

πj
i = P(xj

i )

äëÿ i = 1, . . . ,M , j = 1, . . . ,m, êîòîðûå îáðàçóþò

äâóìåðíóþ

7 m ×M ìàòðèöó âåðîÿòíîñòåé ñîáûòèé

xj
i èç ñîïðÿæåííîãî ì.ñ. X:

p(X) =




π1
1 . . . π1

i . . . π1
M

. . . . . . . . . . . . . . .

πj
1 . . . πj

i . . . πj
M

. . . . . . . . . . . . . . .
πm
1 . . . πm

i . . . πm
M




. (4.5.3)

Îïðåäåëåíèå (äèàãîíàëüíàÿ êàïïà ñîïðÿæåí-

íîãî ì.ñ.). Äèàãîíàëüíàÿ êàïïà ñîïðÿæåííîãî ì.ñ.

X äëÿ ñîïðÿæåííîé (m,M)-òàáëèöû îïðåäåëÿåòñÿ

êàê âåëè÷èíà

κdiag(X) =
M∑

i=1

p{x1
i ,...,x

m
i }//X, (4.5.4)

ðàâíàÿ ñóììå äèàãîíàëüíûõ

8

âåðîÿòíîñòåé 2-ãî ðî-

äà èç ñîïðÿæåííîé (m,M)-òàáëèöû.

Îïðåäåëåíèå (äèàãîíàëüíàÿ êàïïà ñîïðÿæåí-

íîãî ì.ñ.). Äèàãîíàëüíàÿ êàïïà ñîïðÿæåííîãî ì.ñ.

X äëÿ ñîïðÿæåííîé (m,M)-òàáëèöû îïðåäåëÿåòñÿ

êàê âåëè÷èíà

κdiag(X) =
M∑

i=1

P(x1
i ∩ ... ∩ xm

i ), (4.5.4)

6

Òîò �àêò, ÷òî ñóììà Mm
âåðîÿòíîñòåé 2-ãî ðîäà ðàâíà

åäèíèöå, îáúÿñíÿåòñÿ ñïåöè�è÷åñêîé ñòðóêòóðîé àññîöèàöèé

è çàâèñèìîñòåé ñîáûòèé â ñîïðÿæåííîì mM -ì.ñ. X, îäíàêî
äëÿ ïðîèçâîëüíûõ ñòðóêòóð ýòîò �àêò, ðàçóìååòñÿ, íå èìååò

ìåñòà.

7

Íå ñòîèò ïóòàòü ýòó âñåãäà (äëÿ ëþáûõ ñîïðÿæåííûõ òàá-

ëèö) äâóìåðíóþ m×M ìàòðèöó îáúåìà mM ñ ñàìîém-ìåðíîé

ñîïðÿæåííîé M×. . .×M
︸ ︷︷ ︸

m

òàáëèöåé îáúåìà Mm
(ñîêðàùåííî:

(m,M)-òàáëèöåé), â êëåòêàõ êîòîðîé ðàñïîëîæåíû êëåòî÷-

íûå âåðîÿòíîñòè πi1...im = π1...m
i1...im

= p{x1
i1

,...,xm
im

}//X (4.5.1)

è (6.2.17).

8

ðàñïîëîæåííûõ â êëåòêàõ ãëàâíîé äèàãîíàëè ñîïðÿæåí-

íîé (m,M)-òàáëèöû.
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ðàâíàÿ ñóììå äèàãîíàëüíûõ

9

âåðîÿòíîñòåé 2-ãî ðî-

äà èç ñîïðÿæåííîé (m,M)-òàáëèöû.

Îïðåäåëåíèå (êëàññè÷åñêàÿ êàïïà (êàïïà Êî-

ýíà) ñîïðÿæåííîãî ì.ñ.). Êëàññè÷åñêàÿ êàïïà

(êàïïà Êîýíà) ñîïðÿæåííîãî ì.ñ. X äëÿ ñîïðÿæåí-

íîé (m,M)-òàáëèöû îïðåäåëÿåòñÿ êàê âåëè÷èíà [9℄

κ(X) =

κdiag(X)−
M∑

i=1

m∏

j=1

πj
i

1−
M∑

i=1

m∏

j=1

πj
i

=

=
κdiag(X)− κ⋆

diag(X)

1− κ⋆
diag(X)

, (4.5.5)

ðàâíàÿ �ñïåöèàëüíûì îáðàçîì öåíòðèðîâàííîé è

íîðìèðîâàííîé� äèàãîíàëüíîé êàïïà ì.ñ. X.

Îïðåäåëåíèå (êàïïà-Î-áëèçîñòü ñîïðÿæåííî-

ãî ì.ñ.). Êàïïà-Î-áëèçîñòü ñîïðÿæåííîãî ì.ñ.

X = X1 + . . .+ XM

äëÿ ñîïðÿæåííîé (m,M)-òàáëèöû îïðåäåëÿåòñÿ êàê

âåëè÷èíà

κ∆(X) =
1

M

M∑

i=1

(1−∆Xi), (4.5.6)

ðàâíàÿ ñðåäíåìó çíà÷åíèþ áëèçîñòåé îáúåäèíåíèÿ

1−∆Xi (4.1.2.9) êàòåãîðèàëüíûõ m-ì.ñ. X1, . . . ,XM ,

îáðàçóþùèõ X.

Îïðåäåëåíèå (êàïïà-Ôðåøå-Î-áëèçîñòü ñî-

ïðÿæåííîãî ì.ñ.). Êàïïà-Ôðåøå-Î-áëèçîñòü ñî-

ïðÿæåííîãî ì.ñ.

X = X1 + . . .+ XM

äëÿ ñîïðÿæåííîé (m,M)-òàáëèöû îïðåäåëÿåòñÿ êàê

âåëè÷èíà

κ∆∆(X) =
1

M

M∑

i=1

(1−∆∆Xi), (4.5.7)

ðàâíàÿ ñðåäíåìó çíà÷åíèþ Ôðåøå-áëèçîñòåé îáúåäè-

íåíèÿ 1 − ∆∆Xi (4.1.2.10) êàòåãîðèàëüíûõ m-ì.ñ.

X1, . . . ,XM , îáðàçóþùèõ X.

Îïðåäåëåíèå (êàïïà-Î-êó÷íîñòü ñîïðÿæåííî-

ãî ì.ñ.). Êàïïà-Î-êó÷íîñòü ñîïðÿæåííîãî ì.ñ.

X = X1 + . . .+ XM

äëÿ ñîïðÿæåííîé (m,M)-òàáëèöû îïðåäåëÿåòñÿ êàê

âåëè÷èíà

κ∇(X) =
1

M

M∑

i=1

(1−∇Xi), (4.5.8)

9

ðàñïîëîæåííûõ â êëåòêàõ ãëàâíîé äèàãîíàëè ñîïðÿæåí-

íîé (m,M)-òàáëèöû.

ðàâíàÿ ñðåäíåìó çíà÷åíèþ êó÷íîñòåé 1 − ∇Xi

(4.1.3.5) êàòåãîðèàëüíûõ m-ì.ñ. X1, . . . ,XM , îáðàçó-

þùèõ X.

Îïðåäåëåíèå (êàïïà-Ôðåøå-Î-êó÷íîñòü ñî-

ïðÿæåííîãî ì.ñ.). Êàïïà-Ôðåøå-Î-êó÷íîñòü ñî-

ïðÿæåííîãî ì.ñ.

X = X1 + . . .+ XM

äëÿ ñîïðÿæåííîé (m,M)-òàáëèöû îïðåäåëÿåòñÿ êàê

âåëè÷èíà

κ∇∇(X) =
1

M

M∑

i=1

(1−∇∇Xi), (4.5.9)

ðàâíàÿ ñðåäíåìó çíà÷åíèþÔðåøå-êó÷íîñòåé 1−∇∇Xi

(4.1.3.6) êàòåãîðèàëüíûõ m-ì.ñ. X1, . . . ,XM , îáðàçó-

þùèõ X.

5 Ïîñòàíîâêà çàäà÷è îáùíîñòè

ìíåíèé ìíîãèõ ýêñïåðòîâ ïî

ìíîãèì êàòåãîðèÿì

5.1 Çàäà÷à îáùíîñòè ìíåíèé äâóõ ýêñïåðòîâ

ïî òðåì êàòåãîðèÿì: êîøêà, ñîáàêà, çàÿö

Çàäà÷à îáùíîñòè ìíåíèé äâóõ ýêñïåðòîâ ïî òðåì êà-

òåãîðèÿì: êîøêà, ñîáàêà, çàÿö

x2
êîøêà

x2
ñîáàêà

x2
çàÿö

Ω

x1
êîøêà

n12
êê

= 5 n12
êñ

= 3 n12
êç

= 0 n1
ê

= 8

x1
ñîáàêà

n12
ñê

= 2 n12
ññ

= 3 n12
ñç

= 1 n1
ñ

= 6

x1
çàÿö

n12
çê

= 0 n12
çñ

= 2 n12
çç

= 11 n1
ç

= 13

Ω n2
ê

= 7 n2
ñ

= 8 n2
ç

= 12 n = 27

Òàáëèöà 2: Äâóñòîðîííÿÿ ñîïðÿæåííàÿ òàáëèöà äëÿ çàäà÷è îáù-

íîñòè ìíåíèé äâóõ ýêñïåðòîâ ïî òðåì êàòåãîðèÿì: êîøêà, ñîáàêà,

çàÿö (1-ÿ ñòàòèñòèêà).

x2
êîøêà

x2
ñîáàêà

x2
çàÿö

Ω

x1
êîøêà

n12
êê

= 6 n12
êñ

= 3 n12
êç

= 0 n1
ê

= 9

x1
ñîáàêà

n12
ñê

= 0 n12
ññ

= 3 n12
ñç

= 0 n1
ñ

= 3

x1
çàÿö

n12
çê

= 0 n12
çñ

= 3 n12
çç

= 12 n1
ç

= 15

Ω n2
ê

= 6 n2
ñ

= 9 n2
ç

= 12 n = 27

Òàáëèöà 3: Äâóñòîðîííÿÿ ñîïðÿæåííàÿ òàáëèöà äëÿ çàäà÷è îáù-

íîñòè ìíåíèé äâóõ ýêñïåðòîâ ïî òðåì êàòåãîðèÿì: êîøêà, ñîáàêà,

çàÿö (2-ÿ ñòàòèñòèêà).
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6 Ñîïðÿæåííûå òàáëèöû è

êàïïà-ïîêàçàòåëè îáùíîñòè

6.1 Ñîïðÿæåííûå òàáëèöû

Â ñòàòèñòèêå è òåîðèè âåðîÿòíîñòåé ñîïðÿæåí-

íàÿ òàáëèöà (ïåðåêðåñò-òàáëèöà, êðîññ-òàáëèöà,

êðîññ-òàá), ÿâëÿåòñÿ îäíèì èç âèäîâ òàáëèö

â �îðìàòå ìàòðèöû, ñîçäàâàåìîé ñòàòèñòè÷å-

ñêèì/àíàëèòè÷åñêèì ïðîöåññîì êðîññ-òàáóëÿöèè

(ïåðåêðåñò-òàáóëÿöèè)

10

• ðåçóëüòàòîâ ñòàòèñòè÷åñêèõ íàáëþäåíèé,

• ñòðóêòóðû ñâîäíûõ òàáëèö (pivot tables)

11

,

• ñòðóêòóðû ýëåêòðîííûõ êðóïíî�îðìàòíûõ òàáëèö

(spreadsheets)

12

,

• ñòðóêòóðû ìíîãîìåðíûõ âåðîÿòíîñòíûõ ðàñïðåäåëåíèé

äëÿ óäîáñòâà çàïèñè/âèçóàëèçàöèè/îòîáðàæåíèÿ

(ìíîãîìåðíîãî) ÷àñòîòíîãî/âåðîÿòíîñòíîãî ðàñïðå-

äåëåíèÿ ìíîãèõ ïåðåìåííûõ; òåðìèí �ñîïðÿæåííàÿ

òàáëèöà (ontingeny table)� áûë âïåðâûå èñïîëüçî-

âàí Êàðëîì Ïèðñîíîì [15, 1904℄.

Îòûñêàíèå òàáëè÷íîé ñòðóêòóðû çàâèñèìîñòåé ñî-

áûòèé, êîòîðàÿ óïðàâëÿåò ìíîãèìè ïåðåìåííûìè,

îáðàçóþùèìè ìíîãîìåðíóþ ñîïðÿæåííóþ òàáëèöó

� âàæíåéøàÿ ïðîáëåìà ìíîãîìåðíîé ñòàòèñòèêè, ïî-

ñêîëüêó

• òàáëè÷íîå èñ÷èñëåíèå âåðîÿòíîñòåé è ñòàòèñòèê � ýòî ý�-

�åêòèâíî ðàáîòàþùèé èíñòðóìåíò äëÿ ðåøåíèÿ çíà÷èòåëü-

íîé ÷àñòè ýêñïîíåíöèàëüíî ñëîæíûõ çàäà÷ ìíîãîìåðíîãî

àíàëèçà ñîáûòèé;

• îáíàðóæåíèå ñòðóêòóð óñëîâíûõ íåçàâèñèìîñòåé ìåæäó ñî-

áûòèÿìè ïîçâîëÿåò îðãàíèçîâàòü áîëåå ðàçóìíûì ñïîñîáîì

õðàíåíèå ñòàòèñòè÷åñêèõ äàííûõ.

10

Êðîññ-òàáóëÿöèÿ (ïåðåêðåñò-òàáóëÿöèÿ, êðîññ-òàá)

ïðåäñòàâëÿåò ñîáîé ïðîöåäóðó ïðåîáðàçîâàíèÿ êàòåãîðè-

àëüíûõ äàííûõ ñ öåëüþ ñîçäàíèÿ ñîïðÿæåííîé òàáëèöû,

êîòîðàÿ îòîáðàæàåò ñîâìåñòíîå ðàñïðåäåëåíèå äâóõ è áîëåå

ïåðåìåííûõ; àêòèâíî èñïîëüçóåòñÿ â áèçíåñ-àíàëèçå, èíæå-

íåðíûõ è íàó÷íûõ èññëåäîâàíèÿõ; îáåñïå÷èâàåò âèçóàëèçàöèþ

îáùåé êàðòèíû âçàèìîñâÿçåé ìåæäó ïåðåìåííûìè è ïîìîãàåò

îáíàðóæèòü ñòðóêòóðó âçàèìîäåéñòâèé ìåæäó íèìè.

11

Ñâîäíàÿ òàáëèöà � ýòî èíñòðóìåíò ïðåîáðàçîâàíèÿ äàí-

íûõ â ïðîãðàììàõ âèçàóëèçàöèè äàííûõ, òàêèõ êàê ýëåêòðîí-

íûå òàáëèöû (íàïðèìåð, Mirosoft Exel) èëè â ïðîãðàììàõ

áèçíåñ-àíàëèòèêè (íàïðèìåð, Spot�re); ïîìèìî ñóììèðîâàíèÿ

è ïðî÷èõ �óíêöèé, ìîæåò àâòîìàòè÷åñêè ñîðòèðîâàòü äàí-

íûå, ïîäñ÷èòûâàòü êîëè÷åñòâî äàííûõ (çàïèñåé), ðàññ÷èòû-

âàòü èòîãè è ïðîìåæóòî÷íûå èòîãè íà îñíîâàíèè äàííûõ, êî-

òîðûå õðàíÿòñÿ â îäíîé òàáëèöå (ýëåêòðîííîé òàáëèöå, áàçå

äàííûõ, â èíîì èñòî÷íèêå), ÷òîáû çàòåì âûâåñòè ðåçóëüòàòû

â äðóãîé òàáëèöå (êîòîðàÿ ñîáñòâåííî è íàçûâàåòñÿ �ñâîäíîé�);

îñîáåííî ïîëåçåí äëÿ ïðåäñòàâëåíèÿ äàííûõ â âèäå êðîññ-

òàáëèö; ïðåäíàçíà÷åí äëÿ ñîçäàíèÿ è èçìåíåíèÿ ñòðóêòóðû

ñâîäíîé òàáëèöû ïîñðåäñòâîì çàõâàòà è ïåðåòàñêèâàíèÿ ãðà-

�è÷åñêèõ èçîáðàæåíèé åå êëåòîê; âèçóàëüíàÿ ðîòàöèÿ òàá-

ëè÷íîé ñòðóêòóðû ñòàëà ïðè÷èíîé àíãëèéñêîãî íàçâàíèÿ ñâîä-

íîé òàáëèöû � pivot table (ãëàãîë pivot â ïåðåâîäå îçíà÷à-

åò âåðòåòü, âðàùàòü, êðóòèòü); ïîíÿòèå ñâîäíîé òàáëèöû

ñòàëî îáùèì áðåíäîì ó ìíîãèõ ïðîèçâîäèòåëåé ïðîãðàììíîãî

îáåñïå÷åíèÿ, íàïðèìåð, ó êîðïîðàöèè Mirosoft åñòü òîðãîâàÿ

ìàðêà PivotTable.

12

Ýëåêòðîííûå êðóïíî�îðìàòíûå òàáëèöû (spreadsheets)

� ýòî èíòåðàêòèâíûå êîìïüþòåðíûå ïðîãðàììû (íàïðèìåð,

Mirosoft Exel) äëÿ îðãàíèçàöèè è àíàëèçà äàííûõ â òàáëè÷-

íîé �îðìå.

6.2 Ñòàòèñòèêà ìíîãîìåðíûõ ñîïðÿæåííûõ

òàáëèö

Â ñèòóàöèè �ìíîãî ýêñïåðòîâ � ìíîãî êàòåãîðèé� èñ-

õîäíàÿ ñòàòèñòèêà íàáëþäåíèé, îïðåäåëÿþùàÿ ìíî-

ãîìåðíóþ ñîïðÿæåííóþ òàáëèöó, ñîñòîèò èç íàáîðà

ýêñïåðòíûõ òàáëèö. Ýêñïåðòíàÿ òàáëèöà ñîñòîèò

èç íàáëþäåíèé (ñòðîê òàáëèöû) çà îáùèì ïðåäìå-

òîì îäíèì èç ýêñïåðòîâ ïî âñåì êàòåãîðèÿì (ñòîëá-

öû òàáëèöû). Êàæäîå íàáëþäåíèå (ñòðîêà ýêñïåðò-

íîé òàáëèöû) ïðîâîäèòñÿ ýêñïåðòîì â ñîîòâåòñòâóþ-

ùèõ ïðîñòðàíñòâåííî-âðåìåííûõ óñëîâèÿõ. Ïðè ýòîì

ñîâîêóïíîñòü âñåõ ïðîñòðàíñòâåííî-âðåìåííûõ óñëî-

âèé (íàáîð âñåõ ñòðîê ýêñïåðòíîé òàáëèöû), â êî-

òîðûõ íàêàïëèâàåòñÿ èñõîäíàÿ ñòàòèñòèêà íàáëþäå-

íèé, äîëæíà áûòü îáùåé äëÿ âñåõ ýêñïåðòîâ, ÷òîáû

ñëóæèòü åäèíûì ïëàöäàðìîì óñðåäíåíèÿ èõ ñîâìåñò-

íûõ îöåíîê.

Èòàê, äëÿ ñèòóàöèè �m ýêñïåðòîâ, M êàòåãîðèé â

n íàáëþäåíèÿõ� m-ìåðíàÿ ñîïðÿæåííàÿ M×. . .×M︸ ︷︷ ︸
m

òàáëèöà îáúåìàMm
îïðåäåëÿåòñÿ íàáîðîì èçm ýêñ-

ïåðòíûõ n×M òàáëèö.

Ïðèìåð 1 (ñòàòèñòè÷åñêàÿ (2,2)-çàäà÷à, ñîáû-

òèéíûé âàðèàíò). Äëÿ ñèòóàöèè �2 ýêñïåðòîâ, 2
êàòåãîðèé â n íàáëþäåíèÿõ� 2-ìåðíàÿ ñîïðÿæåííàÿ

2×2 òàáëèöà îáúåìà 22

y yc Ω
x n(xy) n(x) nx

xc n(y) n(∅) nxc

Ω ny nyc n

(6.2.1)

îïðåäåëÿåòñÿ íàáîðîì èç 2-õ ýêñïåðòíûõ n×2 òàá-

ëèö:

x xc Ω
ω1 1x(ω1) 1xc(ω1) 1

. . . . . . . . . 1

ωi 1x(ωi) 1xc(ωi) 1

. . . . . . . . . 1

ωn 1x(ωn) 1xc(ωn) 1

Ω nx nxc n

, (6.2.2)

y yc Ω
ω1 1y(ω1) 1yc(ω1) 1

. . . . . . . . . 1

ωi 1y(ωi) 1yc(ωi) 1

. . . . . . . . . 1

ωn 1y(ωn) 1yc(ωn) 1

Ω ny nyc n

, (6.2.2)

ãäå

n(xy) =
n∑

i=1

1x(ωi)1y(ωi) =
n∑

i=1

1x∩y(ωi) =

=

n∑

i=1

1
ter(xy)(ωi),
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n(x) =

n∑

i=1

1x(ωi)1yc(ωi) =

n∑

i=1

1x∩yc(ωi) =

=

n∑

i=1

1
ter(x)(ωi),

n(y) =

n∑

i=1

1xc(ωi)1y(ωi) =

n∑

i=1

1xc∩y(ωi) =

=

n∑

i=1

1
ter(y)(ωi),

n(∅) =
n∑

i=1

1xc(ωi)1yc(ωi) =

n∑

i=1

1xc∩yc(ωi) =

=

n∑

i=1

1
ter(∅)(ωi).

⋆ ⋆ ⋆

Ïðèìåð 1à (ñòàòèñòè÷åñêàÿ (2,2)-çàäà÷à, èí-

äåêñíûé âàðèàíò). Ïðåäûäóùóþ ñèòóàöèþ �2 ýêñ-

ïåðòîâ, 2 êàòåãîðèé â n íàáëþäåíèÿõ� ìîæíî òàêæå

çàïèñàòü ýêâèâàëåíòíûì îáðàçîì â âèäå ñëåäóþùåé

2-ìåðíîé ñîïðÿæåííîé 2×2 òàáëèöåé îáúåìà 22

x2
1 x2

2 Ω
x1
1 n12

11 n12
12 n1

1

x1
2 n12

21 n12
22 n1

2

Ω n2
1 n2

2 n

, (6.2.3)

êîòîðàÿ îïðåäåëÿåòñÿ íàáîðîì èç 2-õ ýêñïåðòíûõ

n×2 òàáëèö, òàêæå ïåðåïèñàííûõ â ýêâèâàëåíòíîì

âèäå:

x1
1 x1

2 Ω
ω1 1x1

1
(ω1) 1x1

2
(ω1) 1

. . . . . . . . . 1

ωi 1x1
1
(ωi) 1x1

2
(ωi) 1

. . . . . . . . . 1

ωn 1x1
1
(ωn) 1x1

2
(ωn) 1

Ω n1
1 n1

2 n

, (6.2.4)

x2
1 x2

2 Ω
ω1 1x2

1
(ω1) 1x2

2
(ω1) 1

. . . . . . . . . 1

ωi 1x2
1
(ωi) 1x2

2
(ωi) 1

. . . . . . . . . 1

ωn 1x2
1
(ωn) 1x2

2
(ωn) 1

Ω n2
1 n2

2 n

, (6.2.4)

ãäå

n12
kl =

n∑

i=1

1x1
k
(ωi)1x2

l
(ωi) =

n∑

i=1

1x1
k
∩x2

l
(ωi) =

=

n∑

i=1

1
ter({x1

k,x
2
l }//{x

1
k,x

2
l })

(ωi)

äëÿ k = 1, 2; l = 1, 2.
⋆ ⋆ ⋆

Ïðèìåð (ñòàòèñòè÷åñêàÿ (m, 2)-çàäà÷à, êàíî-

íè÷åñêàÿ ñîïðÿæåííàÿ òàáëèöà). Â ñèëó òîãî,

÷òî â ñèòóàöèè �m ýêñïåðòîâ è 2 êàòåãîðèè� m-

ìåðíàÿ ñîïðÿæåííàÿ 2×. . .×2︸ ︷︷ ︸
m

òàáëèöà îáúåìà 2m

ïðåäñòàâëÿåò ñîáîé òàáëè÷íûé ñïîñîá õàðàêòåðèçà-

öèè âåðîÿòíîñòíîãî ðàñïðåäåëåíèÿ 1-ãî ðîäà êàòåãî-

ðèàëüíîãî ì.ñ., òàêàÿ òàáëèöà íàçûâàåòñÿ êàíîíè÷å-

ñêîé ñîïðÿæåííîé òàáëèöåé è ðàññìàòðèâàåòñÿ â îò-

äåëüíîì ïàðàãðà�å 8.1.6.

⋆ ⋆ ⋆

Ïðèìåð 2 (ñòàòèñòè÷åñêàÿ (2,M)-çàäà÷à). Äëÿ
�2 ýêñïåðòîâ, M êàòåãîðèé â n íàáëþäåíèÿõ� 2-
ìåðíàÿ ñîïðÿæåííàÿ M×M òàáëèöà îáúåìà M2

x1
1 . . . x1

k . . . x1
M Ω

x2
1 n12

11 . . . n12
1k . . . n12

1M n2
1

. . . . . . . . . . . . . . . . . . . . .
x2
k n12

k1 . . . n12
kk . . . n12

kM n2
k

. . . . . . . . . . . . . . . . . . . . .
x2
M n12

M1 . . . n12
Mk . . . n12

MM n2
M

Ω n1
1 . . . n1

k . . . n1
M n

(6.2.5)

îïðåäåëÿåòñÿ íàáîðîì èç 2-õ ýêñïåðòíûõ n×M òàá-

ëèö:

x1
1 . . . x1

k . . . x1
M Ω

ω1 1x1
1
(ω1) . . . 1x1

k
(ω1) . . . 1x1

M
(ω1) 1

. . . . . . . . . . . . . . . . . . . . .
ωj 1x1

1
(ωj) . . . 1x1

k
(ωj) . . . 1x1

M
(ωj) 1

. . . . . . . . . . . . . . . . . . . . .
ωn 1x1

1
(ωn) . . . 1x1

k
(ωn) . . . 1x1

M
(ωn) 1

Ω n1
1 . . . n1

k . . . n1
M n

,

(6.2.6)

x2
1 . . . x2

k . . . x2
M Ω

ω1 1x2
1
(ω1) . . . 1x2

k
(ω1) . . . 1x2

M
(ω1) 1

. . . . . . . . . . . . . . . . . . . . .
ωj 1x2

1
(ωj) . . . 1x2

k
(ωj) . . . 1x2

M
(ωj) 1

. . . . . . . . . . . . . . . . . . . . .
ωn 1x2

1
(ωn) . . . 1x2

k
(ωn) . . . 1x2

M
(ωn) 1

Ω n2
1 . . . n2

k . . . n2
M n

,

(6.2.7)
ãäå

n12
kl =

n∑

j=1

1x1
k
(ωj)1x2

l
(ωj) =

n∑

j=1

1x1
k∩x2

l
(ωj) (6.2.8)

äëÿ k = 1, . . . ,M, l = 1, . . . ,M .

⋆ ⋆ ⋆

Ïðèìåð 3 (ñòàòèñòè÷åñêàÿ (m,M)-çàäà÷à). Äëÿ
îáùåé ñèòóàöèè �m ýêñïåðòîâ, M êàòåãîðèé â

n íàáëþäåíèÿõ� ýëåìåíòû m-ìåðíîé ñîïðÿæåííîé
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M×. . .×M︸ ︷︷ ︸
m

òàáëèöà îáúåìà Mm
âûðàæàþòñÿ ÷åðåç

ýëåìåíòû m ýêñïåðòíûõ n×M òàáëèö âèäà (6.2.4)

è (6.2.5) ïî àíàëîãè÷íîé �îðìóëå:

n1...m
k...l =

n∑

j=1

1x1
k
(ωj) · · ·1xm

l
(ωj)︸ ︷︷ ︸

m

=

=

n∑

j=1

1
x1
k ∩ . . . ∩ xm

l︸ ︷︷ ︸
m

(ωj). (6.2.9)

⋆ ⋆ ⋆

Îïðåäåëåíèå (ìóëüòèýêñïåðòíàÿ / ìóëüòè-

ñóáúåêòíàÿ M-êàòåãîðèàëüíàÿ òàáëèöà). Äëÿ

êðàòêîñòè è óäîáñòâà m ýêñïåðòíûõ òàáëèö

13

ðàç-

ìåðà n×M , êîòîðûå îïðåäåëÿþò m-ìåðíóþ ñîïðÿ-

æåííóþ M×. . .×M︸ ︷︷ ︸
m

òàáëèöó, îáû÷íî çàïèñûâàþò â

âèäå îäíîé ìóëüòèýêñïåðòíîé/ìóëüòèñóáúåêòíîé

M -êàòåãîðèàëüíîé n×m òàáëèöû

14

1 . . . i . . . m
ω1 µ1(ω1) . . . µi(ω1) . . . µm(ω1)
. . . . . . . . . . . . . . . . . .
ωj µ1(ωj) . . . µi(ωj) . . . µm(ωj)
. . . . . . . . . . . . . . . . . .
ωn µ1(ωn) . . . µi(ωn) . . . µm(ωn)

, (6.2.10)

êîòîðóþ ìîæíî çàïèñàòü ïîêîðî÷å

1 . . . i . . . m
1 µ1(1) . . . µi(1) . . . µm(1)
. . . . . . . . . . . . . . . . . .
j µ1(j) . . . µi(j) . . . µm(j)
. . . . . . . . . . . . . . . . . .
n µ1(n) . . . µi(n) . . . µm(n)

, (6.2.10′)

ãäå j = 1, . . . , n � íîìåð íàáëþäåíèÿ,

µi(j) = µi(ωj),

è äëÿ i = 1, . . . ,m

µi(ωj) =





1, 1xi
1
(ωj) = 1,

. . . , . . . ,

k, 1xi
k
(ωj) = 1,

. . . , . . . ,

M, 1xi
M
(ωj) = 1

(6.2.11)

� ýêñïåðòíàÿ êàòåãîðèàëüíàÿ �óíêöèÿ

µi : Ω→ {1, . . . ,M}, (6.2.12)

µi : {1, . . . , n} → {1, . . . ,M}, (6.2.12′)

13

Èëè äâå ýêñïåðòíûõ ìàòðèöû (6.2.6) è (6.2.7) ïðè m = 2.
14

(ïðèìåð ñì. â Òàáë. 7)

îïðåäåëÿåìàÿ èíäèêàòîðàìè ñîáûòèé

15 xi
1, . . . , x

i
M è

âîçâðàùàþùàÿ íîìåð êàòåãîðèè µi(ωj) = µi(j), êîòî-
ðîé i-é ýêñïåðò îöåíèâàåò j-é èñõîä ωj ∈ Ω ýêñïåðè-

ìåíòà, ïðîâîäèìîãî èì äëÿ ñîñòàâëåíèÿ ðåéòèíãà.

Çàìå÷àíèå. Ìóëüòèýêñïåðòíàÿ M -

êàòåãîðèàëüíàÿ n×m òàáëèöà (6.2.10) îïðåäåëÿåò

ñîîòâåòñòâóþùóþ m-ìåðíóþ M×. . .×M︸ ︷︷ ︸
m

ñîïðÿæåí-

íóþ òàáëèöó, ýëåìåíò êîòîðîé ðàâíû:

nµ1 ...µm = n
1...m
µ1...µm

=

= |{j : {µ1(j), . . . , µm(j)} = {µ1, . . . , µm}; j = 1, . . . , n}|
(6.2.13)

� êîëè÷åñòâàì íàáëþäåíèé (ñòðîê) â ìóëüòèýêñ-

ïåðòíîé M -êàòåãîðèàëüíîé n×m òàáëèöå, êîòîðûå

ñîâïàäàþò ñ íàáëþäåíèåì

{µ1, . . . , µm}, (6.2.14)

ãäå

µi ∈ {1, . . . ,M} (6.2.15)

� íîìåð êàòåãîðèè, âûáðàííîé i-ì ýêñïåðòîì, i =
1, . . . ,m.

Ïðè ýòîì ñòàòèñòèêà nµ1...µm/n ñëóæèò îöåíêîé âå-

ðîÿòíîñòåé

πµ1...µm ≈ nµ1...µm/n, (6.2.16)

îïðåäåëÿþùèõ âåðîÿòíîñòíîå ðàñïðåäåëåíèå îöåíè-

âàåìîãî ïðåäìåòà ñ òî÷êè çðåíèÿ m ýêñïåðòîâ â ðàì-

êàõ M êàòåãîðèé è ñîñòàâëÿþùèõ ñîîòâåòñòâóþùóþ

m-ìåðíóþ M×. . .×M︸ ︷︷ ︸
m

ñîïðÿæåííóþ òàáëèöó âåðî-

ÿòíîñòåé. Äëÿ m = 2 òàêàÿ ñîïðÿæåííàÿ òàáëèöà

âåðîÿòíîñòåé ñîîòâåòñòâóåò ñîïðÿæåííîé òàáëèöå

ñòàòèñòèê (6.2.5) è èìååò âèä

x1
1 . . . x1

k . . . x1
M Ω

x2
1 π11 . . . π1k . . . π1M π2

1

. . . . . . . . . . . . . . . . . . . . .
x2
k πk1 . . . πkk . . . πkM π2

k

. . . . . . . . . . . . . . . . . . . . .
x2
M πM1 . . . πMk . . . πMM π2

M

Ω π1
1 . . . π1

k . . . π1
M 1

,(6.2.17)

ãäå πkl = π12
kl � âåðîÿòíîñòü òîãî, ÷òî 1-é ýêñïåðò

îòíåñåò ïðåäìåò ê k-é, à 2-é � ê l-é êàòåãîðèè; π1
k

� âåðîÿòíîñòü òîãî, 1-é ýêñïåðò îòíåñåò ïðåäìåò ê

k-é êàòåãîðèè; π2
l � âåðîÿòíîñòü òîãî, 2-é ýêñïåðò

îòíåñåò ïðåäìåò ê l-é êàòåãîðèè.

⋆ ⋆ ⋆

15

Çàìåòèì, ÷òî äëÿ êàæäîãî i-ãî ýêñïåðòà (i = 1, . . . , m)

xi
1 + . . .+ xi

M = Ω,
M∑

k=1

1xi
k
(ω) = 1.
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Ïðèìåð 4 (ñòàòèñòè÷åñêàÿ (6,20)-çàäà÷à â 198

íàáëþäåíèÿõ: êðåäèòíûå ðåéòèíãè ñòðàí ìè-

ðà). Èìååòñÿ m ðåéòèíãîâûõ àãåíñòâ

16

, êîòîðûå â

êàæäîé èç n ðàçëè÷íûõ ñèòóàöèé îöåíèâàþò îäèí

è òîò æå �ïðåäìåò� â äèàïàçîíå îäíîãî è òîãî æå

M -ìíîæåñòâà êàòåãîðèé (íàïðèìåð, îäèí è òîò æå

�èíàíñîâûé èíñòðóìåíò ïî îäíîé è òîé æå øêà-

ëå êðåäèòíûõ ðåéòèíãîâ). Èòîãîâàÿ ñòàòèñòèêà ðåé-

òèíãîâ âñåõ m àãåíòñòâ èìååò âèä ìóëüòèýêñïåðòíîé

(ìóëüòèñóáúåêòíîé) M -êàòåãîðèàëüíîé n×m òàáëè-

öû (6.2.10), ãäå n � ÷èñëî îöåíîê äàííîãî �ïðåäìåòà�.

Âûáåðåì m = 6 ðåéòèíãîâûõ àãåíòñòâ

17

:

1. Wikirating (Polling method)

2. Wikirating (SWI method)

3. Standard & Poor's

4. Moody's

5. Fith

6. Dagong

Òàáëèöà 4: Øåñòü ìåòîäîâ ðàñ÷åòà êðåäèòíîãî ðåéòèíãà ñòðàí ìè-

ðà.

Ýòè àãåíòñòâà îöåíèâàþò êðåäèòíûå ðåéòèíãè n =
198 ñòðàí ìèðà â ðàìêàõ M = 20 êðåäèòíûõ êàòåãî-

ðèé:

20. AAA 10. BB+

19. AA+ 9. BB

18. AA 8. BB−
17. AA− 7. B+
16. A+ 6. B

15. A 5. B−
14. A− 4. CCC

13. BBB+ 3. CC

12. BBB 2. C

11. BBB− 1. D

� not rated (n.r.)

Òàáëèöà 5: 20 êðåäèòíûõ êàòåãîðèé è èõ óñëîâíûå îáîçíà÷åíèÿ.

16

�åéòèíãîâîå àãåíòñòâî � êîììåð÷åñêàÿ îðãàíèçàöèÿ, çà-

íèìàþùàÿñÿ îöåíêîé ïëàòåæåñïîñîáíîñòè ýìèòåíòîâ, äîëãî-

âûõ îáÿçàòåëüñòâ, êà÷åñòâà êîðïîðàòèâíîãî óïðàâëåíèÿ, êà-

÷åñòâà óïðàâëåíèÿ àêòèâàìè è ò. ï. Íàèáîëåå èçâåñòíûé ïðî-

äóêò ðåéòèíãîâûõ àãåíòñòâ � ýòî îöåíêà ïëàòåæåñïîñîáíîñòè

� êðåäèòíûé ðåéòèíã. Îí îòðàæàåò ðèñê íåâûïëàòû ïî äîëãî-

âîìó îáÿçàòåëüñòâó è âëèÿåò íà âåëè÷èíó ïðîöåíòíîé ñòàâêè,

íà ñòîèìîñòü è äîõîäíîñòü äîëãîâûõ îáÿçàòåëüñòâ. Ïðè ýòîì

áîëåå âûñîêèé ðåéòèíã ñîîòâåòñòâóåò ìåíüøåìó ðèñêó íåâû-

ïëàòû.

17

Òî÷íåå, 6 ìåòîäîâ ðàñ÷åòà ðåéòèíãà.

j\i 1 2 3 4 5 6

Afg. 1 B- n.r. n.r. n.r. n.r. n.r.

· · · · · · · · · · · · · · · · · · · · · · · ·
Can. 31 BBB+ BB AAA AAA AAA AA+

· · · · · · · · · · · · · · · · · · · · · · · ·

Chin. 36 BBB+ BBB+ AA− AA− A+ AAA

· · · · · · · · · · · · · · · · · · · · · · · ·
Fra. 60 BBB BB− AA AA+ AA+ A+

· · · · · · · · · · · · · · · · · · · · · · · ·
Ger. 64 BBB BB+ AAA AAA AAA AA+

· · · · · · · · · · · · · · · · · · · · · · · ·
Ita. 83 BB+ B BBB BBB BBB+ BBB

· · · · · · · · · · · · · · · · · · · · · · · ·

Jap. 85 BBB+ BB AA− AA− A+ AA−
· · · · · · · · · · · · · · · · · · · · · · · ·
Rus. 145 BBB A− BBB BBB+ BBB A

· · · · · · · · · · · · · · · · · · · · · · · ·
UK 188 BBB− BB− AAA AA+ AA+ A+

USA 189 BB BB− AA+ AAA AAA A−
· · · · · · · · · · · · · · · · · · · · · · · ·

Zimb. 198 C CC n.r. n.r. n.r. n.r.

Òàáëèöà 6: m = 6-ýêñïåðòíàÿ 21-êàòåãîðèàëüíàÿ n × m = 198×6
òàáëèöà êðåäèòíûõ ðåéòèíãîâ n = 198 ñòðàí ìèðà (â êàòåãîðèàëü-

íûõ îáîçíà÷åíèÿõ íà èþëü 2013).

j\i 1 2 3 4 5 6

Afg. 1 5 � � � � �

· · · · · · · · · · · · · · · · · · · · · · · ·
Can. 31 13 9 20 20 20 19

· · · · · · · · · · · · · · · · · · · · · · · ·
Chin. 36 13 13 17 17 16 20

· · · · · · · · · · · · · · · · · · · · · · · ·
Fra. 60 12 8 18 19 19 16

· · · · · · · · · · · · · · · · · · · · · · · ·
Ger. 64 12 10 20 20 20 19

· · · · · · · · · · · · · · · · · · · · · · · ·
Ita. 83 10 6 12 12 13 12

· · · · · · · · · · · · · · · · · · · · · · · ·
Jap. 85 13 9 17 17 16 17

· · · · · · · · · · · · · · · · · · · · · · · ·
Rus. 145 12 14 12 13 12 15

· · · · · · · · · · · · · · · · · · · · · · · ·
UK 188 11 8 20 19 19 16

USA 189 9 8 19 20 20 14

· · · · · · · · · · · · · · · · · · · · · · · ·
Zimb. 198 2 3 � � � �

Òàáëèöà 7: m = 6-ýêñïåðòíàÿ 21-êàòåãîðèàëüíàÿ n × m = 198×6
òàáëèöà êðåäèòíûõ ðåéòèíãîâ n = 198 ñòðàí ìèðà (â öè�ðîâûõ

îáîçíà÷åíèÿõ íà èþëü 2013).
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7 Ïðèìåð çàäà÷è îáùíîñòè ìíåíèé 6

ðåéòèíãîâûõ àãåíòñòâ ïî 21

êàòåãîðèè

7.1 Ïðèìåðû 2-ìåðíûõ ñîïðÿæåííûõ

òàáëèö äëÿ êðåäèòíûõ ðåéòèíãîâ ñòðàí

ìèðà íà èþëü 2013

11 2 - - - - - - - - - - - - - - - - - - 13

2 - - - - - - - - - - - - - - - - - - - 2

1 1 3 1 - - - - - - - - - - - - - - - - 6

- - - 5 2 - - - - - - - - - - - - - - - 7

- - - 1 1 - - - - - - - - - - - - - - - 2

- - - - 2 - - 1 - - - - - - - - - - - - 3

- - - - - 2 1 - - - 1 - - - - - - - - - 4

- - - - 1 - - 1 1 1 1 - - - - - - - - - 5

- - - - - - 1 4 6 1 - - - - - - - - - - 12

- - - - - - - - - 5 2 - - - - - - - - - 7

- - - - - - - - - 5 - - - - - - - - - - 5

- - - - - - - - - 1 2 1 1 - - - - - - - 5

- - - - - - - - - 1 - 1 5 4 - - - - - - 11

- - - - - - - - - - - - - 5 1 - - - - - 6

- - - - - - - - - - - 1 - 2 - 1 1 - - - 5

- - - - - - - - - - - - - - 2 3 2 - - 1 8

- - - - - - - - - - - - - - - 1 - - - - 1

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - 1 - - 1

14 3 3 7 6 2 2 6 7 14 6 3 6 11 3 5 3 1 0 1 103

Òàáëèöà 8: S&P's�Moody's

11 2 - - - - - - - - - - - - - - - - - - 13

2 - - - - - - - - - - - - - - - - - - - 2

- 1 4 - - - - - - - - - - - - - - - - - 5

- - - 1 6 - - - - - - - - - - - - - - - 7

- - - 1 - 1 - - - - - - - - - - - - - - 2

- - - - 1 - - - - - - - - - - - - - - - 1

- - - - - - 2 1 - - - - - - - - - - - - 3

- - - - 1 - 1 1 2 - - - - - - - - - - - 5

- - - - - - - 2 7 2 - - - - - - - - - - 11

- - - - - - - - 1 6 - - - - - - - - - - 7

- - - - - - - - 1 3 - - - - - - - - - - 4

- - - - - - - - - - 5 - - - - - - - - - 5

- - - - - - - - - 1 - 1 5 4 - - - - - - 11

- - - - - - - - - - - - 1 3 2 - - - - - 6

- - - - - - - - - - - - - - 6 1 - - - - 7

- - - - - - - - - - - - - 1 - 3 - 1 - - 5

- - - - - - - - - - - - - - - 1 - - - - 1

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - 1 - - - - - - - 1

13 3 4 2 8 1 3 4 11 12 5 1 7 8 8 5 0 1 0 0 96

Òàáëèöà 9: S&P's�Fith

6 6 - - 1 - - - - - - - - - - - - - - - 13

- 1 - - - - 1 - - - - - - - - - - - - - 2

- - 2 1 2 - - 1 - - - - - - - - - - - - 6

1 - 2 2 1 1 - - - - - - - - - - - - - - 7

- - - 1 - - 1 - - - - - - - - - - - - - 2

- - - - - - - - - - - - - - 1 - - - - - 1

- - - - 1 1 1 - - - - - - - - - - - - - 3

- - - - - - 1 - 2 1 - 1 - - - - - - - - 5

- - - - - 2 3 2 2 1 - - - - - - - - - - 10

- - - - - 1 - 1 1 - 1 - 2 - - - - - - - 6

- - - - - - - - - 2 - 1 1 - - - - - - - 4

- - - - - - - - - 1 1 - - - - 1 - - - - 3

- - - - - - - - - 1 3 - 5 2 - - - - - - 11

- - - - - - - - - - - - - 1 1 - - - - - 2

- - - - - - - - - - - - - - 2 1 - - - - 3

- - - - - - - - - - 1 - 1 - - 2 2 1 - - 7

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

7 7 4 4 5 5 7 4 5 6 6 2 9 3 4 4 2 1 0 0 85

Òàáëèöà 10: S&P's�Dagong

13 - 1 - - - - - - - - - - - - - - - - - 14

- 3 - - - - - - - - - - - - - - - - - - 3

- - 2 - - - - - - - - - - - - - - - - - 2

- - 1 2 4 - - - - - - - - - - - - - - - 7

- - - - 4 1 - - - - - - - - - - - - - - 5

- - - - - - 1 - - - - - - - - - - - - - 1

- - - - - - 1 - - - - - - - - - - - - - 1

- - - - - - 1 - 4 - - - - - - - - - - - 5

- - - - - - - 2 4 1 - - - - - - - - - - 7

- - - - - - - - 3 9 1 - - - - - - - - - 13

- - - - - - - 2 - 2 2 - - - - - - - - - 6

- - - - - - - - - - - 1 1 - - - - - - - 2

- - - - - - - - - - 1 - 1 2 - - - - - - 4

- - - - - - - - - - - - 2 2 2 - - - - - 6

- - - - - - - - - - - - - 1 - 1 - - - - 2

- - - - - - - - - - - - - - - 1 - 1 - - 2

- - - - - - - - - - - - - - - 2 - - - - 2

- - - - - - - - - - - - 1 - - - - - - - 1

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - 1 - - - - 1

13 3 4 2 8 1 3 4 11 12 4 1 5 5 2 5 0 1 0 0 84

Òàáëèöà 11: Moddy's�Fith

5 7 1 - - - 1 - - - - - - - - - - - - - 14

1 - - - 2 - - - - - - - - - - - - - - - 3

- - 1 1 - - - 1 - - - - - - - - - - - - 3

1 - 2 3 1 - - - - - - - - - - - - - - - 7

- - - - 1 1 2 - - - - - - - 1 - - - - - 5

- - - - - 1 1 - - - - - - - - - - - - - 2

- - - - 1 - - - - - - - - - - - - - - - 1

- - - - - 2 1 - 1 1 - - - - - - - - - - 5

- - - - - - 2 1 3 1 - - - - - - - - - - 7

- - - - - 1 - 2 - 2 2 2 2 - - - - - - - 11

- - - - - - - - 2 1 - - 1 - - - - - - - 4

- - - - - - - - - - - - - - 1 1 - - - - 2

- - - - - - - - - 1 1 - 3 - - - - - - - 5

- - - - - - - - - - 1 - 1 3 - - - - - - 5

- - - - - - - - - - 1 - - - - 1 - - - - 2

- - - - - - - - - - - - 1 - - - 1 - - - 2

- - - - - - - - - - - - - - - 2 1 - - - 3

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - 1 - - 1

7 7 4 4 5 5 7 4 6 6 5 2 8 3 2 4 2 1 0 0 82

Òàáëèöà 12: Moody's�Dagong

5 7 - - - - 1 - - - - - - - - - - - - - 13

1 - - - 2 - - - - - - - - - - - - - - - 3

- - 2 - 1 - - 1 - - - - - - - - - - - - 4

- - 1 1 - - - - - - - - - - - - - - - - 2

1 - 1 2 1 1 1 - - - - - - - - - - - - - 7

- - - - - - 1 - - - - - - - - - - - - - 1

- - - - 1 - 1 - 1 - - - - - - - - - - - 3

- - - - - - - - 3 - - - - - - - - - - - 3

- - - - - 3 3 1 - 3 - 1 - - - - - - - - 11

- - - - - - - 2 1 1 2 1 3 - - - - - - - 10

- - - - - - - - - 1 1 - - - - - - - - - 2

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - 2 - 2 1 - - - - - - 5

- - - - - - - - - 1 1 - 2 1 1 - - - - - 6

- - - - - - - - - - - - - - 1 - - - - - 1

- - - - - - - - - - - - - - - 3 - 1 - - 4

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - 1 - - - 1

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

7 7 4 3 5 4 7 4 5 6 6 2 7 2 2 3 1 1 0 0 76

Òàáëèöà 13: Fith�Dagong

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - 1 - - - - - - - - - - - - - - - - - 1

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - 1 - - - - - - - 1

- - 1 1 - - - - 1 - - - - 1 - - - - - - 4

2 2 3 2 1 1 1 3 3 4 1 2 - 1 - - - - - - 26

- - - - - - 1 3 2 3 2 1 3 - - - - - - - 15

- - - - - 1 - - 2 - 1 - 2 - - - - - - - 6

- - - - - 1 1 - 1 1 3 3 1 - 2 - - - - - 13

- - - - - - - - 2 1 1 1 2 1 - - 1 - - - 9

- - - - - - 2 - - 2 - 3 - 2 2 - 1 - - - 12

- - - - - - - - - - 1 3 1 2 3 - - - - - 10

- - - - - - - - - - 2 1 - 1 - - - - - - 4

- - - - - - - - 1 - - - - 1 - - - 1 - - 3

- - - - - - - - - - - - 1 - 1 - - - 1 - 3

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - 1 - - 1

- - - - - - - - - - - - - - - - - - - - 0

2 2 5 3 1 3 5 6 12 11 11 14 11 9 8 0 2 2 1 0 108

Òàáëèöà 14: WR-Poll�WR-SWI
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- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - 1 - - - - - - - - - - - - - 1

2 - - - - - - - - - - - - - - - - - - - 2

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - 1 - - - - - - - - - - - 1

1 - 1 1 - - - - - 1 - - - - - - - - - - 4

9 1 2 5 1 - 2 - 6 2 - - - - - 1 - - - - 29

1 - 3 1 - 2 - 3 1 1 1 1 2 - 1 - - - - - 17

1 - - - - - 2 1 - 1 1 - - - - - - - - - 6

- - - - 1 - - - 4 1 1 2 2 - - 2 - - - - 13

- 1 - - - - - - - - 2 1 4 2 2 - - - - - 12

- - - - - - - 1 - 1 - 2 1 1 2 - 1 - - - 9

- - - - - - - - - - - - 3 3 2 3 - - - 1 12

- - - - - - - - - - - - 1 - 1 - - - - - 2

- - - - - - - - - - - - - 1 - 2 - - - - 3

- - - - - - - - - - - - - - 1 - - - - - 1

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

14 2 6 7 2 2 5 5 12 7 5 6 13 7 9 8 1 0 0 1 112

Òàáëèöà 15: WR-Poll�S&P's

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

1 - - - - - - - - - - - - - - - - - - - 1

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - 1 - - - - - - - - - - - 1

1 - 1 1 - - - - - 1 - - - - - - - - - - 4

10 1 1 5 1 1 1 2 3 3 - - - - - 1 - - - - 29

1 1 1 1 3 - - 2 - 3 2 - 1 1 - - 1 - - - 17

- 1 - - 1 1 - - - 2 1 - - - - - - - - - 6

- - - - 1 - 1 1 2 2 1 - 1 2 2 1 - - - - 14

1 - - - - - - - - 2 1 - 2 2 - - 1 - - - 9

- - - - - - - - 1 - 1 2 - 1 1 2 - - - - 8

- - - - - - - - - 1 - 1 1 2 - 2 2 1 - - 10

- - - - - - - - - - - 1 1 - - - - - - - 2

- - - - - - - - - - - - - - - 1 - - - 1 2

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

14 3 3 7 6 2 2 5 7 14 6 4 6 8 3 7 4 1 0 1 103

Òàáëèöà 16: WR-Poll�Moody's

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

1 - - - - - - - - - - - - - - - - - - - 1

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - 1 - - - - - - - - - - - 1

1 - - - 1 - - - - 1 - - - - - - - - - - 3

9 1 2 2 4 1 2 1 5 2 - - - - - - - 1 - - 30

1 1 2 - 2 - 1 1 2 2 1 - - 2 - 1 - - - - 16

- 1 - - 1 - - 1 - 2 - - - - - - - - - - 5

- - - - - 1 - 1 2 2 2 - - 2 - 1 - - - - 11

1 - - - - - - - - 1 1 - 2 2 3 - - - - - 10

- - - - - - - - 1 2 1 1 - - 1 1 - - - - 7

- - - - - - - - - 1 - - 4 1 - 1 - - - - 7

- - - - - - - - - - - - 1 - 1 - - - - - 2

- - - - - - - - - - - - - 1 - 1 - - - - 2

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

13 3 4 2 8 2 3 4 11 13 5 1 7 8 5 5 0 1 0 0 95

Òàáëèöà 17: WR-Poll�Fith

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

1 - - - - - - - - - - - - - - - - - - - 1

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - 1 - - - - - - - - - - - - - 1

1 - 1 1 - - - 1 - - - - - - - - - - - - 4

5 6 2 3 1 2 3 3 1 1 1 - - - - - 1 - - - 29

- 2 1 - 3 1 - - 2 1 - 1 3 - 1 1 - - - - 16

- - - - 1 1 1 - - - - 1 1 - - - - - - - 5

- - - - - 1 1 - 1 2 2 - - 2 - 1 - - - - 10

- - - - - - 1 - - 1 - - 2 - - - - - - - 4

- - - - - - - - 1 2 - - - - 1 1 2 - - - 7

- - - - - - - - - - 2 - 1 1 2 1 1 - - - 8

- - - - - - - - - - - - 1 - - - - - - - 1

- - - - - - - - - - - - 1 - - - 1 2 - - 4

- - - - - - - - - - - - - - - - 1 - 1 - 2

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

7 8 4 4 5 5 7 4 5 7 5 2 9 3 4 4 6 2 1 0 92

Òàáëèöà 18: WR-Poll�Dagong

2 - - - - - - - - - - - - - - - - - - - 2

1 - 1 - - - - - - - - - - - - - - - - - 2

3 - - 2 - - - - - - - - - - - - - - - - 5

- - 2 1 - - - - - - - - - - - - - - - - 3

- - - - 1 - - - - - - - - - - - - - - - 1

1 - - - - - 1 - - 1 - - - - - - - - - - 3

1 - - - - - - 1 2 - - - - - - - - - - - 4

- - - 1 - 1 - 1 2 - - 1 - - 1 - - - - - 7

2 - - 1 - - 2 - - 1 2 - 3 - - 1 - - - - 12

- - - - - 1 1 1 3 - 1 2 - - - - - - - - 9

1 1 - - 1 - - 1 - 1 1 - 1 1 2 1 - - - - 11

1 - - 1 - - - - 1 - - - 5 2 2 1 - - - - 13

1 1 2 - - - - 1 1 1 - 1 - 1 1 - - - - - 10

- - - - - - - - - 3 - - 1 1 1 - - - - 1 7

- - - - - - - - 1 - - 2 - 2 - 2 - - - - 7

- - - - - - - - - - - - - 1 - - - - - - 1

- - - - - - - - - - - - - - 1 - 1 - - - 2

- - - - - - - - - - - - - - - 1 - - - - 1

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

13 2 5 6 2 2 4 5 10 7 4 6 10 8 8 6 1 0 0 1 100

Òàáëèöà 19: WR-SWI�S&P's

2 - - - - - - - - - - - - - - - - - - - 2

1 - 1 - - - - - - - - - - - - - - - - - 2

2 1 - 1 1 - - - - - - - - - - - - - - - 5

1 - 1 1 - - - - - - - - - - - - - - - - 3

- - - 1 - - - - - - - - - - - - - - - - 1

1 - - - - 1 - - - 1 - - - - - - - - - - 3

1 - - - - - - 1 2 - - - - - - - - - - - 4

- - - 1 - - - 2 1 2 - - - - - - 1 - - - 7

2 - - - 1 - 1 - - 3 1 - 2 1 - 1 - - - - 12

- - - - 1 1 - 1 3 2 1 - - - - 1 - - - - 10

2 - - - 2 - - - - 2 1 1 - 1 1 - - - - - 10

1 - - 1 - - - 1 - - - 2 2 2 2 1 - - - - 12

1 2 - 1 - - - - 1 1 2 - - 1 - - - - - - 9

- - - - - - - - - 2 1 - - 1 - 1 - 1 - - 6

- - - - - - - - 1 - - 1 1 1 - - 2 - - - 6

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - 1 - 1 - - - - 2

- - - - - - - - - - - - - - - - - - - 1 1

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

14 3 2 6 5 2 1 5 8 13 6 4 5 8 3 5 3 1 0 1 95

Òàáëèöà 20: WR-SWI�Moody's

2 - - - - - - - - - - - - - - - - - - - 2

1 - 1 - - - - - - - - - - - - - - - - - 2

2 1 - - 2 - - - - - - - - - - - - - - - 5

- - 1 1 - - - - - - - - - - - - - - - - 2

- - - 1 - - - - - - - - - - - - - - - - 1

1 - - - - - - - - 1 - - - - - - - - - - 2

1 - - - - - - - 2 1 - - - - - - - - - - 4

- - - - 1 - - - 3 - 1 - - - - 1 - - - - 6

2 - - - 1 - 1 1 - 3 - - - 2 - - - - - - 10

- - - - 1 - 2 1 1 3 2 - - - - - - - - - 10

2 - - - 1 1 - - 1 2 - - 1 - 3 1 - - - - 12

1 - - - 1 - - - 1 - - 1 1 2 - - - - - - 7

1 2 1 - - - - 1 1 1 1 - - - - - - - - - 8

- - - - - - - - 1 2 - - 4 - 1 - - - - - 8

- - - - - - - 1 - - 1 - - 1 - 1 - - - - 4

- - - - - - - - - - - - - - 1 - - - - - 1

- - - - - - - - - - - - - - 1 1 - - - - 2

- - - - - - - - - - - - - - - 1 - - - - 1

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

13 3 3 2 7 1 3 4 10 13 5 1 6 5 6 5 0 0 0 0 87

Òàáëèöà 21: WR-SWI�Fith

2 - - - - - - - - - - - - - - - - - - - 2

- 1 - - - - - 1 - - - - - - - - - - - - 2

2 1 1 - - 1 - - - - - - - - - - - - - - 5

- - 2 1 - - - - - - - - - - - - - - - - 3

- - - 1 - - - - - - - - - - - - - - - - 1

- 1 - - - 1 - - - - - - - - - - - - - - 2

1 - - - - 1 - - - 2 - - - - - - - - - - 4

1 - - - - - - 1 - 1 - 1 - - - 1 - - - - 5

1 1 - - 2 - - - - 1 1 1 3 1 - - - - - - 11

- - - - - - 2 1 4 1 - - - - - - - - - - 8

- 2 - - - - 2 - - 1 1 - 1 - - 1 - - - - 8

- 1 - 1 - 1 - - - - 2 - 1 1 1 - - - - - 8

- - - - 3 - 2 - 1 1 - - 1 - - - - - - - 8

- - - - - 1 - 1 1 - - - 1 1 - - - - - - 5

- - - - - - - - 1 - 1 - - - 1 2 2 - - - 7

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - - - - 0

- - - - - - - - - - - - - - - - - 1 - - 1

- - - - - - - - - - - - - - - - - - 1 - 1

- - - - - - - - - - - - - - - - - - - - 0

7 7 3 3 5 5 6 4 7 7 5 2 7 3 2 4 2 1 1 0 81

Òàáëèöà 22: WR-SWI�Dagong
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8 Ñîïðÿæåííîå ì.ñ., îïðåäåëÿþùåå

ñîïðÿæåííûå òàáëèöû, è åãî

ñòðóêòóðà (êàòåãîðèàëüíûå è

ýêñïåðòíûå ì.ñ.)

8.1 Ñîïðÿæåííîå ì.ñ.: îïðåäåëåíèÿ è

îáîçíà÷åíèÿ

Îïðåäåëåíèå (ñîïðÿæåííîå, êàòåãîðèàëüíûå

è ýêñïåðòíûå ì.ñ.). Çàäà÷à îáùíîñòè ìíåíèé m
ýêñïåðòîâ â M êàòåãîðèÿõ, ïîñòàâëåííàÿ äëÿ m-

ìåðíîé ñîïðÿæåííîé M×. . .×M︸ ︷︷ ︸
m

òàáëèöû, õàðàêòåðè-

çóåòñÿ mM -ì.ñ.

X =

m∑

j=1

M∑

i=1

{xj
i} =





x1
1, . . . , x1

M

. . . . . . . . .
xm
1 , . . . , xm

M



 , (8.1.1)

êîòîðîå ìû áóäåì êàê è òàáëèöó íàçûâàòü ñîïðÿæåí-

íûì mM -ì.ñ.

Ñîïðÿæåííîå mM -ì.ñ. X ìîæíî ðàçëîæèòü â ñóììó

ïîäìíîæåñòâ äâóìÿ ñïîñîáàìè (�ïî ñòîëáöàì� è �ïî

ñòðîêàì�):

X =





M∑

i=1

Xi =

M∑

i=1

{x1
i , . . . , x

m
i }, (8.1.1a)

m∑

j=1

Xj =

m∑

j=1

{xj
1, . . . , x

j
M}, (8.1.1b)

• ëèáî â âèäå ñóììû èç M êàòåãîðèàëüíûõ m-

ìíîæåñòâ ñîáûòèé:

X1, . . . ,XM , (8.1.2)

i-òîå èç êîòîðûõ

Xi = {x1
i , . . . , x

m
i } (8.1.3)

� ýòî m-ì.ñ., õàðàêòåðèçóþùåå ìíåíèå âñåõ m
ýêñïåðòîâ îá îäíîé i-òîé êàòåãîðèè;

• ëèáî â âèäå ñóììû èç m ýêñïåðòíûõ M -

ìíîæåñòâ ñîáûòèé:

X1, . . . ,Xm, (8.1.4)

ãäå

Xj = {xj
1, . . . , x

j
M} (8.1.5)

� ýòî M -ìíîæåñòâî íåïåðåñåêàþùèõñÿ ñîáûòèé,

îáðàçóþùèõ M -ðàçáèåíèå

Ω = xj
1 + . . .+ xj

M (8.1.6)

äëÿ êàæäîãî j = 1, . . . ,m, êîòîðîå õàðàêòåðèçóåò

ìíåíèå îäíîãî j-ãî ýêñïåðòà îáî âñåõ M êàòåãî-

ðèÿõ.

Îïðåäåëåíèå (êëåòî÷íûå ì.ñ.). m-ïîäìíîæåñòâà

ñîïðÿæåííîãî ì.ñ. X âèäà:

Xi1...im = X1...m
i1...im = {x1

i1 , . . . , x
m
im} ⊂ X,

ãäå ik = 1, . . . ,M, k = 1, . . . ,m, íàçûâàþòñÿ êëåòî÷-

íûìè ïîäìíîæåñòâàìè ì.ñ. X

Ïîíÿòèå êëåòî÷íîãî ïîäìíîæåñòâà îáîáùàåò ïîíÿ-

òèå êàòåãîðèàëüíîãî:

Xi = {x1
i , . . . , x

m
i } = X1...m

i...i

äëÿ i = 1, . . . ,M . Ïîýòîìó êàòåãîðèàëüíûå ì.ñ.

X1, . . . ,XM ìîæíî òàêæå íàçâàòü äèàãîíàëüíûìè

êëåòî÷íûìè ïîäìíîæåñòâàìè ñîïðÿæåííîãî ì.ñ.

X.

8.1.1 Ñâîéñòâà êëåòî÷íûõ ì.ñ.

Ñâîéñòâî 1. Äëÿ ëþáîãî êëåòî÷íîãî m-ì.ñ. Xi1...im

è ëþáîãî ýêñïåðòíîãî ì.ñ. Xj , j = 1, . . . ,m
∣∣Xi1...im ∩Xj

∣∣ = 1,

à ïîýòîìó

m∑

j=1

∣∣Xi1...im ∩Xj
∣∣ = m.

Äîêàçàòåëüñòâî ñëåäóåò èç îïðåäåëåíèÿ êëåòî÷íî-

ãî ì.ñ.

Ñâîéñòâî 2. Òåððàñíûå ñîáûòèÿ 1-ãî è 2-ãî ðîäà,

ïîðîæäåííûå ì.ñ. X è çàíóìåðîâàííûå îäíèì è òåì

æå êëåòî÷íûì ì.ñ. Xi1...im ñîâïàäàþò

ter(Xi1...im//X) = terXi1...im//X. (8.1.7)

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ òåððàñíûõ ñîáû-

òèé 1-ãî ðîäà

ter(Xi1...im//X) =
⋂

x∈Xi1...im

x
⋂

x∈X−Xi1...im

xc.

�àñïèøåì ïåðâîå ïåðåñå÷åíèå:

⋂

x∈Xi1...im

x = x1
i1 ∩ . . . ∩ xm

im ,

è, òàê êàê X = X1 + . . . +Xj + . . . +Xm
, à xj

ij
∈ Xj

äëÿ j = 1, . . . ,m, � âòîðîå ïåðåñå÷åíèå:

⋂

x∈X−Xi1...im

xc =

m⋂

j=1




⋂

x∈Xj−
{

xj
ij

}

xc


 .

Ïîäñòàâèì ïîëó÷åííîå â îïðåäåëåíèå òåððàñíîãî ñî-

áûòèÿ 1-ãî ðîäà, ïîëó÷èì

ter(Xi1...im//X) =
m⋂

j=1


xj

ij
∩




⋂

x∈Xj−
{

xj
ij

}

xc





 .
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Çàìåòèì, ÷òî äëÿ j = 1, . . . ,m

xj
ij
=

⋂

x∈Xj−
{

xj
ij

}

xc, (8.1.8)

â ñèëó òîãî, ÷òî ýêñïåðòíûå ì.ñ. Xj = {xj
1, . . . , x

j
M}

îáðàçîâàíû íåïåðåñåêàþùèìèñÿ ñîáûòèÿìè, ïîêðû-

âàþùèìè Ω
M∑

i=1

xj
i = Ω,

è ïîýòîìó ïåðåñå÷åíèå äîïîëíåíèé âñåõ ñîáûòèé èç

Xj
, êðîìå îäíîãî xj

ij
, ðàâíî ýòîìó ñîáûòèþ. Â èòîãå,

ter(Xi1...im//X) =
m⋂

j=1

xj
ij
=

⋂

x∈Xi1...im

x = terXi1...im//X

� ñâîéñòâî 2 äîêàçàíî.

8.1.2 Êëåòî÷íûå òåððàñíûå ñîáûòèÿ è êëåòî÷íûå

âåðîÿòíîñòè

Îïðåäåëåíèå (êëåòî÷íûå òåððàñíûå ñîáûòèÿ è

êëåòî÷íûå âåðîÿòíîñòè). Òåððàñíûå ñîáûòèÿ 1-ãî

è 2-ãî ðîäà, ïîðîæäåííûå ñîïðÿæåííûì ì.ñ. X è ðàñ-

ïîëîæåííûå â êëåòêàõ ñîïðÿæåííîé òàáëèöû, íàçû-

âàþòñÿ êëåòî÷íûìè òåððàñíûìè ñîáûòèÿìè, à èõ

âåðîÿòíîñòè � êëåòî÷íûìè âåðîÿòíîñòÿìè:

πi1...im = π1...m
i1...im =

= P (ter(Xi1...im//X)) = P(terXi1...im//X).

Îáîçíà÷èì òàêæå

πj
i = P(xj

i )

� âåðîÿòíîñòè ñîáûòèé xj
i ∈ X, i = 1, . . . ,M, j =

1, . . . ,m.

Èç �îðìóë îáðàùåíèÿ Ì�åáèóñà ñëåäóåò, ÷òî

πj
i =

∑
. . .
∑

︸ ︷︷ ︸
m−1

πi1...im , (8.1.9)

ãäå (m − 1)-êðàòíîå ñóììèðîâàíèå êëåòî÷íûõ âåðî-

ÿòíîñòåé πi1...im ðàñïðîñòðàíÿåòñÿ íà âñå èíäåêñû

i1, . . . , im, çà èñêëþ÷åíèåì îäíîãî èíäåêñà ij, çíà÷å-
íèå êîòîðîãî çà�èêñèðîâàíî: ij = i.

8.1.3 Ïðèìåð �êîøêà�ñîáàêà�çàÿö� â ñîáûòèéíûõ

îáîçíà÷åíèÿõ

Â ïðèìåðå �êîøêà�ñîáàêà�çàÿö� ñîïðÿæåííûå (2,3)-

òàáëèöû êëåòî÷íûõ òåððàñíûõ ñîáûòèé è êëåòî÷íûõ

âåðîÿòíîñòåé èìåþò âèä, ïîêàçàííûé íà ðèñ. 23.

x2
1 x2

2 x2
3 Ω

x1
1 x1

1 ∩ x2
1 x1

1 ∩ x2
2 x1

1 ∩ x2
3 x1

1

x1
2 x1

2 ∩ x2
1 x1

2 ∩ x2
2 x1

2 ∩ x2
3 x1

2

x1
3 x1

3 ∩ x2
1 x1

3 ∩ x2
2 x1

3 ∩ x2
3 x1

3

Ω x2
1 x2

2 x2
3 1

x2
1 x2

2 x2
3 Ω

x1
1 π12

11 π12
12 π12

13 π1
1

x1
2 π12

21 π12
22 π12

23 π1
2

x1
3 π12

31 π12
32 π12

33 π1
3

Ω π2
1 π2

2 π2
3 1

Òàáëèöà 23: (2,3)-òàáëèöà òåððàñíîãî (ñëåâà) è âåðîÿòíîñòíî-

ãî (ñïðàâà) ðàñïðåäåëåíèé ñîïðÿæåííîãî ì.ñ. X = {x1
1, x

2
1} +

{x1
2, x

2
2} + {x1

3, x
2
3} = X1 + X2 + X3 = X1 + X2 = {x1

1, x
1
2, x

1
3} +

{x2
1, x

2
2, x

2
3}, ñîñòàâëåííîãî êàê èç 3-õ êàòåãîðèàëüíûõ ì.ñ.

X1,X2,X3, òàê è èç 2-õ ýêñïåðòíûõ ì.ñ. X1,X2
, â çàäà÷å îáùíî-

ñòè ìíåíèé äâóõ ýêñïåðòîâ ïî òðåì êàòåãîðèÿì äëÿ ïðèìåðà �êîø-

êà (1), ñîáàêà (2), çàÿö (3)�; ãäå π12
ij = P(x1

i∩x2
j), π

1
i = P(x1

i ), π
2
j =

P(x2
j), i = 1, 2, 3, j = 1, 2.

x2
1 x2

2 x2
2 Ω

� ⊟ ⊞

x1
1 π12

11 π12
12 π12

13 π1
1

� � �

� ⊟ ⊞

x1
2 π12

21 π12
22 π12

23 π1
2

⊟ ⊟ ⊟

� ⊟ ⊞

x1
3 π12

31 π12
32 π12

33 π1
3

⊞ ⊞ ⊞

Ω π2
1 π2

2 π2
3 1

Òàáëèöà 24: Ñîáûòèéíàÿ ñòðóêòóðà ñîïðÿæåííîé (2, 3)-òàáëèöû,
êîòîðàÿ õàðàêòåðèçóåòñÿ ñîïðÿæåííûì 6-ì.ñ. X = X1 + X2 +
X3. Cîáûòèÿ èç òðåõ êàòåãîðèàëüíûõ äóïëåòîâ ñîáûòèé X1 =
{x1

1, x
2
1},X2 = {x1

2, x
2
2} è X3 = {x1

3, x
2
3} ïîìå÷åíû ñèìâîëàìè �,⊟

è ⊞ ñîîòâåòñòâåííî: ïåðâûé ýêñïåðò âíèçó êëåòêè, âòîðîé ýêñïåðò

ââåðõó êëåòêè.

8.1.4 Ñîáûòèéíàÿ ñòðóêòóðà ñîïðÿæåííîãî ì.ñ.

8.1.5 Ñîïðÿæåííûå ì.ñ. ñ �èêñèðîâàííîé

�äèàãîíàëüíîé� âåðîÿòíîñòüþ

�àññìîòðèì êëàññ

Cα(m,M) =

{
X(m,M) :

M∑

i=1

π1...m
i...i = α

}

ñîïðÿæåííûõ ì.ñ. X = X(m,M), õàðàêòåðèçóåìûõ
ñîïðÿæåííîé (m,M)-òàáëèöåé, êîòîðûå èìåþò �äèà-

ãîíàëüíóþ� âåðîÿòíîñòü, ðàâíóþ

M∑

i=1

π1...m
i...i = α,

ãäå α ∈ [0, 1].
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ßñíî, ÷òî

Cα(m,M) =
∑

α1+...+αM=α

Cα1...αM (m,M),

ãäå

Cα1...αM (m,M) =
{
X(m,M) : π1...m

i...i = αi, i = 1, ...,M
}

ïîäêëàññ ñîïðÿæåííûõ ì.ñ. X = X(m,M), õàðàêòåðè-
çóåìûõ ñîïðÿæåííîé (m,M)-òàáëèöåé, �äèàãîíàëü-
íûå� âåðîÿòíîñòè êîòîðûõ ðàâíû

π1...m
1...1 = α1, . . . , π1...m

M...M = αM .

8.1.6 Êàíîíè÷åñêîå ñîïðÿæåííîå ì.ñ. äëÿ

êàíîíè÷åñêîé ìíîãîìåðíîé ñîïðÿæåííîé

òàáëèöû

Îïðåäåëåíèå (êàíîíè÷åñêàÿ ñîïðÿæåííàÿ òàá-

ëèöà, (m, 2)-çàäà÷à îáùíîñòè). Â ñèòóàöèè �m
ýêñïåðòîâ è 2 êàòåãîðèè� m-ìåðíàÿ ñîïðÿæåí-

íàÿ 2×. . .×2︸ ︷︷ ︸
m

òàáëèöà îáúåìà 2m, ò.å. ñîïðÿæåí-

íàÿ (m, 2)-òàáëèöà, ïðåäñòàâëÿåò ñîáîé òàáëè÷íóþ

õàðàêòåðèçàöèþ âåðîÿòíîñòíîãî ðàñïðåäåëåíèÿ 1-ãî

ðîäà êàòåãîðèàëüíîãî ì.ñ. X1 è íàçûâàåòñÿm-ìåðíîé

êàíîíè÷åñêîé ñîïðÿæåííîé òàáëèöåé, à ñîîòâåòñòâó-

þùåå åé ñîïðÿæåííîå ì.ñ. X = X1 + X2 íàçûâàåòñÿ

êàíîíè÷åñêèì ñîïðÿæåííûì 2m-ì.ñ.

Ëåììà (äîïîëíèòåëüíîñòü ïî Ìèíêîâñêîìó

êàòåãîðèàëüíûõ ì.ñ. äëÿ m-ìåðíîé êàíîíè÷å-

ñêîé ñîïðÿæåííîé òàáëèöû). Îáà êàòåãîðèàëü-

íûõ ì.ñ. X1 = {x1
1, x

2
1} è X2 = {x1

2, x
2
2} äëÿ m-ìåðíîé

êàíîíè÷åñêîé ñîïðÿæåííîé òàáëèöû âçàèìíî äîïîë-

íèòåëüíû ïî Ìèíêîâñêîìó:

X2 = X
(c)
1 ,

ãäå X
(c)
1 = {(x1

1)
c, (x2

1)
c} � äîïîëíåíèå ì.ñ. X1 ïî

Ìèíêîâñêîìó.

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ (8.1.6) ýêñïåðò-

íûå ì.ñ. X1 = {x1
1, x

1
2} è X2 = {x2

1, x
2
2} äëÿ m-ìåðíîé

ñîïðÿæåííîé òàáëèöû ñîñòîÿò èç íåïåðåñåêàþùèõñÿ

ñîáûòèé:

x1
2 = Ω− x1

1 = (x1
1)

c, x2
2 = Ω− x2

1 = (x2
1)

c.

Îòñþäà

X2 = {x1
2, x

2
2} = {(x1

1)
c, (x2

1)
c} = X

(c)
1 ,

÷òî è òðåáóåòñÿ.

Ñåò-ðàññòîÿíèå êàòåãîðèàëüíûõ ì.ñ. Äëÿ m-

ìåðíîé êàíîíè÷åñêîé ñîïðÿæåííîé òàáëèöû çíà-

÷åíèÿ ïîêàçàòåëåé îáùíîñòè êàòåãîðèàëüíûõ ìíî-

æåñòâ, êîòîðûå îñíîâàíû íà ïîíÿòèè ñåò-ðàññòîÿíèÿ,

îïðåäåëÿþòñÿ âåðîÿòíîñòíûì ðàñïðåäåëåíèåì òîëü-

êî îäíîãî èç íèõ â ñèëó óòâåðæäåíèÿ ëåììû. Íàïðè-

ìåð, îáà ñåò-ðàññòîÿíèÿ îïðåäåëÿþòñÿ, ëèáî ïî �îð-

ìóëàì:

∆X1 = uX1 − 〈p〉X1

∆X2 = 〈p〉X1 − pX1 ,

ëèáî ïî �îðìóëàì

∆X2 = uX2 − 〈p〉X2 ,

∆X1 = 〈p〉X2 − pX2 .

Äåéñòâèòåëüíî, ïî îïðåäåëåíèþ ñåò-ðàññòîÿíèÿ

∆X2 = ∆(X1)(c) = u(X1)(c) − 〈p〉(X1)(c) =

= 1− pX1 − 1 + 〈p〉X1 = 〈p〉X1 − pX1 ,

∆X1 = ∆(X2)(c) = u(X2)(c) − 〈p〉(X2)(c) =

= 1− pX2 − 1 + 〈p〉X2 = 〈p〉X2 − pX2 .

8.2 Ñëó÷àéíûé ýêñïåðèìåíò, ïîðîæäàþùèé

ñîïðÿæåííîå ì.ñ.

�àññìîòðèì ñëó÷àéíûé ýêñïåðèìåíò, êîòîðûé ïî-

ðîæäàåò (m,M)-çàäà÷ó îáùíîñòè ìíåíèé m ýêñïåð-

òîâ ïî M êàòåãîðèÿì, îïðåäåëÿåìóþ m-ìåðíîé ñî-

ïðÿæåííîé M × ...×M︸ ︷︷ ︸
m

òàáëèöåé êëåòî÷íûõ âåðîÿò-

íîñòåé.

Òàêîé ñëó÷àéíûé ýêñïåðèìåíò, ïîðîæäàþùèé ñîîò-

âåòñòâóþùåå ñîïðÿæåííîåMm
-ì.ñ. X, âåðîÿòíîñòíîå

ðàñïðåäåëåíèå êîòîðîãî ñîñòàâëåíî èç Mm
âåðîÿò-

íîñòåé êëåòî÷íûõ òåððàñíûõ ñîáûòèé (êëåòî÷íûõ

âåðîÿòíîñòåé), ðàñïîëîæåííûõ â êëåòêàõ ñîïðÿæåí-

íîé òàáëèöû, áóäåì íàçûâàòü ñîïðÿæåííûì ñëó÷àé-

íûì (m,M)-ýêñïåðèìåíòîì.

Ê ó÷àñòíèêàì ñîïðÿæåííîãî ñëó÷àéíîãî ýêñïåðèìåí-

òà îòíîñÿòñÿ m ýêñïåðòîâ è îäèí ýêñïåðèìåíòàòîð.

�åçóëüòàò ñîïðÿæåííîãî ñëó÷àéíîãî ýêñïåðèìåíòà

îïðåäåëÿåòñÿ ñîâîêóïíûì ïîâåäåíèåì ýêñïåðòîâ è

ýêñïåðèìåíòàòîðà â ðàìêàõ ýêñïåðèìåíòà, êîòîðîå

âûðàæàåòñÿ â îöåíêå ýêñïåðòàìè êàòåãîðèé ïðåäìå-

òîâ, âûñòàâëÿåìûõ ýêñïåðèìåíòàòîðîì.

Ïîëåçíî çàìåòèòü, ÷òî ñîïðÿæåííûé ñëó÷àéíûé ýêñ-

ïåðèìåíò, ãäå ýêñïåðèìåíòàòîðó èçâåñòíû êàòåãîðèè

ïðåäìåòîâ, êîòîðûå îí âûñòàâëÿåò ýêñïåðòàì äëÿ

îöåíêè, ñëåäóåò îòëè÷àòü îò ñîïðÿæåííîãî ñëó÷àé-

íîãî ýêñïåðèìåíòà, ãäå ýêñïåðèìåíòàòîðó ýòè êàòå-

ãîðèè íåèçâåñòíû.

Â ïåðâîé ñèòóàöèè ýêñïåðèìåíòàòîðà ìîæíî ñ÷èòàòü

ëèáî ýêñïåðòîì, êîòîðûé áåçîøèáî÷íî îöåíèâàåò êà-

òåãîðèè âûñòàâëÿåìûõ ïðåäìåòîâ, ëèáî ó÷èòåëåì,

êîòîðûé â ñîñòîÿíèè ñðàâíèòü ðåçóëüòàòû ýêñïåðò-

íûõ îöåíîê ñ ýòàëîíîì, ëèáî ïðîñòî ãåíåðàòîðîì âû-

ñòàâëÿåìûõ ïðåäìåòîâ ñ èçâåñòíûì âåðîÿòíîñòíûì

ðàñïðåäåëåíèåì èõ ïî êàòåãîðèÿì. Â ýòîé ñèòóàöèè

âîçíèêàåò çàäà÷à îöåíêè ïðàâèëüíîñòè ìíåíèé ýêñ-

ïåðòîâ î êàòåãîðèÿõ âûñòàâëÿåìûõ ïðåäìåòîâ, êîòî-

ðàÿ â äàííîé ðàáîòå íå ðàññìàòðèâàåòñÿ.

Âî âòîðîé ñèòóàöèè ýêñïåðèìåíòàòîð âûñòóïàåò â ðî-

ëè ñëó÷àéíîãî ãåíåðàòîðà âûñòàâëÿåìûõ ïðåäìåòîâ,
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âåðîÿòíîñòíîå ðàñïðåäåëåíèå êîòîðûõ ïî êàòåãîðè-

ÿì íåèçâåñòíî. Â ýòîé ñèòóàöèè è âîçíèêàåò çàäà-

÷à îöåíêè îáùíîñòè ìíåíèé ýêñïåðòîâ î êàòåãîðèÿõ

âûñòàâëÿåìûõ ïðåäìåòîâ, êîòîðîé ïîñâÿùåíà äàííàÿ

ðàáîòà.
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�èñóíîê 10: Øêàëû çàâèñèìîñòè è îáùíîñòè äëÿ 14-ì.ñ. (�óê-

ñèÿ � îáùíîñòü, àêâà � çàâèñèìîñòü ïåðåñå÷åíèÿ, ëàéì �

çàâèñèìîñòü îáúåäèíåíèÿ) è èõ ñðàâíåíèå ñ âåðîÿòíîñòÿìè è

�.ð. åãî ìîùíîñòíîãî èíäèêàòîðà (ñèíèé). Ñâåðõó âíèç � òðè

âàðèàíòà âåðîÿòíîñòíîãî ðàñïðåäåëåíèÿ ì.ñ. ñ ìàëûìè, ñðåä-

íèìè è áîëüøèìè âåðîÿòíîñòÿìè ñîáûòèé.

8.2.1 Íåñèììåòðè÷íûå è ñèììåòðè÷íûå îïðåäåëåíèÿ

ïîêàçàòåëåé âåðîÿòíîñòíîé çàâèñèìîñòè è

îáùíîñòè ñîáûòèé

Íåñèììåòðè÷íûå îïðåäåëåíèÿ êîâàðèàöèè,

Ôðåøå-êîððåëÿöèè è ñåò-ðàññòîÿíèÿ. Êîâàðè-

àöèè îòíîñèòåëüíî ïåðåñå÷åíèÿ è îáúåäèíåíèÿ:

Kov

∩
X = pX − p⋆X ,

Kov

∪
X = u⋆

X − uX .

Ñåò-ðàññòîÿíèÿ îòíîñèòåëüíî ïåðåñå÷åíèÿ è îáúåäè-

íåíèÿ:

∆∩
X = 〈p〉X − pX ,

∆∪
X = uX − 〈p〉X ,

∆∩⋆
X = 〈p〉X − p⋆X ,

∆∪⋆
X = u⋆

X − 〈p〉X .

Ìåòðè÷åñêàÿ èíòåðïðåòàöèÿ íåñèììåòðè÷íûõ êîâà-

ðèàöèé:

Kov

∩
X = ∆∩⋆

X −∆∩
X ,

Kov

∪
X = ∆∪⋆

X −∆∪
X .

Ïåðâûé âàðèàíò ñèììåòðè÷íûõ îïðåäåëå-

íèé êîâàðèàöèè, Ôðåøå-êîððåëÿöèè è ñåò-

ðàññòîÿíèÿ (ñóììà). Îïðåäåëåíèå (ñèììåòðè÷íîå

ñåò-ðàññòîÿíèå, ñóììà):

∆Σ
X = ∆∪

X +∆∩
X = uX − pX ,

∆Σ⋆
X = ∆∪⋆

X +∆∩⋆
X = u⋆

X − p⋆X .

Îïðåäåëåíèå (ñèììåòðè÷íàÿ êîâàðèàöèÿ, ñóììà):

Kov

Σ
X = Kov

∪
X + Kov

∩
X .
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�èñóíîê 11: Øêàëû çàâèñèìîñòè è îáùíîñòè äëÿ 14-ì.ñ. X ⊆ X

(�óêñèÿ � îáùíîñòü, àêâà � çàâèñèìîñòü ïåðåñå÷åíèÿ, ëàéì

� çàâèñèìîñòü îáúåäèíåíèÿ) è èõ ñðàâíåíèå ñ ðàñïðåäåëå-

íèåì âåðîÿòíîñòåé è �.ð. åãî ìîùíîñòíîãî èíäèêàòîðà (ñè-

íèé). Ñâåðõó âíèç � äâà âàðèàíòà âåðîÿòíîñòíîãî ðàñïðå-

äåëåíèÿ 14-ì.ñ. X: �ñêîâîðîäà� (px = 1/8; pX = 1/16; uX =
15/16; p({x}//X) = 1/16; x ∈ X;Kov∩X > 0,Kov∪X < 0) è �òîðò�

(px = 7/8; pX = 1/16; uX = 15/16; p(X − {x}//X) = 1/16; x ∈
X;Kov∩X < 0,Kov∪X > 0); ñì. äåòàëè â òàáë. 25.
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�ñêîâîðîäà� �òîðò�

px, x ∈ X 1/8 7/8
øêàëà çàâèñèìîñòè ïåðåñå÷åíèÿ:

p⋆X (1/8)14 (7/8)14 ≈ 0.154
pX 1/16 1/16

p−X 0 0

p+X 1/8 7/8
øêàëà çàâèñèìîñòè îáúåäèíåíèÿ:

u⋆
X ≈ 0.846 ≈ 1

uX 15/16 15/16

u−
X 1/8 7/8

u+
X 1 1

÷àñòè÷íûå êîâàðèàöèè:

Kov

∩
X 1/16 ≈ −0.092

Kov

∪
X ≈ −0.092 1/16

øêàëà îáùíîñòè:

〈p〉X 1/8 7/8
÷àñòè÷íûå ñåò-ðàññòîÿíèÿ:

∆∩
X 1/16 13/16

∆∪
X 13/16 1/16

∆∩⋆
X 1/8 ≈ 0.721

∆∪⋆
X ≈ 0.721 1/8

ñåò-ðàññòîÿíèÿ:

∆Σ⋆
X ≈ 0.846 ≈ 0.846

∆Σ
X 7/8 7/8

∆Γ⋆
X ≈ 0.600 ≈ 0.600

∆Γ
X ≈ 0.451 ≈ 0.451

∆min ⋆
X 1/4 1/4

∆min
X 1/8 1/8

áëèçîñòè:

1−∆Σ
X 1/8 1/8

1−∆Γ
X ≈ 0.549 ≈ 0.549

1−∆min
X 7/8 7/8

êîâàðèàöèè:

Kov

Σ
X ≈ −0.029 ≈ −0.029

Kov

Γ
X ≈ 0.150 ≈ 0.150

Kov

min
X 1/8 1/8

Ôðåøå-êîððåëÿöèè:

Kor

Σ
X ≈ −0.189 ≈ −0.189

Kor

Γ
X ≈ 0.249 ≈ 0.249

Kor

min
X 1/2 1/2

Òàáëèöà 25: Çíà÷åíèÿ îñíîâíûõ âåðîÿòíîñòíûõ ïîêàçàòåëåé âåðî-

ÿòíîñòíîãî ðàñïðåäåëåíèÿ 14-ì.ñ. X äëÿ äâóõ åãî âàðèàíòîâ: �ñêî-

âîðîäà� è �òîðò�; ñì. ðèñ. 11.

Ìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ñèììåòðè÷íîé êîâàðèà-

öèè (ñóììà):

Kov

Σ
X = ∆Σ⋆

X −∆Σ
X .

Âòîðîé âàðèàíò ñèììåòðè÷íûõ îïðåäåëå-

íèé êîâàðèàöèè, Ôðåøå-êîððåëÿöèè è ñåò-

ðàññòîÿíèÿ, ìèíèìóì. Îïðåäåëåíèå (ñèììåòðè÷-

íîå ñåò-ðàññòîÿíèå, ìèíèìóì):

∆min ⋆
X = 2min{∆∪⋆

X ,∆∩⋆
X },

∆min
X = 2min{∆∪

X ,∆∩
X}.

Îïðåäåëåíèå (ñèììåòðè÷íàÿ êîâàðèàöèÿ, ìèíèìóì):

Kov

min
X = 2min{∆∪⋆

X ,∆∩⋆
X } − 2min{∆∪

X ,∆∩
X}.

Ìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ñèììåòðè÷íîé êîâàðèà-

öèè (ìèíèìóì):

Kov

min
X = ∆min ⋆

X −∆min
X .

Òðåòèé âàðèàíò ñèììåòðè÷íûõ îïðåäåëå-

íèé êîâàðèàöèè, Ôðåøå-êîððåëÿöèè è ñåò-

ðàññòîÿíèÿ, ñðåäíåå ãåîìåòðè÷åñêîå. Îïðåäåëå-

íèå (ñèììåòðè÷íîå ñåò-ðàññòîÿíèå, ñðåäíåå ãåîìåòðè-

÷åñêîå):

∆Γ⋆
X = 2

√
∆∪⋆

X ∆∩⋆
X ,

∆Γ
X = 2

√
∆∪

X∆∩
X .

Îïðåäåëåíèå (ñèììåòðè÷íàÿ êîâàðèàöèÿ, ìèíèìóì):

Kov

Γ
X = 2

√
∆∪⋆

X ∆∩⋆
X − 2

√
∆∪

X∆∩
X .

Ìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ñèììåòðè÷íîé êîâàðèà-

öèè (ìèíèìóì):

Kov

Γ
X = ∆Γ⋆

X −∆Γ
X .
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�èñóíîê 12: Øêàëû çàâèñèìîñòè è îáùíîñòè äëÿ 14-ì.ñ. X ⊆ X

(�óêñèÿ � îáùíîñòü, àêâà � çàâèñèìîñòü ïåðåñå÷åíèÿ, ëàéì

� çàâèñèìîñòü îáúåäèíåíèÿ) è èõ ñðàâíåíèå ñ ðàñïðåäåëå-

íèåì âåðîÿòíîñòåé è �.ð. åãî ìîùíîñòíîãî èíäèêàòîðà (ñè-

íèé). Ñâåðõó âíèç � äâà âàðèàíòà âåðîÿòíîñòíîãî ðàñïðå-

äåëåíèÿ 14-ì.ñ. X: �ñêîâîðîäà� (px = 1/4; pX = 5/24; uX =
19/24; p({x}//X) = 1/24; x ∈ X;Kov∩X > 0,Kov∪X > 0) è �òîðò�

(px = 3/4; pX = 5/24; uX = 19/24; p(X − {x}//X) = 1/24; x ∈
X;Kov∩X > 0,Kov∪X > 0); ñì. äåòàëè â òàáë. 26.
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�ñêîâîðîäà� �òîðò�

px, x ∈ X 1/4 3/4
øêàëà çàâèñèìîñòè ïåðåñå÷åíèÿ:

p⋆X (1/4)14 ≈ 4 · 10−9 (3/4)14 ≈ 0.018
pX 5/24 5/24

p−X 0 0

p+X 1/4 3/4
øêàëà çàâèñèìîñòè îáúåäèíåíèÿ:

u⋆
X ≈ 0.982 ≈ 1− 4 · 10−9

uX 19/24 19/24

u−
X 1/4 3/4

u+
X 1 1

÷àñòè÷íûå êîâàðèàöèè:

Kov

∩
X 5/24 ≈ 0.19

Kov

∪
X ≈ 0.19 5/24

øêàëà îáùíîñòè:

〈p〉X 1/4 3/4
÷àñòè÷íûå ñåò-ðàññòîÿíèÿ:

∆∩
X 1/24 13/24

∆∪
X 13/24 1/24

∆∩⋆
X 1/4 ≈ 0.732

∆∪⋆
X ≈ 0.732 1/4

ñåò-ðàññòîÿíèÿ:

∆Σ⋆
X ≈ 0.982 ≈ 0.982

∆Σ
X 7/12 7/12

∆Γ⋆
X ≈ 0.856 ≈ 0.856

∆Γ
X ≈ 0.300 ≈ 0.300

∆min ⋆
X 1/2 1/2

∆min
X 1/12 1/12

áëèçîñòè:

1−∆Σ
X 5/12 5/12

1−∆Γ
X ≈ 0.700 ≈ 0.700

1−∆min
X 11/12 11/12

êîâàðèàöèè:

Kov

Σ
X ≈ 0.398 ≈ 0.398

Kov

min
X 5/12 5/12

Kov

Γ
X ≈ 0.555 ≈ 0.555

Ôðåøå-êîððåëÿöèè:

Kor

Σ
X ≈ 0.406 ≈ 0.406

Kor

Γ
X ≈ 0.649 ≈ 0.649

Kor

min
X 5/6 5/6

Òàáëèöà 26: Çíà÷åíèÿ îñíîâíûõ âåðîÿòíîñòíûõ ïîêàçàòåëåé âåðî-

ÿòíîñòíîãî ðàñïðåäåëåíèÿ 14-ì.ñ. X äëÿ äâóõ åãî âàðèàíòîâ: �ñêî-

âîðîäà� è �òîðò�; ñì. ðèñ. 12.

9 Ñðàâíåíèå êëàññè÷åñêèõ è

ýâåíòîëîãè÷åñêèõ ïîêàçàòåëåé

îáùíîñòè ñîáûòèé (ïðèìåðû:

�ñëàáûé êîíñåíñóñ�, �âñå ïðîòèâ

îäíîãî�, �âñ�å èëè íè÷åãî�)

9.1 Ïðèìåðû äëÿ òåñòèðîâàíèÿ ïîêàçàòåëåé

îáùíîñòè ì.ñ.

Äëÿ òåñòèðîâàíèÿ ïîêàçàòåëåé ñîáûòèéíîé îáùíî-

ñòè èëè ðàçîáùåííîñòè òðåáóþòñÿ ïðîñòûå ïðèìåðû

ì.ñ. ñ ïðîñòîé ñòðóêòóðîé îáùíîñòè ñîáûòèé, êîòî-

ðàÿ èìååò èíòóèòèâíî ïðåäñêàçóåìûå çíà÷åíèÿ ïîêà-

çàòåëåé èõ îáùíîñòè.

9.1.1 Ïðèìåð: �íå áîëüøå îäíîãî ïðîòèâ�

�àññìîòðèì ïðèìåð ñîïðÿæåííîãî ì.ñ. X, ñòðóêòóðà
ñîáûòèéíîé îáùíîñòè êîòîðîãî ìîæåò áûòü êîðîòêî

íàçâàíà �íå áîëüøå îäíîãî ïðîòèâ� â ñèëó òîãî, ÷òî

îïðåäåëÿþùàÿ åãî âåðîÿòíîñòíàÿ ìåðà ðàñïðåäåëå-

íà òîëüêî íà òåõ òåððàñíûõ ñîáûòèÿõ, êîòîðûå, ëèáî

�ðàñïîëîæåíû� íà äèàãîíàëè (è èìåþò âåðîÿòíîñòü

α, ðàâíîìåðíî ðàñïðåäåëåííóþ íà âñå M äèàãîíàëü-

íûõ òåððàñíûõ ñîáûòèé), ëèáî �çàíóìåðîâàíû� m-

ïîäìíîæåñòâàìè, â êîòîðûõ âñå êðîìå îäíîãî ñîáû-

òèÿ ïðèíàäëåæàò îäíîìó è òîìó æå êàòåãîðèàëüíî-

ìó ìíîæåñòâó Xi (i = 1, . . . ,M) (è èìåþò âåðîÿòíîñòü

1−α, ðàâíîìåðíî ðàñïðåäåëåííóþ íà âñåmM(M−1)
òàêèõ òåððàñíûõ ñîáûòèé).

Ïåðâîå ñåìåéñòâî, êîòîðîå ñîñòîèò èç âñåõ êàòåãîðè-

àëüíûõ ì.ñ., òàê êàê, èìåííî, èìè çàíóìåðîâàíû äèà-

ãîíàëüíûå òåððàñíûå ñîáûòèÿ, îáîçíà÷èì

Td = {Xi, i = 1, . . . ,M},

à âòîðîå ñåìåéñòâî îáîçíà÷èì

T1={Xj
i,k, i = 1, ...,M, j = 1, ...,m, k ∈ {1, ...,M}−{i}},

ãäå

Xj
i,k = Xi∆{xj

i , x
j
k} = {x1

i , . . . , x
j
k, . . . , x

m
i }, k 6= i,

� m-ïîäìíîæåñòâà, êîòîðûìè çàíóìåðîâàíû òåððàñ-

íûå ñîáûòèÿ èç ñåìåéñòâà T1.

Ñëåäîâàòåëüíî,

terXi//X =
⋂

x∈Xi

x =

m⋂

j=1

xj
i

äëÿ i = 1, . . . ,M ; à

terXj
i,k//X

=
⋂

x∈X
j
i,k

x = xj
k ∩


⋂

s6=j

xs
i




äëÿ i = 1, . . . ,M, j = 1, . . . ,m, k ∈ {1, . . . ,M} − {i}.
Òåððàñíûå ñîáûòèÿ terXi//X, çàíóìåðîâàííûå êàòåãî-

ðèàëüíûìè ì.ñ. Xi ∈ Td, ïðîèñõîäÿò òîãäà, êîãäà âñå

áåç èñêëþ÷åíèÿ ýêñïåðòû îòíîñÿò íàáëþäàåìîå ñî-

áûòèå ê i-òîé êàòåãîðèè.

Òåððàñíûå ñîáûòèÿ terXj
i,k//X

, çàíóìåðîâàííûå ì.ñ.

Xj
i,k ∈ T1, ïðîèñõîäèò òîãäà, êîãäà âñå êðîìå îäíî-

ãî j-ãî ýêñïåðòà îòíîñÿò íàáëþäàåìîå ñîáûòèå ê i-òîé
êàòåãîðèè, à j-é ýêñïåðò � ê k-òîé, k 6= i. Èíà÷å ãîâî-
ðÿ, òîëüêî j-é ýêñïåðò îòíîñèò íàáëþäàåìîå ñîáûòèå

íå ê i-òîé êàòåãîðèè.
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Çàìå÷àíèå. Óñëîâèå �íå áîëüøå îäíîãî ïðîòèâ�

îçíà÷àþò çäåñü �ëèáî âñå m ýêñïåðòîâ èìåþò îáùåå

ìíåíèå, ëèáî m − 1 ýêñïåðò èìååò îáùåå ìíåíèå�.

Ïîýòîìó, ïðèìåð �íå áîëüøå îäíîãî ïðîòèâ� èìååò

ñìûñë, êîãäà

m > 2, (9.1.1.⋆)

òàê êàê îá îáùåì ìíåíèè ýêñïåðòîâ èìååò ñìûñë ãî-

âîðèòü, ëèøü íà÷èíàÿ ñ äâóõ ýêñïåðòîâ: m− 1 = 2.

Çàìåòèì òàêæå, ÷òî m-ìåðíàÿ ñîïðÿæåííàÿ

M×. . .×M︸ ︷︷ ︸
m

òàáëèöà, õàðàêòåðèçóåìàÿ ì.ñ. X, ñî-

äåðæèò íåíóëåâûå êëåòî÷íûå âåðîÿòíîñòè ëèáî íà

äèàãîíàëè â M êëåòêàõ, êîòîðûå ñîîòâåòñòâóþò

òåððàñíûì ñîáûòèÿì èç Td, ëèáî â mM(M − 1)
êëåòêå, êîòîðûå ñîîòâåòñòâóþò òåððàñíûì ñîáûòèÿì

èç T1. Ñëåäîâàòåëüíî, âåðîÿòíîñòíîå ðàñïðåäåëåíèå

ì.ñ. X îïðåäåëÿåòñÿ ñëåäóþùèìè âåðîÿòíîñòÿìè

(1-ãî èëè 2-ãî ðîäà)

pX//X = p(X//X) =

=





α

M
, X ∈ Td;

(1− α)

mM(M − 1)
, X ∈ T1;

0, X ∈ T− Td − T1,

(9.1.1.2)

ãäå

T={X : X = {x1
i1 , ..., x

m
im}, ij = 1, ...,M, j = 1, ...,m}

� ñåìåéñòâî âñåõ Mm
ïîäìíîæåñòâ ñîïðÿæåííîãî

ì.ñ. X, êîòîðûìè çàíóìåðîâàíû òåððàñíûå ñîáûòèÿ,

ïîðîæäåííûå X.

�àññìîòðèì òåïåðü i-òîå êàòåãîðèàëüíîå m-ì.ñ. Xi ⊂
X è åãî âåðîÿòíîñòíîå ðàñïðåäåëåíèå 1-ãî ðîäà

{p(X//Xi), X ⊆ Xi},

êîòîðîå ÿâëÿåòñÿ ïðîåêöèåé ðàñïðåäåëåíèÿ ì.ñ. X íà

ïîäì.ñ. Xi ⊆ X, è îáðàçîâàíî 2m âåðîÿòíîñòÿìè òåð-

ðàñíûõ ñîáûòèé 1-ãî ðîäà äëÿ X ⊆ Xi

p(X//Xi) = P (ter(X//Xi)) = P

( ⋂

x∈X

x
⋂

x∈Xi−X

xc

)
.

Âåðîÿòíîñòíîå ðàñïðåäåëåíèÿ ñîïðÿæåííîãî ì.ñ. X
îïðåäåëÿåò ðàñïðåäåëåíèå ñâîåé ïðîåêöèè íà êàòåãî-

ðèàëüíîå ì.ñ. Xi ïî �îðìóëàì

p(X//Xi) =
∑

Y ∩Xi=X

p(Y//X)

äëÿ X ⊆ Xi, èç êîòîðûõ ñëåäóþò �îðìóëû

p(X//Xi) =

=





α

M
, X = Xi,

1− α

mM
, X = {xj

i},
j = 1, . . . ,m,

1− α

mM
, X = Xi ∩Xj

i,k,

j = 1, . . . ,m,

k ∈ {1, . . . ,M} − {i},

1− 1

M
− 1− α

M
, X = ∅,

0, èíà÷å.

(9.1.1.3)

Â ñèëó òîãî, ÷òî

uXi = 1− p(∅//Xi) =
1

M
+

1− α

M
,

è äëÿ x ∈ Xi = {x1
i , . . . , x

m
i }

px = πj
i = P(xj

i ) =

=
α

M
+

1− α

mM
+ (m− 1)

1− α

mM
=

1

M
, (9.1.1.4)

Èç (9.1.1.2) ñëåäóåò, ÷òî ñåò-ðàññòîÿíèå Xi ðàâíî

∆Xi = uXi −
1

|Xi|
∑

x∈Xi

px =
1− α

M
. (9.1.1.2)

Âñïîìíèòå ãðàíèöû Ôðåøå äëÿ ñåò-ðàññòîÿíèÿ

(3.4.1) è (3.4.2) è âû÷èñëèòå èõ äëÿ i-ãî êàòåãîðè-

àëüíîãî ì.ñ. Xi:

∆−
Xi

= max
x∈Xi

px −
1

|Xi|
∑

x∈Xi

px = 0,

∆+
Xi

= min

{
1,
∑

x∈Xi

px

}
− 1

|Xi|
∑

x∈Xi

px =

= min
{
1,

m

M

}
− 1

M
=





m− 1

M
, m ≤M,

M − 1

M
, m > M,

â ñèëó òîãî, ÷òî

∑

x∈Xi

px =
m

M
.

Îòñþäà ðàçìàõ âîçìîæíûõ çíà÷åíèé ñåò-ðàññòîÿíèÿ

i-ãî êàòåãîðèàëüíîãî ì.ñ. Xi ðàâåí (3.4.3)

∆+
Xi
−∆−

Xi
= ∆+

Xi
=





m− 1

M
, m ≤M,

M − 1

M
, m > M,
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Ïîýòîìó êàæäîå i-å êàòåãîðèàëüíîå ì.ñ. Xi èìååò

Ôðåøå-ðàññòîÿíèå

∆∆Xi =
∆Xi −∆−

Xi

∆+
Xi
−∆−

Xi

=





1− α

m− 1
, m ≤M,

1− α

M − 1
, m > M,

è ñëåäóþùèå ïîêàçàòåëè îáùíîñòè:

1−∆Xi = 1− 1

M
(1− α)

� Î-áëèçîñòü;

1−∆∆Xi =
∆+

Xi
−∆Xi

∆+
Xi
−∆−

Xi

=





1− 1− α

m− 1
, m ≤M,

1− 1− α

M − 1
, m > M.

� Ôðåøå-Î-áëèçîñòü.

Î-êó÷íîñòü êàòåãîðèàëüíîãî ì.ñ. Xi ðàâíà

1−∇Xi =
〈p〉Xi

uXi

=
1/M

(2− α)/M
=

1

2− α
.

Âåðõíÿÿ è íèæíÿÿ ãðàíèöû è ðàçìàõ êó÷íîñòè Xi

ðàâíû ñîîòâåòñòâåííî:

(1−∇Xi)
+ =

〈p〉Xi

u−
Xi

= 1,

(1−∇Xi)
− =

〈p〉Xi

u+
Xi

=

=
〈p〉Xi

min
{
1,
∑

x∈Xi
px
} =

{
1
m , m ≤M,
1
M , m > M,

(1 −∇Xi)
+ − (1−∇Xi)

− =

{
1− 1

m , m ≤M,

1− 1
M , m > M.

Îòñþäà Ôðåøå-Î-êó÷íîñòü êàòåãîðèàëüíîãî ì.ñ. Xi

ðàâíà

1−∇∇Xi =





1
m−1

(
m

2−α − 1
)
, m ≤M,

1
M−1

(
M
2−α − 1

)
, m > M.

Ïî îïðåäåëåíèÿì äèàãîíàëüíàÿ êàïïà (4.5.4), êëàñ-

ñè÷åñêàÿ êàïïà (4.5.5), êàïïà-Î-áëèçîñòü (4.5.6) è

êàïïà-Ôðåøå-Î-áëèçîñòü (4.5.7) ì.ñ. X ðàâíû ñîîò-

âåòñòâåííî:

κdiag(X) = α; (9.1.1.4)

κ(X) =

κdiag(X)−
M∑

i=1

m∏

j=1

πj
i

1−
M∑

i=1

m∏

j=1

πj
i

=

=

α−
M∑

i=1

m∏

j=1

1

M

1−
M∑

i=1

m∏

j=1

1

M

=
α− 1

Mm

1− 1
Mm

; (9.1.1.5)

κ∆(X) =
1

M

M∑

i=1

(1−∆Xi) = 1− 1

M
(1 − α); (9.1.1.6)

κ∆∆(X) =
1

M

M∑

i=1

(1−∆∆Xi) =

=





1− 1− α

m− 1
, m ≤M,

1− 1− α

M − 1
, m > M.

(9.1.1.7)

à êàïïà-Î-êó÷íîñòü è êàïïà-Ôðåøå-Î-êó÷íîñòü ì.ñ.

X âû÷èñëÿþòñÿ àíàëîãè÷íûìè ïðèåìàìè ïî �îðìó-

ëàì (4.5.8) è (4.5.9) ñîîòâåòñòâåííî:

κ∇(X) =
1

M

M∑

i=1

(1−∇Xi) =
1

2− α
, (9.1.1.8)

κ∇∇(X) =
1

M

M∑

i=1

(1−∇∇Xi) =

=





1
m−1

(
m

2−α − 1
)
, m ≤M,

1
M−1

(
M

2−α − 1
)
, m > M.

(9.1.1.9)

Âûâîä. Êîãäà ìíåíèå òîëüêî îäíîãî èç ýêñïåð-

òîâ âñåãäà ïðîòèâîðå÷èò ìíåíèÿì îñòàëüíûõ ýêñïåð-

òîâ, ìåæäó ñîáîé ñîâïàäàþùèõ, äèàãîíàëüíàÿ êàï-

ïà ðàâíà α, êëàññè÷åñêàÿ êàïïà äëÿ âñåõ α ìåíü-

øå (!?) äèàãîíàëüíîé, ïðèáëèæàåòñÿ ê íåé ñíèçó

ñ ðîñòîì α, à ïðè α < M−m
ïîêàçûâàåò îòðè-

öàòåëüíóþ (!?) îáùíîñòü, ÷òî ïðîòèâîðå÷èò èíòóè-

öèè; âìåñòå ñ òåì, ýâåíòîëîãè÷åñêèå ïîêàçàòåëè �

êàïïà-Î-áëèçîñòü, êàïïà-Ôðåøå-Î-áëèçîñòü, êàïïà-

Î-êó÷íîñòü è êàïïà-Ôðåøå-Î-êó÷íîñòü äëÿ âñåõ α
áîëüøå äèàãîíàëüíîé êàïïà, ÷òî èíòóèòèâíî îïðàâ-

äàíî, òàê êàê äèàãîíàëüíàÿ êàïïà íå ó÷èòûâàåò

�íåïîëíûå� îáùíîñòè ìíåíèé ýêñïåðòîâ, íå �ïîïàäà-

þùèå� íà äèàãîíàëü.

9.1.2 Ïðèìåð: �âñ�å èëè íè÷åãî�

�àññìîòðèì ïðèìåð ì.ñ. X, ñòðóêòóðà ñîáûòèéíîé

îáùíîñòè êîòîðîãî ìîæåò áûòü êîðîòêî íàçâàíà �âñ�å

èëè íè÷åãî� â ñèëó òîãî, ÷òî âñå m ýêñïåðòîâ ëèáî

ïðèõîäÿò ê êîíñåíñóñó ïî êàæäîé êàòåãîðèè ñ âå-

ðîÿòíîñòüþ α/M , ëèáî ñ âåðîÿòíîñòüþ 1 − α ñðåäè

èõ ìíåíèé íåò è äâóõ îáùèõ íè ïî îäíîé èç êàòå-

ãîðèé, ñîîòâåòñòâóþùèå îòñóòñòâèþ êîíñåíñóñà òåð-

ðàñíûå ñîáûòèÿ ðàâíîâåðîÿòíû, à ñóììà èõ âåðîÿò-

íîñòåé ðàâíà 1− α.
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Îáîçíà÷èì

T = {{x1
i1 , . . . , x

m
im} : ik = 1, . . . ,M, k = 1, . . . ,m}

ñîâîêóïíîñòü âñåõ ïîäìíîæåñòâ, êîòîðûìè çàíóìå-

ðîâàíû êëåòî÷íûå òåððàñíûå ñîáûòèÿ

ter{x1
i1
,...,xm

im
}//X,

ïîðîæäåííûå ñîïðÿæåííûì ì.ñ. X;

Td =
{
{x1

i , . . . , x
m
i } : i = 1, . . . ,M

}
=

=
{
Xi : i = 1, . . . ,M

}
⊆ T

� äèàãîíàëüíàÿ ïîäñîâîêóïíîñòü êàòåãîðèàëüíûõ

m-ì.ñ., â êîòîðûõ âñå ñîáûòèÿ èìåþò îäèí è òîò æå

êàòåãîðíûé èíäåêñ;

T0 =
{
{x1

i1 , . . . , x
m
im} : ik 6= is, k 6= s

}
⊆ T

� 0-ïîäñîâîêóïíîñòü m-ì.ñ., â êîòîðûõ ñîáûòèÿ íå

èìåþò ñîâïàäàþùèõ êàòåãîðíûõ èíäåêñîâ i1, . . . , im;

T⋆ =
{
{x1

i1 , . . . , x
m
im} : ∃k, s; ik = is

}
= T− Td − T0

� 1-ïîäñîâîêóïíîñòüm-ì.ñ., â êîòîðûõ ñîáûòèÿ èìå-

þò õîòÿ áû îäíó ïàðó ñîâïàäàþùèõ êàòåãîðíûõ èí-

äåêñîâ.

Ìîùíîñòü 0-ñîâîêóïíîñòè T0 ðàâíà ÷èñëó ðàçìåùå-

íèé èç M ïî m ïðè m ≤ M è íóëþ â ïðîòèâíîì

ñëó÷àå:

|T0| =
{
Am

M = M !
(M−m)! , m ≤M,

0, m > M.

Çàìå÷àíèå. Áóäåì ñ÷èòàòü, ÷òî

1 < m ≤M (9.1.2.⋆)

â ñèëó òîãî, ÷òî |T0| = 0 ïðè m > M , à äëÿ m = 1
ïîíÿòèå îáùíîñòè ìíåíèé ýêñïåðòîâ òåðÿåò ñìûñë.

Ïîñêîëüêó |T| = Mm
� ìîùíîñòü âñåé ñîâîêóïíîñòè

ñîâïàäàåò ñ ÷èñëîì êëåòîê â ñîïðÿæåííîé (m,M)-
òàáëèöå, |Td| = M � ìîùíîñòü äèàãîíàëüíîé ñîâî-

êóïíîñòè ðàâíà ÷èñëó êàòåãîðèé, òî

|T⋆| = Mm −Am
M −M

� ìîùíîñòü 1-ñîâîêóïíîñòè T⋆ ðàâíà ìîùíîñòè

îñòàâøåéñÿ ÷àñòè.

Â ñèëó ñäåëàííûõ ïðåäïîëîæåíèé âåðîÿòíîñòíîå

ðàñïðåäåëåíèå ñîïðÿæåííîãî ì.ñ. X èìååò âèä:

p(X//X) =





α

|Td|
=

α

M
, X ∈ Td,

1− α

|T0|
=

1− α

Am
M

, X ∈ T0,

0, X ∈ T⋆,

(9.1.2.1)

è îïðåäåëÿåò âåðîÿòíîñòíûå ðàñïðåäåëåíèÿ ñâîèõ

ïîäìíîæåñòâ, â òîì ÷èñëå êàòåãîðèàëüíûõm-ïîäì.ñ.

Xi ⊆ X, i = 1, . . . ,M , ïî îáùèì �îðìóëàì äëÿ X ⊆
Xi:

p(X//Xi) =
∑

Y ∩Xi=X

p(Y//X), (9.1.2.2)

èç êîòîðûõ ñëåäóåò, ÷òî

p(X//Xi) =

=





∑

Y ∩Xi=Xi
Y ∈Td

p(Y//X) = p(Xi//X) =
α

M
,

X = Xi, (9.1.2.3)

∑

Y ∩Xi={x
j
i
}

Y ∈T0

p(Y//X) =
1− α

M
, X = {xj

i}, (9.1.2.3′)
j = 1, . . . ,m,

∑

Y ∩Xi=∅
Y ∈T0

p(Y//X) = 1− α

M
−m

1− α

M
,

X = ∅, (9.1.2.3′′)

0, èíà÷å,

ïîñêîëüêó â (9.1.2.3

′
) ÷èñëî ñëàãàåìûõ â ñóììå ðàâíî

Am−1
M−1 à ñàìà ñóììà ïîýòîìó ðàâíà

Am−1
M−1

1− α

Am
M

=
1− α

M
,

à â (9.1.2.3

′′
) ñóììà ðàâíà

p(∅//Xi) = 1−
∑

X 6=∅

p(X//Xi) = 1− α

M
−m

1− α

M
.

Îòñþäà ïîëó÷àåì

uXi = 1− p(∅//Xi) =
α

M
+m

1− α

M
, (9.1.2.4)

πj
i = P(xj

i ) =
α

M
+

1− α

M
=

1

M
, (9.1.2.5)

max
xj
i∈Xi

πj
i =

1

M
. (9.1.2.6)

Ïî îïðåäåëåíèþ ñåò-ðàññòîÿíèå êàòåãîðèàëüíîãî ì.ñ.

Xi ðàâíî

∆Xi = uXi −
1

m

m∑

j=1

πj
i = (m− 1)

1− α

M
, (9.1.2.7)

à Î-áëèçîñòü ì.ñ. Xi ðàâíà

1−∆Xi = 1− (m− 1)
1− α

M
, (9.1.2.8)

Ïðåæäå, ÷åì âû÷èñëèòü èõ ãðàíèöû Ôðåøå, íàéäåì

ãðàíèöû Ôðåøå äëÿ âåðîÿòíîñòè îáúåäèíåíèå uXi :

u−
Xi

= max
xj
i∈Xi

πj
i =

1

M
,
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u+
Xi

= min



1,

m∑

j=1

πj
i



 =

= min
{
1,

m

M

}
=

{m

M
, m ≤M,

1, m > 1.
=

m

M

â ñèëó ïðåäïîëîæåíèÿ (9.1.2.⋆).

�ðàíèöû Ôðåøå ñåò-ðàññòîÿíèÿ èìåþò âèä:

∆−
Xi

= u−
Xi
− 1

m

m∑

j=1

πj
i =

1

M
− 1

M
= 0, (9.1.2.8)

∆+
Xi

= u+
Xi
− 1

m

m∑

j=1

πj
i =

m

M
− 1

M
=

m− 1

M
. (9.1.2.9)

Îòñþäà ðàçìàõ âîçìîæíûõ çíà÷åíèé ñåò-ðàññòîÿíèÿ

êàòåãîðèàëüíîãî ì.ñ. Xi äëÿ i = 1, . . . ,M ðàâåí ïðà-

âîé ãðàíèöå Ôðåøå:

∆+
Xi
−∆−

Xi
=

m− 1

M
, (9.1.2.10)

à Ôðåøå-Î-áëèçîñòü ì.ñ. Xi îïðåäåëÿåòñÿ âåëè÷è-

íîé

1−∆∆Xi =
m−1
M − m−1

M (1− α)
m−1
M

= α.

Ïî îïðåäåëåíèÿì (4.5.4), (4.5.5), (4.5.6) è (4.5.7)

äèàãîíàëüíàÿ êàïïà, êëàññè÷åñêàÿ êàïïà, êàïïà-Î-

áëèçîñòü è êàïïà-Ôðåøå-Î-áëèçîñòü ì.ñ. X ðàâíû:

κdiag(X) = α; (9.1.2.11)

κ(X) =

κdiag(X)−
M∑

i=1

m∏

j=1

πj
i

1−
M∑

i=1

m∏

j=1

πj
i

=

=
α− 1

Mm−1

1− 1

Mm−1

; (9.1.2.12)

κ∆(X) =
1

M

M∑

i=1

(
1− (m− 1)

1− α

M

)
=

= 1− (m− 1)
1− α

M
. (9.1.2.13)

κ∆∆(X) =
1

M

M∑

i=1

(1−∆∆Xi) = α, (9.1.2.14)

à êàïïà-Î-êó÷íîñòü è êàïïà-Ôðåøå-Î-êó÷íîñòü ì.ñ.

X âû÷èñëÿþòñÿ àíàëîãè÷íûìè ïðèåìàìè ïî �îðìó-

ëàì (4.5.8) è (4.5.9) ñîîòâåòñòâåííî:

κ∇(X) =
1

M

M∑

i=1

(1−∇Xi) =

=
1

α+m(1 − α)
, (9.1.2.15)

κ∇∇(X) =
1

M

M∑

i=1

(1−∇∇Xi) =

=
α

α+m(1 − α)
. (9.1.2.16)

9.1.3 Ïðèìåð: �ñëàáûé êîíñåíñóñ�

�àññìîòðèì ïðèìåð ì.ñ. X, ñòðóêòóðà ñîáûòèéíîé

îáùíîñòè êîòîðîãî ìîæåò áûòü êîðîòêî íàçâàíà �ñëà-

áûé êîíñåíñóñ� â ñèëó òîãî, ÷òî ñ âåðîÿòíîñòüþ α âñå

ýêñïåðòû ïðèõîäÿò ê êîíñåíñóñó ïî êàæäîé êàòåãî-

ðèè; à ñ âåðîÿòíîñòüþ 1 − α ýêñïåðòû ïðèõîäÿò ê

ñëàáîìó êîíñåíñóñó, ò.å. ëèøü îäèí ýêñïåðò ïî êàæ-

äîé êàòåãîðèè èìåþò ìíåíèå, îòëè÷íîå îò ìíåíèÿ

îñòàëüíûõ ýêñïåðòîâ

18

. Êðîìå òîãî, ïðåäïîëàãàåòñÿ,

÷òî òåððàñíûå ñîáûòèÿ, êàê ñîîòâåòñòâóþùèå êîí-

ñåíñóñó, òàê è ñîîòâåòñòâóþùèå ñëàáîìó êîíñåíñóñó

ðàâíîâåðîÿòíû, à ñóììû èõ âåðîÿòíîñòåé ðàâíû α è

1− α ñîîòâåòñòâåííî.

Îáîçíà÷èì T, êàê è â ïàðàãðà�å 9.1.2 ñîâîêóïíîñòü

T âñåõ ïîäìíîæåñòâ {x1
i1 , . . . , x

m
im}, êîòîðûìè çàíóìå-

ðîâàíû êëåòî÷íûå òåððàñíûå ñîáûòèÿ

ter{x1
i1
,...,xm

im
}//X,

ïîðîæäåííûå ñîïðÿæåííûì ì.ñ. X.

Îáîçíà÷èì òàêæå Td � ñîâîêóïíîñòü âñåõ êàòåãîðè-

àëüíûõ m-ïîäì.ñ. Xi, i = 1, . . . ,M , êîòîðûìè çàíóìå-

ðîâàíû êëåòî÷íûå òåððàñíûå ñîáûòèÿ, ñîîòâåòñòâó-

þùèå êîíñåíñóñó ìíåíèé ýêñïåðòîâ.

Îáîçíà÷èì Tw � ñîâîêóïíîñòü m-ïîäì.ñ., êîòîðûìè

çàíóìåðîâàíû êëåòî÷íûå òåððàñíûå ñîáûòèÿ, ñîîò-

âåòñòâóþùèå ñëàáîìó êîíñåíñóñó ìíåíèé ýêñïåðòîâ.

Ïðåäïîëîæåíèÿ ïðèìåðà �ñëàáûé êîíñåíñóñ� îçíà÷à-

þò, òî ∑

X∈Td

p(X//X) = α,

∑

X∈Tw

p(X//X) = 1− α,

∑

X∈T−Td−Tw

p(X//X) = 0.

Íàïîìíèì òàêæå, ÷òî

|Td| = M,

è âû÷èñëèì ìîùíîñòü ñîâîêóïíîñòè Tw:

|Tw| = mM(M − 1).

18

Î÷åâèäíî, ÷òî �ñëàáûé êîíñåíñóñ� ìîæåò ïðîèñõîäèòü,

ëèøü êîãäà êîëè÷åñòâî ýêñïåðòîâ íå ìåíüøå òðåõ: m ≥ 3.
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ïîñêîëüêó ñëàáûé êîíñåíñóñ ïî êàæäîé i-òîé êàòåãî-

ðèè ìîæåò ñëó÷èòüñÿ m(M − 1) ñïîñîáàìè, à âñåãî

êàòåãîðèé M .

Çàìå÷àíèå. Ïðèìåð �ñëàáûé êîíñåíñóñ� èìååò

ñìûñë, êîãäà

1 < M, 1 < m, (9.1.3.⋆)

â ñèëó òîãî, ÷òî |Tw| = 0 ïðè M = 1, à äëÿ m = 1 íå

èìååò ñìûñëà ïîíÿòèå îáùíîñòü ìíåíèÿ ýêñïåðòîâ.

Â ñèëó ñäåëàííûõ ïðåäïîëîæåíèé âåðîÿòíîñòíîå

ðàñïðåäåëåíèå ñîïðÿæåííîãî ì.ñ. X èìååò âèä:

p(X//X) =





α

|Td|
=

α

M
, X ∈ Td,

1− α

|Tw|
=

1− α

mM(M − 1)
, X ∈ Tw,

0, èíà÷å,

(9.1.3.1)

è îïðåäåëÿåò âåðîÿòíîñòíûå ðàñïðåäåëåíèÿ ñâîèõ

ïîäìíîæåñòâ, â òîì ÷èñëå êàòåãîðèàëüíûõm-ïîäì.ñ.

Xi ⊆ X, i = 1, . . . ,M , ïî îáùèì �îðìóëàì äëÿ X ⊆
Xi:

p(X//Xi) =
∑

Y ∩Xi=X

p(Y//X), (9.1.3.2)

èç êîòîðûõ ñëåäóåò, ÷òî

p(X//Xi) =





∑

Y ∩Xi=Xi
Y ∈Td

p(Y//X) =
α

M
,

|X | = m, (9.1.3.3)

∑

Y ∩Xi=X
Y ∈Tw

p(Y//X) =
1− α

mM
,

|X | = m− 1, (9.1.3.3′)

∑

Y ∩Xi=∅
Y ∈Tw

p(Y//X) = 1− 1

M
,

X = ∅, (9.1.3.3′′)

0, èíà÷å,

ïîñêîëüêó â (9.1.3.3

′
) ÷èñëî ñëàãàåìûõ â êàæäîé

19

òàêîé ñóììå ðàâíîM−1 à ñàìà ñóììà ïîýòîìó ðàâíà

(M − 1)
1− α

mM(M − 1)
=

1− α

mM
,

à â (9.1.3.3

′′
) ñóììà ðàâíà äîïîëíåíèþ äî åäèíèöû

ñóììû (9.1.3.3) è m ñóìì (9.1.3.3

′
):

p(∅//Xi) = 1−
∑

X 6=∅

p(X//Xi) = 1− α

M
−m1− α

mM
= 1− 1

M
.

19

äëÿ êàæäîãî X ⊆ Xi, òàêîãî ÷òî |X| = m− 1.

Îòñþäà ïîëó÷àåì

uXi = 1− p(∅//Xi) =
1

M
, (9.1.3.4)

πj
i = P(xj

i ) =
20 =

1

M
− 1− α

mM
, (9.1.3.5)

max
xj
i∈Xi

πj
i =

1

M
− 1− α

mM
. (9.1.3.6)

Ñåò-ðàññòîÿíèå êàòåãîðèàëüíîãî ì.ñ. Xi ïî îïðåäåëå-

íèþ ðàâíî

∆Xi = uXi −
1

m

m∑

j=1

πj
i =

=
1

M
− 1

M
+

1− α

mM
=

1− α

mM
, (9.1.3.7)

à Î-áëèçîñòü ì.ñ. Xi ðàâíà

1−∆Xi = 1− 1− α

mM
. (9.1.3.7′)

Ïðåæäå, ÷åì âû÷èñëèòü åãî ãðàíèöû Ôðåøå, íàéäåì

ãðàíèöû Ôðåøå äëÿ âåðîÿòíîñòè îáúåäèíåíèå uXi :

u−
Xi

= max
xj
i∈Xi

πj
i =

1

M
− 1− α

mM
,

u+
Xi

= min



1,

m∑

j=1

πj
i



 = min

{
1,

m

M
− 1− α

M

}
=

=





m

M
− 1− α

M
, m ≤M,

1, m > M.

�ðàíèöû Ôðåøå ñåò-ðàññòîÿíèÿ èìåþò âèä:

∆−
Xi

= u−
Xi
− 1

m

m∑

j=1

πj
i = 0, (9.1.3.8)

∆+
Xi

= u+
Xi
− 1

m

m∑

j=1

πj
i =

=





m− 1

M
− m− 1

mM
(1− α), m ≤M,

1− 1

M
+

1− α

mM
, m > M.

(9.1.3.9)

Îòñþäà

∆+
Xi
−∆Xi =

=





m− 1

M
− 1− α

M
, m ≤M,

1− 1

M
, m > M.

(9.1.3.10)

20

ò.ê. P(xj
i ) =

α
M

+ (m − 1) 1−α
mM

= α
M

+ (1 − 1
m
) 1−α

M
= α

M
+

1−α
M

− 1−α
mM

= 1
M

− 1−α
mM

.
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�àçìàõ âîçìîæíûõ çíà÷åíèé ñåò-ðàññòîÿíèÿ êàòåãî-

ðèàëüíîãî ì.ñ. Xi äëÿ i = 1, . . . ,M ðàâåí ïðàâîé ãðà-

íèöå Ôðåøå:

∆+
Xi
−∆−

Xi
=

=





m− 1

M
− 1− α

M
+

1− α

mM
, m ≤M,

1− 1

M
+

1− α

mM
, m > M.

(9.1.3.11)

à Ôðåøå-Î-áëèçîñòü ì.ñ. Xi îïðåäåëÿåòñÿ âåëè÷è-

íîé

1−∆∆Xi =





m−1
M − 1−α

M
m−1
M − 1−α

M + 1−α
mM

, m ≤M,

1− 1
M

1− 1
M + 1−α

mM

, m > M.

1−∆∆Xi =





m− 2 + α

m− 2 + α+ 1−α
m

, m ≤M,

M − 1

M − 1 + 1−α
m

, m > M.

Ïî îïðåäåëåíèÿì (4.5.4), (4.5.5) è (4.5.6) äèàãîíàëü-

íàÿ êàïïà, êëàññè÷åñêàÿ êàïïà, êàïïà-Î-áëèçîñòü è

êàïïà-Ôðåøå-Î-áëèçîñòü ì.ñ. X ðàâíû:

κdiag(X) = α; (9.1.3.12)

κ(X) =

κdiag(X)−
M∑

i=1

m∏

j=1

πj
i

1−
M∑

i=1

m∏

j=1

πj
i

=

=

α−M

(
1

M
− 1− α

mM

)m

1−M

(
1

M
− 1− α

mM

)m ; (9.1.3.13)

κ∆(X) =
1

M

M∑

i=1

(1−∆Xi) =

= 1− m− 1

M
(1− α), (9.1.3.14)

κ∆∆(X) =
1

M

M∑

i=1

(1−∆∆Xi) =

=





m− 2 + α

m− 2 + α+ 1−α
m

, m ≤M,

M − 1

M − 1 + 1−α
m

, m > M,

(9.1.3.15)

à êàïïà-Î-êó÷íîñòü è êàïïà-Ôðåøå-Î-êó÷íîñòü ì.ñ.

X âû÷èñëÿþòñÿ àíàëîãè÷íûìè ïðèåìàìè ïî �îðìó-

ëàì (4.5.8) è (4.5.9) ñîîòâåòñòâåííî:

κ∇(X) =
1

M

M∑

i=1

(1−∇Xi) = 1− 1− α

M
, (9.1.3.16)

κ∇∇(X) =
1

M

M∑

i=1

(1−∇∇Xi) =

=





(
1− 1− α

m

)
m(m− 2 + α)

m(m− 2 + α) + 1− α
,m ≤M,

(
1− 1− α

m

)
m(M − 1)

m(M − 1) + 1− α
, m > M.

(9.1.3.17)
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10 Øêàëû âåðîÿòíîñòíîé çàâèñèìîñòè è îáùíîñòè ì.ñ. è èõ òî÷êè �îòñ÷åòà�

pX 〈p〉X uX

←−− ∆
∩
X −−→ ←−− ∆

∪
X −−→

←−∆∩⋆
X−→ ←−∆∪⋆

X−→
0 1

Kov

∩
X Kov

∪
X

p
−
X p

⋆
X p

+
X u

−
X u

⋆
X u

+
X

pX 〈p〉X uX

←−− ∆
∩
X −−→ ∆

∪
X

←−∆∩⋆
X−→ ←−∆∪⋆

X−→
0 1

Kov

∩
X Kov

∪
X

p
−
X p

⋆
X p

+
X u

−
X u

⋆
X u

+
X

pX 〈p〉X uX

∆
∩
X ←−− ∆

∪
X −−→

←−∆∩⋆
X−→ ←−∆∪⋆

X−→
0 1

Kov

∩
X Kov

∪
X

p
−
X p

⋆
X p

+
X u

−
X u

⋆
X u

+
X

pX 〈p〉X uX

∆
∩
X ∆

∪
X

←−∆∩⋆
X−→ ←−∆∪⋆

X−→
0 1

Kov

∩
X Kov

∪
X

p
−
X p

⋆
X p

+
X u

−
X u

⋆
X u

+
X

�èñóíîê 13: Øêàëû èçìåðåíèÿ çàâèñèìîñòè è îáùíîñòè ì.ñ. X ⊆ X ñî ñâîèìè �òî÷êàìè îòñ÷åòà�: øêàëà îáùíîñòè äëÿ äâóõ ñåò-

ðàññòîÿíèé ïî ïåðåñå÷åíèþ ∆∩
X è îáúåäèíåíèþ ∆∪

X (�óêñèÿ) ñî �ñðåäíåâåðîÿòíîé òî÷êîé îòñ÷åòà� 〈p〉X ; äâå øêàëû çàâèñè-

ìîñòè äëÿ êîâàðèàöèé ïî ïåðåñå÷åíèþ Kov

∩
X (àêâà) è ïî îáúåäèíåíèþ Kov

∪
X (ëàéì) ñ �íåçàâèñèìûìè òî÷êàìè îòñ÷åòà� p⋆

X è

u⋆
X ñîîòâåòñòâåííî. Ñâåðõó âíèç ïîêàçàíû âñå 4 âàðèàíòà âçàèìíîãî ðàñïîëîæåíèÿ âåðîÿòíîñòåé ïåðåñå÷åíèÿ pX è îáúåäèíåíèÿ uX
îòíîñèòåëüíî �íåçàâèñèìûõ òî÷åê îòñ÷åòà� (ò.å. âñå êîìáèíàöèè çíàêîâ äâóõ êîâàðèàöèé ì.ñ. X ïî ïåðåñå÷åíèþ è ïî îáúåäèíåíèþ):

pX < p⋆
X , u⋆

X < uX (Kov∩X < 0,Kov∪X < 0); pX < p⋆
X , uX < u⋆

X (Kov∩X < 0,Kov∪X > 0); p⋆
X < pX , u⋆

X < uX (Kov∩X > 0,Kov∪X < 0) è

p⋆
X < pX , uX < u⋆

X (Kov∩X > 0,Kov∪X > 0).
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11 Èëëþñòðàöèÿ ñâîéñòâ ìåð ðàçîáùåííîñòè ñîáûòèé íà ïðèìåðàõ íåêîòîðûõ

ðàñïðåäåëåíèé ìíîæåñòâ ñîáûòèé

Ω Ω Ω

äî///äü äî///äü äî///äü

x x x

y y y
ÿñíî ñâîáîäà ëèâåíü

�èñóíîê 14: Äèàãðàììû Âåííà äóïëåòîâ ñîáûòèé. Ñëåâà: ðàçîáùåííûå ñîáûòèÿ �äî///äü� è �ÿñíî�; â öåíòðå íåçàâèñèìûå ñîáûòèÿ

�äî///äü� è �ñâîáîäà�; ñïðàâà �äî///äü� è �ëèâåíü� � ñîáûòèÿ íàèáîëüøåé îáùíîñòè.

Ω Ω Ω

x x x

y

y y z
z z

�èñóíîê 15: Äèàãðàììû Âåííà òðèïëåòà ðàçîáùåííûõ ñîáûòèé (ñëåâà), òðèïëåòà íåçàâèñèìûõ ñîáûòèé (â öåíòðå) è òðèïëåòà ñîáûòèé

íàèáîëüøåé îáùíîñòè (ñïðàâà).

∆∪
X1

≥ ∆∪
X2

≥ ∆∪
X3

≥ ∆∪
X4

≥ ∆∪
X5

∆∩
X1

≥ ∆∩
X2

≥ ∆∩
X3

≥ ∆∩
X4

≥ ∆∩
X5

�èñóíîê 16: Äèàãðàììû Âåííà ïÿòè ìíîæåñòâ èç 16 ñîáûòèé, îáùíîñòü êîòîðûõ, èçìåðåííàÿ îáîèìè ñåò-ðàññòîÿíèÿìè, âîçðàñòàåò ñëåâà

íàïðàâî; ñîáûòèéíîé �òî÷êîé îòñ÷åòà� ñëóæèò ñðåäíåâåðîÿòíîå ñîáûòèå ìíîæåñòâà èç 16 ñîáûòèé (ãîëóáîé), ñ êîòîðûì ñáëèæàåòñÿ

ñâåðõó îáúåäèíåíèå 16 ñîáûòèé (æåëòûé) è ñíèçó � ïåðåñå÷åíèå 16 ñîáûòèé (ñèíèé).

〈p〉X1
− pX1

= ∆∩
X1

≪ ∆∪
X1

= uX1
− 〈p〉X1

〈p〉X2
− pX2

= ∆∩
X2

≫ ∆∪
X2

= uX2
− 〈p〉X2

�èñóíîê 17: Äèàãðàììû Âåííà äâóõ ìíîæåñòâ X1 (�ñêîâîðîäà�) è X2 (�òîðò�), êàæäîå èç 16 ñîáûòèé, îáùíîñòü êîòîðûõ, î÷åâèäíî,

âåëèêà, íî èçìåðåííàÿ ñåò-ðàññòîÿíèÿìè îòíîñèòåëüíî îáúåäèíåíèÿ ∆∪
X1

è ïåðåñå÷åíèÿ∆∩
X1

ïðèâîäèò ê ïðîòèâîðå÷èâûì ðåçóëüòàòàì.

Ñëåâà ïåðâîå ìíîæåñòâî ñîáûòèé X1 èìååò âûñîêóþ îáùíîñòü (ìàëîå ñåò-ðàññòîÿíèå), èçìåðåííóþ ñåò-ðàññòîÿíèåì îòíîñèòåëüíî ïå-

ðåñå÷åíèÿ, íî íèçêóþ îáùíîñòü, èçìåðåííóþ ñåò-ðàññòîÿíèåì îòíîñèòåëüíî îáúåäèíåíèÿ. Ñïðàâà âòîðîå ìíîæåñòâî ñîáûòèé X2 èìååò

âûñîêóþ îáùíîñòü (ìàëîå ñåò-ðàññòîÿíèå), èçìåðåííóþ ñåò-ðàññòîÿíèåì îòíîñèòåëüíî îáúåäèíåíèÿ, íî íèçêóþ îáùíîñòü, èçìåðåííóþ

ñåò-ðàññòîÿíèåì îòíîñèòåëüíî ïåðåñå÷åíèÿ. Îäíî èç 16-òè ñîáûòèé â êàæäîì ìíîæåñòâå ïîêàçàíî ñèíèì öâåòîì, èõ îáúåäèíåíèå �

æåëòûì; ïåðåñå÷åíèå � òåìíî-ñèíèé êðóã â öåíòðå; ñðåäíåâåðîÿòíîå ñîáûòèå, âûäåëåííîå ãîëóáîé ðåøåòêîé, ïðîèñõîäèò ñî ñðåäíåé

äëÿ êàæäîãî ìíîæåñòâà ñîáûòèé âåðîÿòíîñòüþ.
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12 ×àñòè÷íûå (îäíîñòîðîííèå) è

ïîëíûå (äâóñòîðîííèå)

ïîêàçàòåëè ðàçîáùåííîñòè ì.ñ.

12.1 Ýâåíòîëîãè÷åñêèå ïîêàçàòåëè

ðàçîáùåííîñòè ñîïðÿæåííîãî ì.ñ.

Â ýòîì ïàðàãðà�å äàåòñÿ îïðåäåëåíèå ïîêàçàòåëåé

ðàçîáùåííîñòè ñîïðÿæåííîãî ì.ñ., êîòîðîå îïðåäåëÿ-

åò íåêîòîðóþ ñîïðÿæåííóþ òàáëèöó. Âñå ýòè ýâåí-

òîëîãè÷åñêèå ïîêàçàòåëè êîíñòðóèðóþòñÿ òåì èëè

èíûì îáðàçîì èç äâóõ ÷àñòè÷íûõ ñåò-ðàññòîÿíèé

ì.ñ. (îòíîñèòåëüíî îáúåäèíåíèÿ è îòíîñèòåëüíî ïå-

ðåñå÷åíèÿ), êîòîðûå îáëàäàþò ñâîéñòâàìè, àíàëîãè÷-

íûìè ñâîéñòâàì ðàññòîÿíèÿ, è ââåäåíû â ìàòåìàòè-

÷åñêîé ýâåíòîëîãèè â êà÷åñòâå ÷èñëîâûõ õàðàêòåðè-

ñòèê ðàçîáùåííîñòè ïðîèçâîëüíûõ ì.ñ.

Ñòðóêòóðà ñîïðÿæåííîãî ì.ñ. Ñîïðÿæåííîå

ì.ñ. X, îïðåäåëÿþùåå m-ìåðíóþ ñîïðÿæåííóþ

M × . . .×M︸ ︷︷ ︸
m

òàáëèöó îáúåìà Mm
, ïðåäñòàâèìî â âè-

äå

X =
M∑

i=1

Xi (12.1.1)

� ñóììû êàòåãîðèàëüíûõ m-ì.ñ.

Xi = {x1
i , . . . , x

m
i }, (12.1.2)

êîòîðûå ìîãóò èìåòü ïðîèçâîëüíîå âåðîÿòíîñòíîå

ðàñïðåäåëåíèå ðàçìåðíîñòè 2m:

{p(X//Xi), X ⊆ Xi},

èëè â âèäå

X =
m∑

j=1

Xj (12.1.3)

� ñóììû ýêñïåðòíûõ M -ì.ñ.

Xj = {xj
1, . . . , x

j
M}, (12.1.4)

êîòîðûå ñîñòîÿò èç íåïåðåñåêàþùèõñÿ ñîáûòèé, îá-

ðàçóþùèõ ïîêðûòèå Ω:

M∑

i=1

pxj
i
= 1, (12.1.5)

ãäå j = 1, . . . ,m.

12.1.1 Ñóììà ÷àñòè÷íûõ ñåò-ðàññòîÿíèé ì.ñ.

�àññìàòðèâàåòñÿ ñîïðÿæåííûé ïîêàçàòåëü ðàçîá-

ùåííîñòè ì.ñ., îñíîâàííûé íà ñóììå ÷àñòè÷íûõ ñåò-

ðàññòîÿíèé êàòåãîðèàëüíûõ ì.ñ., îáðàçóþùèõ äàííîå

ñîïðÿæåííîå ì.ñ.

Ïîêàçàòåëè ðàçîáùåííîñòè êàòåãîðèàëüíûõ

ì.ñ. Êàæäîå êàòåãîðèàëüíîå ì.ñ. Xi èìååò ÷èñëîâóþ

õàðàêòåðèñòèêó ðàçîáùåííîñòè åãî ñîáûòèé � ñåò-

ðàññòîÿíèå, âû÷èñëÿåìîå êàê ñóììà ÷àñòè÷íûõ ïî-

êàçàòåëåé

∆Σ
Xi

= ∆∪
Xi

+∆∩
Xi

= uXi − pXi , (12.1.6)

ãäå

∆∪
Xi

= uXi − 〈p〉Xi , (12.1.7)

∆∩
Xi

= 〈p〉Xi − pXi (12.1.8)

� ÷àñòè÷íûå ñåò-ðàññòîÿíèÿ êàòåãîðèàëüíîãî ì.ñ. Xi,

õàðàêòåðèçóþùèå ÷àñòè÷íóþ ðàçîáùåííîñòü ñîáû-

òèé îòíîñèòåëüíî îáúåäèíåíèÿ è ïåðåñå÷åíèÿ ñîîò-

âåòñòâåííî.

Çàìå÷àíèå. Ñíà÷àëà óáåäèìñÿ, ÷òî

M∑

i=1

〈p〉Xi =

M∑

i=1

1

m

m∑

j=1

pxj
i
=

=
1

m

m∑

j=1

M∑

i=1

pxj
i
= 1, (12.1.9)

â ñèëó ñâîéñòâà ñîáûòèé (12.1.5) ýêñïåðòíûõ ì.ñ. Îò-

ñþäà ïîëó÷àåì, ÷òî

M∑

i=1

∆∩
Xi

=
M∑

i=1

〈p〉Xi −
M∑

i=1

pXi = 1−κ∩
diag(X), (12.1.10)

ãäå

κ∩
diag(X) =

M∑

i=1

pXi (12.1.11)

� ñóììà êëåòî÷íûõ âåðîÿòíîñòåé, ðàñïîëîæåííûõ íà

ãëàâíîé äèàãîíàëè ñîïðÿæåííîé òàáëèöû, ò.å. � ýòî

êëàññè÷åñêàÿ äèàãîíàëüíàÿ êàïïà, èçâåñòíûé ïðî-

ñòåéøèé ïîêàçàòåëü îáùíîñòè ñîáûòèé â ñîïðÿæåí-

íîì ì.ñ. X, îïðåäåëÿåìûé íàìè êàê ñóììà

pXi = P

( ⋂

x∈Xi

x

)
(12.1.12)

� âåðîÿòíîñòåé ïåðåñå÷åíèé âñåõ ñîáûòèé â êàæäîì

êàòåãîðèàëüíîì ì.ñ. Xi, i = 1, . . . ,M .

Àíàëîãè÷íî (12.1.10) ïîëó÷àåì, ÷òî

M∑

i=1

∆∪
Xi

=

M∑

i=1

uXi−
M∑

i=1

〈p〉Xi = κ∪
diag(X)−1, (12.1.13)

ãäå

κ∪
diag(X) =

M∑

i=1

uXi (12.1.14)

� åùå îäíà äèàãîíàëüíàÿ êàïïà, íîâûé ïîêàçàòåëü

îáùíîñòè ñîáûòèé â ñîïðÿæåííîì ì.ñ. X, îïðåäåëÿå-
ìûé íàìè êàê ñóììà

uXi = P

( ⋃

x∈Xi

x

)
(12.1.15)
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� âåðîÿòíîñòåé îáúåäèíåíèé âñåõ ñîáûòèé â êàæäîì

êàòåãîðèàëüíîì ì.ñ. Xi, i = 1, . . . ,M .

Ñëîæèâ (12.1.10) è (12.1.14) ïîëó÷èì âåëè÷èíó

∆Σ(X) =
M∑

i=1

∆Σ
Xi

= κ∪
diag(X)− κ∩

diag(X), (12.1.16)

êîòîðóþ ìîæåò èãðàòü ðîëü ñîïðÿæåííîãî ïîêàçàòå-

ëÿ îáùíîñòè ì.ñ. X.

Ëåììà. Äëÿ ñóììû ñåò-ðàññòîÿíèé âñåõ êàòåãî-

ðèàëüíûõ ì.ñ. Xi, i = 1, . . . ,M , ñîñòàâëÿþùèõ ïðî-

èçâîëüíîå ñîïðÿæåííîå ì.ñ. X, âûïîëíÿåòñÿ ðàâåí-

ñòâî:

M∑

i=1

∆Σ
Xi

= m
(
1− κ∩

diag(X)
)
. (12.1.17)

Äîêàçàòåëüñòâî.

Ñëåäñòâèå 1. Èç (12.1.17) ïîëó÷àåì

κ∩
diag(X) = 1−

M∑

i=1

(
1

m
∆Σ

Xi

)
. (12.1.18)

Ñëåäñòâèå 2. Â ñèëó ëåììû ýòîò �íîâûé� ïîêà-

çàòåëü òàêæå ìîæíî âûðàçèòü ÷åðåç äèàãîíàëüíóþ

êàïïà îòíîñèòåëüíî ïåðåñå÷åíèÿ è ñåò-ðàññòîÿíèÿ êà-

òåãîðèàëüíûõ ì.ñ. ïî �îðìóëå

κ∪
diag(X) = m

(
1− κ∩

diag(X)
)
+ κ∩

diag(X) =

= 1 +
M∑

i=1

(
1− 1

m

)
∆Σ

Xi
. (12.1.19)

Â �îðìóëå (12.1.16) äëÿ ñîïðÿæåííîãî ïîêàçàòåëÿ

ðàçîáùåííîñòè ì.ñ. X, îïðåäåëÿåìîãî êàê ñóììà ÷à-

ñòè÷íûõ ñåò-ðàññòîÿíèé êàòåãîðèàëüíûõ ì.ñ., ïðè-

íèìàåò ó÷àñòèå êëàññè÷åñêàÿ äèàãîíàëüíàÿ êàïïà

κ∩
diag(X) (12.1.11), êîòîðàÿ â äàííîì êîíòåêñòå íàçû-

âàåòñÿ äèàãîíàëüíàÿ êàïïà îòíîñèòåëüíî ïåðåñå÷å-

íèÿ, è åùå îäèí ïîêàçàòåëü κ∪
diag(X) (12.1.14) � äèà-

ãîíàëüíàÿ êàïïà îòíîñèòåëüíî îáúåäèíåíèÿ.

Âûâîäû. Äàííûé ñïîñîá îïðåäåëåíèÿ ñîïðÿæåííî-

ãî ïîêàçàòåëÿ ðàçîáùåííîñòè êàê ñóììû ÷àñòè÷íûõ

ñåò-ðàññòîÿíèé íå çàâèñèò îò �ñðåäíåâåðîÿòíîé òî÷-

êè îòñ÷åòà�, êîòîðàÿ õàðàêòåðèçóåò øêàëó èçìåðå-

íèÿ îáùíîñòè è ðàçîáùåííîñòè, è ïðèâîäèò ê ïîêà-

çàòåëÿì, êîòîðûå ìîæíî âûðàçèòü ÷åðåç äèàãîíàëü-

íóþ êàïïà îòíîñèòåëüíî ïåðåñå÷åíèÿ, ñîâïàäàþùóþ

ñ êëàññè÷åñêèì êàïïà ïîêàçàòåëåì. Òåì ñàìûì òå-

ðÿþòñÿ ïðåèìóùåñòâà ÷àñòè÷íûõ ñåò-ðàññòîÿíèé, êî-

òîðûå ìîãóò ó÷èòûâàòü íå òîëüêî ïîëíóþ îáùíî-

ñòè, âûðàæàåìóþ êëàññè÷åñêîé äèàãîíàëüíîé êàïïà

� ñóììîé äèàãîíàëüíûõ êëåòî÷íûõ âåðîÿòíîñòåé, íî

è ÷àñòè÷íûå îáùíîñòè, çàâèñÿùèå îò êëåòî÷íûõ âå-

ðîÿòíîñòåé âíå ãëàâíîé äèàãîíàëè ñîïðÿæåííîé òàá-

ëèöû. Òàêèì îáðàçîì, âìåñòî ñóììû ÷àñòè÷íûõ ïî-

êàçàòåëåé òðåáóåòñÿ íàéòè èíîé ñïîñîá èçìåðåíèÿ,

ñîõðàíÿþùèé èí�îðìàöèþ î ÷àñòè÷íîé îáùíîñòè è

ðàçîáùåííîñòè ñîáûòèé èç ñîïðÿæåííîãî ì.ñ. Â êà-

÷åñòâå ïðåòåíäåíòîâ íà ìåñòî ñóììû ÷àñòè÷íûõ ñåò-

ðàññòîÿíèé, òåðÿþùåé ÷àñòè÷íóþ èí�îðìàöèþ, ìî-

ãóò áûòü ðàññìîòðåíû äâå �óíêöèè îò ÷àñòè÷íûõ

ñåò-ðàññòîÿíèé: ìèíèìóì è ñðåäíåå ãåîìåòðè÷åñêîå.

12.1.2 Ìèíèìóì ÷àñòè÷íûõ ñåò-ðàññòîÿíèé ì.ñ.

�àññìàòðèâàåòñÿ ñîïðÿæåííûé ïîêàçàòåëü ðàçîá-

ùåííîñòè ì.ñ., îñíîâàííûé íà ìèíèìóìå ÷àñòè÷-

íûõ ñåò-ðàññòîÿíèé êàòåãîðèàëüíûõ ì.ñ., îáðàçóþ-

ùèõ äàííîå ñîïðÿæåííîå ì.ñ.

Ïîêàçàòåëè ðàçîáùåííîñòè êàòåãîðèàëüíûõ

ì.ñ. Êàæäîå êàòåãîðèàëüíîå ì.ñ. Xi èìååò ÷èñëî-

âóþ õàðàêòåðèñòèêó ðàçîáùåííîñòè åãî ñîáûòèé �

ñåò-ðàññòîÿíèå, âû÷èñëÿåìîå êàê ìèíèìóì ÷àñòè÷-

íûõ ïîêàçàòåëåé

∆min
Xi

= 2min
{
∆∪

Xi
,∆∩

Xi

}
(12.1.6)

ãäå

∆∪
Xi

= uXi − 〈p〉Xi , (12.1.7)

∆∩
Xi

= 〈p〉Xi − pXi (12.1.8)

� ÷àñòè÷íûå ñåò-ðàññòîÿíèÿ êàòåãîðèàëüíîãî ì.ñ. Xi,

õàðàêòåðèçóþùèå ÷àñòè÷íóþ ðàçîáùåííîñòü ñîáû-

òèé îòíîñèòåëüíî îáúåäèíåíèÿ è ïåðåñå÷åíèÿ ñîîò-

âåòñòâåííî.

12.1.3 Ñðåäíåå ãåîìåòðè÷åñêîå ÷àñòè÷íûõ

ñåò-ðàññòîÿíèé ì.ñ.

�àññìàòðèâàåòñÿ ñîïðÿæåííûé ïîêàçàòåëü ðàçîá-

ùåííîñòè ì.ñ., îñíîâàííûé íà ñðåäíåì ãåîìåòðè÷å-

ñêîì ÷àñòè÷íûõ ñåò-ðàññòîÿíèé êàòåãîðèàëüíûõ ì.ñ.,

îáðàçóþùèõ äàííîå ñîïðÿæåííîå ì.ñ.

Ïîêàçàòåëè ðàçîáùåííîñòè êàòåãîðèàëüíûõ

ì.ñ. Êàæäîå êàòåãîðèàëüíîå ì.ñ. Xi èìååò ÷èñëîâóþ

õàðàêòåðèñòèêó ðàçîáùåííîñòè åãî ñîáûòèé � ñåò-

ðàññòîÿíèå, âû÷èñëÿåìîå êàê ñðåäíåå ãåîìåòðè÷åñêîå

÷àñòè÷íûõ ïîêàçàòåëåé

∆Γ
Xi

= 2
√
∆∪

Xi
∆∩

Xi
, (12.1.6)

ãäå

∆∪
Xi

= uXi − 〈p〉Xi , (12.1.7)

∆∩
Xi

= 〈p〉Xi − pXi (12.1.8)

� ÷àñòè÷íûå ñåò-ðàññòîÿíèÿ êàòåãîðèàëüíîãî ì.ñ. Xi,

õàðàêòåðèçóþùèå ÷àñòè÷íóþ ðàçîáùåííîñòü ñîáû-

òèé îòíîñèòåëüíî îáúåäèíåíèÿ è ïåðåñå÷åíèÿ ñîîò-

âåòñòâåííî.

12.1.4 Íîðìàëèçîâàííîå ïðîèçâåäåíèå ÷àñòè÷íûõ

ñåò-ðàññòîÿíèé ì.ñ.

�àññìàòðèâàåòñÿ ñîïðÿæåííûé ïîêàçàòåëü ðàçîá-

ùåííîñòè ì.ñ., îñíîâàííûé íà íîðìàëèçîâàííîì ïðî-

èçâåäåíèè ÷àñòè÷íûõ ñåò-ðàññòîÿíèé êàòåãîðèàëü-

íûõ ì.ñ., îáðàçóþùèõ äàííîå ñîïðÿæåííîå ì.ñ.
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Ïîêàçàòåëè ðàçîáùåííîñòè êàòåãîðèàëüíûõ

ì.ñ. Êàæäîå êàòåãîðèàëüíîå ì.ñ. Xi èìååò ÷èñëîâóþ

õàðàêòåðèñòèêó ðàçîáùåííîñòè åãî ñîáûòèé � ñåò-

ðàññòîÿíèå, âû÷èñëÿåìîå êàê íîðìàëèçîâàííîå ïðî-

èçâåäåíèå ÷àñòè÷íûõ ïîêàçàòåëåé

∆Π
Xi

=

(
2

uX1 − pX1

)2

∆∪
Xi
∆∩

Xi
, (12.1.6)

ãäå

∆∪
Xi

= uXi − 〈p〉Xi , (12.1.7)

∆∩
Xi

= 〈p〉Xi − pXi (12.1.8)

� ÷àñòè÷íûå ñåò-ðàññòîÿíèÿ êàòåãîðèàëüíîãî ì.ñ. Xi,

õàðàêòåðèçóþùèå ÷àñòè÷íóþ ðàçîáùåííîñòü ñîáû-

òèé îòíîñèòåëüíî îáúåäèíåíèÿ è ïåðåñå÷åíèÿ ñîîò-

âåòñòâåííî.

12.2 Êëàññè÷åñêèå ñîïðÿæåííûå òàáëèöû

Íàïîìíèì, ÷òî êëàññè÷åñêàÿ (m,M)-çàäà÷à îáùíî-

ñòè ìíåíèé m ýêñïåðòîâ ïî M àëüòåðíàòèâíûì êà-

òåãîðèÿì è â G íàáëþäåíèÿõ õàðàêòåðèçóåòñÿ m-

ìåðíîé ñîïðÿæåííîé M×. . .×M︸ ︷︷ ︸
m

òàáëèöåé îáúåìà

Mm
, îïðåäåëÿåìîé m×G òàáëèöåé íàáëþäåíèé

1 . . . j . . . m
1 i(1, 1) . . . i(j, 1) . . . i(m, 1)
. . . . . . . . . . . . . . . . . .
g i(1, g) . . . i(j, g) . . . i(m, g)
. . . . . . . . . . . . . . . . . .
G i(1, G) . . . i(j,G) . . . i(m,G)

. (12.2.1)

Â êàæäîé êëåòêå (j, g) ýòîé òàáëèöû íàáëþäåíèé çà-

ïèñàí íîìåð êàòåãîðèè i(j, g) ∈ {1, . . . ,M}, êîòîðóþ
âûáðàë j-é ýêñïåðò (j = 1, . . . ,m) â g-òîì íàáëþäå-

íèè (g = 1, . . . , G).

Äëÿm = 2 ñîïðÿæåííàÿM×M òàáëèöà êëåòî÷íûõ

ñòàòèñòèê èìååò âèä

x1
1 . . . x1

k . . . x1
M Ω

x2
1 g1211 . . . g121k . . . g121M g21

. . . . . . . . . . . . . . . . . . . . .
x2
k g12k1 . . . g12kk . . . g12kM g2k

. . . . . . . . . . . . . . . . . . . . .
x2
M g12M1 . . . g12Mk . . . g12MM g2M
Ω g11 . . . g1k . . . g1M G

, (12.2.2)

ãäå g12i1i2 � êîëè÷åñòâî íàáëþäåíèé, â êîòîðûõ 1-é

ýêñïåðò âûáèðàåò i1-þ, à 2-é � i2-þ êàòåãîðèþ; g1i1 �
êîëè÷åñòâî íàáëþäåíèé, â êîòîðûõ 1-é ýêñïåðò âû-

áèðàåò i1-þ êàòåãîðèþ; g2i2 � êîëè÷åñòâî íàáëþäå-

íèé, â êîòîðûõ 2-é ýêñïåðò âûáèðàåò i2-þ êàòåãîðèþ

(i1, i2 = 1, . . . ,M).

Äëÿ m = 2 ñîïðÿæåííîé M×M òàáëèöå êëåòî÷íûõ

ñòàòèñòèê ñîîòâåòñòâóåò ñîïðÿæåííàÿM×M òàá-

ëèöà êëåòî÷íûõ âåðîÿòíîñòåé, êîòîðàÿ èìååò àíà-

ëîãè÷íûé âèä

x1
1 . . . x1

k . . . x1
M Ω

x2
1 π12

11 . . . π12
1k . . . π12

1M π2
1

. . . . . . . . . . . . . . . . . . . . .
x2
k π12

k1 . . . π12
kk . . . π12

kM π2
k

. . . . . . . . . . . . . . . . . . . . .
x2
M π12

M1 . . . π12
Mk . . . π12

MM π2
M

Ω π1
1 . . . π1

k . . . π1
M 1

, (12.2.3)

ãäå π12
i1i2

� âåðîÿòíîñòü òîãî, ÷òî 1-é ýêñïåðò âû-

áåðåò i1-þ, à 2-é � i2-þ êàòåãîðèþ, îöåíêîé êîòî-

ðîé ñëóæèò ñîîòâåòñòâóþùàÿ êëåòî÷íàÿ ñòàòèñòèêà

π̂12
i1i2

= g12i1i2/G èç òàáëèöû (12.2.1); π1
i1
� âåðîÿòíîñòü

òîãî, 1-é ýêñïåðò âûáåðåò i1-þ êàòåãîðèþ; π2
i2 � âå-

ðîÿòíîñòü òîãî, 2-é ýêñïåðò âûáåðåò i2-þ êàòåãîðèþ,

îöåíêàìè êîòîðûõ òàêæå ñëóæàò ñîîòâåòñòâóþùèå

êëåòî÷íûå ñòàòèñòèêè: π̂2
i2 = g2i2/G, π̂1

i1 = g1i1/G èç

òîé æå òàáëèöû (12.2.1).

Äëÿ êëàññè÷åñêîé (m,M)-çàäà÷è â G íàáëþäåíèÿõ

êëåòî÷íûå ñòàòèñòèêè g1...mi1...im
m-ìåðíîé ñîïðÿæåí-

íîé M×. . .×M︸ ︷︷ ︸
m

òàáëèöû îáúåìà Mm
âûðàæàþòñÿ

÷åðåç ýëåìåíòû i(j, g) m×G òàáëèöû íàáëþäåíèé ïî

�îðìóëå:

g1...mi1...im =

G∑

g=1

m∏

j=1

1(i(j, g) = ij), (12.2.4)

ãäå

1(i(j, g) = ij) =

{
1, i(j, g) = ij,

0, i(j, g) 6= ij

� èíäèêàòîð ðàâåíñòâà ÷èñëîâûõ èíäåêñîâ i(j, g) =
ij, à ij = 1, . . . ,M äëÿ j = 1, . . . ,m.

12.3 Òåððàñíûå ñîïðÿæåííûå òàáëèöû

Ïåðåéäåì ê òåððàñíîé çàäà÷å îáùíîñòè ìíåíèé ýêñ-

ïåðòîâ, êîòîðàÿ îáîáùàåò êëàññè÷åñêóþ òîëüêî â

òîì, ÷òî ïîçâîëÿåò êàòåãîðèÿì áûòü íåàëüòåðíàòèâ-

íûìè.

Òåððàñíàÿ (m,M)-çàäà÷à îáùíîñòè ìíåíèé m ýêñ-

ïåðòîâ ïî M ïðîèçâîëüíûì êàòåãîðèÿì è â G íàáëþ-

äåíèÿõ õàðàêòåðèçóåòñÿ m-ìåðíîé òåððàñíîé ñîïðÿ-

æåííîé 2M×. . .×2M︸ ︷︷ ︸
m

òàáëèöåé îáúåìà 2mM
, îïðåäå-

ëÿåìîé òåððàñíîé m×G òàáëèöåé íàáëþäåíèé

1 ... j ... m
1 X(1, 1) ... X(j, 1) ... X(m, 1)
... ... ... ... ... ...
g X(1, g) ... X(j, g) ... X(m, g)
... ... ... ... ... ...
G X(1, G) ... X(j,G) ... X(m,G)

.(12.3.1)

Â êàæäîé êëåòêå (j, g) ýòîé òåððàñíîé òàáëè-

öû íàáëþäåíèé çàïèñàíî ïîäìíîæåñòâî êàòåãîðèé

X(j, g) ⊆ X
j
M ýêñïåðòíîãî M -ì.ñ.

X
j
M = {xj

1, . . . , x
j
M},
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êîòîðîå âûáðàë j-é ýêñïåðò (j = 1, . . . ,m) â g-òîì
íàáëþäåíèè (g = 1, . . . , G).

Äëÿ m = 2 òåððàñíàÿ ñîïðÿæåííàÿ 2M×2M òàáëèöà

êëåòî÷íûõ ñòàòèñòèê èìååò âèä (12.3.2), ãäå

• g12γ1γ2
� êîëè÷åñòâî íàáëþäåíèé, â êîòîðûõ 1-é

ýêñïåðò âûáèðàåò γ1-å ïîäìíîæåñòâî X1
γ1
⊆ X1

M ,

à 2-é � γ2-å ïîäìíîæåñòâî êàòåãîðèé X2
γ2
⊆ X2

M ;

• g1γ1
� êîëè÷åñòâî íàáëþäåíèé, â êîòîðûõ 1-é

ýêñïåðò âûáèðàåò γ1-å ïîäìíîæåñòâî êàòåãîðèé

X1
γ1
⊆ X1

M ;

• g2γ2
� êîëè÷åñòâî íàáëþäåíèé, â êîòîðûõ 2-é

ýêñïåðò âûáèðàåò γ2-å ïîäìíîæåñòâî êàòåãîðèé

X2
γ2
⊆ X2

M (γ1, γ2 = 1, . . . , 2M ).

Äëÿ m = 2 òåððàñíîé ñîïðÿæåííîé 2M×2M òàáëè-

öå êëåòî÷íûõ ñòàòèñòèê ñîîòâåòñòâóåò òåððàñíàÿ

ñîïðÿæåííàÿ 2M×2M òàáëèöà êëåòî÷íûõ âåðîÿò-

íîñòåé, êîòîðàÿ èìååò àíàëîãè÷íûé âèä (12.3.3), ãäå

• π12
γ1γ2

= p(X1
γ1

+ X2
γ2
//X1

M + X2
M ) � ñîâìåñòíàÿ

âåðîÿòíîñòü 1-ãî ðîäà òîãî, ÷òî 1-é ýêñïåðò âû-

áåðåò γ1-å ïîäìíîæåñòâî X1
γ1
⊆ X1

M , à 2-é �

γ2-å ïîäìíîæåñòâî X2
γ2
⊆ X2

M , îöåíêîé êîòîðîé

ñëóæèò ñîîòâåòñòâóþùàÿ êëåòî÷íàÿ ñòàòèñòèêà

π̂12
γ1γ2

= g12γ1γ2
/G èç òàáëèöû (12.3.1);

• π1
γ1

= p(X1
γ1
//X1

M ) � ìàðãèíàëüíàÿ âåðîÿòíîñòü

1-ãî ðîäà òîãî, 1-é ýêñïåðò âûáåðåò γ1-å ïîäìíî-
æåñòâî X1

γ1
⊆ X1

M ;

• π2
γ2

= p(X2
γ2
//X2

M ) � ìàðãèíàëüíàÿ âåðîÿòíîñòü

1-ãî ðîäà òîãî, 2-é ýêñïåðò âûáåðåò γ2-å ïîä-

ìíîæåñòâî X1
γ2
⊆ X2

M , îöåíêàìè êîòîðûõ òàêæå

ñëóæàò ñîîòâåòñòâóþùèå êëåòî÷íûå ñòàòèñòèêè:

π̂2
γ2

= g2γ2
/G, π̂1

γ1
= g1γ1

/G èç òîé æå òàáëèöû

(12.3.1).

Äëÿ òåððàñíîé (m,M)-çàäà÷è â G íàáëþäåíèÿõ êëå-

òî÷íûå ñòàòèñòèêè g1...mγ1...γm
m-ìåðíîé òåððàñíîé ñî-

ïðÿæåííîé M×. . .×M︸ ︷︷ ︸
m

òàáëèöû

21

îáúåìà Mm
âû-

ðàæàþòñÿ ÷åðåç ýëåìåíòû X(j, g) òåððàñíîé m×G
òàáëèöû íàáëþäåíèé (12.3.1) ïî �îðìóëå:

g1...mγ1...γm
=

G∑

g=1

m∏

j=1

1

(
X(j, g) = Xj

γj

)
, (12.3.4)

ãäå

1

(
X(j, g) = Xj

γj

)
=

{
1, X(j, g) = Xj

γj
,

0, X(j, g) 6= Xj
γj

� èíäèêàòîð ðàâåíñòâà ïîäìíîæåñòâX(j, g) = Xj
γj
⊆

X
j
M , à γj = 1, . . . , 2M äëÿ j = 1, . . . ,m.

21

Äëÿ m = 2 ñì. òàáë. (12.3.2).

Ïðè m = 2 òåððàñíàÿ ñîïðÿæåííàÿ òàáëèöà (12.3.1)

� ýòî òàáëèöà ñîâìåñòíîãî âåðîÿòíîñòíîãî ðàñïðåäå-

ëåíèÿ 1-ãî ðîäà äâóõ ýêñïåðòíûõ ì.ñ. X1
M è X2

M , ò.å.

âåðîÿòíîñòíîå ðàñïðåäåëåíèå 1-ãî ðîäà èõ îáúåäèíå-

íèÿ � ì.ñ. X1
M +X2

M , ó êîòîðîãî ñóììû ñîâìåñòíûõ

âåðîÿòíîñòåé ïî ñòðîêàì è ñòîëáöàì ýòîé òàáëèöû

äàþò ìàðãèíàëüíûå âåðîÿòíîñòíûå ðàñïðåäåëåíèÿ 1-

ãî ðîäà ýêñïåðòíûõ ì.ñ. X1
M è X2

M ñîîòâåòñòâåííî.

ter

(

X1
1//X1

M

)

... ter

(

X1
2M

//X1
M

)

Ω

ter

(

X2
1//X2

M

)

g1211 ... g1212M g21
... ... ... ... ...

ter

(

X2
2M

//X2
M

)

g122M1 ... g122M2M g22M
Ω g11 ... g12M G

,(12.3.2)

ter

(

X1
1//X1

M

)

... ter

(

X1
2M

//X1
M

)

Ω

ter

(

X2
1//X2

M

)

π12
11 ... π12

12M π2
1

... ... ... ... ...
ter

(

X2
2M

//X2
M

)

π12
2M1 ... π12

2M2M π2
2M

Ω π1
1 ... π1

2M 1

,(12.3.3)

12.4 Ñîïðÿæåííîå âåðîÿòíîñòíîå

ðàñïðåäåëåíèå ì.ñ.

Êëàññè÷åñêàÿ çàäà÷à îáùíîñòè ìíåíèé ìíîãèõ ýêñ-

ïåðòîâ ïî ìíîãèì êàòåãîðèÿì âîçíèêàåò ïðè îá-

ðàáîòêå ðåçóëüòàòîâ ýêñïåðèìåíòà, êîòîðûå ìîãóò

áûòü çàïèñàíû â âèäå êëàññè÷åñêîé ñîïðÿæåííîé

(m,M)-òàáëèöû. Òàêàÿ òàáëèöà õàðàêòåðèçóåòñÿ ñî-
îòâåòñòâóþùèì êëàññè÷åñêèì ñîïðÿæåííûì mM -

ì.ñ., èìåþùèì âåðîÿòíîñòíîå ðàñïðåäåëåíèå 1-ãî ðî-

äà, êîòîðîå â ñèëó îñîáåííîñòåé êëàññè÷åñêîé çàäà÷è

îáëàäàåò ñïåöèàëüíîé ñòðóêòóðîé îáùíîñòè, àññîöè-

àöèè è çàâèñèìîñòè ñîáûòèé, îïðåäåëÿåìîé àëüòåð-

íàòèâíûìè êàòåãîðèÿìè.

Îáîáùåíèåì êëàññè÷åñêîé çàäà÷è ñëóæèò òåððàñ-

íàÿ çàäà÷à îáùíîñòè ìíåíèé ìíîãèõ ýêñïåðòîâ ïî

ìíîãèì êàòåãîðèÿì, êîòîðàÿ âîçíèêàåò ïðè îáðà-

áîòêå ðåçóëüòàòîâ òåððàñíîãî ýêñïåðèìåíòà, çàïè-

ñûâàåìûõ â âèäå òåððàñíîé ñîïðÿæåííîé (m,M)-
òàáëèöû. Òàêàÿ òàáëèöà õàðàêòåðèçóåòñÿ ñîîòâåò-

ñòâóþùèì òåððàñíûì ñîïðÿæåííûì mM -ì.ñ., èìå-

þùèì âåðîÿòíîñòíîå ðàñïðåäåëåíèå 1-ãî ðîäà, âî-

îáùå ãîâîðÿ, ïðîèçâîëüíîãî âèäà, îïðåäåëÿåìî-

ãî íåàëüòåðíàòèâíûìè êàòåãîðèÿìè. Îïèðàÿñü íà

îñîáåííîñòè òåððàñíîé çàäà÷è, ìîæíî ñäåëàòü íåêî-

òîðûå ïðåäïîëîæåíèÿ î ñâîéñòâàõ ïîäîáíûõ òåððàñ-

íûõ ñîïðÿæåííûõ ì.ñ. è èõ âåðîÿòíîñòíûõ ðàñïðåäå-

ëåíèé, îïðåäåëÿþùèõ ñåìåéñòâî ðàñïðåäåëåíèé, ðà-

ìîê êîòîðîãî äîñòàòî÷íî äëÿ ðåøåíèÿ ïðîèçâîëüíîé

òåððàñíîé ñîïðÿæåííîé çàäà÷è.

×òîáû ñ�îðìóëèðîâàòü äàííûå ïðåäïîëîæåíèÿ, íàì

ïîíàäîáèòñÿ îáîçíà÷åíèå

XM = {x1, . . . , xM} (12.4.1)

äëÿ ýêñïåðèìåíòàòîðñêîãî M -ì.ñ, êàæäîå ñîáûòèå
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êîòîðîãî xi, i = 1, . . . ,M , ïðîèñõîäèò òîãäà, êîãäà

ýêñïåðèìåíòàòîð ïðåäúÿâëÿåò ýêñïåðòàì ïðåäìåò,

îáëàäàþùèé i-ì ñâîéñòâîì èç M çàäàííûõ â òåð-

ðàñíîì ýêñïåðèìåíòå íåàëüòåðíàòèâíûõ ñâîéñòâ. Òà-

êèì îáðàçîì, ëþáîé ïðåäìåò, ïðåäúÿâëÿåìûé ýêñ-

ïåðòàì â òåððàñíîì ýêñïåðèìåíòå, õàðàêòåðèçóåòñÿ

ïîäìíîæåñòâîì ñîáûòèé X ⊆ XM , ñîîòâåòñòâóþùèì

òîìó ïîäìíîæåñòâó ñâîéñòâ, êîòîðûìè îí îáëàäà-

åò. Çàäà÷åé ýêñïåðòà â òåððàñíîì ýêñïåðèìåíòå ÿâ-

ëÿåòñÿ îöåíêà: �ïðîèçîøëî èëè íåò êàæäîå èç ñî-

áûòèé ýêñïåðèìåíòàòîðñêîãî M -ì.ñ.�. Èíà÷å ãîâî-

ðÿ, îïðåäåëèòü ïîäìíîæåñòâî ïðîèçîøåäøèõ ñîáû-

òèé X ⊆ XM , ÷òî ýêâèâàëåíòíî îöåíêå: �ïðîèçîøëî

èëè íåò òåððàñíîå ñîáûòèå�

ter(X//XM ) =
⋂

x∈X

x
⋂

x∈XM−X

xc, (12.4.2)

ïîðîæäåííîå ýêñïåðèìåíòàòîðñêèì ì.ñ. XM è çà-

íóìåðîâàííîå ïîäìíîæåñòâîì X ⊆ XM .

Âåðîÿòíîñòè

p(X//XM) = P

(
ter(X//XM )

)
(12.4.3)

òåððàñíûõ ñîáûòèé (12.4.2) îáðàçóþò èçâåñòíîå ýêñ-

ïåðèìåíòàòîðó, íî íåèçâåñòíîå ýêñïåðòàì âåðîÿò-

íîñòíîå ðàñïðåäåëåíèå 1-ãî ðîäà

{p(X//XM ), X ⊆ XM} (12.4.4)

ýêñïåðèìåíòàòîðñêîãî M -ì.ñ. XM .

Îáîçíà÷èì, êàê è ðàíüøå, äëÿ j = 1, . . . ,m

Xj = {xj
1, . . . , x

j
M} = {xj , x ∈ XM} (12.4.5)

� j-å ýêñïåðòíîå M -ì.ñ., êîòîðîå õàðàêòåðèçóåò ñî-

áûòèéíûå îöåíêè j-ãî ýêñïåðòà, ò.å. êàæäîå ñîáûòèå
xj ∈ Xj

êîòîðîãî ïðîèñõîäèò òîãäà, êîãäà j-é ýêñ-

ïåðò îöåíèâàåò, ÷òî ïðîèçîøëî ñîáûòèå x ∈ XM èç

ýêñïåðèìåíòàòîðñêîãî M -ì.ñ. XM (12.4.1). Îáîçíà-

÷èì òàêæå äëÿ j = 1, . . . ,m

{pj(X//Xj), X ⊆ Xj} (12.4.6)

� âåðîÿòíîñòíîå ðàñïðåäåëåíèå 1-ãî ðîäà j-ãî ýêñ-

ïåðòíîãî M -ì.ñ. Xj
, ãäå

pj(X//Xj) = P

(
ter(X//Xj)

)
=

= P

( ⋂

x∈X

xj
⋂

x∈XM−X

(xj)c

)
(12.4.7)

� âåðîÿòíîñòü ñîîòâåòñòâóþùåãî òåððàñíîãî ñîáû-

òèÿ, ïîðîæäåííîå j-ì ýêñïåðòíûì M -ì.ñ. Xj
è çà-

íóìåðîâàííîå ïîäìíîæåñòâîì X ⊆ XM ýêñïåðèìåí-

òàòîðñêîãî M -ì.ñ. XM .

12.5 Òåððàñíûå êàòåãîðèàëüíûå ì.ñ.

Òåððàñíûå êàòåãîðèàëüíûå ì.ñ.

Xγ = {ter(X1
γ//X

1
M ), . . . , ter(Xm

γ //Xm
M )} (12.5.1)

� ýòî m-ì.ñ., äëÿ êàæäîãî γ = 1, . . . , 2M ñî-

ñòàâëåííûå èç �îäíîèìåííûõ� òåððàñíûõ ñîáûòèé

ter(Xj
γ//X

j
M ), ïîðîæäåííûõ ýêñïåðòíûìè M -ì.ñ.

X
j
M = {xj

1, . . . , x
j
M} (12.5.2)

è çàíóìåðîâàííûõ èõ ïîäìíîæåñòâàìèXj
γ ⊆ X

j
M , j =

1, . . . ,m, êîòîðûå �èìåþò îäíî è òî æå èìÿ�, ò.å. ñîîò-

âåòñòâóþò îäíîìó è òîìó æå ïîäìíîæåñòâóXγ ⊆ XM

ýêñïåðèìåíòàòîðñêîãî M -ì.ñ.

XM = {x1, . . . , xM}. (12.5.3)

13 Âûáîðî÷íûå äèñïåðñèè è

äîâåðèòåëüíûå èíòåðâàëû äëÿ

îöåíîê ïîêàçàòåëåé îáùíîñòè ì.ñ.

è ìåòîäû èõ ñòàòèñòè÷åñêîé

îöåíêè

13.1 Âûáîðî÷íàÿ äèñïåðñèÿ îöåíêè

ñåò-ðàññòîÿíèÿ è ñâÿçàííûõ ñ íèì

õàðàêòåðèñòèê ì.ñ.

Ñåò-Î-ðàññòîÿíèå:

∆∪
X = uX − 〈p〉X

Ñåò-Ï-ðàññòîÿíèå:

∆∩
X = 〈p〉X − pX

Ñåò-ðàññòîÿíèå (âåðîÿòíîñòü ðàçîáùåííîñòè ì.ñ.):

∆Σ
X = ∆∪

X +∆∩
X = uX − pX

Áëèçîñòü (âåðîÿòíîñòü îáùíîñòè ì.ñ.)

δΣX = 1−∆Σ
X

Çàäà÷à. Òðåáóåòñÿ íàéòè �îðìóëû äëÿ âûáîðî÷íûõ

äèñïåðñèé îöåíîê ýòèõ ÷èñëîâûõ õàðàêòåðèñòèê ì.ñ.

X ïî åãî G íåçàâèñèìûì èñïûòàíèÿì (íåçàâèñèìûì

íàáëþäåíèÿì çà ì.ñ. X). Íàïðèìåð,

V̂ar(∆̂Σ
X),

ãäå ∆̂Σ
X � îöåíêà ñåò-ðàññòîÿíèÿ ∆Σ

X ïî G íåçàâèñè-

ìûì èñïûòàíèÿì (íàáëþäåíèÿì çà) ì.ñ. X , è ò.ä.

Ïîäçàäà÷è. Â ñèëó òîãî, ÷òî âñå ïåðå÷èñëåííûå âå-

ëè÷èíû êîíñòðóèðóþòñÿ èç ñëåäóþùèõ ñîñòàâëÿþ-

ùèõ:

〈p〉X



88 XIII ÔÀÌÝÌÑ'2014 êîí�åðåíöèÿ

� ñðåäíÿÿ âåðîÿòíîñòü,

uX , u−
X , u+

X , u⋆
X

� âåðîÿòíîñòü îáúåäèíåíèÿ, åå íèæíÿÿ è âåðõíÿÿ

ãðàíèöû Ôðåøå è è îíà æå äëÿ òîòàëüíî íåçàâèñè-

ìîãî ì.ñ.,

pX , p−X , p+X , p⋆X ,

� âåðîÿòíîñòü ïåðåñå÷åíèÿ, åå íèæíÿÿ è âåðõíÿÿ

ãðàíèöû Ôðåøå è è îíà æå äëÿ òîòàëüíî íåçàâèñèìî-

ãî ì.ñ.; òî ñíà÷àëà íåîáõîäèìî âûâåñòè àíàëîãè÷íûå

�îðìóëû äëÿ âûáîðî÷íîé äèñïåðñèè îöåíîê ýòèõ ñî-

ñòàâëÿþùèõ âåëè÷èí.

Ïîäçàäà÷à 1. Òðåáóåòñÿ íàéòè �îðìóëó äëÿ âûáî-

ðî÷íîé äèñïåðñèè îöåíêè âåðîÿòíîñòè ïåðåñå÷åíèÿ

ñîáûòèé èç ì.ñ. X ïî G íåçàâèñèìûì èñïûòàíèÿì

(íàáëþäåíèÿì çà) ì.ñ. X

V̂ar(p̂X),

ãäå

p̂X =
1

G

G∑

g=1

1
terX

(ωg)

� îöåíêà âåðîÿòíîñòè ïåðåñå÷åíèÿ

pX = P (terX)

ïî G íåçàâèñèìûì èñïûòàíèÿì (íàáëþäåíèÿì çà)

ì.ñ. X , à

terX =
⋂

x∈X

x

� òåððàñíîå ñîáûòèå 2-ãî ðîäà, çàíóìåðîâàííîå ì.ñ.

X .

Ïîñêîëüêó 1
terX

� áóëåâà ñ.â., êîòîðàÿ ïðèíèìàåò

çíà÷åíèå 1 ñ âåðîÿòíîñòüþ pX , òî åå âûáîðî÷íàÿ äèñ-
ïåðñèÿ ðàâíà

V̂ar(1
terX

) = p̂X(1− p̂X),

à âûáîðî÷íàÿ äèñïåðñèÿ ñðåäíåãî àðè�ìåòè÷åñêîãî

G òàêèõ áóëåâûõ ñ.â. ðàâíà

V̂ar(p̂X) =
1

G2

G∑

g=1

V̂ar (1
terX ) =

1

G
p̂X(1 − p̂X),

(13.1.1)
òàê êàê èñïûòàíèÿ íåçàâèñèìû.

Ïîäçàäà÷à 2. Òðåáóåòñÿ íàéòè �îðìóëó äëÿ âûáî-

ðî÷íîé äèñïåðñèè îöåíêè âåðîÿòíîñòè îáúåäèíåíèÿ

ñîáûòèé èç ì.ñ. X ïî G íåçàâèñèìûì èñïûòàíèÿì

(íàáëþäåíèÿì çà) ì.ñ. X

V̂ar(ûX),

ãäå

ûX =
1

G

G∑

g=1

1
TerX

(ωg)

� îöåíêà âåðîÿòíîñòè îáúåäèíåíèÿ

uX = P (TerX)

ïî G íåçàâèñèìûì èñïûòàíèÿì (íàáëþäåíèÿì çà)

ì.ñ. X , à

TerX =
⋃

x∈X

x

� òåððàñíîå ñîáûòèå 4-ãî ðîäà, çàíóìåðîâàííîå ì.ñ.

X .

Ïîñêîëüêó 1
TerX

� áóëåâà ñ.â., êîòîðàÿ ïðèíèìàåò

çíà÷åíèå 1 ñ âåðîÿòíîñòüþ uX , òî åå âûáîðî÷íàÿ äèñ-
ïåðñèÿ ðàâíà

V̂ar(1
TerX

) = ûX(1− ûX),

à âûáîðî÷íàÿ äèñïåðñèÿ ñðåäíåãî àðè�ìåòè÷åñêîãî

G òàêèõ áóëåâûõ ñ.â. ðàâíà

V̂ar(ûX) =
1

G2

G∑

g=1

V̂ar (1
TerX

) =

=
1

G
ûX(1− ûX), (13.1.2)

òàê êàê èñïûòàíèÿ íåçàâèñèìû.

Ïîäçàäà÷à 3. Òðåáóåòñÿ íàéòè �îðìóëó äëÿ âûáî-

ðî÷íîé äèñïåðñèè îöåíêè ñåò-ðàññòîÿíèÿ ì.ñ. X ïî G
íåçàâèñèìûì èñïûòàíèÿì (íàáëþäåíèÿì çà) ì.ñ. X

V̂ar(∆̂Σ
X),

ãäå

∆̂Σ
X = ∆̂∪

X + ∆̂∩
X = ûX − 〈̂p〉X + 〈̂p〉X − p̂X = ûX − p̂X

� îöåíêà ñåò-ðàññòîÿíèÿ

∆Σ
X = ∆∪

X +∆∩
X

ïî G íåçàâèñèìûì èñïûòàíèÿì (íàáëþäåíèÿì çà)

ì.ñ. X .

Â ñèëó ðåøåíèÿ ïîäçàäà÷ 1 è 2 âûáîðî÷íàÿ äèñïåð-

ñèÿ ñåò-ðàññòîÿíèÿ ì.ñ. X ðàâíà

V̂ar(∆̂Σ
X) = V̂ar(ûX − p̂X) =

= V̂ar(ûX) + V̂ar(p̂X)− 2̂ov (ûX , p̂X) .

Ïîñêîëüêó 1
TerX

1
terX

= 1
terX

èç-çà òîãî, ÷òî terX ⊆
TerX , òî êîâàðèàöèÿ áóëåâûõ ñ.â. 1

TerX
è 1

terX
ðàâíà

ov (1
TerX

,1
terX

) =

= E (1
TerX

1
terX

)−E (1
TerX

)E (1
terX

) = pX (1− uX) ,

à âûáîðî÷íàÿ êîâàðèàöèÿ èõ âûáîðî÷íûõ ñðåäíèõ ïî

G íåçàâèñèìûì èñïûòàíèÿì (íàáëþäåíèÿì çà) ì.ñ.

X ðàâíà

̂ov (ûX , p̂X) =
1

G
p̂X (1− ûX) .
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Îòñþäà âûáîðî÷íàÿ äèñïåðñèÿ îöåíêè ñåò-

ðàññòîÿíèÿ ðàâíà

V̂ar(∆̂Σ
X) =

=
1

G

(
ûX(1− ûX) + p̂X(1 − p̂X)− 2p̂X (1− ûX)

)
=

=
1

G

(
(1− ûX + p̂X)− (1− ûX + p̂X)2

)
=

=
1

G
(1− ∆̂Σ

X)∆̂Σ
X . (13.1.3)

Âûáîðî÷íàÿ äèñïåðñèÿ (13.1.3) � ýòî âîãíóòàÿ �óíê-

öèÿ îöåíêè ñåò-ðàññòîÿíèÿ ∆̂Σ
X , êîòîðàÿ äîñòèãàåò

ìàêñèìóìà ïðè ∆̂Σ
X = 1/2, ðàâíîãî 1

4G , è ìèíèìóìà,

ðàâíîãî íóëþ, êîãäà ∆̂Σ
X = 0 è êîãäà ∆̂Σ

X = 1.

Èç (13.1.3) ñëåäóåò, ÷òî âûáîðî÷íàÿ äèñïåðñèÿ îöåí-

êè áëèçîñòè δΣX = 1 −∆Σ
X è ñåò-ðàññòîÿíèÿ ∆Σ

X ñîâ-

ïàäàþò:

V̂ar(δ̂ΣX) =
1

G
(1− δ̂ΣX)δ̂ΣX =

1

G
∆̂Σ

X(1 − ∆̂Σ
X). (13.1.4)

13.2 Âûáîðî÷íàÿ äèñïåðñèÿ îöåíêè

íîðìàëèçàöèé ñåò-ðàññòîÿíèÿ

Ñåò-ðàññòîÿíèå (âåðîÿòíîñòü ðàçîáùåííîñòè ì.ñ.):

∆Σ
X = ∆∪

X +∆∩
X = uX − pX (13.2.1)

Áëèçîñòü (âåðîÿòíîñòü îáùíîñòè ì.ñ.)

δΣX = 1−∆Σ
X (13.2.2)

Ôðåøå-íîðìàëèçàöèÿ ñåò-ðàññòîÿíèÿ:

⌈∆Σ
X⌉± =

∆Σ
X −∆Σ−

X

∆Σ+
X −∆Σ−

X

(13.2.3)

Êîýí-íîðìàëèçàöèÿ ñåò-ðàññòîÿíèÿ:

⌈∆Σ
X⌉⋆ =

∆Σ
X −∆Σ⋆

X

1−∆Σ⋆
X

(13.2.4)

Ôðåøå-Êîýí-íîðìàëèçàöèÿ ñåò-ðàññòîÿíèÿ:

⌈∆Σ
X⌉ = ⌈⌈∆Σ

X⌉⋆⌉± = ⌈⌈∆Σ
X⌉±⌉⋆ =

=
∆Σ

X −∆Σ⋆
X

∆Σ+
X −∆Σ⋆

X

(13.2.5)

Çäåñü

∆Σ−
X = ∆∪−

X +∆∩−
X = u−

X − p+X (13.2.6)

∆Σ+
X = ∆∪+

X +∆∩+
X = u+

X − p−X (13.2.7)

� íèæíÿÿ è âåðõíÿÿ ãðàíèöû Ôðåøå ñåò-ðàññòîÿíèÿ

∆Σ
X , à

∆Σ⋆
X = ∆∪⋆

X +∆∩⋆
X = u⋆

X − p⋆X (13.2.8)

� ñåò-ðàññòîÿíèå ì.ñ. X , áóäü åãî ñîáûòèÿ òîòàëüíî

íåçàâèñèìû.

Çàäà÷à. Òðåáóåòñÿ íàéòè �îðìóëû äëÿ âûáîðî÷íûõ

äèñïåðñèé îöåíîê ýòèõ ÷èñëîâûõ õàðàêòåðèñòèê ì.ñ.

X ïî åãî G íåçàâèñèìûì èñïûòàíèÿì (íåçàâèñèìûì

íàáëþäåíèÿì çà ì.ñ. X). Íàïðèìåð,

V̂ar(⌈̂∆Σ
X⌉), (13.2.9)

ãäå ⌈̂∆Σ
X⌉ � îöåíêà Ôðåøå-Êîýí-íîðìàëèçàöèè ñåò-

ðàññòîÿíèÿ ∆Σ
X ïî G íåçàâèñèìûì èñïûòàíèÿì (íà-

áëþäåíèÿì çà) ì.ñ. X , è ò.ä.

�åøåíèå. Ôðåøå-Êîýí-íîðìàëèçàöèè ñåò-

ðàññòîÿíèÿ ∆Σ
X îïðåäåëÿåòñÿ �îðìóëîé

⌈∆Σ
X⌉ =

∆Σ
X −∆Σ⋆

X

∆Σ+
X −∆Σ⋆

X

, (13.2.10)

ãäå

∆Σ⋆
X = u⋆

X − p⋆X = P⋆(TerX − terX) =

= 1−
∏

x∈X

px −
∏

x∈X

(1− px) (13.2.11)

� âåðîÿòíîñòü ñîáûòèÿ TerX − terX , ïîðîæäåííîãî

ì.ñ. X , áóäü åãî ñîáûòèÿ òîòàëüíî íåçàâèñèìû;

∆+
X = u+

X − p−X (13.2.12)

� âåðõíÿÿ ãðàíèöà Ôðåøå, ãäå

u+
X = min

{
1,
∑

x∈X

px

}
, (13.2.13)

p−X = max

{
0, 1−

∑

x∈X

(1 − px)

}
. (13.2.14)

Îòñþäà

∆̂Σ+
X =

= min

{
1,
∑

x∈X

p̂x

}
−max

{
0, 1−

∑

x∈X

(1− p̂x)

}
,(13.2.15)

∆̂Σ⋆
X = 1−

∏

x∈X

p̂x −
∏

x∈X

(1 − p̂x). (13.2.16)

Êðîìå òîãî, îöåíêà íèæíåé ãðàíèöû Ôðåøå ñåò-

ðàññòîÿíèÿ ì.ñ. X èìååò âèä

∆̂Σ−
X = max

x∈X
p̂x −min

x∈X
p̂x, (13.2.17)

òàê êàê ñàìà íèæíÿÿ ãðàíèöà îïðåäåëÿåòñÿ �îðìó-

ëîé:

∆Σ−
X = u−

X − p+X = max
x∈X

px −min
x∈X

px. (13.2.18)

Èç îñíîâàííîãî íà íåðàâåíñòâå (13.3.19) ïðåäïîëî-

æåíèÿ, ÷òî âûáîðî÷íûå îöåíêè ∆̂Σ+
X , ∆̂Σ−

X è ∆̂Σ⋆
X
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ìîæíî ñ÷èòàòü èçâåñòíûìè êîíñòàíòàìè ïî îòíîøå-

íèþ ê âûáîðî÷íîé îöåíêå ∆̂Σ
X , ïîëó÷àåì èç (13.2.10)

�îðìóëû äëÿ âûáîðî÷íûõ äèñïåðñèé Ôðåøå-Êîýí-

íîðìàëèçàöèé ñåò-ðàññòîÿíèÿ è áëèçîñòè â ñëåäóþ-

ùåì âèäå:

V̂ar(⌈̂∆Σ
X⌉) = V̂ar(∆̂Σ

X)
1

(∆̂Σ+
X − ∆̂Σ⋆

X )2
, (13.2.19)

V̂ar(⌈̂δΣX⌉) = V̂ar(δ̂ΣX)
1

(∆̂Σ⋆
X − ∆̂Σ−

X )2
. (13.2.20)

13.3 Ñâÿçü ìåæäó âûáîðî÷íûìè

äèñïåðñèÿìè îöåíîê âåðîÿòíîñòåé

ñîáûòèé è òåððàñíûõ ñîáûòèé,

ïîðîæäåííûõ ì.ñ.

×òîáû ïîëó÷èòü ñòàòèñòè÷åñêèå îöåíêè âåðîÿòíîñò-

íîãî ðàñïðåäåëåíèÿ

{p(X//X), X ⊆ X} (13.3.1)

íåêîòîðîãî ì.ñ. X, ãäå

p(X//X) = P (ter(X//X)) (13.3.2)

� âåðîÿòíîñòè òåððàñíûõ ñîáûòèé

ter(X//X) =
⋂

x∈X

x
⋂

x∈X−X

xc, (13.3.3)

ïîðîæäåííûõ X, ò.å. ÷òîáû ïîëó÷èòü îöåíêè p̂(X//X)
âåðîÿòíîñòåé òåððàñíûõ ñîáûòèé; à òàêæå � îöåíêè

ðàçëè÷íûõ âåðîÿòíîñòíûõ õàðàêòåðèñòèê X, íàïðè-

ìåð, îöåíêè p̂x âåðîÿòíîñòåé åãî ñîáûòèé x ∈ X:

px = P(x) =
∑

x∈X⊆X

p(X//X), (13.3.4)

òðåáóåòñÿ íåêîòîðûé ðÿä èç G íåçàâèñèìûõ íàáëþ-

äåíèé çà åãî ðåàëèçàöèÿìè (ðÿä íåçàâèñèìûõ èñïû-

òàíèé ýòîãî ì.ñ.) � òåððàñíûìè ñîáûòèÿìè:

ter(X1//X), . . . , ter(Xg//X), . . . , ter(XG//X), (13.3.5)

êîòîðûé îçíà÷àåò, ÷òî â g-òîì íàáëþäåíèè ïðîèçî-

øëî òåððàñíîå ñîáûòèå ter(Xg//X), çàíóìåðîâàííîå
ïîäìíîæåñòâîì Xg ⊆ X, îáðàçîâàííîì ñîáûòèÿìè,

íàñòóïèâøèìè â g-òîì íàáëþäåíèè.

Â ýòîì ïàðàãðà�å íàñ áóäåò èíòåðåñîâàòü ñâÿçü ìåæ-

äó âûáîðî÷íûìè äèñïåðñèÿìè îöåíîê

p̂(X//X) =
1

G

G∑

g=1

1
ter(X//X)(ωg) (13.3.6)

� âåðîÿòíîñòåé òåððàñíûõ ñîáûòèé ter(X//X), X ⊆ X;

è îöåíîê

p̂x =
1

G

G∑

g=1

1x(ωg) (13.3.7)

� âåðîÿòíîñòåé ñîáûòèé x ∈ X, ãäå ωg ∈ ter(Xg//X).

13.4 Ïðîñòåéøèå ñâîéñòâà îöåíîê

âåðîÿòíîñòåé ñîáûòèé è òåððàñíûõ

ñîáûòèé

Ñòàòèñòè÷åñêèå îöåíêè (13.3.6) è (13.3.7) ìû áóäåì

ðàññìàòðèâàòü êàê ñ.â., ñîñòàâëåííûå ñóììàìè áóëå-

âûõ ñ.â.

1
ter(X//X)(ωg) =

{
1, ωg ∈ ter(X//X),

0, èíà÷å,
(13.3.8)

1x(ωg) =

{
1, ωg ∈ x,

0, èíà÷å.
(13.3.9)

Ïîñêîëüêó E1
ter(X//X) = p(X//X), E1x = px, òî

Ê1
ter(X//X) = p̂(X//X), (13.3.10)

Ê1x = p̂x. (13.3.11)

Âûáîðî÷íàÿ äèñïåðñèÿ è êîâàðèàöèÿ îöåíêè

âåðîÿòíîñòè òåððàñíîãî ñîáûòèÿ. Òàê êàê

Var
(
1
ter(X//X)

)
= p(X//X)(1− p(X//X)),

òî

V̂ar
(
1
ter(X//X)

)
= p̂(X//X)(1− p̂(X//X)), (13.3.12)

Â ñèëó òîãî, ÷òî äëÿ X 6= X ′

ter(X//X) ∩ ter(X ′//X) = ∅,

ov

(
1
ter(X//X),1ter(X′//X)

)
=

=

{
p(X//X)(1− p(X//X)), X = X ′,

−p(X//X)p(X ′//X), X 6= X ′,

ïîýòîìó

̂ov

(
1
ter(X//X),1ter(X′//X)

)
=

=

{
p̂(X//X)(1− p̂(X//X)), X = X ′,

−p̂(X//X)p̂(X ′//X), X 6= X ′.
(13.3.13)

Âûáîðî÷íàÿ äèñïåðñèÿ è êîâàðèàöèÿ îöåíêè

âåðîÿòíîñòè ñîáûòèÿ. Àíàëîãè÷íî, òàê êàê

Var (1x) = px(1 − px),

òî

V̂ar (1x) = p̂x(1− p̂x). (13.3.14)

Â ñèëó òîãî, ÷òî äëÿ x, y ∈ X ïàðíàÿ êîâàðèàöèÿ

èíäèêàòîðîâ ñîáûòèé x è y âû÷èñëÿåòñÿ ïî �îðìóëå

ov (1x,1y) =

{
px(1 − px), x = y,

pxy − pxpy = Kovxy, x 6= y,

åå îöåíêà èìååò âèä:

̂ov (1x,1y) =

{
p̂x(1 − p̂x), x = y,

p̂xy − p̂xp̂y = K̂ovxy, x 6= y,

(13.3.15)



Âîðîáüåâ 91

ãäå

p̂xy =
1

G

G∑

g=1

1
ter{x,y}//X

(ωg) (13.3.16)

� îöåíêà âåðîÿòíîñòè 2-ãî ðîäà

pxy = P
(
ter{x,y}//X

)
= P(x ∩ y);

ter{x,y}//X = x ∩ y

� òåððàñíîå ñîáûòèå 2-ãî ðîäà, çàíóìåðîâàííîå äóï-

ëåòîì ñîáûòèé {x, y} ⊆ X;

Kovxy = pxy − pxpy

� ïàðíàÿ êîâàðèàöèÿ 2-ãî ðîäà ñîáûòèé x è y, äëÿ
äóïëåòà ñîáûòèé ñîâïàäàþùàÿ ñ ïàðíîé êîâàðèàöèåé

èõ èíäèêàòîðîâ;

K̂ovxy = p̂xy − p̂xp̂y

� åå îöåíêà, òàêæå äëÿ äóïëåòà ñîáûòèé ñîâïàäàþ-

ùàÿ ñ îöåíêîé ïàðíîé êîâàðèàöèè èõ èíäèêàòîðîâ.

Âûáîðî÷íûé êîý��èöèåíò âàðèàöèè îöåíîê

âåðîÿòíîñòè ñîáûòèÿ è âåðîÿòíîñòè òåððàñíî-

ãî ñîáûòèÿ.

Ïîñêîëüêó, êîãäà x ∈ X , âåðîÿòíîñòè ñîáûòèé px
(13.3.4) ñóùåñòâåííî áîëüøå âåðîÿòíîñòåé òåððàñíûõ

ñîáûòèé p(X//X) (13.3.2) è, âîîáùå ãîâîðÿ, òåì áîëü-

øå, ÷åì áîëüøå ìîùíîñòü ì.ñ. X, òî äëÿ ñðàâíåíèÿ

èõ ñòàòèñòè÷åñêèõ îòêëîíåíèé îò ñâîèõ ñðåäíèõ çíà-

÷åíèé ïîëåçíî èñïîëüçîâàòü îòíîñèòåëüíûå ïîêàçà-

òåëè, íàïðèìåð, âûáîðî÷íûå êîý��èöèåíòû âàðèà-

öèè.

Äëÿ îöåíêè âåðîÿòíîñòè òåððàñíîãî ñîáûòèÿ

ter(X//X) âûáîðî÷íûé êîý��èöèåíò âàðèàöèè ðàâåí

V̂σ(1
ter(X//X)) =

σ̂(1
ter(X//X))

p̂(X//X)
=

=

√
1− p̂(X//X)

p̂(X//X)
, (13.3.17)

ãäå

σ̂(1
ter(X//X)) =

(
V̂ar(1

ter(X//X))
)1/2

=

=
√
p̂(X//X)(1− p̂(X//X))

� îöåíêà ñðåäíåêâàäðàòè÷íîãî îòêëîíåíèÿ èíäèêà-

òîðà òåððàñíîãî ñîáûòèÿ ter(X//X).

Äëÿ îöåíêè âåðîÿòíîñòè ñîáûòèÿ x ∈ X âûáîðî÷íûé

êîý��èöèåíò âàðèàöèè ðàâåí

V̂σ(1x) =
σ̂(1x)

p̂x
=

√
1− p̂x
p̂x

, (13.3.18)

ãäå

σ̂(1x) =
(
V̂ar(1x)

)1/2
=
√
p̂x(1− p̂x)

� îöåíêà ñðåäíåêâàäðàòè÷íîãî îòêëîíåíèÿ èíäèêà-

òîðà ñîáûòèÿ x ∈ X.

Èç (13.3.17) è (13.3.18) ïîëó÷àåì, ÷òî, êîãäà x ∈ X ,

V̂σ(1
ter(X//X)) ≥ V̂σ(1x), (13.3.19)

ïîñêîëüêó p̂x ≥ p̂(X//X) äëÿ x ∈ X â ñèëó (13.3.4).

13.5 Äîâåðèòåëüíûé èíòåðâàë

Äîïóñòèì ∆X1 , . . . ,∆XG � íåçàâèñèìàÿ âûáîðêà èç

íîðìàëüíî ðàñïðåäåëåííîé ñîâîêóïíîñòè ñ íåíàáëþ-

äàåìûìè (ïàðàìåòðàìè) ñðåäíèì µ = E(∆X) è äèñ-

ïåðñèåé σ2 = Var(∆X). Ïóñòü

m =
1

G
(∆X1 + · · ·+∆XG) = ∆̂X ,

S2 =
1

G− 1

G∑

g=1

(
∆Xg −m

)2
= V̂ar(∆̂X),

ãäå m = ∆̂X � âûáîðî÷íîå ñðåäíåå, à S2 = V̂ar(∆̂X)
� âûáîðî÷íàÿ äèñïåðñèÿ. Òîãäà

T =
m− µ

S/
√
G

èìååò t-ðàñïðåäåëåíèå Ñòüþäåíòà ñ G − 1 ñòåïåíüþ

ñâîáîäû. Çàìåòèì, ÷òî ðàñïðåäåëåíèå T íå çàâèñèò

îò çíà÷åíèé íåíàáëþäàåìûõ ïàðàìåòðîâ µ è σ2
. Äî-

ïóñòèì ìû õîòèì âû÷èñëèòü α äîâåðèòåëüíûé èíòåð-

âàë äëÿ µ. Òîãäà, îáîçíà÷àÿ tα êàê α-êâàíòèëü ýòîãî
ðàñïðåäåëåíèÿ

22

,

P

(
−t 1+α

2
≤ T ≤ t 1+α

2

)
= 0.95,

(åñëè α = 0.95, òî åñòü 2.5% øàíñ, ÷òî T áóäåò ìåíü-

øå, ÷åì −t 1+α
2

= 23 = t 1−α
2

è 2.5% øàíñ, ÷òî T áóäåò

áîëüøå, ÷åì +t 1+α
2
. Òàêèì îáðàçîì, âåðîÿòíîñòü, ÷òî

T áóäåò ìåæäó −t 1+α
2

è +t 1+α
2

ðàâíà 0.95.)

Ñëåäîâàòåëüíî

P

(
∆̂X − t 1+α

2

S√
G
≤ µ ≤ ∆̂X + t 1+α

2

S√
G

)
= 0.95

è ìû èìååì ñòàòèñòè÷åñêóþ îöåíêó ãðàíèö òåîðå-

òè÷åñêîãî 95% äîâåðèòåëüíîãî èíòåðâàëà äëÿ µ =
E(∆X).

14 Ïðèëîæåíèå

14.1 Öèòàòû î ïîçèöèÿõ íåêîòîðûõ àâòîðîâ,

ðàçâèâàþùèõ òåîðèþ

êàïïà-ïîêàçàòåëåé, ïî ïîâîäó

�independent raters� è �hane-orreted

kappa�

Ìåòêà (Yes; Yes) îçíà÷àåò, ÷òî àâòîð ñ÷èòàåò

âîçìîæíûì ïðåäïîëàãàòü ýêñïåðòîâ íåçàâèñèìûìè

22α-êâàíòèëü tα ðàñïðåäåëåíèÿ ñ.â. T � ýòî òàêîå çíà÷åíèå,

÷òî P(T < tα) = α.
23

â ñèëó ñèììåòðèè ðàñïðåäåëåíèÿ Ñòüþäåíòà.
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(�independent raters�), à êàïïà-ïîêàçàòåëü � ñêîððåê-

òèðîâàòü òàêèì îáðàçîì, ÷òîáû �óäàëèòü èç íåãî ñëó-

÷àéíîñòü� (�hane-orreted kappa�). Ìåòêà (?; ?)

îçíà÷àåò, ÷òî ïîçèöèÿ àâòîðîâ ïî ýòèì äâóì âîïðî-

ñàì íå ñ�îðìóëèðîâàíà. Ìîÿ òî÷êà çðåíèÿ (No; No)

ñîâïàäàåò ñ ïîçèöèåé Adejumo et al [6, 2004, p.12℄ è

Agresti [8, 2007, p.21℄.

(Yes; Yes) � Cohen [9, 1960, p.38℄: �Thus, the

judges may be linial psyhologists, the ategories

shizophreni, neuroti, and brain-damaged, and the

units psyhologial test protools; or the judges may

be soial psyhologists, the ategories various types of

leadership, and the units small groups, et. These have

in ommon the following onditions, whih may be taken

as assumptions of the oe�ient of agreement to be

proposed:

1. The units are independent.

2. The ategories of the nominal sale are independent,

mutually exlusive, and exhaustive.

3. The judges operate independently.�

Cohen [9, 1960, p.40℄: �To the extent to whih nonhane

fators are operating in the diretion of agreement,

p0 will exeed pc; their di�erene, p0 − pc represents

the proportion of the ases in whih beyond-hane

agreement ourred and is the numerator of the

oe�ient. The oe�ient κ is simply the proportion

of hane-expeted disagreements whih do not our,

or alternatively, it is the proportion of agreement after

hane agreement is removed from onsideration�.

(No; No) � Adejumo et al [6, 2004, p.12℄: �Thus, the

ommon statement that kappa is a �hane-orreted

measure of agreement� is misleading. As a test statisti,

kappa an verify that agreement exeeds hane levels.

But as a measure of the level of agreement, kappa is not

�hane-orreted�; ... A better ase for using kappa to

qualify rater agreement is that, under ertain onditions,

it approximates the intra-lass orrelation. But this too

is problemati in that (1) these onditions are not always

met, and (2) one ould instead diretly alulate the

intra-lass orrelation�.

(?; Yes) � Gwet [11, 2014, p.32℄: �I onsider a subjet

ategorization to be random if it is not based on any

known and predetermined proess�.

(?; No) � Uebersax [13, 2009℄: �Kappa is not really

a hane-orreted measure of agreement. Kappa is

an omnibus index of agreement. It does not make

distintions among various types and soures of

disagreement�; [14, 2010℄: �Despite its reputation as a

hane-orreted agreement measure, kappa does not

orret for hane agreement�.

(Yes; Yes) � Shoukri [16, 2004, �3.3, p.36℄: �Cohen [9,

1960℄ proposed Kappa as a hane-orreted measure

of agreement, to disount the observed proportion of

agreement by the expeted level of agreement, given the

observed marginal distributions of the rater's responses

under the assumption that the raters reports are

statistially independent�. Shoukri [16, 2004, �4.4, p.62℄:

�Eah of the k subjets are rated by n > 2 raters

independently into one of  mutually exlusive and

exhaustive nominal ategories�.

(Yes; Yes) � Fleiss et al [12, 2007, p.599℄: �Suppose that

eah of a sample of n subjets is rated independently

by the same two raters, with the ratings being on a

ategorial sale onsisting of k ategories�; [12, 2007,

pages 602-603℄: �Di�erent opinions have been stated

on the need to inorporate hane-expeted agreement

into the assessment of interrater reliability. Kappa is

a measure of agreement with desirable properties: the

orretion for hane is inorporated into this measure

of agreement�;

(No; No)= (�separately�; statistially independent) �

Agresti [8, 2007, p.21℄: �Analyzing assoiations is at

the heart of multivariate statistial analysis�; [8, 2007,

p.260℄: �...two experts separately lassi�ed ases...�

(not independently); [8, 2007, p.261℄: �Many ategorial

sales are quite subjetive, and perfet agreement is

rare. Agreement is distint from assoiation. Strong

agreement requires strong assoiation, but strong

assoiation an exist without strong agreement. For

ordering variables if observer X onsistently lassi�es

subjets one level higher than observer Y , the strength
of agreement is poor even though the assoiation is

strong�; [8, 2007, p.264℄: �The most popular index is

Cohen's kappa. It ompares the agreement with that

expeted if the ratings were independent�; �Kappa equals

�0� when the agreement merely equals that expeted

under independene, and it equals �1� when perfet

agreement ours�; [7, 1992, p.202℄: �The most popular

measure of this type, Cohen's kappa, gives a number

on a sale for whih �0� indiates agreement no better

than would be expeted if the ratings were statistially

independent, and �1� indiates perfet agreement�.

Áëàãîäàðíîñòè

Àâòîð ñ áëàãîäàðíîñòüþ ïîìíèò î âäîõíîâëÿþùåì

âêëàäå âñåõ ó÷àñòíèêîâ íàó÷íîãî ñåìèíàðà ïî ýâåí-

òîëîãè÷åñêîé ìàòåìàòèêå ÈÌèÔÈ ÑÔÓ â îáñóæäå-

íèå ýâåíòîëîãè÷åñêîé òåîðèè îáùíîñòè, àññîöèàöèè

è çàâèñèìîñòè ñîáûòèé.
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Ñåò-äèñòîãðàììíûå èçìåðèòåëè ðàçîáùåííîñòè ñîáûòèé

Îëåã Þðüåâè÷ Âîðîáüåâ

Ñèáèðñêèé �åäåðàëüíûé óíèâåðñèòåò

Èíñòèòóò ìàòåìàòèêè è �óíäàìåíòàëüíîé èí�îðìàòèêè

Êðàñíîÿðñê

oleg.yu.vorobyev�gmail.om

Àííîòàöèÿ. �àññìàòðèâàåòñÿ ðàñøèðåíèå ïî-

íÿòèÿ ñåò-ðàññòîÿíèÿ N -ìíîæåñòâà ñîáûòèé,

õàðàêòåðèçóþùåãî åãî ðàçîáùåííîñòü, äî (N + 1)-
ñåìåéñòâà ñåò-ðàññòîÿíèé ðàçëè÷íûõ ïîðÿäêîâ

(ñåò-äèñòîãðàììû ìíîæåñòâà ñîáûòèé), êîòî-

ðîå õàðàêòåðèçóåò ðàñïðåäåëåíèå ðàçîáùåííîñòè

ñîáûòèé îòíîñèòåëüíî ìîùíîñòè ïîäìíîæåñòâ

äàííîãî ìíîæåñòâà ñîáûòèé è ñëóæèò óäîáíûì

èíñòðóìåíòîì äåòàëüíîãî èçìåðåíèÿ ðàçîáùåí-

íîñòè ìíîæåñòâà ñîáûòèé. Ïðèâîäÿòñÿ ïðèìåðû

ñåò-äèñòîãðàìì äëÿ íåñêîëüêèõ òèïîâ âåðî-

ÿòíîñòíûõ ðàñïðåäåëåíèé ìíîæåñòâ ñîáûòèé ñ

ðàçíûìè ñòðóêòóðàìè îáùíîñòè è ðàçîáùåííîñòè.

Êëþ÷åâûå ñëîâà. Âåðîÿòíîñòü, ìíîãîìåð-

íûé ñòàòèñòè÷åñêèé àíàëèç, ýâåíòîëîãèÿ, ìíî-

æåñòâî ñîáûòèé, îáùíîñòü, ðàçîáùåííîñòü,

ñåò-ðàññòîÿíèå, ñåò-äèñòîãðàììà, òåîðåòèêî-

ìíîæåñòâåííàÿ îïåðàöèÿ, ÷åðäàê, ïîäâàë.

Êàêàÿ íî÷ü! Êàê âîçäóõ ÷èñò,

Êàê ñåðåáðèñòûé äðåìëåò ëèñò,

Êàê òåíü ÷åðíà ïðèáðåæíûõ èâ,

Êàê áåçìÿòåæíî ñïèò çàëèâ,

Êàê íå âçäîõíåò íèãäå âîëíà,

Êàê òèøèíîþ ãðóäü ïîëíà!

Ïîëíî÷íûé ñâåò, òû òîò æå äåíü:

Áåëåé ëèøü áëåñê, ÷åðíåå òåíü,

Ëèøü òîíüøå çàïàõ ñî÷íûõ òðàâ,

Ëèøü óì ñâåòëåé, ìèðíåå íðàâ,

Äà âìåñòî ñòðàñòè õî÷åò ãðóäü

Âîò ýòèì âîçäóõîì âçäîõíóòü.

À�àíàñèé Ôåò, 1857?

1 Ââåäåíèå

Âðåìÿ îò âðåìåíè âû ëîâèòå ñåáÿ íà òîì, ÷òî íå ìî-

æåòå íàéòè ñëîâ, ïðåáûâàÿ â ïîëíîì îíåìåíèè îò ñòå-

÷åíèÿ îáñòîÿòåëüñòâ. Âû íå â ñèëàõ âûðàçèòü ïðîèñ-

õîäÿùåå, ïîãðóæàÿ âàø ðàçóì â ìó÷èòåëüíûå ïîèñêè

òåðìèíîâ è îïðåäåëåíèé. Íå îò÷àèâàéòåñü, ñ âàìè âñ�å

â ïîðÿäêå. Òàêîå ïðîèñõîäèò ñ êàæäûì â òîò ìîìåíò,

êîãäà îêðóæàþùàÿ äåéñòâèòåëüíîñòü áåðåìåííà íî-

âûì òåðìèíîì, êîãäà íîâîãî òåðìèíà òðåáóåò ñòå÷å-

íèå îáñòîÿòåëüñòâ, â êîòîðûå åãî/åå óãîðàçäèëî ïî-

ïàñòü. Ê ïðèìåðó, âåäü ñóùåñòâîâàëè ñëó÷àé, ðèñê,

øàíñû äî ñóùåñòâîâàíèÿ íåáåçûçâåñòíûõ êàâàëåðà

äå Ìåðå, Ïàñêàëÿ, Ôåðìà è �þéãåíñà, �ïîæåðòâîâàâ-

øèõ� ñâîè èìåíà íà àëòàðü ñòîëü áëàãîðîäíîãî äåëà

© 2014 Î.Þ.Âîðîáüåâ

Олег Воробьев (ред.), Труды XIII ФАМЭМС’2014, Красноярск: СФУ

� èçáàâëåíèÿ îò íåîáõîäèìîñòè ïîâòîðÿòü âåñü ýòîò

áóêåò ïîíÿòèé, çàìåíèâ èõ íà êðàòêîå �òåîðèÿ âåðî-

ÿòíîñòåé�.

�èñóíîê 1: Ñòåêëÿííûé öèêë �Îáúåäèíåíèÿ & Ïåðåñå÷åíèÿ�. �

Âàëåíòèí Òîëåäî, Ñàíòà Ìîíèêà, Êàëè�îðíèÿ, 2010.

Òàê è ñåãîäíÿ. Íà íàøèõ ãëàçàõ çàðîæäàåòñÿ íîâûé

òåðìèí, ãëàâíîé çàäà÷åé êîòîðîãî ñòàíåò îáîçíà÷å-

íèå òîãî íîâîãî ìåòîäà èñ÷èñëåíèÿ ñîáûòèé, îáñòîÿ-

òåëüñòâ, ÿâëåíèé, �åíîìåíîâ, êîòîðûì ìû åæåäíåâ-

íî ïîëüçóåìñÿ, ïðèíèìàÿ ðåøåíèÿ. Òî åñòü, åñëè ëþ-

äè âñå ÷àùå è ÷àùå ñòàíóò ñòàëêèâàòüñÿ ñî âñåì òåì,

÷òî ñåãîäíÿ ïðîèñõîäèò òàì, ãäå äåéñòâèòåëüíî èñ-

÷èñëÿþò ñîáûòèÿ ðàäè ïðèíÿòèÿ ðåøåíèé, îíè ñðà-

çó ïîéìóò, ÷òî îíè âòîðãëèñü âî âëàäåíèÿ �ýâåíòî-

ëîãèè�. Âîçìîæíî, ñåé òåðìèí áóäåò îçíà÷àòü íåêóþ

íîâóþ íàóêó èñ÷èñëåíèÿ ñîáûòèé, äîïîëíÿþùóþ íà-

óêó èñ÷èñëåíèÿ âåðîÿòíîñòåé � òåîðèþ âåðîÿòíî-

ñòåé.

2 Òåîðåòèêî-ìíîæåñòâåííûå

îïåðàöèè íàä ìíîæåñòâîì ñîáûòèé

è ñîïóòñòâóþùèå âåðîÿòíîñòè

2.1 Ïðîèçâîëüíàÿ òåîðåòèêî-ìíîæåñòâåííàÿ

îïåðàöèÿ, ÷åðäàê è ïîäâàë ìíîæåñòâ

ñîáûòèé (ì.ñ.) è èõ âåðîÿòíîñòè

Ïóñòü (Ω,A,P) � âñåîáùåå âåðîÿòíîñòíîå ïðî-

ñòðàíñòâî [3, 7℄, à X ⊆ A � êîíå÷íîå ìíîæåñòâî

ñîáûòèé (ì.ñ.), ñîñòîÿùåå èç N = |X| ñîáûòèé.
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• Îáúåäèíåíèå ( òàêæå ñóììà èëè ñîåäèíåíèå) ì.ñ.

X â òåîðèè âåðîÿòíîñòåé � òåîðåòèêî-ìíîæåñòâåííàÿ

îïåðàöèÿ íàä X, ðåçóëüòàòîì êîòîðîé ñëóæèò ñîáû-

òèå, ñîñòàâëåííîå èç ýëåìåíòàðíûõ èñõîäîâ, ïðè êî-

òîðûõ íàñòóïàåò õîòÿ áû îäíî ñîáûòèå èç äàííîãî

ì.ñ. Â òåððàñíûõ îáîçíà÷åíèÿõ îáúåäèíåíèå ì.ñ. X

èìååò âèä ⋃

x∈X

x = TerX//X (2.1.1)

è íàçûâàåòñÿ X-òåððàñíûì ñîáûòèåì 4-ãî ðîäà [2℄,

åãî âåðîÿòíîñòü, ò.å. âåðîÿòíîñòü îáúåäèíåíèÿ ñîáû-

òèé, èìååò ñïåöèàëüíîå îáîçíà÷åíèå:

uX = uX//X = P(TerX//X). (2.1.2)

• Ïåðåñå÷åíèå ( òàêæå ïðîèçâåäåíèå) ì.ñ. X â òåîðèè

âåðîÿòíîñòåé � òåîðåòèêî-ìíîæåñòâåííàÿ îïåðàöèÿ

íàä X, ðåçóëüòàòîì êîòîðîé ñëóæèò ñîáûòèå, ñîñòî-

ÿùåå èç òåõ è òîëüêî òåõ ýëåìåíòàðíûõ èñõîäîâ, ïðè

êîòîðûõ íàñòóïàþò âñå ñîáûòèÿ èç äàííîãî ì.ñ. Â

òåððàñíûõ îáîçíà÷åíèÿõ ïåðåñå÷åíèå ì.ñ. X èìååò

âèä ⋂

x∈X

x = terX//X. (2.1.3)

è íàçûâàåòñÿ X-òåððàñíûì ñîáûòèåì 2-ãî ðîäà [2℄,

åãî âåðîÿòíîñòü, ò.å. âåðîÿòíîñòü ïåðåñå÷åíèÿ ñîáû-

òèé, èìååò ñïåöèàëüíîå îáîçíà÷åíèå:

pX = pX//X = P(terX//X). (2.1.4)

• n-ñëîé1 ì.ñ. X â òåîðèè âåðîÿòíîñòåé � òåîðåòèêî-

ìíîæåñòâåííàÿ îïåðàöèÿ íàä X, ðåçóëüòàòîì êîòîðîé

ñëóæèò ñîáûòèå, ñîñòîÿùåå èç òåõ è òîëüêî òåõ ýëå-

ìåíòàðíûõ èñõîäîâ, ïðè êîòîðûõ íàñòóïàåò ðîâíî n
îáûòèé èç äàííîãî ì.ñ.; â òåððàñíûõ îáîçíà÷åíèÿõ

îïðåäåëÿåòñÿ �îðìóëîé

(
Cn

X

)

x∈X

x =
⋃

|X|=n
X⊆X

ter(X//X), (2.1.5)

ãäå äëÿ X ⊆ X

ter(X//X) =
⋂

x∈X

x
⋂

x∈X−X

xc (2.1.6)

� X-òåððàñíûå ñîáûòèÿ 1-ãî ðîäà. Âåðîÿòíîñòè n-
ñëîåâ èìåþò ñïåöèàëüíûå îáîçíà÷åíèÿ:

πn = πn(X) = P



(
Cn

X

)

x∈X

x


 . (2.1.7)

• n-÷åðäàê2 ì.ñ. X â òåîðèè âåðîÿòíîñòåé �

òåîðåòèêî-ìíîæåñòâåííàÿ îïåðàöèÿ íàä X, êîòîðàÿ

1

àíãë. n-layer.
2

àíãë. n-atti; òî, ÷òî ðàíüøå íàçûâàëîñü n-êóïîëîì [5℄ (à

çàòåì íà êîðîòêèå âðåìåíà n-èåðàðõèåé è n-ãîëîñîâàíèåì).

îïðåäåëÿåòñÿ êàê îáúåäèíåíèå âñåõ n-ïåðåñå÷åíèé ñî-

áûòèé èç X äëÿ n = 0, 1, . . . , N . Â òåððàñíûõ îáîçíà-

÷åíèÿõ n-÷åðäàê ì.ñ. X îïðåäåëÿåòñÿ �îðìóëîé

n⊙
x∈X

x =
⋃

|X|=n
X⊆X

terX//X, (2.1.8)

ãäå äëÿ X ⊆ X

terX//X =
⋂

x∈X

x (2.1.9)

� X-òåððàñíûå ñîáûòèÿ 2-ãî ðîäà. Âåðîÿòíî-

ñòè n-÷åðäàêîâ, ò.å. âåðîÿòíîñòè îáúåäèíåíèé n-
ïåðåñå÷åíèé ñîáûòèé, èìåþò ñïåöèàëüíûå îáîçíà÷å-

íèÿ:

n
uX= P

(
n⊙

x∈X

x

)
. (2.1.10)

Ñðåäíÿÿ âåðîÿòíîñòü n-ïåðåñå÷åíèé ñîáûòèé èç X

èìååò îáîçíà÷åíèå

n

〈p〉
X
=

1

Cn
N

∑

|X|=n
X⊆X

pX//X, (2.1.11)

êîòîðîå íå ñëåäóåò ïóòàòü ñ îáîçíà÷åíèåì âåðîÿòíî-

ñòè ïåðåñå÷åíèé n-îáúåäèíåíèé (2.1.14).

• n-ïîäâàë3 ì.ñ. X â òåîðèè âåðîÿòíîñòåé �

òåîðåòèêî-ìíîæåñòâåííàÿ îïåðàöèÿ íàä X, êîòîðàÿ

îïðåäåëÿåòñÿ êàê ïåðåñå÷åíèå âñåõ n-îáúåäèíåíèé ñî-

áûòèé èç X äëÿ n = 0, 1, . . . , N . Â òåððàñíûõ îáîçíà-

÷åíèÿõ n-ïîäâàë ì.ñ. X îïðåäåëÿåòñÿ �îðìóëîé

n

⊡
x∈X

x =
⋂

|X|=n
X⊆X

TerX//X. (2.1.12)

ãäå äëÿ X ⊆ X

TerX//X =
⋃

x∈X

x (2.1.13)

� X-òåððàñíûå ñîáûòèÿ 4-ãî ðîäà. Âåðîÿòíî-

ñòè n-ïîäâàëîâ, ò.å. âåðîÿòíîñòè ïåðåñå÷åíèé n-
îáúåäèíåíèé ñîáûòèé, èìåþò ñïåöèàëüíûå îáîçíà÷å-

íèÿ:

n
p
X= P

( n

⊡
x∈X

x

)
. (2.1.14)

Ñðåäíÿÿ âåðîÿòíîñòü n-îáúåäèíåíèé ñîáûòèé èç X

èìååò îáîçíà÷åíèå

n

〈u〉
X
=

1

Cn
N

∑

|X|=n
X⊆X

uX//X, (2.1.15)

êîòîðîå íå ñëåäóåò ïóòàòü ñ îáîçíà÷åíèåì âåðîÿòíî-

ñòè îáúåäèíåíèé n-ïåðåñå÷åíèé (2.1.10).

3

àíãë. n-ellar.
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• Ïðîèçâîëüíàÿ òåîðåòèêî-ìíîæåñòâåííàÿ O-

îïåðàöèÿ íàä N -ì.ñ. X îïðåäåëÿåòñÿ [1℄ �îðìóëîé

O
x∈X

x =
∑

X∈O

ter(X//X), (2.1.16)

ãäå O ⊆ 2X � ïðîèçâîëüíàÿ ñîâîêóïíîñòü ïîä-

ìíîæåñòâ X, õàðàêòåðèçóþùàÿ äàííóþ òåîðåòèêî-

ìíîæåñòâåííóþ îïåðàöèþ. Èíîãäà èñïîëüçóåòñÿ áî-

ëåå ïîäðîáíîå îáîçíà÷åíèå [5℄ äëÿ ïðîèçâîëüíîé

òåîðåòèêî-ìíîæåñòâåííîé O-îïåðàöèè (2.1.16):

terop

(
O//2X

)
= O

x∈X

x. (2.1.17)

Â ÷àñòíîñòè, ïðîèçâîëüíàÿ O-îïåðàöèÿ ñòàíîâèòñÿ

îáúåäèíåíèåì ïðè

O = {X ⊆ X : |X | > 1}, (2.1.18)

ïåðåñå÷åíèåì ïðè

O = {X ⊆ X : |X | > |X|}, (2.1.19)

n-ñëîåì ïðè

O = {X ⊆ X : |X | = n}, (2.1.20)

n-÷åðäàêîì ïðè

O = {X ⊆ X : |X | > n}, (2.1.21)

n-ïîäâàëîì ïðè

4

O = {X ⊆ X : |X | > N + 1− n}. (2.1.22)

2.2 Ñâîéñòâà ÷åðäàêîâ ìíîæåñòâà ñîáûòèé

Ëåììà 1 (õàðàêòåðèçàöèè n-÷åðäàêà ì.ñ. ìîùíîñòíûìè

èíäèêàòîðàìè). Õàðàêòåðèçàöèÿ n-÷åðäàêà ì.ñ. X ÷å-

ðåç åãî ìîùíîñòíîé èíäèêàòîð

5

è ìîùíîñòíîé èí-

äèêàòîð åãî Ì-äîïîëíåíèÿ X(c) = {xc : x ∈ X} èìåþò
âèä:

n⊙
x∈X

x =





{ω : ΥX(ω) > n},

{ω : ΥX(c)(ω) < N − n+ 1}.
(2.2.1)

Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ (2.1.5) è �îðìóë

îáðàùåíèÿ ìåæäó òåððàñíûìè ñîáûòèÿìè 1-ãî è 2-ãî

ðîäà [2℄

terX//X =
∑

X⊆Y

ter(X//X),

4

Äîêàçàòåëüñòâî �îðìóë (2.1.21) è (2.1.22) ñì. íèæå: (2.2.1)

è (2.3.4).

5

Ìîùíîñòíîé èíäèêàòîð êîíå÷íîãî ì.ñ. X îïðåäåëÿåòñÿ

êàê ñ.â., ðàâíàÿ ñóììå èíäèêàòîðîâ âñåõ ñîáûòèé èç X:

ΥX(ω) =
∑

x∈X

1x(ω).

ãäå

ter(X//X) =
⋂

x∈X

x
⋂

x∈X−X

xc

� X-òåððàñíûå ñîáûòèÿ 1-ãî ðîäà, X ⊆ X, ïîðîæ-

äåííûå ì.ñ. X, ïîëó÷àåì òî, ÷òî òðåáóåòñÿ:

n⊙
x∈X

x =
∑

|X|>n
X⊆X

ter(X//X) = {ω : ΥX(ω) > n}.

Ëåììà äîêàçàíà.

Ñëåäñòâèå 1. Â áîëåå ïîäðîáíûõ îáîçíà÷åíèÿõ [5℄

n⊙
x∈X

x = terop

(
Cn+

X
//2X

)
, (2.2.2)

ãäå

Cn+
X

= {X ⊆ X : |X | > n} ⊆ 2X

� ñîâîêóïíîñòü ïîäìíîæåñòâ ì.ñ. X, ñîäåðæàùèõ

íå ìåíåå n ñîáûòèé, õàðàêòåðèçóþùàÿ îïåðàöèþ n-
÷åðäàêà X.

Çàìå÷àíèå 1. Ñîáûòèÿ

n⊙
x∈X

x ∈ A, îïðåäåëÿåìûå
äëÿ êàæäîãî n = 0, 1, . . . , N êàê ðåçóëüòàò òåîðåòèêî-

ìíîæåñòâåííîé îïåðàöèè n-÷åðäàêà ì.ñ. X, ò.å. �

�îðìóëàìè (2.1.5), (2.2.1) è (2.2.2), òàêæå íàçûâàþò-

ñÿ n-÷åðäàêàìè X.

Çàìå÷àíèå 2 (ìîíîòîííîå óáûâàíèå ÷åðäàêîâ ïî âêëþ-

÷åíèþ). Èç õàðàêòåðèçàöèè (2.2.1) ÿñíî, ÷òî

0⊙
x∈X

x ⊇
1⊙

x∈X

x ⊇ . . . ⊇
N⊙

x∈X

x (2.2.2)

� n-÷åðäàêè ì.ñ. X óáûâàþò ïî âêëþ÷åíèþ ïðè ðîñòå

n = 0, 1, . . . , N .

Çàìå÷àíèå 3 (÷àñòíûå ÷åðäàêè).

n⊙
x∈X

x =





Ω, n = 0,

⋃

x∈X

x, n = 1,

. . . , . . . ,

⋂

x∈X

x, n = |X|,

∅, n > |X|.

Ëåììà 2 (ðàñøèðåííîå ïðàâèëî äå Ìîðãàíà äëÿ ÷åðäàêîâ

ì.ñ.). Ïðè ëþáîì êîíå÷íîì N -ì.ñ. X è ëþáîì n =
0, 1, . . . , N äëÿ n-÷åðäàêîâ X ñïðàâåäëèâû ñëåäóþùèå

ðàñøèðåííûå ïðàâèëà äå Ìîðãàíà:

n⊙
x∈X

x+
N+1−n⊙
x∈X

xc = Ω, (2.2.3)
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ïðè n = 1:
1⊙

x∈X

x+
N⊙

x∈X

xc = Ω

ýêâèâàëåíòíûå ïðèâû÷íîìó ïðàâèëó:

⋃

x∈X

x+
⋂

x∈X

xc = Ω.

Äîêàçàòåëüñòâî ñëåäóåò èç äâóõ ñîîòíîøåíèé äëÿ

òåððàñíûõ ñîáûòèé [2℄:

∑

X⊆X

ter(X//X) = Ω, (2.2.4)

ter(X//X) = ter

(
(Xc)(c)//X(c)

)
, (2.2.5)

ãäå X ⊆ X, X(c) = {xc : x ∈ X} � Ì-äîïîëíåíèå X, à

(Xc)(c) = {xc : x ∈ Xc} ⊆ X(c)
� Ì-äîïîëíåíèå ì.ñ.

Xc = X−X .

Äåéñòâèòåëüíî, èç îïðåäåëåíèÿ îïåðàöèè n-÷åðäàêà
X è òîãî, ÷òî |X |+ |Xc| = N äëÿ X ⊆ X, ñëåäóåò:

n⊙
x∈X

x =
∑

|X|>n
X⊆X

ter(X//X) =
∑

|Xc|6N−n
X⊆X

ter(X//X) = 6

=
∑

|Xc|6N−n
X⊆X

ter((Xc)(c)//X(c)) = 7

= Ω−
∑

|Xc|>N−n
X⊆X

ter((Xc)(c)//X(c)) = 8

= Ω−
∑

|Xc|>N−n+1

(Xc)(c)⊆X(c)

ter((Xc)(c)//X(c)) = 9

= Ω−
N−n+1⊙
xc∈X(c)

xc = Ω−
N−n+1⊙
x∈X

xc.

Ëåììà äîêàçàíà.

2.3 Ñâîéñòâà ïîäâàëîâ ìíîæåñòâà ñîáûòèé

Ëåììà 3 (ñâÿçü ìåæäó ïîäâàëàìè è ÷åðäàêàìè ì.ñ.). n-
ïîäâàë ì.ñ. X ñîâïàäàåò ñ åãî m-÷åðäàêîì:

n

⊡
x∈X

x =
m⊙

x∈X

x, (2.3.1)

åñëè m+ n = N + 1, m > 0, n > 0.

Äîêàçàòåëüñòâî. Â ñèëó îïðåäåëåíèé ïîäâàëà

(2.1.9) è ÷åðäàêà (2.1.5) óòâåðæäåíèå ëåììû (2.3.1)

îçíà÷àåò, ÷òî

⋂

|X|=n
X⊆X

TerX//X =
⋃

|X|=N+1−n
X⊆X

terX//X (2.3.2)

6

â ñèëó (2.3.5).

7

â ñèëó (2.3.4).

8

èç-çà ïåðåõîäà ê íåñòðîãîìó íåðàâåíñòâó.

9

ïî îïðåäåëåíèþ ÷åðäàêà ì.ñ. (2.2.1)

äëÿ n = 0, 1, . . . , N . Äîïîëíåíèå ñîáûòèÿ èç ëåâîé

÷àñòè (2.3.2) ïî ïðàâèëó äå Ìîðãàíà ðàâíî



⋂

|X|=n
X⊆X

TerX//X




c

=
⋃

|X|=n
X⊆X

(
TerX//X

)c
. (2.3.3)

Äîïîëíåíèÿ òåððàñíûõ ñîáûòèé 4-ãî ðîäà (2.1.10) èç

ïðàâîé ÷àñòè (2.3.3) ïî òåì æå ïðè÷èíàì ðàâíî

(
TerX//X

)c
=
⋂

x∈X

xc =
⋂

xc∈X(c)

xc = terX(c)//X(c)

� òåððàñíîìó ñîáûòèþ 2-ãî ðîäà, ïîðîæäåííîìó

X(c)
, Ì-äîïîëíåíèåì ì.ñ. X. Îòñþäà ïðàâàÿ ÷àñòü

(2.3.3) ðàâíà

⋃

|X|=n
X⊆X

terX(c)//X(c) =
⋃

|X(c)|=n

X(c)⊆X(c)

terX(c)//X(c) = 10

=
n⊙

xc∈X(c)

xc =
n⊙

x∈X

xc = 11 = Ω−
N+1−n⊙
x∈X

x = 12

= Ω−
⋃

|X|=N+1−n
X⊆X

terX//X

� äîïîëíåíèþ ñîáûòèÿ èç ïðàâîé ÷àñòè (2.3.2), ÷òî

äîêàçûâàåò ëåììó.

Ëåììà 4 (õàðàêòåðèçàöèÿ n-ïîäâàëà ì.ñ. ìîùíîñòíûìè

èíäèêàòîðàìè). Õàðàêòåðèçàöèè n-ïîäâàëà ì.ñ. X ÷å-

ðåç åãî ìîùíîñòíîé èíäèêàòîð

13

è ìîùíîñòíîé èí-

äèêàòîð åãî Ì-äîïîëíåíèÿ X(c) = {xc : x ∈ X} èìåþò
âèä:

n

⊡
x∈X

x =





{ω : ΥX(ω) > N + 1− n},

{ω : ΥX(c)(ω) < n}.
(2.3.4)

Äîêàçàòåëüñòâî ñëåäóåò èç ëåììû 3 è òîãî, ÷òî

ΥX(ω)+ΥX(c)(ω) = N äëÿ êàæäîãî ýëåìåíòàðíîãî èñ-

õîäà ω ∈ Ω.

Ñëåäñòâèå 2. Â áîëåå ïîäðîáíûõ îáîçíà÷åíèÿõ [5℄

n

⊡
x∈X

x = terop

(
C

(N+1−n)+
X

//2X
)
, (2.3.5)

ãäå

C
(N+1−n)+
X

= {X ⊆ X : |X | > N + 1− n} ⊆ 2X

� ñîâîêóïíîñòü ïîäìíîæåñòâ ì.ñ. X, ñîäåðæàùèõ íå

ìåíåå N+1−n ñîáûòèé, õàðàêòåðèçóþùàÿ îïåðàöèþ

n-ïîäâàëà X.

10

ïî îïðåäåëåíèþ n-÷åðäàêà (2.1.3) ì.ñ. X(c)
.

11

ïî ðàñøèðåííîìó ïðàâèëó äå Ìîðãàíà äëÿ ÷åðäàêîâ

(2.2.3).

12

ïî îïðåäåëåíèþ (N + 1− n)-÷åðäàêà (2.1.3) ì.ñ. X.
13

ñì. ñíîñêó 5.



Âîðîáüåâ 99

Ñëåäñòâèå 3 (îáúåäèíåíèå n-ïåðåñå÷åíèé ñîâïàäàåò ñ

ïåðåñå÷åíèåì N +1−n îáúåäèíåíèé). Èç ëåìì 1 è 4 ïîëó-

÷àåì äëÿ n = 0, 1, . . . , N òîæäåñòâî äîïîëíèòåëü-

íîñòè äëÿ ÷åðäàêîâ è ïîäâàëîâ:

n⊙
x∈X

x =

N+1−n

⊡
x∈X

x, (2.3.6)

ïàðà�ðàç êîòîðîãî íà ÿçûêå îïåðàöèé îáúåäèíåíèÿ è

ïåðåñå÷åíèÿ èìååò âèä: �îáúåäèíåíèå n-ïåðåñå÷åíèé
ñîâïàäàåò ñ ïåðåñå÷åíèåì (N+1−n)-îáúåäèíåíèé�14.

Çàìå÷àíèå 4. Ñîáûòèÿ

n

⊡
x∈X

x ∈ A, îïðåäåëÿåìûå
äëÿ êàæäîãî n = 0, 1, . . . , N êàê ðåçóëüòàò òåîðåòèêî-

ìíîæåñòâåííîé îïåðàöèè n-ïîäâàëà ì.ñ. X, ò.å. �

�îðìóëàìè (2.1.9), (2.3.1) è (2.3.2), òàêæå íàçûâàþò-

ñÿ n-ïîäâàëàìè X.

Çàìå÷àíèå 5 (ìîíîòîííîå âîçðàñòàíèå ïîäâàëîâ ïî

âêëþ÷åíèþ). Èç õàðàêòåðèçàöèè (2.3.4) ÿñíî, ÷òî

0

⊡
x∈X

x ⊆
1

⊡
x∈X

x ⊆ . . . ⊆
N

⊡
x∈X

x (2.3.7)

� n-ïîäâàëû ì.ñ. X âîçðàñòàþò ïî âêëþ÷åíèþ ïðè

ðîñòå n = 0, 1, . . . , N .

Çàìå÷àíèå 6 (÷àñòíûå ïîäâàëû).

n

⊡
x∈X

x =





∅, n = 0,
⋂

x∈X

x, n = 1,

. . . , . . . ,
⋃

x∈X

x, n = N,

Ω, n > N.

Ëåììà 5 (ðàñøèðåííîå ïðàâèëî äå Ìîðãàíà äëÿ ïîäâàëîâ

ì.ñ.). Ïðè ëþáîì êîíå÷íîì N -ì.ñ. X è ëþáîì n =
0, 1, . . . , N äëÿ n-ïîäâàëîâ X ñïðàâåäëèâû ñëåäóþùèå

ðàñøèðåííûå ïðàâèëà äå Ìîðãàíà:

n

⊡
x∈X

x+

N+1−n

⊡
x∈X

xc = Ω, (2.3.8)

ïðè n = 1:
1

⊡
x∈X

x+

N

⊡
x∈X

xc = Ω

ýêâèâàëåíòíûå ïðèâû÷íîìó ïðàâèëó:

⋂

x∈X

x+
⋃

x∈X

xc = Ω.

Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó ðàñ-

øèðåííîãî ïðàâèëà äå Ìîðãàíà äëÿ ÷åðäàêîâ (ëåììà

2) è ñðàçó ñëåäóåò èç ëåììû 3.

14

Íàïðèìåð, â òðèïëåòå ñîáûòèé X �îáúåäèíåíèå ïàðíûõ ïå-

ðåñå÷åíèé ñîâïàäàåò ñ ïåðåñå÷åíèåì ïàðíûõ îáúåäèíåíèé�,

òàê êàê 2+2=4 ;)

10⊙
x∈X

x





10

⊡
x∈X

xc









10

⊡
x∈X

x





10⊙
x∈X

xc

10-÷åðäàê X

10-ïîäâàë X(c)

10-ïîäâàë X

10-÷åðäàê X(c)

ΥX

14 (0)

13 (1)

12 (2)

11 (3)

10 (4)

9 (5)

8 (6)

7 (7)

6 (8)

5 (9)

4 (10)

3 (11)

2 (12)

1 (13)

0 (14)

(ΥX(c))

Ω

�èñóíîê 2: Äèàãðàììà Âåííà n-÷åðäàêîâ è n-ïîäâàëîâ 14-ì.ñ. X è

åãî Ì-äîïîëíåíèÿ X
(c)

(n = 10), íà êîòîðîé ïðîñòðàíñòâî ýëå-

ìåíòàðíûõ èñõîäîâ Ω èçîáðàæåíî â âèäå ýëëèïñà; 10-÷åðäàê X

(�óêñèÿ ñïëîøíàÿ), 10-ïîäâàë X (àêâà-êîñàÿ). Ïîêàçàíû íîìåðà

òåððàñíûõ ñëîåâ ì.ñ. è åãî Ì-äîïîëíåíèÿ (â ñêîáêàõ).

3 Íàáîð ñåò-ðàññòîÿíèé ì.ñ.

3.1 �àñøèðåíèå ïîíÿòèÿ ñåò-ðàññòîÿíèÿ ì.ñ.

Ñåò-ðàññòîÿíèå ì.ñ. X îïðåäåëÿåòñÿ [6℄ êàê �óíêöèî-

íàë îò äâóõ îòêëîíåíèé òî÷êè îòñ÷åòà îáùíîñòè (êî-

òîðîé ñëóæèò ñðåäíÿÿ âåðîÿòíîñòü ñîáûòèé) îò âåðî-

ÿòíîñòè ïåðåñå÷åíèÿ è îò âåðîÿòíîñòè îáúåäèíåíèÿ

ñîáûòèé èç ýòîãî ì.ñ.

∆X = min {∆∩
X,∆

∪
X} , (3.1)

n-÷åðäàê X

n⊙
x∈X

x =





{ω : ΥX(ω) > n},

{ω : ΥX(c)(ω) < N − n+ 1}.
(2.2.1)

n-ïîäâàë X

n

⊡
x∈X

x =





{ω : ΥX(ω) > N + 1− n},

{ω : ΥX(c)(ω) < n}.
(2.3.4)

n-÷åðäàê X(c)

n⊙
x∈X

xc =





{ω : ΥX(c)(ω) > n},

{ω : ΥX(ω) < N − n+ 1}.
(2.2.1′)

n-ïîäâàë X(c)

n

⊡
x∈X

xc =





{ω : ΥX(c)(ω) > N + 1− n},

{ω : ΥX(ω) < n}.
(2.3.4′)

Òàáëèöà 1: Õàðàêòåðèçàöèè n-÷åðäàêîâ è n-ïîäâàëîâ ì.ñ. X è åãî

Ì-äîïîëíåíèÿ X
(c)

èõ ìîùíîñòíûìè èíäèêàòîðàìè (ëåììû 1 è 4),

n = 0, 1, . . . , N .
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5⊙
x∈X

x





5

⊡
x∈X

xc









5

⊡
x∈X

x





5⊙
x∈X

xc

5-÷åðäàê X

5-ïîäâàë X(c)

5-ïîäâàë X

5-÷åðäàê X
(c)

ΥX

14 (0)

13 (1)

12 (2)

11 (3)

10 (4)

9 (5)

8 (6)

7 (7)

6 (8)

5 (9)

4 (10)

3 (11)

2 (12)

1 (13)

0 (14)

(ΥX(c))

Ω

�èñóíîê 3: Äèàãðàììà Âåííà n-÷åðäàêîâ è n-ïîäâàëîâ 14-ì.ñ. X è

åãî Ì-äîïîëíåíèÿ X
(c)

(n = 5), íà êîòîðîé ïðîñòðàíñòâî ýëåìåí-

òàðíûõ èñõîäîâ Ω èçîáðàæåíî â âèäå ýëëèïñà; 5-÷åðäàê X (�óêñèÿ

ñïëîøíàÿ), 5-ïîäâàë X (àêâà-êîñàÿ). Ïîêàçàíû íîìåðà òåððàñíûõ

ñëîåâ ì.ñ. è åãî Ì-äîïîëíåíèÿ (â ñêîáêàõ).

ãäå

∆∩
X = 〈p〉X − pX

� ñåò-ðàññòîÿíèå ì.ñ. X îòíîñèòåëüíî ïåðåñå÷åíèÿ

[4℄,

∆∪
X = uX − 〈p〉X

� ñåò-ðàññòîÿíèå ì.ñ. X îòíîñèòåëüíî îáúåäèíåíèÿ

[4℄, à

〈p〉X =
1

|X|
∑

x∈X

px (3.2)

� ñðåäíÿÿ âåðîÿòíîñòü ñîáûòèé èç X.

Ýòî îïðåäåëåíèå ìîæíî ñëåäóþùèì îáðàçîì ðàñøè-

ðèòü, ÷òîáû ïîëó÷èòü N -íàáîð ñåò-ðàññòîÿíèé. Îáú-

åäèíåíèå âñåõ ñîáûòèé èç äàííîãî N -ì.ñ. ïðîèñõîäèò

òîãäà, êîãäà ïðîèñõîäèò õîòÿ áû îäíî ñîáûòèå èç

ýòîãî N -ì.ñ. Åñëè îáúåäèíåíèå ñîáûòèé â ýòîì îïðå-

äåëåíèè çàìåíèòü ñîáûòèåì, êîòîðîå ïðîèñõîäèò òî-

ãäà, êîãäà ïðîèñõîäÿò õîòÿ áû n ñîáûòèé èç äàííîãî

N -ì.ñ., ò.å. � çàìåíèòü îáúåäèíåíèåì n-ïåðåñå÷åíèé
ñîáûòèé èç X, èëè n-÷åðäàêîì X:

n⊙
x∈X

x =
⋃

|X|=n
X⊆X

terX//X,

à íîâóþ òî÷êó n-îòñ÷åòà îïðåäåëèòü êàê ñðåäíþþ âå-

ðîÿòíîñòü n-ïåðåñå÷åíèé:

n

〈p〉
X
=

1

Cn
N

∑

|X|=n

pX//X, (3.3)

òî ïðåæíèé ñïîñîá ïðèâîäèò ê ðàñøèðåííîìó îïðå-

äåëåíèþ n-ñåò-ðàññòîÿíèÿ ì.ñ. äëÿ n = 0, 1, . . . , N :

n

∆X= min

{
n

∆∩
X,

n

∆∪
X

}
, (3.4)

ãäå

n

∆∩
X =

n

〈p〉
X
−pX

� n-ñåò-ðàññòîÿíèå ì.ñ. X îòíîñèòåëüíî ïåðåñå÷åíèÿ,

n

∆∪
X =

n
uX −

n

〈p〉
X

� n-ñåò-ðàññòîÿíèå ì.ñ. X îòíîñèòåëüíî îáúåäèíåíèÿ

n ïåðåñå÷åíèé (n-÷åðäàêà), à

n
uX= P

(
n⊙

x∈X

x

)
(3.5)

� âåðîÿòíîñòü n-÷åðäàêà15 X.

Çàìå÷àíèå 7 (0-ñåò-ðàññòîÿíèå ì.ñ.). Îòìåòèì, ÷òî

ïðè n = 0 0-ñåò-ðàññòîÿíèå X ðàâíî

0

∆X= min

{
0

∆∩
X,

0

∆∪
X

}
= 0, (3.6)

òàê êàê

0

∆∩
X =

0

〈p〉
X
−pX = 1− pX

� 0-ñåò-ðàññòîÿíèå ì.ñ. X îòíîñèòåëüíî ïåðåñå÷åíèÿ;

0

∆∪
X =

0
uX −

0

〈p〉
X
= 0

� 0-ñåò-ðàññòîÿíèå ì.ñ. X îòíîñèòåëüíî îáúåäèíåíèÿ;

0
uX= P

(
0⊙

x∈X

x

)
= P (Ω) = 1 (3.7)

� âåðîÿòíîñòü 0-÷åðäàêà X, à

0

〈p〉
X
=

1

C0
N

∑

|X|=0

pX//X = p∅ = 1 (3.8)

� ñðåäíÿÿ âåðîÿòíîñòü 0-ïåðåñå÷åíèé ñîáûòèé èç X.

Çàìå÷àíèå 8 (âåðîÿòíîñòè ÷åðäàêîâ ì.ñ.).

n
uX=





1, n = 0,

uX, n = 1,

. . . , . . . ,

pX, n = |X|,
0, n > |X|.

Â èòîãå ïîíÿòèå ñåò-ðàññòîÿíèÿ∆X ì.ñ. X ðàñøèðåíî

äî ïîíÿòèÿ N -íàáîðà ñåò-ðàññòîÿíèé ýòîãî ì.ñ.

{
0

∆X,
1

∆X, . . . ,
N

∆X

}
, (3.9)

15

Íå ïóòàòü ñ ïîõîæèì îáîçíà÷åíèåì

n

〈u〉
X

=
1

Cn
N

∑

|X|=n
X⊆X

uX

äëÿ ñðåäíåé âåðîÿòíîñòè n-îáúåäèíåíèé ñîáûòèé èç X, ñì.

(2.1.12) è (4.18).
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â êîòîðîì

0

∆X= 0, à

1

∆X = ∆X � ýòî åãî ñåò-

ðàññòîÿíèå â óçêîì ñìûñëå.

Êàæäîå n-ñåò-ðàññòîÿíèå
n

∆X èç íàáîðà (3.9) ìîæåò

áûòü íîðìàëèçîâàíî

16

:

n

∆′
X=

n

∆X

n

∆∪
X
+

n

∆∩
X

=

n

∆X

n
uX −pX

, (3.10)

÷òîáû ïîëó÷èòü â ðåçóëüòàòå N -íàáîð îòíîñèòåëü-

íûõ ñåò-ðàññòîÿíèé X

{
0

∆′
X,

1

∆′
X, . . . ,

N

∆′
X

}
, (3.9′)

N -íàáîð ñåò-ðàññòîÿíèé (3.9) â îòëè÷èå îò íàáîðà

(3.9

′
) áóäåò èíîãäà íàçûâàòüñÿ íàáîðîì àáñîëþòíûõ

ñåò-ðàññòîÿíèé. X,

Ëåììà 6 (�îðìóëû îáðàùåíèÿ Ìåáèóñà ìåæäó ñðåäíèìè

âåðîÿòíîñòÿìè ïåðåñå÷åíèé ñîáûòèé èç N-ì.ñ. è âåðîÿò-

íîñòÿìè çíà÷åíèé åãî ìîùíîñòíîãî èíäèêàòîðà). Ïóñòü

{π0, π1, . . . , πN} (3.11)

� âåðîÿòíîñòíîå ðàñïðåäåëåíèå ìîùíîñòíîãî èíäè-

êàòîðà ΥX N -ì.ñ. X, à

{
0

〈p〉
X
, . . . ,

N

〈p〉
X

}
(3.12)

� íàáîð ñðåäíèõ âåðîÿòíîñòåé ïåðåñå÷åíèé ñîáûòèé

èç X, ãäå äëÿ n = 0, 1, . . . , N

πn = P(ΥX = n) =
∑

|X|=n

p(X//X), (3.13)

n

〈p〉
X
=

1

Cn
N

∑

|X|=n

pX//X. (3.14)

Òîãäà ìåæäó �óíêöèÿìè öåëîãî àðãóìåíòà (3.11) è

(3.12) äëÿ n = 0, . . . , N ñïðàâåäëèâû �îðìóëû îáðà-

ùåíèÿ

17

n

〈p〉
X
=

1

Cn
N

N∑

m=n

πmCn
m, (3.15)

πn = Cn
N

N∑

m=n

(−1)m−nCm−n
N−n

m

〈p〉
X
. (3.16)

16

Ïðè ýòîì íåîïðåäåëåííîñòü 0/0 ñ÷èòàåòñÿ íóëåì.

17

Ïðè âû÷èñëåíèè ñðåäíèõ âåðîÿòíîñòåé n-ïåðåñå÷åíèé
n

〈p〉
X

ïî �îðìóëå (3.15) óäîáíî ïîëüçîâàòüñÿ ñëåäóþùåé �îðìóëîé:

Cn
m

Cn
N

=







N∏

k=m+1

(

1−
n

k

)

, m < N ;

1, m > N,

êîòîðóþ ïðîùå âû÷èñëÿòü ðåêóððåíòíî:

Cn
m

Cn
N

=
Cn

m+1

Cn
N

(

1−
n

m + 1

)

äëÿ m = n, . . . ,N−1 â îáðàòíîì ïîðÿäêå, íà÷èíàÿ ñ m = N−1.

Äîêàçàòåëüñòâî. Âî-ïåðâûõ, òàê êàê

∑

|X|=n

pX//X = 18 =
∑

|X|=n

∑

X⊆Y

p(Y//X) = 19 =

=
N∑

|Y |=n

p(Y//X)
∑

|X|=n
X⊆Y

1 =
N∑

|Y |=n

p(Y//X)Cn
|Y | =

=
N∑

m=n

Cn
m

∑

|Y |=m

p(Y//X) = 20 =
N∑

m=n

πmCn
m,

òî â ñèëó (3.14) ïåðâàÿ �îðìóëà (3.15) äîêàçàíà.

Âî-âòîðûõ, ïðîñóììèðîâàâ ïî âñåìX ∈ Cn
X
îáå ÷àñòè

�îðìóëû îáðàùåíèÿ Ìåáèóñà

p(X//X) =
∑

X⊆Y

(−1)|Y |−|X|pY//X,

êîòîðàÿ äëÿ X ⊆ X âûðàæàåò âåðîÿòíîñòíîå ðàñïðå-

äåëåíèå 1-ãî ðîäà ÷åðåç âåðîÿòíîñòíîå ðàñïðåäåëåíèå

2-ãî ðîäà, ïîëó÷èì âòîðóþ �îðìóëó (3.16):

πn =
∑

X∈Cn
X

∑

X⊆Y

(−1)|Y |−|X|pY//X = 21

=
∑

Y ∈Cn+
X

(−1)|Y |−npY//X

∑

|X|=n
X⊆Y

1 = 22

=
∑

Y ∈Cn+
X

(−1)|Y |−nCn
|Y |pY//X = 23

=

N∑

m=n

(−1)m−nCn
m

∑

Y ∈Cm
X

pY//X = 24

=
N∑

m=n

(−1)m−nCn
mCm

N

m

〈p〉
X
= 25

= Cn
N

N∑

m=n

(−1)m−nCm−n
N−n

m

〈p〉
X
.

Ëåììà äîêàçàíà.

Ñëåäñòâèå 4 (�îðìóëû îáðàùåíèÿ Ìåáèóñà ìåæäó ñðåä-

íèìè âåðîÿòíîñòÿìè îáúåäèíåíèé ñîáûòèé èç N-ì.ñ. è âå-

ðîÿòíîñòÿìè çíà÷åíèé åãî ìîùíîñòíîãî èíäèêàòîðà). Èç

ëåììû 6 äëÿ ñðåäíèõ âåðîÿòíîñòåé ïåðåñå÷åíèé ñî-

áûòèé, ïðèìåíåííîé ê Ì-äîïîëíåíèþ X(c) N -ì.ñ. X,

ñëåäóþò àíàëîãè÷íûå �îðìóëû îáðàùåíèÿ Ìåáèóñà

18

îáðàùåíèå Ìåáèóñà.

19

ïåðåìåíà ïîðÿäêà ñóììèðîâàíèÿ.

20

�îðìóëà (3.7).

21

Ïåðåìåíà ïîðÿäêà ñóììèðîâàíèÿ.

22

×èñëî n-ïîäìíîæåñòâ Y ðàâíî Cn
|Y |

.

23

Çàìåíà ìíîæåñòâåííîãî èíäåêñà ñóììèðîâàíèÿ öåëî÷èñ-

ëåííûì.

24

Â ñèëó îïðåäåëåíèÿ ñðåäíèõ âåðîÿòíîñòåé m-ïåðåñå÷åíèé.

25

Â ñèëó òîæäåñòâà êîìáèíàòîðíûõ �îðìóë.
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ìåæäó ñðåäíèìè âåðîÿòíîñòÿìè îáúåäèíåíèé ñîáû-

òèé èç X è ìàññ-âåðîÿòíîñòÿìè åãî ìîùíîñòíîãî èí-

äèêàòîðà:

1−
n

〈u〉
X
=

1

Cn
N

N∑

m=n

πN−mCn
m, (3.15)

πn = 26 = Cn
N

n∑

m=0

(−1)mCm
n

(
1−

m+N−n

〈u〉
X

)
(3.16)

â ñèëó òîãî, ÷òî äëÿ n = 0, 1, . . . , N

πn = π
(c)
N−n,

n

〈p〉
X(c)= 1−

n

〈u〉
X
.

Ñëåäñòâèå 5 (ñðåäíÿÿ âåðîÿòíîñòü 0-ïåðåñå÷åíèé ñîáû-

òèé èç N-ì.ñ.). Äëÿ n = 0 ñðåäíÿÿ âåðîÿòíîñòü 0-

ïåðåñå÷åíèé

27

ñîáûòèé x ∈ X, ò.å. �ñðåäíÿÿ� âåðîÿò-

íîñòü Ω, èìååò ñìûñë ñðåäíåãî

0

〈p〉
X
= E (1) = 1

âûðîæäåííîé ñëó÷àéíîé âåëè÷èíû, êîòîðàÿ ðàâíà

åäèíèöå ïðè ëþáîì ýëåìåíòàðíîì èñõîäå (ñì. äîêà-

çàòåëüñòâî (3.8)).

Ñëåäñòâèå 6 (ñðåäíÿÿ âåðîÿòíîñòü 1-ïåðåñå÷åíèé ñîáû-

òèé èç N-ì.ñ.). Äëÿ n = 1 ñðåäíÿÿ âåðîÿòíîñòü 1-

ïåðåñå÷åíèé ñîáûòèé x ∈ X, ò.å. ñðåäíÿÿ âåðîÿòíîñòü

ñîáûòèé èç X, èìååò ñìûñë ñðåäíåãî

1

〈p〉
X
=

1

|X|
∑

x∈X

px = E

(
ΥX

|X|

)

ñëó÷àéíîé âåëè÷èíû ΥX/|X| (ñ ìíîæåñòâîì çíà÷åíèé

{|Y |/|X|, Y ⊆ X}) � äîëè ñîáûòèé èç ì.ñ. X, íàñòó-

ïàþùèõ ïðè ïðîèçâîëüíîì ýëåìåíòàðíîì èñõîäå.

Äîêàçàòåëüñòâî.

1

〈p〉
X
= 〈p〉X =

1

|X|
∑

x∈X

px =

=

N∑

m=1

πm
m

N
=

N∑

m=0

πm
m

N
= E

(
ΥX

|X|

)
.

Ñëåäñòâèå 7 (ñðåäíÿÿ âåðîÿòíîñòü n-ïåðåñå÷åíèé ñî-

áûòèé èç N-ì.ñ. êàê ñðåäíåå ñ.â.). Äëÿ ïðîèçâîëüíîãî

n = 0, 1, . . . , N ñðåäíÿÿ n-âåðîÿòíîñòü ñîáûòèé x ∈ X

èìååò ñìûñë ñðåäíåãî

n

〈p〉
X
= E

(
Cn

ΥX

Cn
N

)
(3.17)

26

Ýòà �îðìóëà ìîæåò áûòü çàïèñàíà òàêæå â âèäå:

πn = δ(0, n)− Cn
N

n∑

m=0

(−1)mCm
n

m+N−n

〈u〉
X
. (3.16′)

27

Ïîä 0-ïåðåñå÷åíèåì ñîáûòèé çäåñü ïîíèìàåòñÿ ïåðåñå÷å-

íèå ïóñòîãî ì.ñ., êîòîðîå ïî îïðåäåëåíèþ ïîëàãàåòñÿ ðàâíûì

âñåìó ïðîñòðàíñòâó ýëåìåíòàðíûõ èñõîäîâ:

⋂

x∈∅

x = Ω.

ñëó÷àéíîé âåëè÷èíû

28

Cn
ΥX

Cn
N

=
1

Cn
N

ΥX(ΥX − 1) · · · (ΥX − n+ 1)

n!
,

âåðîÿòíîñòíîå ðàñïðåäåëåíèå êîòîðîé îïðåäåëÿåòñÿ

(N − n+ 2)-íàáîðîì çíà÷åíèé

{
0;

Cn
n

Cn
N

, . . . ,
Cn

N

Cn
N

}
,

âêëþ÷àþùèì íóëåâîå çíà÷åíèå, è ñîîòâåòñòâóþùèì

íàáîðîì âåðîÿòíîñòåé:

{
n−1∑

i=0

πi; πn, . . . , πN

}
,

âêëþ÷àþùèì âåðîÿòíîñòü íóëåâîãî çíà÷åíèÿ ñ.â.

Cn
ΥX

/Cn
N :

P
(
Cn

ΥX
= 0
)
= P (ΥX < n) =

n−1∑

i=0

πi.

Äîêàçàòåëüñòâî. Èç ëåììû 6

n

〈p〉
X
=

N∑

m=n

πm
Cn

m

Cn
N

.

Â ñèëó ñîãëàøåíèÿ äëÿ m = 0, 1, . . . , N :

Cn
m =





m!

n!(m− n)!
, 0 6 n 6 m,

0, èíà÷å,

ïîëó÷àåì òðåáóåìîå óòâåðæäåíèå, òàê êàê

N∑

m=n

πm
Cn

m

Cn
N

=

N∑

m=0

πm
Cn

m

Cn
N

= E

(
Cn

ΥX

Cn
|X|

)
.

Çàìå÷àíèå 9. Â ñèëó ëåììû 6 è åå ñëåäñòâèé

äëÿ êàæäîãî n = 0, 1, . . . , N ñðåäíèå âåðîÿòíîñòè

n-ïåðåñå÷åíèé ñîáûòèé èç N -ì.ñ. X,

n

〈p〉
X
, ïîëíî-

ñòüþ îïðåäåëÿþòñÿ âåðîÿòíîñòíûì ðàñïðåäåëåíèåì

åãî ìîùíîñòíîãî èíäèêàòîðà ΥX.

4 Íàáîð ñåò-ðàññòîÿíèé

Ì-äîïîëíåíèÿ ì.ñ.

4.1 �àñøèðåíèå ïîíÿòèÿ ñåò-ðàññòîÿíèÿ

Ì-äîïîëíåíèÿ ì.ñ.

Ñåò-ðàññòîÿíèå Ì-äîïîëíåíèÿ X(c) = {xc : x ∈ X}
ì.ñ. X îïðåäåëÿåòñÿ àíàëîãè÷íî êàê �óíêöèîíàë îò

äâóõ îòêëîíåíèé òî÷êè îòñ÷åòà îáùíîñòè (êîòîðîé

28

äîëè n-ïîäìíîæåñòâ ñîáûòèé X, íàñòóïàþùèõ ñðåäè

âñåõ n-ïîäìíîæåñòâ ñîáûòèé èç X ïðè ïðîèçâîëüíîì ýëåìåí-

òàðíîì èñõîäå.
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ñëóæèò ñðåäíÿÿ âåðîÿòíîñòü äîïîëíåíèé ñîáûòèé) îò

âåðîÿòíîñòè ïåðåñå÷åíèÿ è îò âåðîÿòíîñòè îáúåäèíå-

íèÿ äîïîëíåíèé ñîáûòèé èç X

∆X(c) = min
{
∆∩

X(c) ,∆
∪
X(c)

}
, (4.1)

ãäå

∆∩
X(c) = 〈p〉X(c) − pX(c)

� ñåò-ðàññòîÿíèå ì.ñ. X(c)
îòíîñèòåëüíî ïåðåñå÷åíèÿ,

∆∪
X(c) = uX(c) − 〈p〉X(c)

� ñåò-ðàññòîÿíèå ì.ñ. X(c)
îòíîñèòåëüíî îáúåäèíå-

íèÿ, à

〈p〉X(c) =
1

|X|
∑

x∈X

(1− px) = 1− 〈p〉X (4.2)

� ñðåäíÿÿ âåðîÿòíîñòü äîïîëíåíèé ñîáûòèé èç X.

Ýòî îïðåäåëåíèå ìîæíî ñëåäóþùèì îáðàçîì ðàñøè-

ðèòü, ÷òîáû ïîëó÷èòü N -íàáîð ñåò-ðàññòîÿíèé Ì-

äîïîëíåíèÿ X(c)
. Îáúåäèíåíèå âñåõ ñîáûòèé èç äàí-

íîãî N -ì.ñ. X(c)
ïðîèñõîäèò òîãäà, êîãäà ÍÅ ïðîèñ-

õîäèò õîòÿ áû îäíî ñîáûòèå èç X. Åñëè îáúåäèíå-

íèå ñîáûòèé â ýòîì îïðåäåëåíèè çàìåíèòü ñîáûòèåì,

êîòîðîå ïðîèñõîäèò òîãäà, êîãäà ÍÅ ïðîèñõîäÿò õî-

òÿ áû n ñîáûòèé èç X, ò.å. � çàìåíèòü îáúåäèíå-

íèåì n-ïåðåñå÷åíèé äîïîëíåíèé ñîáûòèé èç X, èëè

n-÷åðäàêîì X(c)
:

n⊙
xc∈X(c)

xc =
⋃

|X(c)|=n

X(c)⊆X(c)

terX(c)//X(c) ,

à íîâóþ òî÷êó n-îòñ÷åòà îïðåäåëèòü êàê ñðåäíþþ âå-

ðîÿòíîñòü n-ïåðåñå÷åíèé äîïîëíåíèé ñîáûòèé èç X:

n

〈p〉
X(c) =

1

Cn
N

∑

|X(c)|=n

pX(c)//X(c) , (4.3)

òî ïðåæíèé ñïîñîá ïðèâîäèò ê ðàñøèðåííîìó îïðå-

äåëåíèþ n-ñåò-ðàññòîÿíèÿ Ì-äîïîëíåíèÿ X(c)
ì.ñ. X

äëÿ n = 1, . . . , N :

n

∆X(c)= min

{
n

∆∩
X(c) ,

n

∆∪
X(c)

}
, (4.4)

ãäå

n

∆∩
X(c) =

n

〈p〉
X(c) −pX(c)

� n-ñåò-ðàññòîÿíèå Ì-äîïîëíåíèÿ X(c)
ì.ñ. X îòíîñè-

òåëüíî ïåðåñå÷åíèÿ,

n

∆∪
X(c) =

n
u
X(c) −

n

〈p〉
X(c)

� n-ñåò-ðàññòîÿíèå Ì-äîïîëíåíèÿ X
(c)

ì.ñ. X îòíîñè-

òåëüíî îáúåäèíåíèÿ n ïåðåñå÷åíèé (n-÷åðäàêà), à

n
u
X(c)= P

(
n⊙

xc∈X(c)

xc

)
(4.5)

� âåðîÿòíîñòü n-÷åðäàêà X(c)
.

Çàìå÷àíèå 10 (0-ñåò-ðàññòîÿíèå Ì-äîïîëíåíèÿ ì.ñ.).

Îòìåòèì, ÷òî ïðè n = 0 0-ñåò-ðàññòîÿíèå X(c)
ðàâ-

íî

0

∆X(c)= min

{
0

∆∩
X(c) ,

0

∆∪
X(c)

}
= 0, (4.6)

òàê êàê

0

∆∩
X(c) =

0

〈p〉
X(c) −pX(c) = 1− pX(c)

� 0-ñåò-ðàññòîÿíèå X(c)
îòíîñèòåëüíî ïåðåñå÷åíèÿ;

0

∆∪
X(c) =

0
u
X(c) −

0

〈p〉
X(c) = 0

� 0-ñåò-ðàññòîÿíèå X(c)
îòíîñèòåëüíî îáúåäèíåíèÿ;

0
u
X(c)= P

(
0⊙

xc∈X(c)

xc

)
= P (Ω) = 1 (4.7)

� âåðîÿòíîñòü 0-÷åðäàêà X(c)
, à

0

〈p〉
X(c) =

1

C0
N

∑

|X(c)|=0

pX(c)//X(c) = p∅ = 1 (4.8)

� ñðåäíÿÿ âåðîÿòíîñòü 0-ïåðåñå÷åíèé ñîáûòèé èç

X(c)
.

Çàìå÷àíèå 11 (÷àñòíûå âåðîÿòíîñòè ÷åðäàêîâ Ì-

äîïîëíåíèÿ ì.ñ.).

n
u
X(c)=





1, n = 0,

uX(c) = 1− pX, n = 1,

. . . , . . . ,

pX(c) = 1− uX, n = |X|,
0, n > |X|.

Â èòîãå ïîíÿòèå ñåò-ðàññòîÿíèÿ ∆X(c) ì.ñ. X(c)
ðàñ-

øèðåíî äî ïîíÿòèÿ N -íàáîðà ñåò-ðàññòîÿíèé ýòîãî

Ì-äîïîëíåíèÿ:

{
0

∆X(c) ,
1

∆X(c) , . . . ,
N

∆X(c)

}
, (4.9)

â êîòîðîì

0

∆X(c)= 0, à
1

∆X(c) = ∆X(c) � ýòî åãî ñåò-

ðàññòîÿíèå â óçêîì ñìûñëå.

Ëåììà 7 (ñóììà âåðîÿòíîñòåé 2-ãî ðîäà Ì-äîïîëíåíèÿ

ì.ñ. ïî ñåò-èíäåêñàì �èêñèðîâàííîé ìîùíîñòè). Ïóñòü

{π(c)
0 , π

(c)
1 , . . . , π

(c)
N }

� âåðîÿòíîñòíîå ðàñïðåäåëåíèå ìîùíîñòíîãî èíäè-

êàòîðà ΥX(c) Ì-äîïîëíåíèÿ ê N -ì.ñ. X, ãäå äëÿ m =
0, 1, . . . , N

π(c)
m = P(ΥX(c) = m) =

∑

|Y (c)|=m

p(Y (c)//X(c)). (4.10)
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Òîãäà äëÿ n = 0, 1, . . . , N

∑

|X(c)|=n

pX(c)//X(c) =

N∑

m=n

π(c)
m Cn

m. (4.11)

Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû

6 (3.11).

Ñëåäñòâèå 8 (ñðåäíèå âåðîÿòíîñòè n-ïåðåñå÷åíèé ñîáû-

òèé èç Ì-äîïîëíåíèÿ N-ì.ñ.). Ïîñêîëüêó

pX(c)//X(c) =
∑

X(c)⊆Y (c)

p(Y (c)//X(c))

� âåðîÿòíîñòü 2-ãî ðîäà, òî ñðåäíÿÿ âåðîÿòíîñòü n-
ïåðåñå÷åíèé ñîáûòèé èç X(c)

â ñèëó ëåììû 3 ðàâíà

n

〈p〉
X(c) =

1

Cn
N

∑

|X(c)|=n

pX(c)//X(c) =

=

N∑

m=n

π(c)
m

Cn
m

Cn
N

=

N∑

m=n

πN−m
Cn

m

Cn
N

. (4.12)

Ñëåäñòâèå 9 (ñðåäíÿÿ âåðîÿòíîñòü 0-ïåðåñå÷åíèé ñîáû-

òèé èç Ì-äîïîëíåíèÿ N-ì.ñ.). Äëÿ n = 0 ñðåäíÿÿ âåðî-

ÿòíîñòü 0-ïåðåñå÷åíèé ñîáûòèé xc ∈ X(c)
, ò.å. �ñðåä-

íÿÿ� âåðîÿòíîñòü Ω, èìååò ñìûñë ñðåäíåãî

0

〈p〉
X(c) = E (1) = 1

âûðîæäåííîé ñëó÷àéíîé âåëè÷èíû, êîòîðàÿ ðàâíà

åäèíèöå ïðè ëþáîì ýëåìåíòàðíîì èñõîäå (ñì. äîêà-

çàòåëüñòâî (4.8)).

Ñëåäñòâèå 10 (ñðåäíÿÿ âåðîÿòíîñòü 1-ïåðåñå÷åíèé ñî-

áûòèé Ì-äîïîëíåíèÿ N-ì.ñ.). Äëÿ n = 1 ñðåäíÿÿ âåðî-

ÿòíîñòü 1-ïåðåñå÷åíèé ñîáûòèé xc ∈ X(c)
, ò.å. ñðåäíÿÿ

âåðîÿòíîñòü ñîáûòèé èç X(c)
, èìååò ñìûñë ñðåäíåãî

1

〈p〉
X(c) =

1

|X(c)|
∑

xc∈X(c)

(1− px) = E

(
ΥX(c)

|X(c)|

)

ñëó÷àéíîé âåëè÷èíû ΥX(c)/|X(c)| � äîëè ñîáûòèé èç

X(c)
, íàñòóïàþùèõ ïðè ïðîèçâîëüíîì ýëåìåíòàðíîì

èñõîäå, èíà÷å ãîâîðÿ, äîëè ÍÅíàñòóïàþùèõ ñîáû-

òèé â X.

Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó ñëåä-

ñòâèÿ 8 íà ñòð. 104.

Ñëåäñòâèå 11 (ñðåäíÿÿ âåðîÿòíîñòü n-ïåðåñå÷åíèé ñî-

áûòèé èç Ì-äîïîëíåíèÿ N-ì.ñ. êàê ñðåäíåå ñ.â.). Äëÿ ïðî-

èçâîëüíîãî n = 0, 1, . . . , N ñðåäíÿÿ n-âåðîÿòíîñòü ñî-
áûòèé x ∈ X èìååò ñìûñë ñðåäíåãî

n

〈p〉
X(c) = E

(
Cn

Υ
X(c)

Cn
N

)
(4.13)

ñëó÷àéíîé âåëè÷èíû

29

Cn
Υ
X(c)

Cn
N

=
1

Cn
N

ΥX(c)(ΥX(c) − 1) · · · (ΥX(c) − n+ 1)

n!
,

âåðîÿòíîñòíîå ðàñïðåäåëåíèå êîòîðîé îïðåäåëÿåòñÿ

(N − n+ 2)-íàáîðîì çíà÷åíèé

{
0;

Cn
n

Cn
N

, . . . ,
Cn

N

Cn
N

}
,

âêëþ÷àþùèì íóëåâîå çíà÷åíèå, è ñîîòâåòñòâóþùèì

íàáîðîì âåðîÿòíîñòåé:

{
n−1∑

i=0

π
(c)
i ; π(c)

n . . . , π
(c)
N

}
=

=

{
N∑

i=N+1−n

πi; πN−n, . . . , π0

}
,

âêëþ÷àþùèì âåðîÿòíîñòü íóëåâîãî çíà÷åíèÿ ñ.â.

Cn
Υ
X(c)

/Cn
N :

P

(
Cn

Υ
X(c)

= 0
)
= P (ΥX(c) < n) =

=

n−1∑

i=0

π
(c)
i = 30 =

N∑

i=N+1−n

πi.

Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó ñëåä-

ñòâèÿ 8 íà ñòð. 104.

Çàìå÷àíèå 12. Â ñèëó ëåììû 7 è åå ñëåäñòâèé

äëÿ êàæäîãî n = 0, 1, . . . , N ñðåäíèå âåðîÿòíîñòè n-

ïåðåñå÷åíèé ñîáûòèé èç Ì-äîïîëíåíèÿ X(c)
,

n

〈p〉
X(c) ,

ïîëíîñòüþ îïðåäåëÿþòñÿ âåðîÿòíîñòíûì ðàñïðåäå-

ëåíèåì åãî ìîùíîñòíîãî èíäèêàòîðà ΥX(c) .

Çàìå÷àíèå 13. Ïîñêîëüêó äëÿ ëþáûõ ω ∈ Ω

ΥX(ω) + ΥX(c)(ω) = N,

âåðîÿòíîñòè çíà÷åíèé ìîùíîñòíûõ èíäèêàòîðîâ ΥX

è ΥX(c) ñâÿçàíû ñîîòíîøåíèÿìè äîïîëíèòåëüíîñòè

äëÿ m = 0, 1, . . . , N :

P(ΥX(c) = N −m) = P(ΥX = m),

ò.å.

πc
N−m = πm,

à â èòîãå:

{π(c)
0 , π

(c)
1 , . . . , π

(c)
N } = {πN , πN−1, . . . , π0}. (4.14)

Çàìå÷àíèå 14. Â ñèëó îáðàùåíèÿ Ìåáèóñà äëÿ âå-

ðîÿòíîñòåé 2-ãî è 4-ãî ðîäîâ èìååì ñëåäóþùóþ �îð-

ìóëó

pX(c) = P

( ⋂

x∈X

xc

)
=

29

äîëè n-ïîäìíîæåñòâ ñîáûòèé X, íàñòóïàþùèõ ñðåäè

âñåõ n-ïîäìíîæåñòâ ñîáûòèé èç X ïðè ïðîèçâîëüíîì ýëåìåí-

òàðíîì èñõîäå.

30

â ñèëó çàìå÷àíèÿ (4.14).
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= 1−P

( ⋃

x∈X

x

)
= 1− uX (4.15)

äëÿ âåðîÿòíîñòè n-ïåðåñå÷åíèé ñîáûòèé èç Ì-

äîïîëíåíèé X(c) = {xc : x ∈ X} � ïîäìíîæåñòâà

Ì-äîïîëíåíèÿ X
(c)
, ãäå X ⊆ X, à X(c) ⊆ X

(c)
ñîîòâåò-

ñòâåííî.

Èç (4.15) ñëåäóþò àíàëîãè÷íûå �îðìóëû

n

〈p〉
X(c) =

1

Cn
N

∑

|X(c)|=n

X(c)⊆X(c)

pX(c) =

=
1

Cn
N

∑

|X|=n
X⊆X

(1 − uX) = 1−
n

〈u〉
X

(4.16)

äëÿ ñðåäíèõ âåðîÿòíîñòåé n-ïåðåñå÷åíèé ñîáûòèé èç

Ì-äîïîëíåíèÿ X
(c)
, êîòîðûå äîïîëíÿþò ñðåäíèå âå-

ðîÿòíîñòè n-îáúåäèíåíèé ñîáûòèé èç X:

n

〈u〉
X
=

1

Cn
N

∑

|X|=n
X⊆X

uX (4.17)

ïðè n = 0, 1, . . . , N .

Çàìå÷àíèå 15. Èç (4.12) è (4.16) ïîëó÷àåì �îðìó-

ëó

1−
n

〈u〉
X
=

N∑

m=n

πN−m
Cn

m

Cn
N

, (4.18)

âûðàæàþùóþ ñðåäíþþ âåðîÿòíîñòü n-îáúåäèíåíèé
÷åðåç âåðîÿòíîñòíîå ðàñïðåäåëåíèå ì.ñ. X äëÿ n =
0, 1, . . . , N .

5 Òîëêîâàíèå íàáîðà ñåò-ðàññòîÿíèé

ì.ñ. íà ÿçûêå �.ð. åãî ìîùíîñòíîãî

èíäèêàòîðà

5.1 ×åðäàê ì.ñ., ñâÿçàííûå ñ íèì �.ð. è

ìîùíîñòíûå èíäèêàòîðû

Âåðîÿòíîñòè n-÷åðäàêîâ ì.ñ. X ñâÿçàíû ñî çíà÷åíèÿ-

ìè �.ð. FΥX
åãî ìîùíîñòíîãî èíäèêàòîðà ΥX �îðìó-

ëîé

n
uX= P(ΥX > n) =

= 1−P(ΥX < n) = 1− FΥX
(n). (5.1.1)

äëÿ n = 0, 1, . . . , N,N + 1 Îòñþäà �.ð. ñ.â. ΥX îïðå-

äåëÿåòñÿ äëÿ r ∈ R âåðîÿòíîñòÿìè n-÷åðäàêîâ X ïî

�îðìóëàì

FΥX
(r) =





0, r 6 0,

. . . , . . . ,

1− n
uX=

N+1−n
p
X(c) , n− 1 < r 6 n,

n = 1, . . . , N,

. . . , . . . ,

1, N < r.

(5.1.2)

à �.ð. ñ.â. ΥX(c) = N − ΥX, ìîùíîñòíîãî èíäèêàòîðà

Ì-äîïîëíåíèÿ X(c)
, îïðåäåëÿåòñÿ äëÿ r ∈ R âåðîÿò-

íîñòÿìè n-÷åðäàêîâ X ïî �îðìóëàì

FΥ
X(c)

(r) =





0, r 6 0,

. . . , . . . ,

1− n
p
X(c)=

N+1−n
uX, n− 1 < r 6 n,

n = 1, . . . , N,

. . . , . . . ,

1, N < r.

(5.1.3)

Îïðåäåëèì íà R �óíêöèþ ñðåäíèõ âåðîÿòíîñòåé ïå-

ðåñå÷åíèé (�.ñ.â.ï.)

F∩
X (r) =





0, r 6 0,

. . . , . . . ,

1−
n

〈p〉
X
, n− 1 < r 6 n,

n = 1, . . . , N,

. . . , . . . ,

1, N < r.

(5.1.4)

è �óíêöèþ ñðåäíèõ âåðîÿòíîñòåé îáúåäèíåíèé

(�.ñ.â.î.)

F∪
X (r) =





0, r 6 0,

. . . , . . . ,

1−
N+1−n

〈u〉
X
, n− 1 < r 6 n,

n = 1, . . . , N,

. . . , . . . ,

1, N < r.

(5.1.5)

5.2 Ïîäâàë ì.ñ., ñâÿçàííûå ñ íèì �.ð. è

ìîùíîñòíûå èíäèêàòîðû

Âåðîÿòíîñòè n-ïîäâàëîâ ì.ñ. X ñâÿçàíû ñî çíà÷åíè-

ÿìè �.ð. FΥX
åãî ìîùíîñòíîãî èíäèêàòîðà ΥX �îð-

ìóëîé

n
p
X= P(ΥX > N + 1− n) =

= 1−P(ΥX < N+1−n) = 1−FΥX
(N+1−n). (5.2.1)

äëÿ n = 0, 1, . . . , N,N + 1 Îòñþäà �.ð. ñ.â. ΥX îïðå-

äåëÿåòñÿ äëÿ r ∈ R âåðîÿòíîñòÿìè n-ïîäâàëîâ X ïî

�îðìóëàì

FΥX
(r) =





0, r 6 0,

. . . , . . . ,

1− N+1−n
p
X=

n
u
X(c) , n− 1 < r 6 n,

n = 1, . . . , N,

. . . , . . . ,

1, N < r.

(5.2.2)

à �.ð. ñ.â. ΥX(c) = N − ΥX, ìîùíîñòíîãî èíäèêàòîðà

Ì-äîïîëíåíèÿ X(c)
, îïðåäåëÿåòñÿ äëÿ r ∈ R âåðîÿò-
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íîñòÿìè n-ïîäâàëîâ X ïî �îðìóëàì

FΥ
X(c)

(r) =





0, r 6 0,

. . . , . . . ,

1−N+1−n
u
X(c) =

n
p
X, n− 1 < r 6 n,

n = 1, . . . , N,

. . . , . . . ,

1, N < r.

(5.2.3)

Îïðåäåëèì íà R �óíêöèþ ñðåäíèõ âåðîÿòíîñòåé ïå-

ðåñå÷åíèé

F∩
X(c)(r) =





0, r 6 0,

. . . , . . . ,

1−
n

〈p〉
X(c) , n− 1 < r 6 n,

n = 1, . . . , N,

. . . , . . . ,

1, N < r.

(5.2.4)

è �óíêöèþ ñðåäíèõ âåðîÿòíîñòåé îáúåäèíåíèé

F∪
X(c)(r) =





0, r 6 0,

. . . , . . . ,

1−
N+1−n

〈u〉
X(c) , n− 1 < r 6 n,

n = 1, . . . , N,

. . . , . . . ,

1, N < r.

(5.2.5)

Ëåììà 8 (íåðàâåíñòâà äëÿ ñðåäíèõ âåðîÿòíîñòåé n-

ïåðåñå÷åíèé è n-îáúåäèíåíèé). Ñðåäíèå âåðîÿòíîñòè n-
ïåðåñå÷åíèé ñîáûòèé èç ì.ñ. X îáðàçóþò íåâîçðàñ-

òàþùèé N -íàáîð:

0

〈p〉
X
>

1

〈p〉
X
> ... >

N

〈p〉
X
, (5.2.6)

à ñðåäíèå âåðîÿòíîñòè n-îáúåäèíåíèé ñîáûòèé

31

èç

ì.ñ. X îáðàçóþò íåóáûâàþùèé N -íàáîð:

0

〈u〉
X
6

1

〈u〉
X
6 ... 6

N

〈u〉
X
. (5.2.6′)

Äîêàçàòåëüñòâî. Äëÿ êàæäîãî n = 0, 1, . . . , N − 1
ïðè �èêñèðîâàííîì Xn+1 ⊆ X èìååì n + 1 íåðàâåí-

ñòâî âèäà

pXn+1 6 pXn ,

êîãäà Xn ⊂ Xn+1. Ïðîñóììèðîâàâ îáå ÷àñòè ýòèõ

íåðàâåíñòâ ïî âñåì Xn ⊂ Xn+1, ïîëó÷èì

(n+ 1)pXn+1 6
∑

Xn⊂Xn+1

pXn .

31

Ïîä 0-îáúåäèíåíèåì ñîáûòèé çäåñü ïîíèìàåòñÿ îáúåäèíå-

íèå ïóñòîãî ì.ñ., êîòîðîå ïî îïðåäåëåíèþ ïîëàãàåòñÿ ðàâíûì

íåâîçìîæíîìó ñîáûòèþ:

⋃

x∈∅

x = ∅.

Åùå ðàç ïðîñóììèðîâàâ îáå ÷àñòè ïîëó÷åííûõ íåðà-

âåíñòâ òåïåðü óæå ïî âñåì Xn+1 ⊂ X, ïîëó÷èì

(n+ 1)
∑

Xn+1⊂X

pXn+1 6
∑

Xn+1⊂X

∑

Xn⊂Xn+1

pXn .

Ïåðåìåíèâ ïîðÿäîê ñóììèðîâàíèÿ â ïðàâîé ñóììå,

ïîëó÷èì ∑

Xn+1⊂X

∑

Xn⊂Xn+1

pXn =

=
∑

Xn⊂X

∑

Xn⊂Xn+1

pXn = (N − n)
∑

Xn⊂X

pXn .

Ïîäåëèâ îáå ÷àñòè íåðàâåíñòâà íà (n+1)Cn+1
N , èìååì

1

Cn+1
N

∑

Xn+1⊂X

pXn+1 6
(N − n)

(n+ 1)Cn+1
N

∑

Xn⊂X

pXn .

Â èòîãå ïîëó÷àåì íåðàâåíñòâî

1

Cn+1
N

∑

Xn+1⊂X

pXn+1 6
1

Cn
N

∑

Xn⊂X

pXn ,

êîòîðîå ïðåäñòàâëÿåò èç ñåáÿ òðåáóåìîå íåðàâåíñòâî

äëÿ ñðåäíèõ âåðîÿòíîñòåé (n+ 1)- è n-ïåðåñå÷åíèé:

n+1

〈p〉
X
6

n

〈p〉
X
,

ãäå, íàïîìíèì, n = 0, 1, . . . , N−1. Íåðàâåíñòâà (5.2.6)
äîêàçàíû.

Èç ýòèõ íåðàâåíñòâ, ïðèìåíåííûõ ê Ì-äîïîëíåíèþ

X(c)
ì.ñ. X:

0

〈p〉
X(c) >

1

〈p〉
X(c) > ... >

N

〈p〉
X(c) ,

ïîëó÷àåì íåðàâåíñòâà äëÿ ñðåäíèõ âåðîÿòíîñòåé n-
îáúåäèíåíèé (5.2.6

′
). Ëåììà äîêàçàíà.

6 Ñåò-äèñòîãðàììà ìíîæåñòâà

ñîáûòèé

Îïðåäåëåíèå 1 (ñåò-äèñòîãðàììà ì.ñ.). Ñåò-

äèñòîãðàììîé ì.ñ. X íàçûâàåòñÿ ãðà�è÷åñêîå

èçîáðàæåíèå íàáîðà åãî ñåò-ðàññòîÿíèé (3.9):

{
0

∆X,
1

∆X, . . . ,
N

∆X

}
,

â âèäå äèàãðàììû (ñì. ðèñ. 4). �ðà�è÷åñêîå èçîá-

ðàæåíèå íàáîðà åãî îòíîñèòåëüíûõ ñåò-ðàññòîÿíèé

(3.9

′
): {

0

∆′
X,

1

∆′
X, . . . ,

N

∆′
X

}
,

â âèäå äèàãðàììû (ñì. ðèñ. 4) íàçûâàåòñÿ îòíîñè-

òåëüíîé ñåò-äèñòîãðàììîé ì.ñ. X.
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�èñóíîê 4: Ñåò-äèñòîãðàììû, ñðåäíèå è ïîëíîå ñåò-ðàññòîÿíèå ì.ñ.

X, çíà÷åíèÿ �.ð. ìîùíîñòíîãî èíäèêàòîðà êîòîðîãî ïðèâåäåíû â

Òàáë. 2.

Íà ðèñóíêàõ 4 è 6: ââåðõó ãðà�èêè �.ð. FΥX (ñòó-

ïåí÷àòûé ñèíèé), �óíêöèè ñðåäíèõ âåðîÿòíîñòåé ïå-

ðåñå÷åíèÿ F∩
ΥX

(ñòóïåí÷àòûé êðàñíûé) è �óíêöèè

ñðåäíèõ âåðîÿòíîñòåé îáúåäèíåíèÿ F∪
ΥX

(ñòóïåí÷à-

òûé �óêñèÿ) ìîùíîñòíûõ èíäèêàòîðîâ ΥX 14-ì.ñ. X;

íàáîðû ñåò-ðàññòîÿíèé

n

∆∩
X
è

n

∆∪
X
ì.ñ. X (ëàéì è çå-

ëåíûé), à òàêæå

n

∆∩
X(c) è

n

∆∪
X(c) åãî Ì-äîïîëíåíèÿ X(c)

(àêâà è ñèíèé); àáñîëþòíûå è îòíîñèòåëüíûå ñåò-

äèñòîãðàììû ì.ñ. X (ëàéì è çàøòðèõîâàííûé ëàéì,

â öåíòðå) è åãî Ì-äîïîëíåíèÿ X(c)
(àêâà è çàøòðè-

õîâàííàÿ àêâà, âíèçó). Ñëåâà ââåðõó óêàçàíî çíà÷å-

íèå ñðåäíåãî ñåò-ðàññòîÿíèÿ 〈∆X〉 ì.ñ. X, ñïðàâà âíè-
çó çíà÷åíèå ñðåäíåãî ñåò-ðàññòîÿíèÿ 〈∆X(c)〉 åãî Ì-

äîïîëíåíèÿ X(c)
, ñïðàâà ââåðõó óêàçàíî ïîëíîå ñåò-

ðàññòîÿíèå X. Çíà÷åíèÿ �.ð. ìîùíîñòíîãî èíäèêàòî-

ðà ΥX ì.ñ. X íà ðèñ. 4 ïðèâåäåíû â òàáëèöå 2.

Íà ðèñóíêàõ 5 è 7: ââåðõó: �óíêöèÿ ðàñïðåäåëåíèÿ

FX (ñèíèé; çíà÷åíèÿ �.ð. ïðèâåäåíû â Òàáë. 2), �óíê-

öèÿ ñðåäíèõ âåðîÿòíîñòåé ïåðåñå÷åíèé F∩
X
(êðàñíûé)

è �óíêöèÿ ñðåäíèõ âåðîÿòíîñòåé îáúåäèíåíèé F∪
X

(�óêñèÿ) ìîùíîñòíîãî èíäèêàòîðà ΥX; íèæå â äðó-

ãîì ìàñøòàáå: ìàññ-âåðîÿòíîñòè �.ð. FX (ñèíèé), à

òàêæå ìàññ-âåðîÿòíîñòè åãî �óíêöèè ñðåäíèõ âåðî-

ÿòíîñòåé ïåðåñå÷åíèé F∩
X
(êðàñíûé) è �óíêöèè ñðåä-

íèõ âåðîÿòíîñòåé îáúåäèíåíèé F∪
X

(�óêñèÿ). Çíà÷å-
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�èñóíîê 5: Ô.ð. è äâå ñîïðîâîæäàþùèå �óíêöèè ìîùíîñòíîãî èí-

äèêàòîðà ì.ñ. X (çíà÷åíèÿ �.ð. ìîùíîñòíîãî èíäèêàòîðà ïðèâå-

äåíû â Òàáë. 2), à òàêæå ìàññ-âåðîÿòíîñòè �.ð. (ñèíèé) è äâóõ

ñîïðîâîæäàþùèõ �óíêöèé (êðàñíûé è �óêñèÿ).

íèÿ �.ð. ìîùíîñòíîãî èíäèêàòîðà ΥX ì.ñ. X íà ðèñ.

5 ïðèâåäåíû â òîé æå òàáëèöå 2.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0 0.00 0.05 0.22 0.32 0.39 0.44 0.47 0.49 0.51 0.53 0.56 0.61 0.68 0.78 0.95

Òàáëèöà 2: Çíà÷åíèÿ �.ð. ìîùíîñòíîãî èíäèêàòîðà 14-ì.ñ. íà ðèñ.

4.

7 Ñðåäíåå è ïîëíîå ñåò-ðàññòîÿíèÿ

ìíîæåñòâà ñîáûòèé

×òîáû èìåòü âîçìîæíîñòü èçìåðÿòü îäíèì ïîêàçàòå-

ëåì ðàçîáùåííîñòü ñîáûòèé èç N -ì.ñ. X, ìîæíî âîñ-

ïîëüçîâàòüñÿ ñðåäíèì ñåò-ðàññòîÿíèåì X, êîòîðîå

îïðåäåëÿåòñÿ êàê

〈∆X〉 =
1

N

N∑

n=1

n

∆X, (7.1)

ñðåäíåå åãî n-ñåò-ðàññòîÿíèé (n = 1, . . . , N); à òàêæå

ïîëíûì ñåò-ðàññòîÿíèåì X, êîòîðîå îïðåäåëÿåòñÿ

êàê

∆X = 〈∆X〉+ 〈∆X(c)〉, (7.2)

ñóììà ñðåäíèõ ñåò-ðàññòîÿíèé X è åãî Ì-

äîïîëíåíèÿ X(c)
, è ó÷èòûâàåò íå òîëüêî ðàçîá-

ùåííîñòü ñîáûòèé èç X, íî è ðàçîáùåííîñòü èõ

äîïîëíåíèé èç X(c)
.
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�èñóíîê 6: Âñå çíà÷åíèÿ ìîùíîñòíîãî èíäèêàòîðà 14-ì.ñ. X ðàâ-

íîâåðîÿòíû è ðàâíû 1/15, à ñîïðîâîæäàþùèå �.ð. âû÷èñëÿþòñÿ

ïî �îðìóëàì (5.1.4) è (5.1.5) è ðàâíû ñîîòâåòñòâåííî: n/(n + 1) è
1/(15 − n), n = 0, 1, . . . , 14.

8 Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Óòâåðæäåíèå 1 (ñóùåñòâîâàíèå N-ì.ñ. ñ çàäàííûì

ìîùíîñòíûì èíäèêàòîðîì). Ïóñòü Fξ � �.ð. äèñêðåò-

íîé ñ.â. ξ, ïðèíèìàþùåé çíà÷åíèÿ èç {0, 1, . . . , N}, à
(Ω,A,P) � âñåîáùåå âåðîÿòíîñòíîå ïðîñòðàíñòâî.

Òîãäà ñóùåñòâóåò N -ì.ñ. X ⊂ A, �.ð. FΥX
ìîù-

íîñòíîãî èíäèêàòîðà ΥX êîòîðîãî ñîâïàäàåò ñ íåé

íà R:

FΥX
= Fξ. (8.1)

Äîêàçàòåëüñòâî. Áóäåì ñ÷èòàòü, ÷òî äëÿ r ∈ R �.ð.

ñ.â. ξ îïðåäåëÿåòñÿ �îðìóëîé

Fξ(r) = P(ξ < r), (8.2)

òîãäà âåðîÿòíîñòè çíà÷åíèé ñ.â. ξ

πn = P(ξ = n) (8.3)

ñâÿçàíû ñ �.ð. äëÿ n = 0, 1, . . . , N ñîîòíîøåíèåì

Fξ(r) =
∑

n<r

πn. (8.4)
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�èñóíîê 7: Âñå çíà÷åíèÿ ìîùíîñòíîãî èíäèêàòîðà 14-ì.ñ. X ðàâ-

íîâåðîÿòíû è ðàâíû 1/15, à ñîïðîâîæäàþùèå �.ð. âû÷èñëÿþòñÿ

ïî �îðìóëàì (5.1.4) è (5.1.5) è ðàâíû ñîîòâåòñòâåííî: n/(n+ 1) è
1/(15 − n), n = 0, 1, . . . , 14.

Äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ (8.1) äîñòàòî÷-

íî ïîêàçàòü, ÷òî ìîùíîñòíîé èíäèêàòîð ΥX N -

ìíîæåñòâà âëîæåííûõ ñîáûòèé

X = {x1, . . . , xN}, (8.5)

ãäå

x1 ⊇ x2 ⊇ . . . ⊇ xN , (8.6)

à âåðîÿòíîñòè ñîáûòèé xn ∈ X îïðåäåëÿþòñÿ âåðîÿò-

íîñòÿìè çíà÷åíèé ñ.â. ξ (8.3) ïî �îðìóëàì:

pxn =
N∑

i=n

πi (8.7)

äëÿ n = 1, . . . , N , èìååò �.ð. FΥX
, ñîâïàäàþùóþ ñ Fξ.

Çàìåòèì, ÷òî

{ω : ΥX(ω) = n} =





Ω− x1, n = 0,

xn − xn+1, n = 1, . . . , N − 1,

xN , n = N.

Îòñþäà, à òàêæå â ñèëó âëîæåííîñòè ñîáûòèé èç X
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è �îðìóë (8.7) ïîëó÷àåì, ÷òî

P(ΥX = n) =







































π0 = 1− px1
=1−

N
∑

i=1

πi, n = 0,

πn = pxn
− pxn+1

, n = 1, . . . , N − 1,

πN = pxN
, n = N.

� âåðîÿòíîñòè âñåõ çíà÷åíèé ñ.â. ξ è ΥX ñîâïàäàþò,

ñëåäîâàòåëüíî ñîâïàäàþò è èõ �.ð.

Óòâåðæäåíèå 2 (î ìîùíîñòíîì èíäèêàòîðå Ì-

ñóììû

32

íåñêîëüêèõ N-ì.ñ.). Ïóñòü N -ì.ñ.

X =

(

L
∑

l=1

)

X
l

� ðàâíî Ì-ñóììå N -ì.ñ.

X
l = X(∩)W l = {x ∩W l : x ∈ X},

Ì-ïåðåñå÷åíèé ì.ñ. X ñ ñîáûòèÿìè W l
, êîòîðûå îá-

ðàçóþò ðàçáèåíèå ïðîñòðàíñòâà ýëåìåíòàðíûõ èñ-

õîäîâ

Ω = W 1 + . . .+WL =

L
∑

l=1

W l.

Òîãäà äëÿ ω ∈ Ω

ΥX(ω) =

L
∑

l=1

ΥXl(ω).

Ëåììà 9 (ïåðåñå÷åíèå âñåõ n-ïåðåñå÷åíèé ñîáûòèé èç N-

ì.ñ.). Ïóñòü X � N -ìíîæåñòâî ñîáûòèé, òîãäà äëÿ

n = 1, 2, . . . , N
⋂

X⊆X

|X|=n

terX//X = terX//X. (8.3)

Äîêàçàòåëüñòâî. Óòâåðæäåíèå ëåììû ñëåäóåò èç

ñîîòíîøåíèÿ äëÿ äâóõ òåððàñíûõ ñîáûòèé 2-ãî ðîäà

terX//X ∩ terX//X = terX∪Y//X,

êîòîðîå ëåãêî îáîáùàåòñÿ íà ëþáîé íàáîð òåððàñíûõ

ñîáûòèé 2-ãî ðîäà, çàíóìåðîâàííûõ ïîäìíîæåñòâàìè

èç ñîâîêóïíîñòè B ⊆ 2X:
⋂

X∈B

terX//X = ter

⋃
X∈B X//X, (8.4)

ïîñêîëüêó

33

⋂

w∈
n

X∩

w =
⋂

|X|=n

X⊆X

terX//X = terX//X,

32

Ì-ñóììà èÌ-ïåðåñå÷åíèå � ñóììà è ïåðåñå÷åíèå íåñêîëü-

êèõ ì.ñ. ïî Ìèíêîâñêîìó.

33

Çäåñü ðîëü ñîâîêóïíîñòè B èãðàåò òàê íàçûâàåìûé n-ñëîé

Cn

X
= {X ⊆ X : |X| = n} ⊆ 2

X

äëÿ n = 0, 1, . . . , N .

òàê êàê

⋃

|X|=n

X⊆X

X = X.

⋆ ⋆ ⋆

Ìíîæåñòâî n-ïåðåñå÷åíèé
n

X
∩
ñîáûòèé èç N -ì.ñ. X

èìååò ìîùíîñòü

∣

∣

∣

∣

n

X
∩

∣

∣

∣

∣

= Cn
N ,

è ðàçáèâàåò Ω íà 2C
n

N
òåððàñíûõ ñîáûòèé, èç êîòî-

ðûõ, ïîñêîëüêó

n

X
∩
ïîðîæäåíî N -ì.ñ. X, òîëüêî

1 +

N
∑

m=n

Cm
N

ìîãóò áûòü îòëè÷íû îò íåâîçìîæíîãî ñîáûòèÿ. Ïðè-

÷åì òåððàñíûå ñîáûòèÿ

ter

(

n

W //
n

X
∩

)

=
⋂

w∈
n

W

w
⋂

w∈
n

X∩−
n

W

wc,

ïîðîæäåííûå Cn
N -ì.ñ.

n

X
∩
, ñîâïàäàþò ñ �ñîîòâåòñòâó-

þùèìè� òåððàñíûìè ñîáûòèÿìè

ter(X//X) =
⋂

x∈X

x
⋂

x∈X−X

xc,

ïîðîæäåííûìè N -ì.ñ. X. Ïðàâèëî ñîîòâåòñòâèÿ

îïðåäåëÿåòñÿ ëåììîé 10.

Ëåììà 10 (ïðàâèëî ñîîòâåòñòâèÿ ìåæäó òåððàñíû-

ìè ñîáûòèÿìè, ïîðîæäåííûìè N-ì.ñ. X è Cn

N
-ì.ñ.

n

X
∩
).

Ïóñòü X � N -ì.ñ., à

n

X
∩

� Cn
N -ìíîæåñòâî n-

ïåðåñå÷åíèé ñîáûòèé èç X, òîãäà ìåæäó òåððàñ-

íûìè ñîáûòèÿìè, ïîðîæäåííûìè ýòèìè ì.ñ. ñó-

ùåñòâóåò ñëåäóþùåå ñîîòâåòñòâèå äëÿ êàæäîãî

X ⊆ X è n = 0, 1, . . . , N :

ter

(

n

W (X)//
n

X
∩

)

=































Ω, n = 0;

ter(X//X), |X | > n,

n = 1, . . . , N ;
∑

|X|<n

ter(X//X), |X | < n,

n = 1, . . . , N,

ãäå

n

W (X) =























{

⋂

x∈Xn

x : Xn ⊆ Cn
X

}

, |X | > n;

∅, |X | < n

� ïîäìíîæåñòâî

n

X
∩
, à

Cn
X = {X ⊆ X : |X | = n} ⊆ 2X
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� n-ñëîé ïîäìíîæåñòâ ì.ñ. X.

Ëåììà 11.

N∑

m=n

Cn
m = Cn+1

N+1. (8.5)

Äîêàçàòåëüñòâî. Âû÷èñëèì ñóììó

N∑

m=n

Cn
m +

N∑

m=n−1

Cn−1
m =

N∑

m=n

Cn
m +

N∑

m=n

Cn−1
m + 1 =

=

N∑

m=n

(Cn
m + Cn−1

m ) + 1 =

N∑

m=n

Cn
m+1 + 1 =

= Cn
N+1 +

N∑

m=n

Cn
m.

Òàêèì îáðàçîì

N∑

m=n−1

Cn−1
m = Cn

N+1,

èëè

N∑

m=n

Cn
m = Cn+1

N+1.

Çàìå÷àíèå 16. Ïóñòü X � N -ì.ñ., ìîùíîñòíîé

èíäèêàòîð êîòîðîãî ΥX ïðèíèìàåò ñâîè çíà÷åíèÿ

0, 1, . . . , N ñ ðàâíûìè âåðîÿòíîñòÿìè:

πm = P(ΥX = m) =
1

N + 1

äëÿ m = 0, 1, . . . , N . Òîãäà ñðåäíÿÿ âåðîÿòíîñòü n-
ïåðåñå÷åíèé ñîáûòèé èç X â ñèëó ñëåäñòâèÿ 6 îïðå-

äåëÿåòñÿ ñóììîé áèíîìèàëüíûõ êîý��èöèåíòîâ ïî

íèæíåìó èíäåêñó:

N∑

m=n

Cn
m (8.6)

è â ñèëó ëåììû 11 ðàâíà:

n

〈p〉
X
=

1

(N + 1)Cn
N

N∑

m=n

Cn
m =

1

n+ 1
. (8.7)

Çàìå÷àíèå 17 (ñðåäíèå âåðîÿòíîñòè n-ïåðåñå÷åíèé ñî-

áûòèé èç N-ì.ñ. ñ áèíîìèàëüíûì ðàñïðåäåëåíèåì ìîù-

íîñòíîãî èíäèêàòîðà). Äîïóñòèì ìîùíîñòíîé èíäè-

êàòîð ΥX N -ì.ñ. X èìååò áèíîìèàëüíîå (N, p)-
ðàñïðåäåëåíèå. Òîãäà

n

〈p〉
X
= pn. (3.12′)

Äåéñòâèòåëüíî, òàê êàê ïî óñëîâèþ

πm = P (ΥX = m) = Cm
N pm(1− p)N−m,

òî èç (3.12) ïîëó÷àåì:

n

〈p〉
X
=

N∑

m=n

Cm
N pm(1 − p)N−mCn

m

Cn
N

=

= pn
N∑

m=n

CN−m
N−n pm−n(1− p)N−m = pn.

Çàìå÷àíèå 18. Ïóñòü XN � N -ì.ñ., ìîùíîñòíîé

èíäèêàòîð êîòîðîãî ΥXN èìååò áèíîìèàëüíîå ðàñ-

ïðåäåëåíèå ïàðàìåòðàìè (N, λ/N):

πm(N) = P(ΥXN = m) = Cm
N

(
λ

N

)m(

1−
λ

N

)N−m

.

äëÿ m = 0, 1, . . . , N . Òîãäà ñðåäíèå âåðîÿòíîñòè n-
ïåðåñå÷åíèé ñîáûòèé èç XN â ñèëó çàìå÷àíèÿ 9 âû-

÷èñëÿþòñÿ ïî �îðìóëàì:

n

〈p〉
XN

=

(
λ

N

)n

(8.9)

äëÿ n = 0, 1, . . . , N .

Ïðè N → ∞ òàêîå (N, λ/N)-áèíîìèàëüíîå ðàñïðåäå-
ëåíèå ìîùíîñòíîãî èíäèêàòîðà N -ì.ñ. XN ñòðåìèòñÿ

ê ðàñïðåäåëåíèþ Ïóàññîíà ñ ïàðàìåòðîì λ:

πm = P(ΥX = m) =
λm

m!
e−λ.

äëÿ m = 0, 1, . . .; à ïðåäåë ñðåäíèõ âåðîÿòíîñòåé (8.9)

èìååò âèä

lim
N→∞

n

〈p〉
XN

=

{

1, n = 0,

0, èíà÷å.
(8.10)

9 Îáñóæäåíèå è ïåðñïåêòèâû

À. Ñåò-äèñòîãðàììû, ñðåäíèå è ïîëíûå ñåò-

ðàññòîÿíèÿ ì.ñ. Â ðàáîòå ââåäåíû íîâûå èíñòðó-

ìåíòû èçìåðåíèÿ îáùíîñòè è ðàçîáùåííîñòè ñî-

áûòèé, îáðàçóþùèõ íåêîòîðîå ì.ñ., êîòîðûå íà-

çâàíû ñåò-äèñòîãðàììîé, ñðåäíèì è ïîëíûì ñåò-

ðàññòîÿíèåì ýòîãî ì.ñ. Îáùíîñòü è ðàçîáùåííîñòü

ñîáûòèé � ýòî õàðàêòåðèñòèêà ì.ñ. îòíîñèòåëüíî íî-

âûõ òî÷åê îòñ÷åòà � ñðåäíèõ âåðîÿòíîñòåé ïåðåñå÷å-

íèé ñîáûòèé èç ì.ñ.

Ñåò-äèñòîãðàììà ïîêàçûâàåò ðàñïðåäåëåíèå ïîêà-

çàòåëåé ðàçîáùåííîñòè ñîáûòèé èç ì.ñ. îòíîñèòåëü-

íî ìîùíîñòè èõ ïîäìíîæåñòâ; ïîëíîñòüþ îïðåäåëÿ-

åòñÿ �.ð. ìîùíîñòíîãî èíäèêàòîðà ì.ñ. è óäîáíà äëÿ

èçìåðåíèÿ ðàçîáùåííîñòè ñîáûòèé, à òàêæå äëÿ äå-

ìîíñòðàöèè ñòåïåíè ðàçîáùåííîñòè ñîáûòèé, îáðàçó-

þùèõ ïîäìíîæåñòâà �èêñèðîâàííîé ìîùíîñòè äàí-

íîãî ì.ñ.; óäà÷íî äîïîëíÿåò òðàäèöèîííûå ñðåäñòâà

âåðîÿòíîñòíîãî îïèñàíèÿ ì.ñ., òàêèå, êàê �.ð., ìàññ-

�óíêöèÿ âåðîÿòíîñòåé è ãèñòîãðàììà åãî ìîùíîñò-

íîãî èíäèêàòîðà, ïîêàçûâàÿ äåòàëüíîå ðàñïðåäåëå-

íèå ñòåïåíè ðàçîáùåííîñòè ñîáûòèé îòíîñèòåëüíî

ìîùíîñòè èõ ïîäìíîæåñòâ.

Ñðåäíåå ñåò-ðàññòîÿíèå ì.ñ. ñëóæèò åäèíûì ÷èñ-

ëîâûì ïîêàçàòåëåì ðàçîáùåííîñòè ì.ñ., êîòîðûé



Âîðîáüåâ 111

ïðåäîñòàâëÿåò âîçìîæíîñòü ñðàâíèâàòü ñòåïåíè ðàç-

îáùåííîñòè ðàçëè÷íûõ ì.ñ. ìåæäó ñîáîé. Ñóììà

ñðåäíèõ ñåò-ðàññòîÿíèé ì.ñ. è åãî Ì-äîïîëíåíèÿ íà-

çâàíà ïîëíûì ñåò-ðàññòîÿíèåì ì.ñ., êîòîðîå ó÷èòû-

âàåò íå òîëüêî ðàçîáùåííîñòü åãî ñîáûòèé, íî è ðàç-

îáùåííîñòü èõ äîïîëíåíèé.

Á. Ýêâèâàëåíòíîñòü ñîáûòèé ñ ðàçíûìè èìå-

íàìè. Ïîìèìî ââåäåíèÿ íîâîãî èíñòðóìåíòà èçìå-

ðåíèÿ îáùíîñòè è ðàçîáùåííîñòè ñîáûòèé, îáðàçó-

þùèõ íåêîòîðîå ì.ñ., â ýòîé ðàáîòå íåîáõîäèìî âû-

äåëèòü åùå îäèí ðåçóëüòàò, êîòîðûé â ñèëó ñâîåé

�óíäàìåíòàëüíîñòè äëÿ íàóêè èñ÷èñëåíèÿ ñîáûòèé

âïîëíå ìîã áû îñòàòüñÿ íåçàìå÷åííûì �îíîì. �å÷ü

èäåò î ëåììàõ 1 è 4, êîòîðûå ìîãóò áûòü ïåðå�îð-

ìóëèðîâàíû ñ èñïîëüçîâàíèåì äî ñèõ ïîð óñêîëüçà-

þùåãî îò áåçóïðå÷íîãî îïðåäåëåíèÿ ïîíÿòèÿ �èìåíè

ñîáûòèÿ� (ñì., íàïðèìåð, [3, 7℄) òàêèì îáðàçîì, ÷òîáû

ñïîñîáñòâîâàòü ïðèáëèæåíèþ ïîíèìàíèÿ ýòîãî ïîíÿ-

òèÿ ê áåçóïðå÷íîñòè.

Ëåììû 1 è 4 (ýêâèâàëåíòíîñòü ñîáûòèé, èìå-

þùèõ ðàçëè÷íûå èìåíà). Ïóñòü X � N -ì.ñ., òî-

ãäà

n

⊙
x∈X

x =

{

{ω : ΥX(ω) > n},

{ω : ΥX(c)(ω) < N − n+ 1}
(2.2.1)

� ñîáûòèÿ, êîòîðûå èìåþò èìåíà: �n-÷åðäàê ì.ñ.

X�, �îáúåäèíåíèå n-ïåðåñå÷åíèé ñîáûòèé èç

ì.ñ. X�, �ñîáûòèå, ïðîèñõîäÿùåå, êîãäà ïðî-

èñõîäèò íå ìåíåå n ñîáûòèé èç ì.ñ. X,� ýêâè-

âàëåíòíû;

n

⊡
x∈X

x =

{

{ω : ΥX(ω) > N + 1− n},

{ω : ΥX(c)(ω) < n}
(2.3.4)

� ñîáûòèÿ, êîòîðûå èìåþò èìåíà: �n-ïîäâàë ì.ñ.

X�, �ïåðåñå÷åíèå n-îáúåäèíåíèé ñîáûòèé èç

ì.ñ. X�, �ñîáûòèå, ïðîèñõîäÿùåå, êîãäà ÍÅ

ïðîèñõîäèò áîëåå n − 1 ñîáûòèÿ èç ì.ñ. X,�

ýêâèâàëåíòíû.

Åñëè ïåðâûå äâà èìåíè ñîáûòèé â ýòèõ óòâåðæäå-

íèÿõ ýêâèâàëåíòíû ïî îïðåäåëåíèþ, òî ýêâèâàëåíò-

íîñòü èõ òðåòüåìó íå î÷åâèäíà è �îðìàëüíî òðåáóåò

äîêàçàòåëüñòâ, êîòîðûå ïðèâåäåíû âûøå. Âîçìîæíî

êîìó-òî ýòè óòâåðæäåíèÿ ïîêàæóòñÿ íå ñëèøêîì ãëó-

áîêèìè (îñîáåííî ëåììà 1). Îäíàêî âåñüìà öåííóþ

äëÿ ýâåíòîëîãèè ðîëü ýòè ëåììû èãðàþò â êà÷åñòâå

íàãëÿäíûõ ïðèìåðîâ òîãî, ÷òî ëþáîå óòâåðæäåíèå

îá ýêâèâàëåíòíîñòè ÷åãî áû-òî íè áûëî ìîæíî ðàñ-

ñìàòðèâàòü êàê óòâåðæäåíèå îá ýêâèâàëåíòíîñòè

ñîáûòèé, èìåþùèõ ðàçëè÷íûå èìåíà.

Â. �Ïðîèçâîäíûå� ìíîæåñòâà ïåðåñå÷åíèé è

�ïðîèçâîäíûå� ìíîæåñòâà îáúåäèíåíèé ñîáû-

òèé èç ì.ñ. Êàæäîå N -ì.ñ. X îïðåäåëÿåò �ïðîèç-

âîäíûå� ìíîæåñòâà n-ïåðåñå÷åíèé è ìíîæåñòâà

n-îáúåäèíåíèé ñîáûòèé èç X (n = 0, 1, . . . , N), âå-

ðîÿòíîñòíûå ðàñïðåäåëåíèÿ êîòîðûõ îïðåäåëÿþòñÿ

âåðîÿòíîñòíûì ðàñïðåäåëåíèåì ñàìîãî X. Õàðàêòå-

ðèñòèêè ýòèõ �ïðîèçâîäíûõ� ì.ñ. äåòàëèçèðóþò õà-

ðàêòåðèñòèêè X. Íàïðèìåð, èõ ñåò-ðàññòîÿíèÿ ïðè

n = 0, 1, . . . , N îáðàçóþò ñåò-äèñòîãðàììû X è åãî

Ì-äîïîëíåíèÿ X
(c)

ñîîòâåòñòâåííî.

Îáúåäèíåíèå âñåõ ñîáûòèé èç �ïðîèçâîäíîãî� ìíî-

æåñòâà n-ïåðåñå÷åíèé ñîáûòèé èç X íàçâàíî â ðà-

áîòå n-÷åðäàêîì ì.ñ. X è ïîëó÷èëî ñïåöèàëüíîå îáî-

çíà÷åíèå:

n

⊙
x∈X

x, à ïåðåñå÷åíèå âñåõ ñîáûòèé èç �ïðî-

èçâîäíîãî� ìíîæåñòâà n-îáúåäèíåíèé ñîáûòèé èç X

� n-ïîäâàëîì ì.ñ. X è îáîçíà÷åíî

n

⊡
x∈X

x.

�. �àñøèðåíèå ïîíÿòèÿ ñðåäíåâåðîÿòíîãî ñî-

áûòèÿ. Ñðåäíåâåðîÿòíûå ñîáûòèÿ N -ì.ñ. ìîæ-

íî îïðåäåëÿòü ïîñëåäîâàòåëüíî: äëÿ ñàìîãî N -

ìíîæåñòâà ñîáûòèé (óíàðíûõ ïåðåñå÷åíèé ñîáûòèé),

äëÿ C2
N -ìíîæåñòâà ïàðíûõ ïåðåñå÷åíèé ñîáûòèé èç

N -ì.ñ., äëÿ C3
N -ìíîæåñòâà òðîéíûõ ïåðåñå÷åíèé ñî-

áûòèé è ò.ä. âïëîòü äî ìíîæåñòâà èç îäíîãî ýëå-

ìåíòà � ïîëíîãî ïåðåñå÷åíèÿ ì.ñ., ÷òîáû ïîëó÷èòü

â ðåçóëüòàòå íåâîçðàñòàþùèé íàáîð ñðåäíåâåðîÿò-

íûõ ñîáûòèé èç äàííîãî N -ì.ñ. ðàçëè÷íûõ ïîðÿäêîâ

n = 0, 1, . . . , N .

Áëàãîäàðíîñòè

Ñòàòüÿ íàïèñàíà íåäîëãèìè èþëüñêèìè íî÷àìè 2014,

êàæäîé èç êîòîðûõ â îòäåëüíîñòè àâòîð èñêëþ÷è-

òåëüíî áëàãîäàðåí çà ýëåãàíòíóþ íåîòâðàòèìîñòü.

Îñîáàÿ áëàãîäàðíîñòü Âàëåíòèíó Òîëåäî
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: åãî ñòåê-

ëÿííûé öèêë �Îáúåäèíåíèÿ è ïåðåñå÷åíèÿ� îñòà-

âèë àâòîðà â íî÷íîì èþëå â êîòîðûé ðàç íàåäèíå

ñ ïðîíçàþùåé áåñêîíå÷íîñòü êðàñîòîé òåîðåòèêî-

ìíîæåñòâåííûõ îïåðàöèé.
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Èíñòèòóò ìàòåìàòèêè è �óíäàìåíòàëüíîé èí�îðìàòèêè

Ñèáèðñêèé �åäåðàëüíûé óíèâåðñèòåò

Êðàñíîÿðñê
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Àííîòàöèÿ. Îáñóæäàþòñÿ íåêîòîðûå îñíîâà-

íèÿ ýâåíòîëîãè÷åñêîãî ìåòîäà. Ââîäÿòñÿ íîâûå

ïîíÿòèÿ âñåîáùåãî K-ñîáûòèÿ (âñåîáùåãî êîëìî-

ãîðîâñêîãî ñîáûòèÿ) è ñ�î-áûòèÿ (èìåíè âñåîáùåãî

K-ñîáûòèÿ). Ôîðìóëèðóþòñÿ äâå íîâûå ýâåíòî-

ëîãè÷åñêèå àêñèîìû ñ�î-áûòèÿ è ìíîæåñòâà

ñ�î-áûòèé, èç êîòîðûõ ñëåäóþò ïðåäëîæåííûå

ðàíåå àêñèîìû VI è VII [2, 4℄. Ââîäÿòñÿ íî-

âûå ïîíÿòèÿ ñåò-ïðîèçâåäåíèÿ è óïîðÿäî÷åííîãî

ñåò-ïðîèçâåäåíèÿ ìíîæåñòâ ñ�î-áûòèé, êîòîðûå

ñóùåñòâåííî îòëè÷àþòñÿ îò ïðèâû÷íûõ ïîíÿòèé

ïðÿìîãî è äåêàðòîâà ïðîèçâåäåíèé.

Êëþ÷åâûå ñëîâà. Ýâåíòîëîãèÿ, âåðîÿòíîñòü,

ñîáûòèå, âñåîáùåå K-ñîáûòèå, ñ�î-áûòèå, àêñèî-

ìà ñ�î-áûòèÿ, àêñèîìà ìíîæåñòâà ñ�î-áûòèé, ñåò-

ïðîèçâåäåíèå ìíîæåñòâ.

1 Ýâåíòîëîãè÷åñêèå ïðåëèìèíàðèè

òåîðèè âñåîáùèõ K-ñîáûòèé è

ñ�î-áûòèé

Ëþáîå âñåîáùåå êîëìîãîðîâñêîå ñîáûòèå (K-

ñîáûòèå)

x℧ ∈ A℧

èç ñèãìà-àëãåáðû âñåîáùåãî âåðîÿòíîñòíîãî ïðî-

ñòðàíñòâà (Ω,A℧,P), ïðîèñõîäÿùåå ñ íåíóëåâîé âå-

ðîÿòíîñòüþ, � ýòî âñåãäà áåñêîíå÷íîå ìíîæåñòâî âñå-

îáùèõ ýëåìåíòàðíûõ èñõîäîâ x℧ ⊆ Ω. Ïîýòîìó ñóáú-
åêò èñêëþ÷èòåëüíî â ñèëó îãðàíè÷åííîñòè åãî ñî-

áûòèéíûõ çíàíèé è îïûòà íå ñïîñîáåí íàáëþäàòü

âñåîáùåå K-ñîáûòèå íåïîñðåäñòâåííî (ïðÿìî)

1

, íî

ëèøü îïîñðåäîâàíî, âñÿêèé ðàç îêàçûâàÿñü âûíóæ-

äåííûì ïðîâåðÿòü çíà÷åíèå nx(ω) îäíîãî èç ïðèïà-

ñåííûõ èì äëÿ âñåîáùåãî K-ñîáûòèÿ x℧
ýêâèâàëåíò-

íûõ îáîáùåííûõ õàðàêòåðèçóþùèõ âûñêàçûâàíèé

2
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1

Äëÿ ïðÿìîãî íàáëþäåíèÿ âñåîáùåãî K-ñîáûòèÿ x℧
ñóáú-

åêò äîëæåí èìåòü â ñâîåì ðàñïîðÿæåíèè áåñêîíå÷íûé ïåðå-

÷åíü âñåõ ñîñòàâëÿþùèõ x℧
âñåîáùèõ ýëåìåíòàðíûõ èñõîäîâ

ω ∈ x℧
.

2

Ïîä îáîáùåííûìè õàðàêòåðèçóþùèìè âûñêàçûâàíèÿìè

çäåñü ìîãóò ïîíèìàòüñÿ ëîãè÷åñêèå âûñêàçûâàíèÿ â ëîãèêàõ

ëþáîãî ïîðÿäêà, ò.å. ïðîñòûå è ñëîæíûå ëîãè÷åñêèå âûñêà-

çûâàíèÿ, ïðåäèêàòû, à òàêæå ëþáûå áóëåâîçíà÷íûå �óíêöèè,

îïðåäåëåííûå íà òåõ èëè èíûõ èíòåðïðåòàöèîííûõ ïðîñòðàí-

ñòâàõ.

nx ∈ n(x℧), êîòîðûìè îí îïðåäåëÿåò íàñòóïëåíèå

âñåîáùåãî K-ñîáûòèÿ

x℧ = {ω ∈ Ω : nx(ω) = true},

÷òîáû ïîíÿòü, âûïîëíÿåòñÿ ëè îòíîøåíèå ïðèíàä-

ëåæíîñòè

ω ∈ x℧

äëÿ î÷åðåäíîãî íàñòóïèâøåãî âñåîáùåãî ýëåìåíòàð-

íîãî èñõîäà ω ∈ Ω.

Èòàê, âìåñòî ïðÿìîãî íàáëþäåíèÿ âñåîáùåãî K-

ñîáûòèÿ x℧ ∈ A℧
ñóáúåêòó µ ∈ M äîñòóïíî åãî îïî-

ñðåäîâàííîå íàáëþäåíèå � íàáëþäåíèå çíà÷åíèé õà-

ðàêòåðèçóþùåãî âûñêàçûâàíèÿ nx ∈ n(x℧), êîòîðîå
â ìàòåìàòè÷åñêîé ýâåíòîëîãèè [1℄ íàçûâàåòñÿ èìå-

íåì âñåîáùåãî K-ñîáûòèÿ x℧
è îáîçíà÷àåòñÿ áîëåå

êîðîòêî: ñ�î-áûòèå

3 x = nx. Èç èìåí x ∈ Aµ, êîòî-

ðûìè ñóáúåêò íàçûâàåò âñåîáùèå K-ñîáûòèÿ x℧
, îá-

ðàçóåòñÿ èìåííàÿ ñèãìà-àëãåáðà Aµ è ñêëàäûâàåòñÿ

ñ�î∼áûòèå ñóáúåêòà µ ∈ M. Ïîñêîëüêó òîëüêî èìåíà-

ìè âñåîáùèõ K-ñîáûòèé èç åãî ñîáñòâåííîé èìåííîé

ñèãìà-àëãåáðû Aµ ñóáúåêò ñïîñîáåí ìàíèïóëèðîâàòü

íåïîñðåäñòâåííî â êà÷åñòâå åãî ñ�î-áûòèé â ðàìêàõ

ñóáúåêòíî-èìåííîãî âåðîÿòíîñòíîãî ïðîñòðàíñòâà

(Ω,Aµ,P).

Òàêèì îáðàçîì, êàæäûé ñóáúåêò µ ∈ M îïîñðåäîâàíî

íàáëþäàåò âñåîáùåå K-ñîáûòèå x℧ ∈ A℧
, íàáëþäàÿ

çà çíà÷åíèåì îäíîãî èç åãî èìåí, ñ�î-áûòèåì

x ∈ nameµ(x
℧) ⊂ Aµ,

èç ìíîæåñòâà

nameµ(x
℧) = {x ∈ Aµ : eventµ(x) = x℧},

ñîñòàâëåííîãî èç âñåõ èìåí âñåîáùåãîK-ñîáûòèÿ x℧
,

êîòîðûå äàííûé ñóáúåêò èìååò â ñâîåì èìåííîì òå-

çàóðóñå Aµ äëÿ îïîñðåäîâàííî-èìåííîãî íàáëþäåíèÿ

x℧
.

3

Èìÿ âñåîáùåãî K-ñîáûòèÿ (ñ�î-áûòèå) îòíîñèòñÿ ê
âñåîáùåìó K-ñîáûòèþ òàê æå, êàê âûñêàçûâàíèå îò-

íîñèòñÿ ê ñóæäåíèþ (ëþáîå âûñêàçûâàíèå ñóæäåíèÿ ïðåä-

ïîëàãàåò, ÷òî ðÿäîì ñóùåñòâóþò äðóãèå ýêâèâàëåíòíûå âûñêà-

çûâàíèÿ òîãî æå ñóæäåíèÿ); à èç ñîâîêóïíîñòè ñ�î-áûòèé (õà-

ðàêòåðèñòè÷åñêèõ âûñêàçûâàíèé) ñêëàäûâàåòñÿ ñ�î∼áûòèå
ñóáúåêòà µ ∈ M � åãî ñîáñòâåííîå ìíîæåñòâî ñ�î-áûòèé, õà-

ðàêòåðèçóþùåå äàííîãî ñóáúåêòà.
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Â èòîãå êàæäûé ñóáúåêò íàáëþäàåò è ìàíèïóëèðóåò

âñåîáùèìè K-ñîáûòèÿìè èç âñåîáùåãî âåðîÿòíîñò-

íîãî ïðîñòðàíñòâà (Ω,A℧,P), ìàíèïóëèðóÿ ëèøü

èõ èìåíàìè (ñ�î-áûòèÿìè), ò.å. îïîñðåäîâàíî ÷åðåç

åãî ñóáúåêòíî-èìåííîå âåðîÿòíîñòíîå ïðîñòðàí-

ñòâî (Ω,Aµ,P), êîòîðîå ìîæíî ñ÷èòàòü ñóáúåêòíî-

èìåííîé µ-ðåàëèçàöèåé âñåîáùåãî âåðîÿòíîñòíîãî

ïðîñòðàíñòâà, èëè ÷àñòíûì âåðîÿòíîñòíûì ïðî-

ñòðàíñòâîì.

Âåðîÿòíîñòü îïðåäåëÿåòñÿ íà ñóáúåêòíî-èìåííîé

ñèãìà-àëãåáðå A ñîîòíîøåíèåì:

P(x) = P(eventµ(x))

äëÿ x ∈ A.

1.1 Âñåîáùåå âåðîÿòíîñòíîå ïðîñòðàíñòâî è

åãî ñóáúåêòíî-èìåííûå ðåàëèçàöèè

�àññìîòðèì âñåîáùåå âåðîÿòíîñòíîå ïðîñòðàíñòâî

(Ω,A℧,P) è îäíó èç åãî ñóáúåêòíî-èìåííûõ ðåàëèçà-
öèé � ÷àñòíîå âåðîÿòíîñòíîå ïðîñòðàíñòâî (Ω,A,P).
Ýëåìåíòàìè ñèãìà-àëãåáðûA℧

ñëóæàò âñåîáùèå êîë-

ìîãîðîâñêèå ñîáûòèÿ (K-ñîáûòèÿ) x℧ ∈ A℧
, à ýëå-

ìåíòàìè ñèãìà-àëãåáðû A � ñ�î-áûòèÿ x ∈ A, êîòî-
ðûå ñëóæàò èìåíàìè âñåîáùèõ K-ñîáûòèé x℧

. Ìåæ-

äó ýòèìè ñèãìà-àëãåáðàìè óñòàíîâëåíî ñëåäóþùåå

ñîîòâåòñòâèå.

Îäíîìó èìåíè âñåîáùåãî K-ñîáûòèÿ ñîîòâåòñòâóåò

îäíî âñåîáùåãî K-ñîáûòèå:

event : A → A℧,

event(x) = x℧.

Îäíîìó âñåîáùåìóK-ñîáûòèþ ñîîòâåòñòâóåò ìíîæå-

ñòâî ýêâèâàëåíòíûõ èìåí âñåîáùèõ K-ñîáûòèé:

name : A℧ → 2A,

name(x℧) = {x ∈ A : event(x) = x℧}.

K-ñîáûòèå � ýòî åäèíñòâåííîå çíà÷åíèå ñîáûòèéíîãî

îòîáðàæåíèÿ x℧ = event(x) åãî èìåíè (õàðàêòåðèçó-

þùåãî âûñêàçûâàíèÿ) x ∈ A:

e : A → A℧,

e(x) = x℧.

Èìÿ âñåîáùåãî K-ñîáûòèÿ � ýòî îäíî èç âîçìîæ-

íî ìíîãèõ çíà÷åíèé èìåííîãî îòîáðàæåíèÿ x ∈
name(x℧) âñåîáùåãî K-ñîáûòèÿ x℧ ∈ A℧

:

n : A℧ → 2A,

n(x℧) = {x ∈ A : e(x) = x℧}.

Èìåííîå îòîáðàæåíèå n ñîõðàíÿåò òåîðåòèêî-

ìíîæåñòâåííûå îïåðàöèè ïî Ìèíêîâñêîìó:

n(x℧ ⋆ y℧) = n(x℧)(⋆) n(y℧) =

= {x ⋆ y ∈ A : e(x) = x℧; e(y) = y℧}.

Ñîáûòèéíîå îòîáðàæåíèå e ñîõðàíÿåò îáû÷íûå

òåîðåòèêî-ìíîæåñòâåííûå îïåðàöèè íàä ñ�î-áûòèÿìè:

e(x ⋆ y) = e(x) ⋆ e(y).

Èòàê, àëãåáðà âñåîáùèõ K-ñîáûòèé A℧
è àëãåá-

ðà èõ èìåí (ñóáúåêòíî-èìåííàÿ àëãåáðà) A ñâÿ-

çàíû âçàèìíî-îáðàòíûìè èìåííûì, name, è ñî-

áûòèéíûì, event, îòîáðàæåíèÿìè, ñîõðàíÿþùèìè

òåîðåòèêî-ìíîæåñòâåííûå îïåðàöèè íàä âñåîáùè-

ìè K-ñîáûòèÿìè è òåîðåòèêî-ìíîæåñòâåííûå îïå-

ðàöèè ïî Ìèíêîâñêîìó íàä ñ�î-áûòèÿìè (ëîãè÷å-

ñêèå îïåðàöèè íàä èìåíàìè âñåîáùèõ K-ñîáûòèé):

òåîðåòèêî-ìíîæåñòâåííûå îïåðàöèè íàä âñåîáùèìè

K-ñîáûòèÿìè x℧ ∈ A℧
ñëóæàò îáðàçàìè èëè ïðî-

îáðàçàìè ëîãè÷åñêèõ îïåðàöèé ïî Ìèíêîâñêîìó íàä

èìåíàìè ýòèõ âñåîáùèõ K-ñîáûòèé

x ∈ n(x℧) ⊆ A.

Èíà÷å ãîâîðÿ, àëãåáðà âñåîáùèõK-ñîáûòèéA℧
� ýòî

�àêòîð-àëãåáðà ñóáúåêòíî-èìåííîé àëãåáðû A îòíî-

ñèòåëüíî îòíîøåíèÿ ýêâèâàëåíòíîñòè, êîòîðîå îïðå-

äåëÿåòñÿ ñîáûòèéíûì îòîáðàæåíèåì event: äâà ñ�î-

áûòèÿ x, y ∈ A ýêâèâàëåíòíû, x ∼ y, ò.ò.ò., êîãäà

event(x) = event(y),

ò.å. êîãäà îíè ñëóæàò ðàçëè÷íûìè èìåíàìè îäíîãî è

òîãî æå âñåîáùåãî K-ñîáûòèÿ x℧ = event(x).

Çàìå÷àíèå 1 (èçîìîð�èçì òåîðåòèêî-ìíîæåñòâåííûõ

îïåðàöèé íàä K-ñîáûòèÿìè è ëîãè÷åñêèõ îïåðàöèé íàä ñ�î-

áûòèÿìè). Ïîñêîëüêó ñóáúåêò, âñåãäà ïðèíèìàåò ðå-

øåíèÿ â ðàìêàõ ñâîåé ñóáúåêòíî-èìåííîé ðåàëèçà-

öèè (Ω,A,P) âñåîáùåãî âåðîÿòíîñòíîãî ïðîñòðàí-

ñòâà (Ω,A℧,P), òî åìó ïðèõîäèòñÿ èñïîëüçîâàòü â

êà÷åñòâå ýâåíòîëîãè÷åñêîé ìîäåëè èíòåðåñóþùåé åãî

ñèòóàöèè íåêîòîðîå êîíå÷íîå ìíîæåñòâî ñ�î-áûòèé,

ò.å. êîíå÷íîå ìíîæåñòâî èìåí âñåîáùèõ K-ñîáûòèé

X ⊂ A. Íà àëãåáðå ñ�î-áûòèé (èìåí âñåîáùèõ K-

ñîáûòèé), ò.å. íà àëãåáðå õàðàêòåðèñòè÷åñêèõ âû-

ñêàçûâàíèé, îïðåäåëåíû ëîãè÷åñêèå îïåðàöèè, êîòî-

ðûå èçîìîð�íû òåîðåòèêî-ìíîæåñòâåííûì îïåðàöè-

ÿì íàä ñîîòâåòñòâóþùèìè âñåîáùèìè K-ñîáûòèÿìè.

Ýòîò èçîìîð�èçì ïîçâîëÿåò ñóáúåêòó îáðàùàòüñÿ ñ

ñ�î-áûòèÿìè òàê æå, êàê ñ âñåîáùèìè K-ñîáûòèÿìè,

ñ÷èòàÿ, íàïðèìåð, ÷òî îíè ïðîèñõîäÿò (êîãäà âûñêà-

çûâàíèÿ èñòèííû) èëè íå ïðîèñõîäÿò (êîãäà âûñêà-

çûâàíèÿ ëîæíû), è �îðìàëüíî èñïîëüçóÿ äëÿ ìà-

íèïóëèðîâàíèÿ èìè òåîðåòèêî-ìíîæåñòâåííûå îïå-

ðàöèè, êîòîðûå ëèøü îáîçíà÷àþò èçîìîð�íûå èì ëî-

ãè÷åñêèå îïåðàöèè.

Çàìå÷àíèå 2 (ìíîæåñòâó ñ�î-áûòèé ñîîòâåòñòâóåò

ìóëüòèìíîæåñòâî K-ñîáûòèé). Èç ñâîéñòâ èìåííîãî

îòîáðàæåíèÿ event ñëåäóåò, ÷òî äëÿ ïðîèçâîëüíî-

ãî N ∈ N0 ëþáîìó N -ìíîæåñòâó X ∈ A ñ�î-
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áûòèé èç ñèãìà-àëãåáðû A êàæäîãî ÷àñòíîãî âåðî-

ÿòíîñòíîãî ïðîñòðàíñòâà (Ω,A,P) ñîîòâåòñòâóåò N -

ìóëüòèìíîæåñòâî

4

X
℧ =

{

(
x℧
)mx

: x ∈ X,
∑

x∈X

mx = N

}

(1.1)

âñåîáùèõK-ñîáûòèé èç ñèãìà-àëãåáðû âñåîáùåãî âå-

ðîÿòíîñòíîãî ïðîñòðàíñòâà (Ω,A℧,P), ãäå

x℧ = events(x) ∈ A℧

äëÿ x ∈ X. Îòñþäà â ñèëó ïðåäëàãàåìîãî ïîñòðîå-

íèÿ, íåêîòîðûå (èëè äàæå âñå) âñåîáùèå K-ñîáûòèÿ,

ñêðûâàþùèåñÿ ïîä èìåíàìè èç X, ìîãóò ñîâïàäàòü.

Òàêèì îáðàçîì, îïåðèðóÿ ìíîæåñòâîì ñ�î-áûòèé,

èìåí âñåîáùèõ K-ñîáûòèé (êîòîðûå, ðàçóìååòñÿ, âñå

ðàçëè÷íû), ñóáúåêò ïîëó÷àåò âîçìîæíîñòü ìàíè-

ïóëèðîâàòü íå òîëüêî ìíîæåñòâàìè âñåîáùèõ K-

ñîáûòèé, íî è ìóëüòèìíîæåñòâàìè âñåîáùèõ K-

ñîáûòèé. Ýòà âîçìîæíîñòü îêàçûâàåòñÿ óäîáíîé âî

ìíîãèõ ýâåíòîëîãè÷åñêèõ ïðèëîæåíèÿõ, ïîñêîëüêó

íå òîëüêî óïðîùàåò àíàëèç, íî è ðàñøèðÿåò äèàïàçîí

ñîáûòèéíûõ èññëåäîâàíèé, ïîçâîëÿÿ, íàïðèìåð, áåç

îãðàíè÷åíèé ïðåäïîëàãàòü íàëè÷èå ëþáîé ñòðóêòó-

ðû çàâèñèìîñòè ó ðàññìàòðèâàåìîãî ìíîæåñòâà âñå-

îáùèõ K-ñîáûòèé.

1.2 Àêñèîìà ñ�î-áûòèÿ

Ó÷èòûâàÿ âûøå èçëîæåííûå ïðåäîïðåäåëåíèÿ è, â

îñîáåííîñòè, ïîìíÿ, ÷òî ñ�î-áûòèå x ∈ A â íåêîòîðîì

÷àñòíîì âåðîÿòíîñòíîì ïðîñòðàíñòâå (Ω,A,P) îïðå-
äåëÿåòñÿ, êàê èìÿ K-ñîáûòèÿ x℧ ∈ A℧

èç âñåîáùåãî

âåðîÿòíîñòíîãî ïðîñòðàíñòâà (Ω,A℧,P), ñ�îðìóëè-
ðóåì àêñèîìó ñ�î-áûòèÿ, èç êîòîðîé ñëåäóåò àêñèîìà

VI, ðàíåå ïðåäëîæåííàÿ ìíîþ â [2, 2009℄ è [4, 2010℄.

Àêñèîìà VI (àêñèîìà ñ�î-áûòèÿ). Äëÿ êàæäîãî

N ∈ N0 è êàæäîãî

✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿

N -ìóëüòèìíîæåñòâà X℧

✿✿✿✿✿✿✿✿

âñåîáùèõ

✿✿✿✿✿✿✿✿✿✿

K-ñîáûòèé èç ñèãìà-àëãåáðû A℧
âñåîáùåãî âåðîÿò-

íîñòíîãî ïðîñòðàíñòâà (Ω,A℧,P) íàéäåòñÿ ÷àñòíîå âå-

ðîÿòíîñòíîå ïðîñòðàíñòâî (Ω,A,P) è èìåíóþùåå X
℧

✿✿✿✿✿✿✿✿✿✿✿✿

N -ìíîæåñòâî

X = {x ∈ A : x ∈ name(x℧), x℧ ∈ X
℧} (1.2)

✿✿✿✿✿✿✿✿

ñ�î-áûòèé èç ñèãìà-àëãåáðû A ýòîãî ïðîñòðàíñòâà.

Çàìå÷àíèå 3 (�îðìóëû îáðàùåíèÿ ìåæäó N-

ìíîæåñòâîì ñ�î-áûòèé è N-ìóëüòèìíîæåñòâîì âñå-

îáùèõ K-ñîáûòèé). Ôîðìóëà (1.1), îïðåäåëÿþùàÿ

N -ìóëüòèìíîæåñòâî âñåîáùèõ K-ñîáûòèé X℧
÷åðåç

N -ìíîæåñòâî ñ�î-áûòèé X, ïðîçðà÷íî ñëåäóåò èç

ïðåäîïðåäåëåíèé. Ñïðàâåäëèâîñòü îáðàòíîé �îðìó-

ëû (1.2), îïðåäåëÿþùåé N -ìíîæåñòâî ñ�î-ñîáûòèé X

÷åðåç N -ìóëüòèìíîæåñòâî K-ñîáûòèé X℧
, ñëåäóåò

èç Àêñèîìû VI.

4

Åñëè âñå êðàòíîñòè ýëåìåíòîâ ìóëüòèìíîæåñòâà X℧
ðàâíû

åäèíèöå: mx = 1, x ∈ X, òî ìóëüòèìíîæåñòâî �ïðåâðàùàåòñÿ�

â ìíîæåñòâî.

1.3 Àêñèîìà ìíîæåñòâà ñ�î-áûòèé

Ñ�îðìóëèðóåì òåïåðü àêñèîìó ìíîæåñòâà ñ�î-áûòèé,

èç êîòîðîé ñëåäóåò àêñèîìà VII, ðàíåå ïðåäëîæåííàÿ

ìíîþ â [2, 2009℄ è [4, 2010℄.

Îïðåäåëåíèå 1 (ñåò-ñèìïëåêñ). Îáîçíà÷èì

a = a(A) = {a(A//A) : A ⊆ A} (1.3)

� ïðîèçâîëüíîå ÷àñòè÷íî óïîðÿäî÷åííîå ìíîæå-

ñòâî

5

èç 2N íåîòðèöàòåëüíûõ ÷èñåë a(A//A) ≥ 0,
êîòîðûå �çàíóìåðîâàíû� ïîäìíîæåñòâàìè íåóïîðÿ-

äî÷åííîãî N -ìíîæåñòâà A è ñóììà êîòîðûõ ðàâíà

åäèíèöå:

∑

A⊆A
a(A//A) = 1. Ñîâîêóïíîñòü âñåõ òà-

êèõ ÷ó-ìíîæåñòâ ÷èñåë îáîçíà÷àåòñÿ

S
(2N)
A

=






a : a(A//A) ≥ 0,

∑

A⊆A

a(A//A) = 1






(1.4)

è íàçûâàåòñÿ 2N -âåðøèííûì ñåò-ñèìïëåêñîì, ïî-

ðîæäåííûì N -ìíîæåñòâîì A.

Àêñèîìà VII (àêñèîìà ìíîæåñòâà ñ�î-áûòèé).

Äëÿ êàæäîãî N ∈ N0, êàæäîãî ïðîèçâîëüíîãî

✿✿✿✿✿✿✿✿✿✿✿✿

N -ìíîæåñòâà A, íóìåðóþùåãî ñâîèìè ïîäìíîæåñòâà-

ìè ýëåìåíòû ñåò-ñèìïëåêñà S
(2N)
A

, è ëþáîãî ýëå-

ìåíòà a = {a(A//A), A ⊆ A} ∈ S
(2N)
A

íàé-

äåòñÿ

✿✿✿✿✿✿✿✿✿✿✿✿

N -ìíîæåñòâî

✿✿✿✿✿✿✿✿✿✿✿

ñ�î-ñîáûòèé X èç ñèãìà-àëãåáðû

A íåêîòîðîãî ÷àñòíîãî âåðîÿòíîñòíîãî ïðîñòðàíñòâà

(Ω,A,P), òàêîå, ÷òî åãî âåðîÿòíîñòíîå ðàñïðåäåëåíèå

p(X) = {p(X//X), X ⊆ X} ñîâïàäàåò ñ a:

p(X) = a. (1.5)

Çàìå÷àíèå 4 (î ñåò-ñèìïëåêñå âåðîÿòíîñòíûõ ðàñïðå-

äåëåíèé ìíîæåñòâ ñ�î-áûòèé). Èç àêñèîìû VII ñëåäóåò,

÷òî äëÿ ëþáîãî 2N -âåðøèííîãî ñåò-ñèìïëåêñà S
(2N)
A

íàéäåòñÿ òàêîå ÷àñòíîå âåðîÿòíîñòíîå ïðîñòðàíñòâî

(Ω,A,P), ñèãìà-àëãåáðà êîòîðîãî ñîäåðæèò ñîâîêóï-
íîñòü ìíîæåñòâ ñ�î-áûòèé, âåðîÿòíîñòíûå ðàñïðåäå-

ëåíèÿ êîòîðûõ çàïîëíÿþò âåñü ñåò-ñèìïëåêñ S
(2N)
A

.

2 Òåîðåòèêî-ìíîæåñòâåííûå

ïðåëèìèíàðèè òåððàñíîãî ìåòîäà

�àññìîòðèì âñåîáùåå âåðîÿòíîñòíîå ïðîñòðàíñòâî

(Ω,A℧,P), â êîòîðîì àëãåáðà âñåîáùèõ K-ñîáûòèé

A℧
óäîâëåòâîðÿåò ñòàíäàðòíîé ñèñòåìå àêñèîì ZFC

(àêñèîìû Öåðìåëî-Ôðåíêåëÿ ñ àêñèîìîé âûáîðà)

òåîðèè ìíîæåñòâ [3℄ è ïðèíèìàåò îïðåäåëåíèå Êó-

ðàòîâñêîãî óïîðÿäî÷åííîé ïàðû

〈x, y〉 = {{x}, {x, y}}.

5

Äëÿ òåðìèíà ÷àñòè÷íî óïîðÿäî÷åííîå ìíîæåñòâî ìîæíî

èñïîëüçîâàòü ñîêðàùåíèå ÷ó-ìíîæåñòâî, èëè ïî-ìíîæåñòâî

ïî àíàëîãèè ñ àíãëèéñêèì ñîêðàùåíèåì poset äëÿ partially

ordered set.
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Íàïîìíèì, ÷òî ïîðÿäêîâîå ÷èñëî

6

� ýòî ëþáîå òðàí-

çèòèâíîå ìíîæåñòâî

7

, âïîëíå óïîðÿäî÷åííîå îòíî-

øåíèåì ïðèíàäëåæíîñòè. ∅ � ýòî ïîðÿäêîâîå ÷èñëî;

åñëè α � ïîðÿäêîâîå ÷èñëî, òî α ∪ {α}, çàïèñûâàå-
ìîå êàê α + 1, òàêæå ïîðÿäêîâîå. Ýòî îáåñïå÷èâàåò

ïðåäñòàâëåíèå �îí Íåéìàíà íàòóðàëüíûõ ÷èñåë êàê

êîíå÷íûõ ïîðÿäêîâûõ ÷èñåë

n = {0, 1, . . . , n− 1}.

Ìîùíîñòü ìíîæåñòâàX , îáîçíà÷àåìàÿ |X |, � ýòî ìè-

íèìàëüíîå ïîðÿäêîâîå ÷èñëî α, òàêîå, ÷òî ñóùåñòâó-
åò èíúåêòèâíîå îòîáðàæåíèå èç X â α è íàîáîðîò.

Òàêèì îáðàçîì, |X | 6 |Y | èìååò ìåñòî, åñëè ñóùå-

ñòâóåò èíúåêöèÿ èç X â Y ; åñëè âäîáàâîê íå ñóùå-

ñòâóåò èíúåêöèè èç Y â X , òî |X | < |Y |.

2.1 Îáîçíà÷åíèÿ è àááðåâèàòóðû òåððàñíûõ

ìíîæåñòâ

Ïóñòü

S = {X1, . . . ,Xn}

� ìíîæåñòâî, ñîñòîÿùåå èç n êîíå÷íûõ ïîäìíîæåñòâ

áàçîâîãî ìíîæåñòâà A: X1 ⊂ A, . . .Xn ⊂ A, êîòîðîå
ïîðîæäàåò òåððàñíîå ðàçáèåíèå A íà òåððàñíûå ìíî-

æåñòâà 1-ãî ðîäà:

A =
∑

S⊆S

ter(S//S),

ãäå

ter(S//S) =
⋂

X∈S

X
⋂

X∈S−S

(A−X) ⊆ A.

� S-òåððàñíîå ìíîæåñòâî 1-ãî ðîäà, ïîðîæäåííîå

ìíîæåñòâîì S.

Îáîçíà÷åíèÿ äëÿ ìîùíîñòåé òåððàñíûõ ìíîæåñòâ 1-

ãî ðîäà:

tS = |ter(S//S)|.

Àááðåâèàòóðà äëÿ òåððàñíûõ ìíîæåñòâ 1-ãî ðîäà è

èõ ìîùíîñòåé, íàïðèìåð,

t1 = t{X1} = |ter({X1}//S)| = |ter1|,

t12 = t{X1,X2} = |ter({X1,X2}//S)| = |ter12|,

t123 = t{X1,X2,X3} = |ter({X1,X2,X3}//S)| = |ter123|.

6

Îðäèíàëüíîå (ïîðÿäêîâîå) ÷èñëî � ÷èñëî, îáîçíà÷àþùåå

îòíîñèòåëüíóþ ïîçèöèþ â ïîñëåäîâàòåëüíîñòè, òàêóþ êàê

�ïåðâàÿ�, �âòîðàÿ�, �òðåòüÿ�; èíîãäà ñîêðàùàåòñÿ äî: îðäèíàë.

Êàðäèíàëüíîå ÷èñëî � ÷èñëî, îáîçíà÷àþùåå êîëè÷åñòâî, à

íå ïîðÿäîê ýëåìåíòîâ ìíîæåñòâà; ÷èñëî ýëåìåíòîâ êîíå÷íîãî

ìíîæåñòâà; èíîãäà ñîêðàùàåòñÿ äî: êàðäèíàë.

7

Òðàíçèòèâíîå ìíîæåñòâî � ýòî òàêîå ìíîæåñòâî A, ÷òî
�âñÿêèé ðàç, êîãäà x ∈ A, è y ∈ x, òî y ∈ A�; èëè, ýêâèâàëåíò-
íî: �âñÿêèé ðàç, êîãäà x ∈ A, è x íå ÿâëÿåòñÿ óð-ýëåìåíòîì

(àòîìîì, èíäèâèäóàëîì), òî x � ïîäìíîæåñòâî A: x ⊆ A�.

Îáîçíà÷åíèÿ äëÿ ìîùíîñòåé òåððàñíûõ ìíîæåñòâ 2-

ãî ðîäà:

nS = |terS//S| =

∣
∣
∣
∣
∣

⋂

X∈S

X

∣
∣
∣
∣
∣
.

Àááðåâèàòóðà äëÿ ìîùíîñòåé òåððàñíûõ ìíîæåñòâ

2-ãî ðîäà, íàïðèìåð,

n1 = n{X1} = |X1|,

n12 = n{X1,X2} = |X1 ∩ X2|,

n123 = n{X1,X2,X3} = |X1 ∩ X2 ∩ X3|.

A

ter1 ter12 ter2

X1 X2

�èñóíîê 1: Äèàãðàììà Âåííà äâóõ êîíå÷íûõ ìíîæåñòâ ñ�î-áûòèé

X1 è X2 èç ñóáúåêòíî-èìåííîé ñèãìà-àëãåáðû A, ïîðîæäàþùèõ

ðàçáèåíèå A íà ÷åòûðå òåððàñíûõ ìíîæåñòâà, èç êîòîðûõ îáîçíà-

÷åíû òðè êîíå÷íûõ òåððàñíûõ ìíîæåñòâà.

AX1

ter1

ter12 ter13

ter123

ter2 ter23 ter3

X2 X3

�èñóíîê 2: Äèàãðàììà Âåííà òðåõ êîíå÷íûõ ìíîæåñòâ ñ�î-áûòèé

X1,X2 è X3 èç ñóáúåêòíî-èìåííîé ñèãìà-àëãåáðû A, ïîðîæäàþ-

ùèõ ðàçáèåíèå A íà âîñåìü òåððàñíûõ ìíîæåñòâ, èç êîòîðûõ îáî-

çíà÷åíû ñåìü êîíå÷íûõ òåððàñíûõ ìíîæåñòâ.

Ôîðìóëû îáðàùåíèÿ Ìåáèóñà, ñâÿçûâàþùèå ìîùíî-

ñòè òåððàñíûõ ìíîæåñòâ 1-ãî è 2-ãî ðîäà äëÿ S ⊆ S:







nS =
∑

S⊆T⊆S

tT ,

tS =
∑

S⊆T⊆S

nT (−1)|T−S|.
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Â ÷àñòíîñòè, äëÿ òðèïëåòà:







n1 = t1 + t12 + t13 + t123,

n2 = t2 + t12 + t23 + t123,

n3 = t3 + t13 + t23 + t123,

n12 = t12 + t123,

n13 = t13 + t123,

n23 = t23 + t123,

n123 = t123;

t1 = n1 − n12 − n13 + n123,

t2 = n2 − n12 − n23 + n123,

t3 = n3 − n13 − n23 + n123,

t12 = n12 − n123,

t13 = n13 − n123,

t23 = n23 − n123,

t123 = n123.

2.2 Îáîçíà÷åíèÿ è àááðåâèàòóðû òåððàñíûõ

ñ�î-áûòèé

Ïóñòü X ⊂ A � êîíå÷íîå ìíîæåñòâî ñ�î-áûòèé, ïî-

ðîæäàþùåå ðàçáèåíèå

8

Ω =
∑

X⊆X

ter(X//X)

íà òåððàñíûå ñ�î-áûòèÿ

ter(X) = ter(X//X) =
⋂

x∈X

x
⋂

x∈X−X

xc ⊆ Ω.

Ω

x1

ter({x1})

ter({x1, x2})

ter(∅) ter({x2})

x2

�èñóíîê 3: Äèàãðàììà Âåííà äóïëåòà ñ�î-áûòèé X = {x1, x2} èç

ñóáúåêòíî-èìåííîé ñèãìà-àëãåáðû A, ïîðîæäàþùåãî ðàçáèåíèå Ω
íà ÷åòûðå òåððàñíûõ ñ�î-áûòèÿ ter(X),X ⊆ X.

8

ñì. ðèñ. 3 äëÿ äóïëåòà ñ�î-áûòèé è ðèñ. 4 äëÿ òðèïëåòà ñ�î-

áûòèé.

Ω

x1 ter(∅)

ter({x1})

ter({x1, x2})

ter({x1, x3})

ter(X)

ter({x2})

ter({x2, x3})

ter({x3})

x2

x3

�èñóíîê 4: Äèàãðàììà Âåííà òðèïëåòà ñ�î-áûòèé X = {x1, x2, x3}
èç ñóáúåêòíî-èìåííîé ñèãìà-àëãåáðû A, ïîðîæäàþùèõ ðàçáèåíèå

Ω íà âîñåìü òåððàñíûõ ñ�î-áûòèé ter(X), X ⊆ X.

|(X1 ∩ X2) ⊗ (X2 \ X1)| =

= |X1 ∩X2| · |X2 \ X1|

|(X1 \ X2) ⊗ (X2 \ X1)| =

= |X1 \ X2| · |X2 \ X1|

✚✙
✛✘

✚✙
✛✘

✚✙
✛✘

✚✙
✛✘

• •
◦

◦

. . . . . . . . . . . . . . . . . . . . .

∣

∣(X1 ∩ X2)
⊗2

∣

∣ = C2
|X1∩X2|

=

= |X1 ∩ X2| · (|X1 ∩ X2| − 1)/2

|(X1 \ X2) ⊗ (X1 ∩X2)| =

= |X1 \ X2| · |X1 ∩ X2|

✚✙
✛✘

✚✙
✛✘

✚✙
✛✘

✚✙
✛✘

• •

◦
◦

�èñóíîê 5: Ïåðå÷èñëåíèå 4 íåïåðåñåêàþùèõñÿ ñëàãàåìûõ ñåò-

ïðîèçâåäåíèÿ äóïëåòà S = {X1,X2}, ñîñòàâëåííîãî èç 2-ìíîæåñòâ
{◦, •}, ñîäåðæàùèõ ïî îäíîìó ýëåìåíòó èç êàæäîãî ìíîæåñòâà

äóïëåòà: ◦ ∈ X1 è • ∈ X2, âûáðàííûõ èç òåððàñíûõ ìíîæåñòâ

ter(S//S), S 6= ∅, ïîðîæäåííûõ S.

3 Ñåò-ïðîèçâåäåíèÿ

Îïðåäåëåíèå 2 (ñåò-ïðîèçâåäåíèå êàê ìíîæåñòâî

ìíîæåñòâ). Äëÿ n ìíîæåñòâ X1,X2, . . . ,Xn, îáðàçó-

þùèõ ìíîæåñòâî

S = {X1,X2, . . . ,Xn},

èõ (íåóïîðÿäî÷åííîå) ñåò-ïðîèçâåäåíèå îïðåäåëÿåò-

ñÿ êàê ìíîæåñòâî

⊗

X∈S

X =

n⊗

i=1

Xi = X1 ⊗ . . .⊗ Xn =

=
{

{x1, . . . , xn} : x1 ∈ X1, . . . , xn ∈ Xn

}

,

ñîñòîÿùåå èç n-ìíîæåñòâ

9

{x1, . . . , xn} ∈
⊗

X∈S

X,

êîòîðûå ñîäåðæàò òî÷íî ïî îäíîìó ýëåìåíòó xi èç

êàæäîãî ìíîæåñòâà Xi (1 6 i 6 n). Ïðè S = ∅ ïîëà-

ãàåòñÿ, ÷òî

⊗

X∈∅

X = {∅}.

9

�àçóìååòñÿ, íåóïîðÿäî÷åííûõ.
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∅

∅
Impossible

�o-event

Íåâîçìîæíîå

ñ�î-áûòèå

False,

Contradition

Ëîæü,

Ïðîòèâîðå÷èå

{

{x1}
}

x1 ∩ xc
2

x1 \ x2
Diret di�erene

of �o-events

Ïðÿìàÿ ðàçíîñòü

ñ�î-áûòèé

x1 6→ x2
�x1 6⊃ x2�
Diret

nonimpliation

Ïðÿìàÿ

àíòèèìïëèêàöèÿ

{

{x2}
}

xc
1 ∩ x2
x1/x2

Converse di�erene

of �o-events

Îáðàòíàÿ ðàçíîñòü

ñ�î-áûòèé

x1 6← x2
�x1 6⊂ x2�
Converse

nonimpliation

Îáðàòíàÿ

àíòèèìïëèêàöèÿ

{

{x1, x2}
} x1 ∩ x2

Intersetion

of �o-events

x1&x2, x1 ∧ x2
x1 AND x2

Conjuntion

Êîíúþíêöèÿ

{

{x1}, {x2}
}

x1∆ x2
Symmetri di�erene

of 'o-events

Ñèììåòðè÷åñêàÿ

ðàçíîñòü ñ�î-áûòèé

x1 6↔ x2, x1 6≡ x2
x1 XOR x2
Exlusive

disjuntion

Èñêëþ÷èòåëüíàÿ

äèçúþíêöèÿ

{

{x1},{x1, x2}
}

x1
C�o-events x1
Ñ�î-áûòèå x1

x1
Proposition x1
Óòâåðæäåíèå x1

{

{x2},{x1, x2}
}

x2
C�o-events x2
Ñ�î-áûòèå x2

x2
Proposition x2
Óòâåðæäåíèå x2

{

{x1},{x2},{x1,x2}
}

x1 ∪ x2
Union

of �o-events

Îáúåäèíåíèå

ñ�î-áûòèé

x1 ∨ x2, x1 ∪ x2
x1 OR x2

Disjuntion

Äèçúþíêöèÿ

{

∅
}

xc
1 ∩ xc

2
Nonunion

of �o-events

Àíòèîáúåäèíåíèå

ñ�î-áûòèé

x1 ↓ x2, x1 NOR x2
Piere arrow

Ñòðåëêà Ïèðñà

Àíòèäèçúþíêöèÿ

{

∅, {x1}
}

xc
2

Complement

of the �o-event x2
Äîïîëíåíèå

ñ�î-áûòèÿ x2

¬x2
Negation of x2
Îòðèöàíèå x2

{

∅, {x2}
}

xc
1

Complement

of the �o-event x1
Äîïîëíåíèå

ñ�î-áûòèÿ x1

¬x1
Negation of x1
Îòðèöàíèå x1

{

∅,{x1, x2}
}

x1∆ xc
2

Equivalene

of �o-events

Ýêâèâàëåíòíîñòü

ñ�î-áûòèé

x1 ↔ x2, x1 ≡ x2
x1 IFF x2

If and only if

Åñëè è òîëüêî åñëè

Ýêâèâàëåíòíîñòü

{

∅, {x1},{x2}
}

xc
1 ∪ xc

2
Nonintersetion

of �o-events

Àíòèïåðåñå÷åíèå

ñ�î-áûòèé

x1 ↑ x2, x1 NAND x2
She�er stroke

Øòðèõ Øå��åðà

Àíòèêîíúþíêöèÿ

{

∅, {x1}, {x1, x2}
}

x1 ∪ xc
2, x1−\ x2

Diret nondi�erene

of �o-events

Ïðÿìàÿ

àíòèðàçíîñòü

ñ�î-áûòèé

x1 ← x2
�x1 ⊂ x2�
Converse

impliation

Îáðàòíàÿ

èìïëèêàöèÿ

{

∅,{x2},{x1,x2}
}

xc
1 ∪ x2, x1−/ x2
Converse

nondi�erene

of �o-events

Îáðàòíàÿ

àíòèðàçíîñòü

ñ�î-áûòèé

x1 → x2
�x1 ⊃ x2�
Diret

impliation

Ïðÿìàÿ

èìïëèêàöèÿ

{

∅,{x1},{x2},{x1,x2}
}

Ω
Sure, or ertain

�o-event

Äîñòîâåðíîå

ñ�î-áûòèå

True,

Tautology

Èñòèíà,

Òàâòîëîãèÿ

�èñóíîê 6: Äèàãðàììû Âåííà (1 ñòîëáåö), ãåíåðàòîðû O-îïåðàöèé

(2 ñòîëáåö), 16 áèíàðíûõ òåîðåòèêî-ìíîæåñòâåííûõ îïåðàöèé (3

ñòîëáåö) è ñîîòâåòñòâóþùèå èì áèíàðíûå ëîãè÷åñêèå �óíêöèè (4

ñòîëáåö) íàä äóïëåòîì ñ�î-áûòèé {x1, x2}. Ëîãè÷åñêèå îáîçíà÷å-

íèÿ, �âñòóïàþùèå â ïðîòèâîðå÷èå ñ òåîðåòèêî-ìíîæåñòâåííûìè�,

âûäåëåíû êðàñíûì.

Îïðåäåëåíèå 3 (óïîðÿäî÷åííîå ñåò-ïðîèçâåäåíèå êàê

ìíîæåñòâî óïîðÿäî÷åííûõ ìíîæåñòâ). Äëÿ n ìíîæåñòâ

X1,X2, . . . ,Xn èõ óïîðÿäî÷åííîå ñåò-ïðîèçâåäåíèå

îïðåäåëÿåòñÿ êàê ìíîæåñòâî

n

����
i=1

Xi = X1 ⊗ . . .⊗ Xn =

=
{

{x1, . . . , xn} : x1 ∈ X1, . . . , xn ∈ Xn

}

,

ñîñòîÿùåå èç óïîðÿäî÷åííûõ n-ìíîæåñòâ

{x1, . . . , xn} ∈
n

����
i=1

Xi,

êîòîðûå ñîäåðæàò òî÷íî ïî îäíîìó ýëåìåíòó xi èç

êàæäîãî ìíîæåñòâà Xi (1 6 i 6 n). Óïîðÿäî÷åííîå
ñåò-ïðîèçâåäåíèå ïóñòîé ñîâîêóïíîñòè ìíîæåñòâ ïî-

ëàãàåòñÿ ðàâíûì

����
i∈∅

Xi = {∅}

Îïðåäåëåíèå 4 (ïðÿìîå ïðîèçâåäåíèå êàê ìíîæåñòâî

óïîðÿäî÷åííûõ ìóëüòèìíîæåñòâ). Äëÿ n ìíîæåñòâ

X1,X2, . . . ,Xn èõ ïðÿìîå ïðîèçâåäåíèå îïðåäåëÿåòñÿ

êàê ìíîæåñòâî

n∏

i=1

Xi = X1 · . . . · Xn,

ñîñòîÿùåå èç óïîðÿäî÷åííûõ n-ìóëüòèìíîæåñòâ

{xm1
1 , . . . , xmn

n } ∈
n∏

i=1

Xi,

êîòîðûå ñîäåðæàò òî÷íî ïî mi ýëåìåíòîâ xi èç êàæ-

äîãî ìíîæåñòâà Xi (1 6 i 6 n), ãäå mi = 0, . . . , n, i =
1, . . . , n è

n∑

i=1

mi = n.

Ïðÿìîå ïðîèçâåäåíèå ïóñòîé ñîâîêóïíîñòè ìíîæåñòâ

ïîëàãàåòñÿ ðàâíûì

∏

i∈∅

Xi = {∅}.

Ëåììà 1 (ìîùíîñòü ñåò-ïðîèçâåäåíèé è ïðÿìîãî ïðîèç-

âåäåíèÿ íåïåðåñåêàþùèõñÿ ìíîæåñòâ). Äëÿ n íåïåðåñå-

êàþùèõñÿ êîíå÷íûõ ìíîæåñòâ X1,X2, . . . ,Xn ìîù-

íîñòè èõ ñåò-ïðîèçâåäåíèÿ, óïîðÿäî÷åííîãî ñåò-

ïðîèçâåäåíèÿ è ïðÿìîãî ïðîèçâåäåíèÿ ñîâïàäàþò è

ðàâíû:

∣
∣
∣
∣
∣

n⊗

i=1

Xi

∣
∣
∣
∣
∣
=

∣
∣
∣
∣

n

����
i=1

Xi

∣
∣
∣
∣
=

∣
∣
∣
∣
∣

n∏

i=1

Xi

∣
∣
∣
∣
∣
=

n∏

i=1

|Xi|.

Äîêàçàòåëüñòâî î÷åâèäíî.
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Ëåììà 2 (ìîùíîñòü ñåò-ñòåïåíåé è ïðÿìîé ñòåïåíè

êîíå÷íîãî ìíîæåñòâà). Äëÿ N -ìíîæåñòâà X åãî ñåò-

ñòåïåíü

X
⊗n = X⊗ . . .⊗ X

︸ ︷︷ ︸

n

,

óïîðÿäî÷åííàÿ ñåò-ñòåïåíü

X
×n = X× . . .× X

︸ ︷︷ ︸

n

è ïðÿìàÿ ñòåïåíü n-ãî ïîðÿäêà, n = 0, 1, . . . , N ,

X
·n = X · . . . · X

︸ ︷︷ ︸

n

èìåþò ñëåäóþùèå ìîùíîñòè:

∣
∣X

⊗n
∣
∣ = Cn

N =
N !

n!(N − n)!
,

∣
∣X

×n
∣
∣ = An

N =
N !

(N − n)!
,

|X·n| = Nn.

Äîêàçàòåëüñòâî êîìáèíàòîðíîå.

Ëåììà 3 (òåððàñíîå ïðåäñòàâëåíèå ïðîèçâåäåíèé ìíî-

æåñòâ). Ïóñòü S = {X1, . . . ,Xn} � n-ìíîæåñòâî

êîíå÷íûõ ìíîæåñòâ. Òîãäà

⊗

X∈S

X =
⋃

X1∈S1⊆S

...
Xn∈Sn⊆S

(
n⊗

i=1

ter(Si//S)

)

,

n

����
i=1

Xi =
⋃

X1∈S1⊆S

...
Xn∈Sn⊆S

(
n

����
i=1

ter(Si//S)

)

,

n∏

i=1

Xi =
∑

X1∈S1⊆S

...
Xn∈Sn⊆S

(
n∏

i=1

ter(Si//S)

)

.

Äîêàçàòåëüñòâî.

⊗

X∈S

X =
⊗

X∈S




∑

X∈S⊆S

ter(S//S)



 =

=
⋃

X1∈S1⊆S

...
Xn∈Sn⊆S

(
n⊗

i=1

ter(Si//S)

)

,

n

����
i=1

X =
n

����
i=1




∑

Xi∈S⊆S

ter(S//S)



 =

=
⋃

X1∈S1⊆S

...
Xn∈Sn⊆S

(
n

����
i=1

ter(Si//S)

)

,

n∏

i=1

Xi =

n∏

i=1




∑

Xi∈S⊆S

ter(S//S)



 =

=
∑

X1∈S1⊆S

...
Xn∈Sn⊆S

(
n∏

i=1

ter(Si//S)

)

.

Ëåììà 4 (ìîùíîñòü ñåò-ïðîèçâåäåíèÿ äâóõ ìíî-

æåñòâ). Äëÿ äâóõ ïðîèçâîëüíûõ êîíå÷íûõ ìíî-

æåñòâ X1,X2 ìîùíîñòè èõ ñåò-ïðîèçâåäåíèÿ è

óïîðÿäî÷åííîãî ñåò-ïðîèçâåäåíèÿ ðàâíû:

|X1 ⊗ X2| = |X1| · |X2| −
1

2
|X1 ∩ X2|

2 −
1

2
|X1 ∩ X2|,

|X1 × X2| = |X1| · |X2| − |X1 ∩ X2|.

Äîêàçàòåëüñòâî. �àññìîòðèì �òåððàñíîå� äîêàçà-

òåëüñòâî. Ïóñòü

S = {X1,X2}

� äóïëåò ïðîèçâîëüíûõ êîíå÷íûõ ïîäìíîæåñòâ

íåêîòîðîãî áàçîâîãî ìíîæåñòâà A: X1 ⊂ A, X2 ⊂ A.

Òîãäà

A =
∑

S⊆S

ter(S//S),

ãäå

ter(S//S) =
⋂

X∈S

X
⋂

X∈S−S

(A−X)

� S-òåððàñíîå ìíîæåñòâî 1-ãî ðîäà

10

, ïîðîæäåííîå

äóïëåòîì S.

Çàìåòèì, ÷òî

X1 =
∑

X1∈S⊆S

ter(S//S) =

= ter({X1}//S) + ter({X1,X2}//S),

X2 =
∑

X2∈S⊆S

ter(S//S) =

= ter({X2}//S) + ter({X1,X2}//S).

10

Åñëè áàçîâîå ìíîæåñòâî A êîíå÷íî, òî âñå òåððàñíûå ìíî-

æåñòâà 1-ãî ðîäà êîíå÷íû. Åñëè æå A áåñêîíå÷íî, òî ñðåäè S-
òåððàñíûõ ìíîæåñòâ, ïîðîæäåííûõ ñîâîêóïíîñòüþ S êîíå÷-

íûõ ìíîæåñòâ, òîëüêî îäíî ∅-òåððàñíîå ìíîæåñòâî ter(∅//S)
áåñêîíå÷íî. Ïîýòîìó ïðè S 6= ∅ âñåãäà îïðåäåëåíà ìîùíîñòü

|ter(S//S)|, ðàâíàÿ ÷èñëó ýëåìåíòîâ â S-òåððàñíîì ìíîæåñòâå

ter(S//S). Òåððàñíûå ìíîæåñòâà 1-ãî ðîäà, ïîðîæäåííûå ìíî-

æåñòâîì S, íå ïåðåñåêàþòñÿ ìåæäó ñîáîé:

ter(S//S) ∩ ter(S′//S) =

{

ter(S//S), S = S′,

∅, èíà÷å.
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×àñòü 1. Ñåò-ïðîèçâåäåíèå. Èìååì

X1 ⊗ X2 =

=




∑

X1∈S⊆S

ter(S//S)



⊗




∑

X2∈S⊆S

ter(S//S)



 =

= ter({X1,X2}//S)⊗2+

+ter({X1}//S)⊗ ter({X2}//S)+

+ter({X1}//S)⊗ ter({X1,X2}//S)+

+ter({X1,X2}//S)⊗ ter({X2}//S).

Îòñþäà � àíàëîãè÷íîå ðàâåíñòâî äëÿ ìîùíîñòåé

ýòèõ òåððàñíûõ ìíîæåñòâ:

|X1 ⊗ X2| =
∣
∣
ter

⊗2
12

∣
∣+

+ |ter1 ⊗ ter2|+ |ter1 ⊗ ter12|+ |ter2 ⊗ ter12| .

Â ñèëó ëåìì 1 è 2 ïîëó÷àåì òî, ÷òî òðåáóåòñÿ:

|X1 ⊗ X2| = C2
t12

+

+t1 · t2 + t1 · t12 + t2 · t12 =

= n1 · n2 −
1

2
n

2
12 −

1

2
n12.

×àñòü 2. Óïîðÿäî÷åííîå ñåò-ïðîèçâåäåíèå. Èìå-

åì

X1 × X2 =

=




∑

X1∈S⊆S

ter(S//S)



×




∑

X2∈S⊆S

ter(S//S)



 =

= ter({X1,X2}//S)×2+

+ter({X1}//S)× ter({X2}//S)+

+ter({X1}//S)× ter({X1,X2}//S)+

+ter({X1,X2}//S)⊗ ter({X2}//S).

Îòñþäà � àíàëîãè÷íîå ðàâåíñòâî äëÿ ìîùíîñòåé

ýòèõ òåððàñíûõ ìíîæåñòâ:

|X1 ⊗ X2| =
∣
∣
ter

⊗2
12

∣
∣+

+ |ter1 ⊗ ter2|+ |ter1 ⊗ ter12|+ |ter2 ⊗ ter12| .

Â ñèëó ëåìì 1 è 2 ïîëó÷àåì òî, ÷òî òðåáóåòñÿ:

|X1 ⊗ X2| = C2
t12

+

+t1 · t2 + t1 · t12 + t2 · t12 =

= n1 · n2 −
1

2
n

2
12 −

1

2
n12.

Ñëåäñòâèå 1 (íåðàâåíñòâî äëÿ ìîùíîñòåé ñåò-

ïðîèçâåäåíèé ïàðû êîíå÷íûõ ìíîæåñòâ).

|X1 ⊗ X2| 6 |X1 × X2| .

Ëåììà 5 (ìîùíîñòü ïðîèçâåäåíèé òðåõ ìíîæåñòâ).

Äëÿ òðåõ ïðîèçâîëüíûõ êîíå÷íûõ ìíîæåñòâ

X1,X2,X3 ìîùíîñòè èõ ñåò-ïðîèçâåäåíèÿ, óïîðÿäî-

÷åííîãî ñåò-ïðîèçâåäåíèÿ è ïðÿìîãî ïðîèçâåäåíèÿ

ñîîòâåòñòâåííî ðàâíû:

|X1 ⊗ X2 ⊗ X3| = C3
n123

+

+C2
n123

(t12 + t13 + t23 + t1 + t2 + t3)+

+n1C
2
n23

+ n2C
2
n13

+ n3C
2
n12

+

+t123t12(t13 + t1)+

+t123t12(t12 + t13 + t1)+

+t123t2(t12 + t13 + t1)+

+t12t23(t13 + t1)+

+t23t2n1 + t23t1n2 + t12t23t2+

+t123t3(t12 + t13 + t1)+

+t12t3(t13 + t1)+

+t23t3n1 + t2t3n1. (3.1)

|X1 × X2 × X3| = A3
n123

+

+A2
n123

(t12 + t13 + t23 + t1 + t2 + t3)+

+n1A
2
n23

+ n2A
2
n13

+ n3A
2
n12

+

+t123t12(t13 + t1)+

+t123t12(t12 + t13 + t1)+

+t123t2(t12 + t13 + t1)+

+t12t23(t13 + t1)+

+t23t2n1 + t23t1n2 + t12t23t2+

+t123t3(t12 + t13 + t1)+

+t12t3(t13 + t1)+

+t23t3n1 + t2t3n, (3.2)

|X1 ⊗ X2 ⊗ X3| = n1n2n3. (3.3)

Äîêàçàòåëüñòâî. �àññìîòðèì êàê è â ëåììå 4 �òåð-

ðàñíîå� äîêàçàòåëüñòâî ñ ýëåìåíòàìè êîìáèíàòîðè-

êè, êîòîðîå îòëè÷àåòñÿ îò äîêàçàòåëüñòâà ëåììû 4

äëÿ äóïëåòà ñ�î-áûòèé èñêëþ÷èòåëüíî òåì, ÷òî äëÿ

òðèïëåòà ñ�î-áûòèé íà÷èíàþò ïîÿâëÿòüñÿ òàêèå ñåò-

ïðîèçâåäåíèÿ ðàçëè÷íûõ òåððàñíûõ ìíîæåñòâ, êîòî-

ðûå ñîñòîÿò èç îäíèõ è òåõ æå 3-ìíîæåñòâ, ò.å., ñîâïà-

äàþò. Ïîýòîìó â ïîìîùü äîêàçàòåëüñòâó òðèïëåòíîé

ñèòóàöèè èñïîëüçîâàí äèàãðàììíûé ïåðåáîð âñåõ 64

ñåò-ïðîèçâåäåíèé òåððàñíûõ ñîáûòèé (ñì. ðèñ. 7 è 8).
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�èñóíîê 7: Äèàãðàììíîå ïåðå÷èñëåíèå 64 ñëàãàåìûõ ñåò-ïðîèçâåäåíèÿ òðè-

ïëåòà S = {X1, X2,X3}, ñîñòàâëåííîãî èç 3-ìíîæåñòâ {⋆,•, ◦}, ñîäåðæàùèõ

ïî îäíîìó ýëåìåíòó èç êàæäîãî ìíîæåñòâà òðèïëåòà: ⋆ ∈ X1, • ∈ X2 è

◦ ∈ X3, âûáðàííûõ èç òåððàñíûõ ìíîæåñòâ ter(S//S), S 6= ∅, ïîðîæäåííûõ

S. 51 ñëàãàåìîå èç 64 íå ïåðåñåêàþòñÿ ìåæäó ñîáîé; 13 �äóáëåé� âûäåëåíû

êðàñíûì öâåòîì.
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�èñóíîê 8: Ìîùíîñòè 64 ñëàãàåìûõ ñåò-ïðîèçâåäåíèÿ òðèïëåòà S =
{X1,X2,X3}, ïîêàçàííîãî íà ðèñ. 7, ñðåäè êîòîðûõ 13 �äóáëåé� âûäåëåíû

êðàñíûì öâåòîì.
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Ïóñòü

S = {X1,X2,X3}

� òðèïëåò ïðîèçâîëüíûõ êîíå÷íûõ ïîäìíîæåñòâ

íåêîòîðîãî áàçîâîãî ìíîæåñòâà A: X1 ⊂ A, X2 ⊂ A,
X3 ⊂ A. Òîãäà

A =
∑

S⊆S

ter(S//S),

ãäå

ter(S//S) =
⋂

X∈S

X
⋂

X∈S−S

(A−X)

� S-òåððàñíîå ìíîæåñòâî 1-ãî ðîäà

11

, ïîðîæäåííîå

òðèïëåòîì S.

Çàìåòèì, ÷òî

X1 =
∑

X1∈S⊆S

ter(S//S) =

= ter({X1}//S) + ter({X1,X2}//S)+

+ter({X1,X3}//S) + ter({X1,X2,X3}//S) =

= ter1 + ter12 + ter13 + ter123,

X2 =
∑

X2∈S⊆S

ter(S//S) =

= ter({X2}//S) + ter({X1,X2}//S)+

+ter({X2,X3}//S) + ter({X1,X2,X3}//S) =

= ter2 + ter12 + ter23 + ter123,

X3 =
∑

X3∈S⊆S

ter(S//S) =

= ter({X3}//S) + ter({X1,X3}//S)+

+ter({X2,X3}//S) + ter({X1,X2,X3}//S) =

= ter3 + ter13 + ter23 + ter123.

1. Ìîùíîñòü ñåò-ïðîèçâåäåíèÿ. Èìååì

X1 ⊗ X2 ⊗ X3 =
⊗

X∈S

X =
⊗

X∈S




∑

X∈S⊆S

ter(S//S)



 =

= (ter123)
⊗3+

+(ter1 + ter2 + ter3 + ter12 + ter13 + ter23)⊗ (ter123)
⊗2+

+X1 ⊗ (ter23)
⊗2 + X2 ⊗ (ter13)

⊗2 + X3 ⊗ (ter12)
⊗2+

+ter123 ⊗ ter12 ⊗ (ter13 + ter1)+

+ter123 ⊗ ter12 ⊗ (ter12 + ter13 + ter1)+

+ter123 ⊗ ter2 ⊗ (ter12 + ter13 + ter1)+

11

Åñëè áàçîâîå ìíîæåñòâî A êîíå÷íî, òî âñå òåððàñíûå ìíî-

æåñòâà 1-ãî ðîäà êîíå÷íû. Åñëè æå A áåñêîíå÷íî, òî ñðåäè S-
òåððàñíûõ ìíîæåñòâ, ïîðîæäåííûõ ñîâîêóïíîñòüþ S êîíå÷-

íûõ ìíîæåñòâ, òîëüêî îäíî ∅-òåððàñíîå ìíîæåñòâî ter(∅//S)
áåñêîíå÷íî. Ïîýòîìó ïðè S 6= ∅ âñåãäà îïðåäåëåíà ìîùíîñòü

|ter(S//S)|, ðàâíàÿ ÷èñëó ýëåìåíòîâ â S-òåððàñíîì ìíîæåñòâå

ter(S//S).

+ter12 ⊗ ter23 ⊗ (ter13 + ter1)+

+ter23 ⊗ ter2 ⊗ X1+

+ter23 ⊗ ter1 ⊗ X2+

+ter12 ⊗ ter23 ⊗ ter2+

+ter123 ⊗ ter3 ⊗ (ter12 + ter13 + ter1)+

+ter12 ⊗ ter3 ⊗ (ter13 + ter1)+

+ter23 ⊗ ter3 ⊗ X1+

+ter2 ⊗ ter3 ⊗ X1.

Îòñþäà ñëåäóåò óòâåðæäåíèå ëåììû äëÿ ìîùíîñòè

ñåò-ïðîèçâåäåíèÿ òðèïëåòà ñ�î-áûòèé.

2. Ìîùíîñòü óïîðÿäî÷åííîãî ñåò-ïðîèçâåäåíèÿ.

Äîêàçàòåëüñòâî îòëè÷àåòñÿ îò òîëüêî ÷òî ïðîâå-

äåííîãî òîëüêî òåì, ÷òî â ñèëó ëåììû 3 ìîùíîñòü

óïîðÿäî÷åííîé ñåò-ñòåïåíè n-ãî ïîðÿäêà ìíîæå-

ñòâà X ðàâíà íå ÷èñëó ñî÷åòàíèé: Cn
|X|, à ÷èñëó

ðàçìåùåíèé: |X×n| = An
|X|.

3. Ìîùíîñòü ïðÿìîãî ïðîèçâåäåíèÿ. Äîêàçàòåëü-

ñòâî î÷åâèäíî.

4 Ïåðñïåêòèâû

Îïðåäåëåíèå ñ�î-áûòèÿ êàê èìåíè Ê-ñîáûòèÿ, ïîä êî-

òîðûì ïîíèìàåòñÿ íåêîòîðîå âûñêàçûâàíèå, õàðàêòå-

ðèçóþùåå Ê-ñîáûòèå, ïîä÷åðêèâàåò î÷åâèäíóþ ñâÿçü

òåîðèè ñ�î-áûòèé ñ ìàòåìàòè÷åñêîé ëîãèêîé. Â ñëåäó-

þùèõ ðàáîòàõ ïðåäïîëàãàåòñÿ ïîäðîáíî èññëåäîâàòü

ñâîéñòâà ââåäåííîãî â ýâåíòîëîãè÷åñêóþ òåîðèþ ïî-

íÿòèÿ ñ�î-áûòèÿ, åãî ñâÿçü ñ ïîíÿòèåì ëîãè÷åñêîãî

âûñêàçûâàíèÿ; è ðîëü, êîòîðóþ èãðàþò â ýòîé ñâÿçè,

íîâûå ýâåíòîëîãè÷åñêèå àêñèîìû ñ�î-áûòèÿ è ìíîæå-

ñòâà ñ�î-áûòèé. Òàêæå ïðåäïîëàãàåòñÿ ïðîâåñòè ñðàâ-

íåíèå òåîðèè ñ�î-áûòèé è ëîãèêè âûñêàçûâàíèé íà

ÿçûêå òåððàñíîãî �îðìàëèçìà.

Ñïèñîê ëèòåðàòóðû

[1℄ Î. Þ. Âîðîáüåâ. Ýâåíòîëîãèÿ. Ñèáèðñêèé

�åäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê, 2007,

435ñ., https://www.aademia.edu/179393/Vorobyev_O.Yu._Eventology.

_-_Krasnoyarsk_Siberian_Federal_University._-_2007._-_435p.

[2℄ Î. Þ. Âîðîáüåâ. Íà÷àëà àêñèîìàòèçàöèè ýâåíòîëî-

ãèè. Òðóäû VIII Ìåæäóíàðîä. ÔÀÌ êîí�åðåíöèè ïî

�èíàíñîâî-àêòóàðíîé ìàòåìàòèêå è ñìåæíûì âîïðî-

ñàì, Êðàñíîÿðñê: ÑÔÓ (ïîä ðåä. Îëåãà Âîðîáüåâà), 1:77�

82, 2009.

[3℄ A. Levy. Basi Set Theory. Springer-Verlag, 1979.

[4℄ O. Yu. Vorobyev. On elements of axiomatizing eventology.

Journal of Siberian Federal University. Mathematis &

Physis, 3(2):157�164, 2010.



XIII êîí�åðåíöèÿ ïî ÔÀÌ è ýâåíòîëîãèè ìíîãîìåðíîé ñòàòèñòèêè, Êðàñíîÿðñê, 2014

Ýâåíòîëîãè÷åñêîå îáîáùåíèå ãðàíèö Ôðåøå

äëÿ ìíîæåñòâà ñ�î-áûòèé

Îëåã Þðüåâè÷ Âîðîáüåâ

Èíñòèòóò ìàòåìàòèêè è �óíäàìåíòàëüíîé èí�îðìàòèêè

Ñèáèðñêèé �åäåðàëüíûé óíèâåðñèòåò

Êðàñíîÿðñê

email: oleg.yu.vorobyev�gmail.om

url: sfu-kras.aademia.edu/OlegVorobyev

Àííîòàöèÿ. Ïðåäëîæåí ýâåíòîëîãè÷åñêèé âçãëÿä

íà îáîáùåíèå ïîíÿòèÿ ãðàíèö Ôðåøå äëÿ âåðîÿò-

íîñòè ïðîèçâîëüíîé òåîðåòèêî-ìíîæåñòâåííîé

îïåðàöèè íàä êîíå÷íûì ìíîæåñòâîì ñ�î-áûòèé.

Êëþ÷åâûå ñëîâà. Âåðîÿòíîñòü, ìíîãîìåðíàÿ

ñòàòèñòèêà, ñîáûòèå, ñ�î-áûòèå, ýâåíòîëî-

ãèÿ, Ôðåøå-ãðàíèöà, ïðîèçâîëüíàÿ òåîðåòèêî-

ìíîæåñòâåííàÿ îïåðàöèÿ, ñëîé, ÷åðäàê, ïîäâàë.

Ìîðèñ Ôðåøå [11, 1935℄ óñîâåðøåíñòâîâàë ïîíÿòèå

ãðàíèö äëÿ âåðîÿòíîñòåé îáúåäèíåíèÿ è ïåðåñå÷å-

íèÿ çàâèñèìûõ ìíîæåñòâ ñîáûòèé, ÷òîáû ðàçâèòü ðå-

çóëüòàòû, êîòîðûå ê òîìó âðåìåíè óæå áûëè ïîëó-

÷åíû Áóëåì [10, 1854℄ è Áîí�åððîíè [9, 1936℄; ïîçä-

íåå Õ�å��äèíã [21, 22℄ è Ôðåøå [14, 1951℄ îïðåäåëè-

ëè âåðõíèå è íèæíèå ãðàíèöû ñîâìåñòíîé �óíêöèè

ðàñïðåäåëåíèÿ äâóõ ñëó÷àéíûõ âåëè÷èí ïðè �èêñè-

ðîâàííûõ ìàðãèíàëüíûõ ðàñïðåäåëåíèÿõ

1

.

Ìàòåìàòè÷åñêàÿ ýâåíòîëîãèÿ, êàê íàóêà î ñîáûòè-

ÿõ, ñ ìîìåíòà ñâîåãî âîçíèêíîâåíèÿ èñïîëüçîâàëà ïî-

íÿòèÿ ãðàíèö Ôðåøå äëÿ âåðîÿòíîñòåé ðàçëè÷íûõ

òåîðåòèêî-ìíîæåñòâåííûõ îïåðàöèé íàä ìíîæåñòâà-

ìè ñîáûòèé [2, 2007℄, êîòîðûå ïîëó÷èëè ðàçâèòèå â

ðàáîòàõ [3, 2010℄, [4, 2013℄, [8, 2014℄. Â ðàáîòå Íîâî-

ñåëîâà [5, 2014℄ ïðåäëîæåí �óíêöèîíàëüíûé ïîäõîä

ê îïðåäåëåíèþ ãðàíèö Ôðåøå äëÿ âåðîÿòíîñòè ïðî-

èçâîëüíîé òåîðåòèêî-ìíîæåñòâåííîé îïåðàöèè

2

íàä

ìíîæåñòâîì ñîáûòèé.

Â ýòîé ðàáîòå ïðåäñòàâëåí ýâåíòîëîãè÷åñêèé âçãëÿä

íà îáîáùåíèå ïîíÿòèÿ ãðàíèö Ôðåøå äëÿ âåðîÿòíî-

ñòè ïðîèçâîëüíîé òåîðåòèêî-ìíîæåñòâåííîé îïåðà-

öèè íàä êîíå÷íûì ìíîæåñòâîì ñ�î-áûòèé, îñíîâàí-

íûé íà ïîñëåäíèõ ïðîäâèæåíèÿõ â îáîñíîâàíèè ýâåí-

òîëîãè÷åñêîãî ìåòîäà [6, 2014℄.
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1

Ñì. â äîïîëíåíèå äð. ðàáîòû Ôðåøå ïî ýòîé òåìå: [12,

13, 15, 16, 17℄; à òàêæå ðàáîòû �óøåíäîð�à [24℄, Õåéëüïåðèíà

[18, 19, 20℄, Âåíåöèàíè [25℄ è Ïðåêîïû [23℄, â êîòîðûõ íå ñîâñåì

óñïåøíî, íà ìîé âçãëÿä, ñäåëàíû ïîïûòêè îïðåäåëèòü ãðàíè-

öû âåðîÿòíîñòåé íåêîòîðûõ ëîãè÷åñêèõ �óíêöèé îò ñîáûòèé,

èñïîëüçóÿ äëÿ ýòîé öåëè ìåòîäû ëèíåéíîãî ïðîãðàììèðîâà-

íèÿ.

2

Òåððàñíîå îïðåäåëåíèå ïðîèçâîëüíîé òåîðåòèêî-

ìíîæåñòâåííîé îïåðàöèè íàä êîíå÷íûì ìíîæåñòâîì ñì.

â [1, 1993; ñòð. 8�14, 102℄.

1 Ôðåøå-ìíîãîãðàííèê ìíîæåñòâà

ñ�î-áûòèé

Îáîçíà÷èì

p
[1] = p

[1](X) = {p(X//X) : X ⊆ X} (1.1)

� ïðîèçâîëüíîå ÷àñòè÷íî óïîðÿäî÷åííîå ìíîæå-

ñòâî

3

èç 2N íåîòðèöàòåëüíûõ ÷èñåë p(X//X) > 0,
êîòîðûå �çàíóìåðîâàíû� ïîäìíîæåñòâàìè íåóïîðÿ-

äî÷åííîãî N -ìíîæåñòâà X = {x1, ..., xN} è ñóììà êî-

òîðûõ ðàâíà åäèíèöå:

∑

X⊆X
p(X//X) = 1. Ñîâîêóï-

íîñòü âñåõ òàêèõ ÷ó-ìíîæåñòâ ÷èñåë îáîçíà÷àåòñÿ

S
(2N)
X

=







p
[1] : p(X//X) > 0,

∑

X⊆X

p(X//X) = 1







(1.2)

è íàçûâàåòñÿ 2N -âåðøèííûì ñåò-ñèìïëåêñîì [6℄, ïî-

ðîæäåííûì (íåóïîðÿäî÷åííûì) N -ìíîæåñòâîì X.

N -ìíîæåñòâî

p̆ = p̆X = {px = P(x), x ∈ X} ∈ [0, 1]⊗X,

êîòîðîå ñëóæèò ýëåìåíòîì X-ñòåïåíè (ñåò-

ñòåïåíè)

4

åäèíè÷íîãî îòðåçêà, íàçûâàåòñÿ X-

âåêòîðîì (ñåò-âåêòîðîì) ÷èñåë èç [0, 1].

Îïðåäåëåíèå 1 (Ôðåøå-ìíîãîãðàííèê êîíå÷íîãî ìíî-

æåñòâà). Ôðåøå-ìíîãîãðàííèêîì N -ìíîæåñòâà X

íàçûâàåòñÿ ïîäìíîæåñòâî SX(p̆) ñåò-ñèìïëåêñà S
(2N)
X

,

îïðåäåëÿåìîå X-âåêòîðîì p̆ ïî �îðìóëå:

SX(p̆) =

{

p
[1] ∈ S

(2N)
X

:
∑

x∈X

p(X) = px, x ∈ X

}

. (1.3)

Ïóñòü òåïåðü (Ω,A℧,P) � âñåîáùåå âåðîÿòíîñòíîå

ïðîñòðàíñòâî, (Ω,A,P) � íåêîòîðîå ÷àñòíîå âåðî-

ÿòíîñòíîå ïðîñòðàíñòâî, à X ⊆ A � (íåóïîðÿäî-

÷åííîå) N -ìíîæåñòâî ñ�î-áûòèé

5

.

3

Äëÿ òåðìèíà ÷àñòè÷íî óïîðÿäî÷åííîå ìíîæåñòâî ìîæíî

èñïîëüçîâàòü ñîêðàùåíèå ÷ó-ìíîæåñòâî, èëè ïî-ìíîæåñòâî

ïî àíàëîãèè ñ àíãëèéñêèì ñîêðàùåíèåì poset äëÿ partially

ordered set.

4

Îïðåäåëåíèå ñåò-ñòåïåíè è ñåò-ïðîèçâåäåíèÿ ìíîæåñòâ

ñì. â [6℄.

5

Îïðåäåëåíèÿ âñåîáùåãî è ÷àñòíîãî âåðîÿòíîñòíîãî ïðî-

ñòðàíñòâà, à òàêæå ïîíÿòèÿ ñ�î-áûòèÿ ñì. â [6℄.
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Îïðåäåëåíèå 2 (Ôðåøå-ãðàíè÷íûå ðàñïðåäåëåíèÿ ìíî-

æåñòâà ñ�î-áûòèé) [3℄. Âåðîÿòíîñòíûå ðàñïðåäåëåíèÿ

1-ãî ðîäà

˙̄p[1](p̆) = ˙̄p[1](p̆;X) ∈ S
(2N)
X

(1.4)

òåððàñíîé ðàçìåðíîñòè (òåððàñíîé ìîùíîñòè)

6

îò

0 äî N ìíîæåñòâà ñ�î-áûòèé X ñ �èêñèðîâàííûì X-

âåêòîðîì âåðîÿòíîñòåé ñ�î-áûòèé

p̆ = {px, x ∈ X} ∈ [0, 1]⊗X,

êîòîðûå ÿâëÿþòñÿ ðåøåíèÿìè ñëåäóþùåé ñèñòåìû

èç (N + 1)-ãî ëèíåéíîãî óðàâíåíèÿ:



















∑

X⊆X

p(X) = 1,

∑

x∈X

p(X) = px, x ∈ X,
(1.5)

íàçûâàþòñÿ êðàéíèìè Ôðåøå-ãðàíè÷íûìè ðàñïðå-

äåëåíèÿìè äàííîãî ìíîæåñòâà ñ�î-áûòèé X. Âñå

ïðî÷èå ðåøåíèÿ èç S
(2N)
X

ñèñòåìû (1.5), êîòîðûå

èìåþò òåððàñíûå ðàçìåðíîñòè îò N + 1 äî 2N − 2
íàçûâàþòñÿ ïðîñòî Ôðåøå-ãðàíè÷íûìè ðàñïðåäå-

ëåíèÿìè ìíîæåñòâà ñ�î-áûòèé X è îáîçíà÷àþòñÿ

p̄
[1](p̆) = p̄

[1](p̆;X) ∈ S
(2N)
X

. Îáîçíà÷èì

˙̄
L

[1](p̆;X) =







∑

X⊆X

˙̄p(p̆;X) = 1, 0 6 ˙̄p(p̆;X) 6 1, X ⊆ X







îãðàíè÷åíèÿ íà X-âåêòîð p̆, êîòîðûå îáåñïå÷èâàþò

ëåãèòèìíîñòü (ñóùåñòâîâàíèå)

7

êðàéíåìó Ôðåøå-

ãðàíè÷íîìó ðàñïðåäåëåíèþ (1.4)

˙̄p[1](p̆) = { ˙̄p(p̆;X), X ⊆ X} ,

à òàêæå

˙̄p
[1]
1 (p̆;X), . . . , ˙̄p

[1]
M (p̆;X), (1.6)

˙̄
L

[1]
1 (p̆;X), . . . , ˙̄

L

[1]
M (p̆;X) (1.7)

� âñå M = M(p̆) êðàéíèõ Ôðåøå-ãðàíè÷íûõ ðàñïðå-

äåëåíèé ì.ñ. X ñ X-âåêòîðîì p̆ = p̆X è ñîîòâåòñòâó-

þùèõ M îãðàíè÷åíèé íà p̆, îáåñïå÷èâàþùèõ ëåãè-

òèìíîñòü (ñóùåñòâîâàíèå) ýòèì ðàñïðåäåëåíèÿì, ò.å.

ïðèíàäëåæíîñòü ñåò-ñèìïëåêñó S
(2N)
X

.

Îïðåäåëåíèå 3 (ìíîæåñòâî êðàéíèõ Ôðåøå-

ãðàíè÷íûõ ðàñïðåäåëåíèé ìíîæåñòâà ñ�î-áûòèé). Ìíî-

æåñòâî êðàéíèõ Ôðåøå-ãðàíè÷íûõ ðàñïðåäåëåíèé

6

Òåððàñíîé ðàçìåðíîñòüþ (òåððàñíîé ìîùíîñòüþ) ðàñ-

ïðåäåëåíèÿ 1-ãî ðîäà ìíîæåñòâà ñ�î-áûòèé X íàçûâàåòñÿ êîëè-

÷åñòâî áåç åäèíèöû íåíóëåâûõ âåðîÿòíîñòåé â ÷ó-ìíîæåñòâå

âåðîÿòíîñòåé 1-ãî ðîäà p
[1](X) = {p(X//X) : X ⊆ X}.

7

Âåðîÿòíîñòíîå ðàñïðåäåëåíèå ì.ñ. íàçûâàåòñÿ ëåãèòèì-

íûì, åñëè îíî ñóùåñòâóåò, ò.å. âñå åãî âåðîÿòíîñòè èç [0, 1],
à èõ ñóììà ðàâíà 1.

ìíîæåñòâà ñ�î-áûòèé X îïðåäåëÿåòñÿ òðåìÿ ýêâè-

âàëåíòíûìè ñïîñîáàìè:

˙̄
SX(p̆) =

{

˙̄p[1](p̆) : ˙̄p[1](p̆) ∈ S
(2N)
X

}

=

=
{

˙̄p[1](p̆) : ˙̄
L

[1](p̆;X)
}

=

=
{

˙̄p
[1]
1 (p̆), . . . , ˙̄p

[1]
M (p̆)

}

, (1.9)

ãäåM = M(p̆) � ìîùíîñòü ýòîãî ìíîæåñòâà, êîòîðàÿ

çàâèñèò îò X-âåêòîðà p̆ = p̆X.

Òåîðåìà 1 (î Ôðåøå-ìíîãîãðàííèêå ðàñïðåäåëåíèé ìíî-

æåñòâà ñ�î-áûòèé) [3℄. Ôðåøå-ìíîãîãðàííèê SX(p̆) ðàñ-
ïðåäåëåíèé N -ìíîæåñòâà ñ�î-áûòèé X ñ �èêñèðî-

âàííûì X-âåêòîðîì p̆X âåðîÿòíîñòåé ñ�î-áûòèé ñîâ-

ïàäàåò ñ âûïóêëîé îáîëî÷êîé âñåõ êðàéíèõ Ôðåøå-

ãðàíè÷íûõ ðàñïðåäåëåíèé X:

SX(p̆) = Conv

(

˙̄
SX(p̆)

)

. (1.8)

Äîêàçàòåëüñòâî (ñì. â [3℄) îñíîâàíî íà ïðîöåäóðå �çà-

íóëåíèÿ� âñåõ èçáûòî÷íûõ

8

âåðîÿòíîñòåé, ïåðåáèðà-

þùåé íå âñå, à ëèøü òàêèå ïîäîçðèòåëüíûå ãðàíè÷-

íûå òî÷êè ñåò-ñèìïëåêñà, ñðåäè êîìïîíåíò êîòîðûõ

íå áîëåå, ÷åì N + 1 êîìïîíåíòà

9

îòëè÷íà îò íóëÿ.

Òàêèå ãðàíè÷íûå òî÷êè ñåò-ñèìïëåêñà S
(2N)
X

ïðèíàä-

ëåæàò åãî ãðàíèöàì ðàçìåðíîñòè îò íóëÿ äî N . Îä-

íàêî äàííûé ñåò-ñèìïëåêñ, ðàçóìååòñÿ, èìååò ãðàíè-

öû è á�îëüøåé ðàçìåðíîñòè � âïëîòü äî ðàçìåðíîñòè

2N − 2, íà åäèíèöó ìåíüøåé ðàçìåðíîñòè ñàìîãî ñåò-

ñèìïëåêñà: 2N − 1.

Òåîðåìà óòâåðæäàåò, ÷òî â ñåò-ñèìïëåêñå S
(2N)
X

ãðà-

íè÷íûå òî÷êè ðàçìåðíîñòè á�îëüøåé N , êîòîðûå

óäîâëåòâîðÿþò óêàçàííûì ëèíåéíûì îãðàíè÷åíèÿì,

ïðèíàäëåæàò âûïóêëîé îáîëî÷êå êðàéíèõ ãðàíè÷íûõ

òî÷åê ðàçìåðíîñòè îò 0 äî N , êîòîðûå óäîâëåòâîðÿ-

þò òåì æå îãðàíè÷åíèÿì. Êðàéíèå Ôðåøå-ãðàíè÷íûå

ðàñïðåäåëåíèÿ óæå ïîñòðîåíû èçëîæåííûì ñïîñîáîì

äëÿ äóïëåòà è òðèïëåòà ñ�î-áûòèé è ïåðå÷èñëåíû â [3,

ñòð. 59, 61℄: 4 êðàéíèõ Ôðåøå-ãðàíè÷íûõ ðàñïðåäå-

ëåíèÿ � äëÿ äóïëåòà è 70 � äëÿ òðèïëåòà.

1.1 Ïðèìåð êðàéíèõ Ôðåøå-ãðàíè÷íûõ

ðàñïðåäåëåíèé äëÿ äóïëåòà ñ�î-áûòèé

�àññìîòðèì íà ïðèìåðå

10

äóïëåòà ñ�î-áûòèé X =
{x1, x2} ñïîñîá ïîñòðîåíèÿ Ôðåøå-ãðàíè÷íûõ ðàñ-

ïðåäåëåíèé � êðàéíèõ òî÷åê Ôðåøå-ìíîãîãðàííèêà

SX(p̆), îïðåäåëÿåìîãî ëèíåéíûìè îãðàíè÷åíèÿìè

(1.5) íà âåðîÿòíîñòè px ñ�î-áûòèé x ∈ X, ò.å. íåêîòîðî-

ãî ìíîãîãðàííîãî ïîäìíîæåñòâà ñåò-ñèìïëåêñà S
(2N)
X

ïðè N = 2.

8

Â ðàññìàòðèâàåìûõ ñèñòåìàõ ëèíåéíûõ óðàâíåíèé ÷èñëî

óðàâíåíèé èçáûòî÷íî â ñðàâíåíèè ñ ÷èñëîì íåèçâåñòíûõ.

9N = |X|.
10

Âçÿò èç [3℄.
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Îáîçíà÷èì äëÿ êðàòêîñòè

p(1) = p({x1}), p(2) = p({x2}),

p(12) = p({x1, x2})

� âåðîÿòíîñòè I-ãî ðîäà äóïëåòà ñ�î-áûòèé X =
{x1, x2}. Òîãäà ëèíåéíûå îãðàíè÷åíèÿ ãëîáàëüíîé

íîðìèðîâêè è âåðîÿòíîñòåé ñ�î-áûòèé (1.4) çàïèøóò-

ñÿ â âèäå ñèñòåìû 3-õ ëèíåéíûõ óðàâíåíèé ñ 4-ìÿ

íåèçâåñòíûìè:

p(∅) + p(12) + p(2) + p(1) = 1,

p(12) + p(2) = p2,

p(12) + p(1) = p1.

X ˙̄p1(X) ˙̄p2(X) ˙̄p3(X) ˙̄p4(X)

∅ 1− S 1− p1 1− p2 0

{x1} p1 p1 − p2 0 1− p2
{x2} p2 0 p2 − p1 1− p1

{x1, x2} 0 p2 p1 S − 1
˙̄
L(p̆) ˙̄

L1(p̆) :
˙̄
L2(p̆) :

˙̄
L3(p̆) :

˙̄
L4(p̆) :

{S 6 1} {p2 6 p1} {p1 6 p2} {1 6 S}

Òàáëèöà 1: ×åòûðå êðàéíèå Ôðåøå-ãðàíè÷íûå ðàñïðåäåëåíèÿ äóï-

ëåòà ñ�î-áûòèé X = {x1, x2} ïðè �èêñèðîâàííûõ âåðîÿòíîñòÿõ ñ�î-

áûòèé, îáðàçóþùèõ X-âåêòîð p̆ = {p1, p2}; à òàêæå ñîîòâåòñòâóþ-

ùèå óñëîâèÿ èõ ëåãèòèìíîñòè (ñóùåñòâîâàíèÿ)

˙̄
Lm(p̆),m = 1, ..., 4,

ãäå S = p1 + p2.

Ñïîñîá ïîñòðîåíèÿ êðàéíèõ Ôðåøå-ãðàíè÷íûõ ðàñ-

ïðåäåëåíèé, ïðåäëîæåííûé â [3℄, çàêëþ÷àåòñÿ â ïå-

ðåáîðå âñåõ C1
4 = 4 âàðèàíòîâ �çàíóëåíèÿ� îäíîãî èç

÷åòûðåõ íåèçâåñòíûõ è ðåøåíèÿ ïîëó÷àþùåéñÿ ñè-

ñòåìû 3-õ óðàâíåíèé ñ 3-ìÿ îñòàâøèìèñÿ íåèçâåñò-

íûìè. Íàïðèìåð, åñëè ïîëîæèòü ðàâíûìè íóëþ ñëå-

äóþùåå íåèçâåñòíîå:

˙̄p(12) = 0,

òî ðåøåíèåì ïîëó÷èâøåéñÿ ñèñòåìû áóäåò êðàéíåå

Ôðåøå-ãðàíè÷íîå ðàñïðåäåëåíèå

˙̄p(∅) = 1− p1 − p2, ˙̄p(1) = p1, ˙̄p(2) = p2,

ðàñïîëîæåííîå â òàáë. 1 ïîä íîìåðîì 1:

˙̄p
[1]
1 = ˙̄p

[1]
1 (p̆) = {1− p1 − p2, p1, p2, 0}

ñ îãðàíè÷åíèÿìè

˙̄
L1(p̆) = {p1 + p2 6 1}.

Â òàáë. 1 óêàçàíû âñå 4 êðàéíèå Ôðåøå-ãðàíè÷íûå

ðàñïðåäåëåíèÿ äóïëåòà ñ�î-áûòèé è ñîîòâåòñòâóþùèå

îãðàíè÷åíèÿ íà âåðîÿòíîñòè, ïðè êîòîðûõ ýòè ðàñ-

ïðåäåëåíèÿ ëåãèòèìíû (ñóùåñòâóþò).

Èç 4-õ êðàéíèõ Ôðåøå-ãðàíè÷íûõ ðàñïðåäåëåíèé

˙̄p
[1]
1 , ˙̄p

[1]
2 , ˙̄p

[1]
3 , ˙̄p

[1]
4 äóïëåòà ñ�î-áûòèé X = {x1, x2}, ïðè-

âåäåííûõ â òàáë. 1, â çàâèñèìîñòè îò êîìáèíàöèè âû-

ïîëíåíèÿ îãðàíè÷åíèé (ñì. ðèñ. 1) îáðàçóþòñÿ ñëå-

äóþùèå 4 ïàðû ðàñïðåäåëåíèé, êàæäàÿ èç êîòîðûõ

{x2} {x1, x2}

[

˙̄p
[1]
3 , ˙̄p

[1]
4

]

[

˙̄p
[1]
1 , ˙̄p

[1]
3

] [

˙̄p
[1]
2 , ˙̄p

[1]
4

]

[

˙̄p
[1]
1 , ˙̄p

[1]
2

]

∅ {x1}

�èñóíîê 1: Ïðîåêöèÿ ñåò-ñèìïëåêñà äóïëåòà ñ�î-áûòèé S
(22)

{x1,x2}
íà

åäèíè÷íûé êâàäðàò [0, 1]2, ðàçäåëåííûé îãðàíè÷åíèÿìè íà 4 ñåê-

òîðà, â òî÷êó p̆ = {p1, p2} êàæäîãî èç êîòîðûõ ïðîåêòèðóåòñÿ óêà-

çàííûå íà ðèñóíêå Ôðåøå-îòðåçêè ðàñïðåäåëåíèé.

îïðåäåëÿåò ñîîòâåòñòâóþùèé Ôðåøå-ìíîãîãðàííèê

SX(p̆), êîòîðûé â ñëó÷àå äóïëåòà X ïðåäñòàâëÿåò

ñîáîé Ôðåøå-îòðåçîê ðàñïðåäåëåíèé ñ �èêñèðîâàí-

íûìè âåðîÿòíîñòÿìè ñ�î-áûòèé, ñîñòàâëÿþùèìè X-

âåêòîð p̆ = {p1, p2}:

SX(p̆) = Conv

{

˙̄p[1], ˙̄q[1]
}

=

=







































[

˙̄p
[1]
1 , ˙̄p

[1]
2

]

, ïðè

˙̄
L1(p̆) ∧

˙̄
L2(p̆) = {S 6 1, p2 6 p1},

[

˙̄p
[1]
1 , ˙̄p

[1]
3

]

, ïðè

˙̄
L1(p̆) ∧

˙̄
L3(p̆) = {S 6 1, p1 6 p2},

[

˙̄p
[1]
2 , ˙̄p

[1]
4

]

, ïðè

˙̄
L2(p̆) ∧

˙̄
L4(p̆) = {1 6 S, p2 6 p1},

[

˙̄p
[1]
3 , ˙̄p

[1]
4

]

, ïðè

˙̄
L3(p̆) ∧

˙̄
L4(p̆) = {1 6 S, p1 6 p2}.

2 Ôðåøå-ãðàíèöû äëÿ ïðîèçâîëüíîé

îïåðàöèè íàä ìíîæåñòâîì ñ�î-áûòèé

Èòàê, ïóñòü (Ω,A℧,P) � âñåîáùåå âåðîÿòíîñòíîå

ïðîñòðàíñòâî, (Ω,A,P) � íåêîòîðîå ÷àñòíîå âåðîÿò-

íîñòíîå ïðîñòðàíñòâî, à A ⊂ A � ïðîèçâîëüíîå N -

ìíîæåñòâî ñ�î-áûòèé (ì.ñ.) a ∈ A, ïðîèñõîäÿùèõ ñ

âåðîÿòíîñòÿìè

pa = P(a),

êîòîðûå îáðàçóþò X-âåêòîð

p̆A = {pa, a ∈ A} ∈ [0, 1]⊗A.

Òîãäà äëÿ ëþáîãî ñ�î-áûòèÿ a ∈ A îïðåäåëåíî ì.ñ.

Xa(p̆A) ⊂ A, òàêîå, ÷òî êàæäîå ñ�î-áûòèå xa ∈ Xa(p̆A)
ïðîèñõîäèò ñ òîé æå âåðîÿòíîñòüþ, ÷òî è ñîîòâåò-

ñòâóþùåå åìó ñ�î-áûòèå a ∈ A, ò.å.

P(xa) = pa.

Äëÿ N -ì.ñ. A ⊂ A îïðåäåëåíî ñåò-ïðîèçâåäåíèå [6℄

ìíîæåñòâ ñ�î-áûòèé

X
×(p̆A) =

⊗

a∈A

Xa(p̆A) ⊂ 2A, (2.1)
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ýëåìåíòàìè êîòîðîãî ñëóæàò N -ìíîæåñòâà ñ�î-áûòèé

X = {xa, a ∈ A} ∈ X
×(p̆A),

ñîñòàâëåííûå èç ñ�î-áûòèé, êîòîðûå ïðîèñõîäÿò ñ òå-

ìè æå âåðîÿòíîñòÿìè, ÷òî è ñîîòâåòñòâóþùèå èì ñ�î-

áûòèÿ a ∈ A. �àçóìååòñÿ,

A ∈ X
×(p̆A)

ïî îïðåäåëåíèþ.

Òåîðåìà 2 (Ôðåøå-ìíîãîãðàííèê êàê îáðàç ñåò-

ïðîèçâåäåíèÿ ìíîæåñòâ ñ�î-áûòèé). Ïóñòü äëÿ êàæäîãî

N -ìíîæåñòâà ñ�î-áûòèé X ∈ X
×(p̆)

p
[1](X) = {p(X//X), X ⊆ X}

� åãî âåðîÿòíîñòíîå ðàñïðåäåëåíèå 1-ãî ðîäà, à

p
[1]
(

X
×(p̆)

)

= {p[1](X),X ∈ X
×(p̆)}

� îáðàç ñåò-ïðîèçâåäåíèÿ ïðè îòîáðàæåíèè

p
[1] : X×(p̆) → S

(2N)
X

Òîãäà

p
[1]
(

X
×(p̆)

)

= SX(p̆) (2.2)

� îáðàç ñåò-ïðîèçâåäåíèÿ X
×(p̆) ïðè îòîáðàæåíèè

p
[1]

ñîâïàäàåò ñ Ôðåøå-ìíîãîãðàííèêîì SX(p̆) ìíî-
æåñòâà ñ�î-áûòèé X ïðè ëþáîì X ∈ X

×(p̆).

Äîêàçàòåëüñòâî ñëåäóåò èç àêñèîìû ìíîæåñòâà ñ�î-

áûòèé (ñì. [6℄).

Îïðåäåëåíèå 4 (òåîðåòèêî-ìíîæåñòâåííàÿ O-

îïåðàöèÿ íàä N-ìíîæåñòâîì ñ�î-áûòèé) [1℄. Äëÿ

êàæäîãî ïîäìíîæåñòâà O ⊆ 2X N -àðíàÿ (N -

âàëåíòíàÿ) òåîðåòèêî-ìíîæåñòâåííàÿ îïåðàöèÿ

íàä N -ìíîæåñòâîì ñ�î-áûòèé X (O-îïåðàöèÿ)
îïðåäåëÿåòñÿ êàê

O
x∈X

x =
∑

X∈O

ter(X//X) (2.3)

� ñóììà òåððàñíûõ ñ�î-áûòèé 1-ãî ðîäà

ter(X//X) =
⋂

x∈X

x
⋂

x∈X−X

xc,

�çàíóìåðîâàííûõ� ïîäìíîæåñòâàìè X ∈ O. Ïîäìíî-

æåñòâî O ⊆ 2X íàçûâàåòñÿ (òåððàñíûì) ãåíåðàòî-

ðîì

11 O-îïåðàöèè, à ìîùíîñòü ýòîãî ïîäìíîæåñòâà

0 6 |O| 6 2N � òåððàñíîé ðàçìåðíîñòüþ (òåð-

ðàñíîé ìîùíîñòüþ) O-îïåðàöèè.

Òåîðåìà 3 (âåðîÿòíîñòü O-îïåðàöèè íàä N-

ìíîæåñòâîì ñ�î-áûòèé)

P

(

O
x∈X

x

)

=
∑

X∈O

p[1](X//X). (2.4)

11

Òåðìèí ãåíåðàòîð äëÿ ïîäìíîæåñòâ O ⊆ 2X, ïîðîæäàþ-

ùèõ ïðîèçâîëüíóþ òåîðåòèêî-ìíîæåñòâåííóþ îïåðàöèþ íàä

X, ïðåäëîæåí â [5℄.

Äîêàçàòåëüñòâî î÷åâèäíî.

Òåîðåìà 4 (ïðîèçâîëüíàÿ òåîðåòèêî-ìíîæåñòâåííàÿ

îïåðàöèÿ íàä N-ìíîæåñòâîì ñ�î-áûòèé) [1℄. Äëÿ ëþáîé

N -àðíîé òåîðåòèêî-ìíîæåñòâåííîé îïåðàöèè A(X) ∈
A íàä N -ìíîæåñòâîì ñ�î-áûòèé X íàéäåòñÿ òàêîé òåð-

ðàñíûé ãåíåðàòîð O ⊆ 2X, ÷òî

A(X) = O
x∈X

x.

Äîêàçàòåëüñòâî ñì. â [1℄.

Îïðåäåëåíèå 5 (Ôðåøå-ãðàíèöû âåðîÿòíîñòè O-

îïåðàöèè íàä N-ìíîæåñòâîì ñ�î-áûòèé). Íèæíåé è

âåðõíåé Ôðåøå-ãðàíèöåé âåðîÿòíîñòåé

POX
(p̆) = P

(

O
x∈X

x

)

òåîðåòèêî-ìíîæåñòâåííîé O-îïåðàöèè íàä N -

ìíîæåñòâàìè ñ�î-áûòèé X = {xa, a ∈ A} ∈ X
×(p̆)

íàçûâàþòñÿ ñîîòâåòñòâåííî òàêèå äâå �óíêöèè

F−
OX

: [0, 1]×X → [0, 1],

F+
OX

: [0, 1]×X → [0, 1],

÷òî

F−
OX

(p̆) 6 POX
(p̆) 6 F+

OX
(p̆) (2.5)

äëÿ ëþáîãî N -ì.ñ. X ∈ X
×(p̆). Èíà÷å ãîâîðÿ,

F−
OX

(p̆) = min
X∈X×(p̆)

POX
(p̆), (2.6)

F+
OX

(p̆) = max
X∈X×(p̆)

POX
(p̆), (2.7)

ãäå p̆ = p̆A.

3 Çíà÷åíèÿ Ôðåøå-ãðàíèö äëÿ

âåðîÿòíîñòåé O-îïåðàöèè êàê

ðåøåíèÿ çàäà÷ ëèíåéíîãî

ïðîãðàììèðîâàíèÿ

Èç (2.4) ïîëó÷àåì

POX
(p̆) =

∑

X⊆X

1O(X)p[1](X),

ãäå

1O(X) =

{

1, X ∈ O,

0, èíà÷å,

� èíäèêàòîð òåððàñíîãî ãåíåðàòîðà O ⊆ 2X.

Èç òåîðåìû 2 ñëåäóåò, ÷òî

min
X∈X×(p̆)

(

max
X∈X×(p̆)

)

POX
(p̆) =

min
p[1]∈SX(p̆)

(

max
p[1]∈SX(p̆)

)

∑

X⊆X

1O(X)p[1](X). (3.1)
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Òàê ÷òî, íèæíÿÿ è âåðõíÿÿ ãðàíèöû Ôðåøå

F−
O (p̆), F+

O (p̆) äëÿ âåðîÿòíîñòè ïðîèçâîëüíîé

òåîðåòèêî-ìíîæåñòâåííîé îïåðàöèè íàä ìíîæåñòâîì

ñ�î-áûòèé X, ïîðîæäåííîé òåððàñíûì ãåíåðàòîðîì

O ⊆ 2X, ÿâëÿþòñÿ ðåøåíèÿìè äâóõ ñëåäóþùèõ çàäà÷
ëèíåéíîãî ïðîãðàììèðîâàíèÿ

min
p[1]∈SX(p̆)

(

max
p[1]∈SX(p̆)

)

∑

X⊆X

1O(X)p[1](X), (3.2)

ãäå ýêñòðåìóì âåðîÿòíîñòè èùåòñÿ ñðåäè âåðî-

ÿòíîñòíûõ ðàñïðåäåëåíèé 1-ãî ðîäà èç Ôðåøå-

ìíîãîãðàííèêà SX(p̆).

Îáå ýòè çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ (3.2)

ýêâèâàëåíòíûì îáðàçîì çàïèñûâàþòñÿ â ïðèâû÷íîì

âèäå:



























































min
p[1]

(

max
p[1]

)

∑

X⊆X

1O(X)p[1](X),

ïðè óñëîâèè

∑

X⊆X

p[1](X) = 1,

∑

x∈X

p[1](X) = px, x ∈ X,

0 ≤ p[1](X) ≤ 1, X ⊆ X.

(3.3)

Íåò íóæäû ñîìíåâàòüñÿ â òîì, ÷òî îáå ýòè çàäà-

÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ îòíîñÿòñÿ ê êëàñ-

ñó NP -òðóäíûõ, òàê êàê èùóò ýêñòðåìóì ëèíåéíîãî

�óíêöèîíàëà, âîîáùå ãîâîðÿ, â (2N −N − 1)-ìåðíîì
Ôðåøå-ìíîãîãðàííèêå. Äëÿ íàõîæäåíèÿ ðåøåíèÿ òà-

êèõ çàäà÷, ò.å. äëÿ îòûñêàíèÿ Ôðåøå-ãðàíèö, äî-

ñòàòî÷íî ïåðåáðàòü MN êðàéíèõ Ôðåøå-ãðàíè÷íûõ

ðàñïðåäåëåíèé

˙̄p
[1]
m èç Ôðåøå-ìíîãîãðàííèêà SX(p̆),

÷òîáû âûáðàòü èç íèõ òå, äëÿ êîòîðûõ âûïîëíå-

íû îãðàíè÷åíèÿ

˙̄
Lm(p̆) è íà êîòîðûõ âåðîÿòíîñòü O-

îïåðàöèè äîñòèãàåò ýêñòðåìóìà:

F−
OX

(p̆) = min
m=1,...,MN

˙̄
L(p̆)

∑

X⊆X

1O(X) ˙̄p[1]m (X), (3.4)

F+
OX

(p̆) = max
m=1,...,MN

˙̄
L(p̆)

∑

X⊆X

1O(X) ˙̄p[1]m (X). (3.5)

Â ÷àñòíîñòè, äëÿ äóïëåòà ñ�î-áûòèé X = {x, y} è

ëþáîãî òåððàñíîãî ãåíåðàòîðà O ⊆ 2{x,y} äîñòàòî÷-

íî ïåðåáðàòü M2 = 4 êðàéíèõ Ôðåøå-ãðàíè÷íûõ

ðàñïðåäåëåíèÿ èç òàáë. 2, à äëÿ òðèïëåòà ñ�î-áûòèé

X = {x, y, z} è ëþáîãî òåððàñíîãî ãåíåðàòîðà

O ⊆ 2{x,y,z} äîñòàòî÷íî ïåðåáðàòü M3 = 79 êðàéíèõ

Ôðåøå-ãðàíè÷íûõ ðàñïðåäåëåíèÿ èç òàáë. 3 [3℄.

3.1 Ïðèìåð: Ôðåøå-ãðàíèöû äëÿ

âåðîÿòíîñòè ñèììåòðè÷åñêîé ðàçíîñòè

äóïëåòà ñ�î-áûòèé

Ñèììåòðè÷åñêàÿ ðàçíîñòü äóïëåòà ñ�î-áûòèé

X = {x, y} � ýòî ÷àñòíûé ñëó÷àé O-îïåðàöèè,

êîãäà O = {{x}, {y}} ⊂ 2{x,y}:

x∆y =
∑

X∈O

ter(X//{x, y}) =

= ter({x}//{x, y}) + ter({y}//{x, y}).

X ˙̄p1(X) ˙̄p2(X) ˙̄p3(X) ˙̄p4(X)

∅ 1− S 1− px 1− py 0

{x} px px − py 0 1− py
{y} py 0 py − px 1− px

{x, y} 0 py px S − 1
˙̄
L(p̆) ˙̄

L1(p̆) :
˙̄
L2(p̆) :

˙̄
L3(p̆) :

˙̄
L4(p̆) :

{S 6 1} {py 6 px} {px 6 py} {1 6 S}

Òàáëèöà 2: ×åòûðå êðàéíèå Ôðåøå-ãðàíè÷íûå ðàñïðåäåëåíèÿ äóï-

ëåòà ñ�î-áûòèé X = {x, y} ïðè �èêñèðîâàííûõ âåðîÿòíîñòÿõ ñ�î-

áûòèé, îáðàçóþùèõ X-âåêòîð p̆ = {px, py}; à òàêæå ñîîòâåòñòâóþ-

ùèå óñëîâèÿ èõ ëåãèòèìíîñòè (ñóùåñòâîâàíèÿ)

˙̄
Lm(p̆),m = 1, ..., 4,

ãäå S = px + py .

Ïåðåáèðàÿ â òàáë. 2 êðàéíèå Ôðåøå-ãðàíè÷íûå ðàñ-

ïðåäåëåíèÿ è óñëîâèÿ èõ ëåãèòèìíîñòè (ñóùåñòâî-

âàíèÿ) ïðè �èêñèðîâàííîì ñåò-âåêòîðå p̆, ïîëó÷à-
åì Ôðåøå-ãðàíèöû äëÿ âåðîÿòíîñòè ñèììåòðè÷åñêîé

ðàçíîñòè äóïëåòà ñ�î-áûòèé êàê ñëåäóþùèå ðåøåíèÿ

çàäà÷ ëèíåéíîãî ïðîãðàììèðîâàíèÿ:

F−
{{x},{y}}(p̆) =

=























min{px + py, px − py},
˙̄
L1(p̆) ∧

˙̄
L2(p̆),

min{px + py, py − px},
˙̄
L1(p̆) ∧

˙̄
L3(p̆),

min{2− px − py, px − py},
˙̄
L2(p̆) ∧

˙̄
L4(p̆),

min{2− px − py, py − px},
˙̄
L3(p̆) ∧

˙̄
L4(p̆)

=

=

{

min{px + py, |px − py|},
˙̄
L1(p̆),

min{2− px − py, |px − py|},
˙̄
L4(p̆)

=

= |px − py|, (3.6)

F+
{{x},{y}}(p̆) =

=























max{px + py, px − py},
˙̄
L1(p̆) ∧

˙̄
L2(p̆),

max{px + py, py − px},
˙̄
L1(p̆) ∧

˙̄
L3(p̆),

max{2− px − py, px − py},
˙̄
L2(p̆) ∧

˙̄
L4(p̆),

max{2− px − py, py − px},
˙̄
L3(p̆) ∧

˙̄
L4(p̆)

=

=

{

max{px + py, |px − py|},
˙̄
L1(p̆),

max{2− px − py, |px − py|},
˙̄
L4(p̆)

=

=

{

px + py,
˙̄
L1(p̆),

2− px − py,
˙̄
L4(p̆)

=

= min{px + py, 2− px − py} =

= 1− |1− px − py|, (3.7)

òàê êàê

px + py ≥ |px − py|, 2− px − py ≥ |px − py|.
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Òàáëèöà 3: 79 êðàéíèõ Ôðåøå-ãðàíè÷íûõ ðàñïðåäåëåíèé òðèïëåòà ñîáûòèé X = {x1, x2, x3} [3℄.

ï/ï 1 2

2
71

2
3 4 5 6

2
72

2
7

∅ 1 − S 1 − S23, 0 1 − S13 1 − S12 1 − S23 1 − S13, 0 1 − S12
3 p3 p3, 1 − p2 p3 − p2 0 p3 − p1 p3, 1 − p1 0

2 p2 p2, 1 − p3 0 p2 − p3 p2 0, 0 p2
1 p1 0, 0 p1 p1 0 p1, 1 − p3 p1 − p3
23 0 0, S23 − 1 p2 p3 0 0, 0 0

13 0 0, 0 0 0 p1 0, S13 − 1 p3
12 0 0, 0 0 0 0 0, 0 0

123 0 0, 0 0 0 0 0, 0 0

S61 p1 = 0, p1 = 0 p2 6p3 p36p2 p1 6p3 p2 = 0, p2 = 0 p36p1
˙̄
L(p̆) S23 61, 16S23 S13 61 S12 61 S23 61 S13 61, 16S13 S12 61

ï/ï 8 9 10 11 12 13

2
73

2
14

∅ 1 − p3 1 − S12 1 − S12 1 − S23 1 − S13 1 − S12, 0 1 − S13
3 p3 − S12 0 0 p3 p3 0, 0 S13 − p2
2 0 S12 − p3 0 p2 − p1 0 p2, 1 − p1 0

1 0 0 S12 − p3 0 p1 − p2 p1, 1 − p2 0

23 p2 p3 − p1 p2 0 0 0, 0 p2 − p1
13 p1 p1 p3 − p2 0 0 0, 0 0

12 0 0 0 p1 p2 0, S12 − 1 p1
123 0 0 0 0 0 0, 0 0

S12 6p3 p1 6p36S12 61 p2 6p3 6S12 61 S23 61 S13 61 p3 = 0, p3 = 0 p1 6p26S13 61

˙̄
L(p̆) p16p2 p2 6p1 S12 61, 16S12
ï/ï 15 16 17 18 19 20 21

∅ 1 − p2 1 − S13 1 − S23 1 − S23 1 − p1 S/2 1 + p1 − S23
3 0 0 S23 − p1 0 0 0 p3 − p1
2 p2 − S13 0 0 S23 − p1 0 0 p2 − p1
1 0 S13 − p2 0 0 p1 − S23 0 0

23 p3 p3 0 0 0 (S23 − p1)/2 0

13 0 0 p1 − p2 p3 p3 (S13 − p2)/2 0

12 p1 p2 − p3 p2 p1 − p3 p2 (S12 − p3)/2 0

123 0 0 0 0 0 0 p1
S13 6p2 p3 6p26S13 61 p2 6p1 6S23 61 p3 6p16S23 61 S23 6p1 p1 6S23 S23 61 + p1

p2 6S13 p16p3, p16p2
˙̄
L(p̆) p3 6S12

ï/ï 22 23 24 25 26

2
74

2
27 28

2
75

2

∅ 1 + p2 − S13 1 + p3 − S12 1 − p3 1 − p2 1 − S12, 0 1 − p3 0, 1 − S23
3 p3 − p2 0 p3 − p2 0 0, 0 p3 − p1 0, 0

2 0 p2 − p3 0 p2 − p3 0, 0 0 1 − p3, p2
1 p1 − p2 p1 − p3 0 0 p1, 1 − p2 0 0, 0

23 0 0 p2 − p1 p3 − p1 p2, 1 − p1 0 0, 0

13 0 0 0 0 0, 0 p1 − p2 1 − p2, p3
12 0 0 0 0 0, 0 0 0, 0

123 p2 p3 p1 p1 0, S12 − 1 p2 S23 − 1, 0

p2 6p1, p2 6p3 p3 6p1, p3 6p2 p1 6p2 6p3 p1 6p36p2 p2 = p3, p2 = p3 p2 6p1 6p3 p1 = p3, p1 = p3
˙̄
L(p̆) S13 61 + p2 S12 61 + p3 S12 61, 16S12 16S23, 16S23

ï/ï 29 30 31

2
76

2
32 33 34 35

∅ 1 − p1 1 − p3 1 − S23, 0 1 − p2 1 − p1 1 − p2 1 − p1
3 0 0 p3, 1 − p2 0 0 0 0

2 0 0 0, 0 p2 − p1 0 0 0

1 p1 − p3 0 0, 0 0 p1 − p2 0 0

23 0 p3 − p1 0, 0 0 0 p2 − p1 0

13 p3 − p2 p3 − p2 0, 0 0 0 0 p1 − p2
12 0 0 p2, 1 − p3 p1 − p3 p2 − p3 p2 − p3 p1 − p3
123 p2 S12 − p3 0, S23 − 1 p3 p3 S13 − p2 S23 − p1

p2 6p3 6p1 p16p3, p26p3 p1 = p2, p1 = p2 p3 6p16p2 p3 6p2 6p1 p3 6p2, p1 6p2 p26p1, p36p1
˙̄
L(p̆) p3 6S12 S23 61, 16S23 p1 6S23p2 6S13

ï/ï 36 37 38 39 40

2
77

2
41 42

∅ 0 0 0 0 0, 0 0 0

3 1 − S12 1 − S12 1 − S12 1 − S12 0, 0 p3 1 − p2
2 1 − S13 p2 1 − p3 0 0, 1 − p3 1 − S13 1 − S13
1 p1 1 − S23 0 1 − p3 1 − p3, 0 1 − S23 0

23 S − 1 0 S23 − 1 p2 p2, p3 − p1 0 S23 − 1
13 0 S − 1 p1 S13 − 1 p3 − p2, p1 0 0

12 0 0 0 0 0, 0 S − 1 p1
123 0 0 0 0 0, 0 0 0

16S62 16S62 16S23 S12 61, 16S13 p2 6p3, p1 6p3 16S62 S13 61, 16S23
˙̄
L(p̆) S12 61, S13 61 S12 61, S23 61 S12 61 p1 + p2 = 1 S13 61, S23 61

ï/ï 43

2
78

2
44 45

2
79

2
46 47 48 49

∅ 0, 0 0 0, 0 0 0 0 0

3 1 − p2, 0 0 1 − p1, 0 1 − p1 0 2 − S 0

2 0, 0 1 − S13 0, 1 − p1 0 1 − p1 0 2 − S
1 0, 1 − p2 1 − p2 0, 0 1 − S23 1 − S23 0 0

23 p2 − p1, p3 p3 0, 0 0 0 S23 − 1 S23 − 1
13 0, 0 0 p1 − p2, p3 S13 − 1 p3 S13 − 1 1 − p2
12 p1, p2 − p3 S12 − 1 p2, p1 − p3 p2 S12 − 1 1 − p3 S12 − 1

123 0, 0 0 0, 0 0 0 0 0

p1 6p2, p3 6p2 16S12 p2 6p1, p3 6p1 16S13 16S12 16S13 16S12
˙̄
L(p̆) p1 + p3 = 1 S13 61 p2 + p3 = 1 S23 61 S23 61 16S23 16S23

16S62 16S62 16S62 16S62

ï/ï 50 51 52 53 54 55 56

∅ 0 0 0 0 0 0 0

3 0 (p3 − S12)/2 + 1/2 1 − p2 p3 − p2 0 p3 − p1 1 − p1
2 0 (p2 − S13)/2 + 1/2 1 − p3 0 p2 − p3 1 − p3 0

1 2 − S (p1 − S23)/2 + 1/2 0 1 − p3 1 − p2 0 1 − p3
23 1 − p1 0 S23 − p1 − 1 1 + p2 − S13 1 + p3 − S12 0 0

13 S13 − 1 0 0 0 0 1 + p1 − S23 S13 − p2 − 1
12 S12 − 1 0 0 0 0 0 0

123 0 (S − 1)/2 p1 S13 − 1 S12 − 1 S23 − 1 p2
16S13 S12 6p3 1 + p1 6S23 16S1361 + p2 16S12 61 + p3 16S23 61 + p1 1 + p2 6S13

˙̄
L(p̆) 16S12 S13 6p2 p26p3 p3 6p2 p1 6p3

16S62 S23 6p1
16S

ï/ï 57 58

2
59 60 61 62 63

∅ 0 0 0 0 0 0 0

3 0 0 0 0 1 − p2 1 − p1 0

2 1 − p1 0 1 − p3 0 p2 − p1 0 1 − p1
1 p1 − p3 0 0 1 − p3 0 p1 − p2 1 − p2
23 0 1 − p1 p3 − p1 1 − p1 0 0 0

13 1 + p3 − S12 1 − p2 1 − p2 p3 − p2 0 0 0

12 0 0 0 0 1 + p1 − S23 1 + p2 − S13 S12 − p3 − 1

123 S12 − 1 S12 − 1 S12 − 1 S12 − 1 S23 − 1 S13 − 1 p3
16S12 61 + p3 p3 = 1 16S12 16S12 16S23 61 + p1 16S13 61 + p2 1 + p3 6S12

˙̄
L(p̆) p3 6p1 16S12 p1 6p3 p26p3 p1 6p2 p2 6p1

ï/ï 64 65

2
66 67 68 69

2
70

∅ 0 0 0 0 0 0 0

3 1 − p2 0 0 1 − p1 0 0 0

2 0 0 0 0 1 − p1 0 0

1 0 0 1 − p2 0 0 0 0

23 p2 − p1 1 − p1 1 − p1 0 0 0 1 − p1
13 0 0 0 p1 − p2 1 − p2 1 − p2 1 − p2
12 1 − p3 1 − p3 p2 − p3 1 − p3 p1 − p3 1 − p3 1 − p3
123 S13 − 1 S13 − 1 S13 − 1 S23 − 1 S23 − 1 S23 − 1 S − 2

16S13 p2 = 1 p3 6p2 p26p1 p3 6p1 p1 = 1 26S

˙̄
L(p̆) p1 6p2 16S13 16S13 16S23 16S23 16S23
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4 Ôðåøå-ãðàíèöû: íåêîòîðûå

îáîçíà÷åíèÿ è îïðåäåëåíèÿ âïðîê

Ïóñòü px = P(x), x ∈ X � âåðîÿòíîñòè ñ�î-áûòèé èç

N -ì.ñ. X. Äëÿ êàæäîãî n (1 6 n 6 N) îáîçíà÷èì

p(n) = p(n)xn
= P(xn)

âåðîÿòíîñòü, êîòîðàÿ ïðèíèìàåò n-å çíà÷åíèå â óáû-
âàþùåì ðÿäó çíà÷åíèé, ïðèíèìàåìûõ âåðîÿòíîñòÿìè

px = P(x), x ∈ X. Èòàê, íàïðèìåð, ìû èìååì

p(1) > p(2) > . . . > p(N), (4.1)

ò.å.,

p(1) = max
x∈X

px, . . . , p(N) = min
x∈X

px.

Óïîðÿäî÷åííîå ìíîæåñòâî âåðîÿòíîñòåé (4.1) íàçû-

âàåòñÿ (óáûâàþùèì) âàðèàöèîííûì ðÿäîì âåðîÿòíî-

ñòåé ñ�î-áûòèé èç X.

0

N(0)=0

< S 6 1

N(1)=0

2

N(2)=0

3

N(3)=0

4

N(4)=0

0

N(0)=0

1

N(1)=3

< S 6 2

N(2)=0

3

N(3)=0

4

N(4)=0

0

N(0)=0

1

N(1)=2

2

N(2)=3

< S 6 3

N(3)=0

4

N(4)=0

0

N(0)=0

1

N(1)=2

2

N(2)=3

3

N(3)=4

< S 6 4

N(4)=0

0

N(0)=0

1

N(1)=1

2

N(2)=2

3

N(3)=3

S = 4

N(4)=4

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

✛✛
✛✛

p(1) p(2) p(3) p(4) S
1 1 1 1 4

0.92 0.83 0.75 0.70 3.2

0.82 0.65 0.52 0.20 2.2

0.48 0.36 0.33 0.23 1.4

0.30 0.20 0.17 0.13 0.8

�èñóíîê 2: Èëëþñòðàöèÿ îáîçíà÷åíèé è îïðåäåëåíèé, êîòîðûå ìî-

ãóò ïðèãîäèòüñÿ äëÿ âûâîäà Ôðåøå-ãðàíèö âåðîÿòíîñòåé �ìîù-

íîñòíûõ� òåîðåòèêî-ìíîæåñòâåííûõ îïåðàöèé íàä êâàðòåòîì ñî-

áûòèé X = {x1, x2, x3, x4} ñ ðàçëè÷íîé ñóììîé S âåðîÿòíîñòåé

ñîáûòèé; âíèçó òàáëèöà ñîîòâåòñòâóþùèõ âàðèàöèîííûõ ðÿäîâ âå-

ðîÿòíîñòåé ñîáûòèé èç X.

Òåïåðü X ìîæíî çàïèñàòü â âèäå óïîðÿäî÷åííîãî

ìíîæåñòâà ñ�î-áûòèé

X = {x1, ..., xN}.

Äëÿ êàæäîãî n (1 6 n 6 N) îáîçíà÷èì

Xn = {x1, ..., xn} ⊆ X

n-ïîäìíîæåñòâî ïåðâûõ n ñ�î-áûòèé èç X, îáîçíà÷èì

òàêæå

Xc
N−n = {xN−n+1, ..., xN} ⊆ X

n-ïîäìíîæåñòâî ïîñëåäíèõ n ñ�î-áûòèé èç X.

Äàëåå äëÿ êàæäîãî n (1 6 n 6 N) îáîçíà÷èì

S(n) =

n
∑

i=1

p(i) =
∑

x∈Xn

px

ñóììó ïåðâûõ n âåðîÿòíîñòåé èç âàðèàöèîííîãî ðÿäà

(4.1); à

S = S(N) =

N
∑

i=1

p(i) =
∑

x∈X

px

ñóììó âñåõ âåðîÿòíîñòåé ñ�î-áûòèé èç X; äëÿ n = 0
ïîëîæèì S(0) = 0.

Íàêîíåö, ïóñòü N (n)
îïðåäåëÿåòñÿ �îðìóëîé (ñì.

ðèñ. 2)

N (n) =



























0, n = 0,

m, S(m−1) < n 6 S(m),

m = 1, ..., N,

0, S(N) < n 6 N,

è ïóñòü

p∗(N
(n)) = S(N(n)) − n

äëÿ 0 < n 6 S.

4.1 Íåêîòîðûå �ìîùíîñòíûå�

òåîðåòèêî-ìíîæåñòâåííûå îïåðàöèè íàä

ìíîæåñòâîì ñ�î-áûòèé

Òåîðåòèêî-ìíîæåñòâåííàÿ îïåðàöèÿ O
x∈X

x íàä N -

ìíîæåñòâîì ñ�î-áûòèé X íàçûâàåòñÿ �ìîùíîñòíîé�,

åñëè åå ãåíåðàòîð O îïðåäåëÿåòñÿ ðàâåíñòâàìè èëè

íåðàâåíñòâàìè äëÿ ìîùíîñòåé ïîäìíîæåñòâ X. �àñ-

ñìîòðèì îïðåäåëåíèÿ íåêîòîðûõ èç ýòèõ îïåðàöèé.

• n-ñëîé ì.ñ. X � ýòî òåîðåòèêî-ìíîæåñòâåííàÿ îïå-

ðàöèÿ íàä ñ�î-áûòèÿìè èç X, êîòîðàÿ îïðåäåëÿåòñÿ

ãåíåðàòîðîì O = Cn
X
= {X ⊆ X : |X | = n} ⊂ 2X êàê

ñîáûòèå

O
x∈X

x = (C2
X)

x∈X

x =
∑

X∈Cn
X

ter(X//X). (4.2)

Îáîçíà÷èì

πn = πn(X) = P

(

(C2
X)

x∈X

x

)

=
∑

X∈C2
X

p(X//X)

� âåðîÿòíîñòü n-ñëîÿ ì.ñ. X.

• n-÷åðäàê ìíîæåñòâà ñ�î-áûòèé èç X� ýòî òåîðåòèêî-

ìíîæåñòâåííàÿ îïåðàöèÿ íàä X, êîòîðàÿ îïðåäåëÿåò-

ñÿ êàê îáúåäèíåíèå âñåõ n-ïåðåñå÷åíèé ñ�î-áûòèé èç
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X äëÿ n = 0, 1, . . . , N . Â òåððàñíûõ îáîçíà÷åíèÿõ n-
÷åðäàê X îïðåäåëÿåòñÿ �îðìóëîé

n

⊙
x∈X

x =
⋃

|X|=n
X⊆X

terX//X, (4.3)

ãäå äëÿ X ⊆ X

terX//X =
⋂

x∈X

x (4.4)

� X-òåððàñíûå ñ�î-áûòèÿ 2-ãî ðîäà. Âåðîÿòíî-

ñòè n-÷åðäàêîâ, ò.å. âåðîÿòíîñòè îáúåäèíåíèé n-
ïåðåñå÷åíèé ñ�î-áûòèé, èìåþò ñïåöèàëüíûå îáîçíà-

÷åíèÿ:

n
uX= P

(

n

⊙
x∈X

x

)

=
∑

X⊆X

|X|>n

p(X//X). (4.5)

• n-ïîäâàë ìíîæåñòâà ñ�î-áûòèé X � ýòî òåîðåòèêî-

ìíîæåñòâåííàÿ îïåðàöèé íàä X, êîòîðàÿ îïðåäåëÿåò-

ñÿ êàê ïåðåñå÷åíèå âñåõ n-îáúåäèíåíèé ñ�î-áûòèé èç

X äëÿ n = 0, 1, . . . , N . Â òåððàñíûõ îáîçíà÷åíèÿõ n-
ïîäâàë X îïðåäåëÿåòñÿ �îðìóëîé

n

⊡
x∈X

x =
⋂

|X|=n
X⊆X

TerX//X. (4.6)

ãäå äëÿ X ⊆ X

TerX//X =
⋃

x∈X

x (4.7)

� X-òåððàñíîå ñ�î-áûòèå 4-ãî ðîäà. Âåðîÿòíî-

ñòè n-ïîäâàëîâ, ò.å. âåðîÿòíîñòè ïåðåñå÷åíèé n-
îáúåäèíåíèé ñ�î-áûòèé èìåþò ñïåöèàëüíûå îáîçíà÷å-

íèÿ:

n
p
X= P

( n

⊡
x∈X

x

)

=
∑

X⊆X

|X|>N+1−n

p(X//X). (4.8)

Òàêèì îáðàçîì ïðîèçâîëüíàÿ òåîðåòèêî-

ìíîæåñòâåííàÿ O-îïåðàöèÿ ñòàíîâèòñÿ n-ñëîåì,
n-÷åðäàêîì èëè n-ïîäâàëîì, êîãäà [7℄

O = {X ⊆ X : |X | = n}, (4.9)

O = {X ⊆ X : |X | > n}, (4.10)

O = {X ⊆ X : |X | > N + 1− n} (4.11)

ñîîòâåòñòâåííî.

Íàïðèìåð, 2-ñëîé òðèïëåòà ñ�î-áûòèé X = {x, y, z} :

(C2
X)

x∈X

x =
∑

X⊆X

|X|=2

ter(X//X) =

= ter({x, y}//X) + ter({x, z}//X) + ter({y, z}//X),

è 2-÷åðäàê òðèïëåòà ñ�î-áûòèé X = {x, y, z} :

2

⊙
x∈X

x =
∑

X⊆X

|X|>2

ter(X//X) =

= ter({x, y}//X) + ter({x, z}//X) + ter({y, z}//X)+

+ter({x, y, z}//X).

5 Ïðèìåðû: Ôðåøå-ãðàíèöû äëÿ

âåðîÿòíîñòåé ñëîåâ è ÷åðäàêîâ

òðèïëåòà ñ�î-áûòèé

Ïóñòü px = P(x), x ∈ X � âåðîÿòíîñòè ñ�î-áûòèé èç

3-ìíîæåñòâà X, à

p(1) > p(2) > p(3), (5.1)

� (óáûâàþùèé) âàðèàöèîííûé ðÿä âåðîÿòíîñòåé ñ�î-

áûòèé èç X. Çàìåòèì, ÷òî

p(1) = max
x∈X

px, p(3) = min
x∈X

px.

ñëåäóåò èç (5.1). Îáîçíà÷èì S = p(1) + p(2) + p(3),
S12 = p(1) + p(2), S13 = p(1) + p(3), S23 = p(2) + p(3)

ñóììû âåðîÿòíîñòåé ñ�î-áûòèé èç X, è çàìåòèì, ÷òî

S > S12 > S13 > S23

òàêæå ñëåäóåò èç (5.1).

Íèæíèå è âåðõíèå Ôðåøå-ãðàíèöû âåðîÿòíîñòåé ñëî-

åâ è ÷åðäàêîâ X îïðåäåëÿþòñÿ êàê ñëåäóþùèå �óíê-

öèè îò âåðîÿòíîñòåé ñ�î-áûòèé èç òðèïëåòà X.

0-ñëîé:

12

π−
1 =max{0, 1− S}, π+

0 =1− p(1);

1-ñëîé:

π−
1 =

{

0, p(1) 6 S23,

p(1) − S23, p(1) > S23

=

= max
{

0, p(1) − S23

}

, (5.2)

π+
1 =



















S, 0 < S 6 1,

2− S, 1 < S 6 2,

2− S12, 2 < S 6 3, p(3) < S12 − 1,

1− p(3), 2 < S 6 3, p(3) > S12 − 1,

(5.3)

2-ñëîé:

π−
2 =

{

0, S12 6 1 + p(3),

S12 − 1− p(3), S12 > 1 + p(3)
=

= max
{

0, S12 − 1− p(3)
}

, (5.4)

π+
2 =











p(1) − S23, S23 6 p(1),

2p(1), p(1) < S23 6 1,

1 + p(1) − S23, 1 < S23;

(5.5)

12

Ïîñêîëüêó π0(X) = π3(X(c)) = p
X(c) .
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3-ñëîé:

13

π−
3 =max {0, S − 2} , π+

3 =p(3);

1-÷åðäàê:

14

(
1
uX)

− = p(1), (
1
uX)

+ = min{1, S};

2-÷åðäàê:

(
2
uX)

− =

{

max{0, S − 1} S12 6 1,

max{p(3), S12 − 1}, 1 < S12,
(5.6)

(
2
uX)

+ =

{

S23, S23 6 p(1),

p(1), p(1) < S23

= min{p(1), S23}; (5.7)

3-÷åðäàê:

15

(
3
uX)

− = max{0, S − 2}, (
3
uX)

+ = p(3).

6 Âûâîäû

Ïîñòðîåíèå Ôðåøå-ãðàíèö äëÿ âåðîÿòíîñòåé ïðîèç-

âîëüíûõ òåîðåòèêî-ìíîæåñòâåííûõ îïåðàöèé íàä N -

ìíîæåñòâîì ñ�î-áûòèé � NP -òðóäíàÿ çàäà÷à. Ìå-

òîä ëèíåéíîãî ïðîãðàììèðîâàíèÿ ïîçâîëÿåò, ðå-

øàÿ NP -òðóäíóþ çàäà÷ó, âû÷èñëÿòü ëèøü çíà÷åíèÿ

Ôðåøå-ãðàíèö äëÿ êîíêðåòíûõ çíà÷åíèé âåðîÿòíî-

ñòåé ñ�î-áûòèé èç äàííîãî N -ìíîæåñòâà ñ�î-áûòèé.

Õîòÿ Ôðåøå-ãðàíèöû äëÿ âåðîÿòíîñòåé �ìîùíîñò-

íûõ� òåîðåòèêî-ìíîæåñòâåííûõ îïåðàöèé íàä N -

ìíîæåñòâîì ñ�î-áûòèé ìîãóò áûòü íàéäåíû àíàëèòè-

÷åñêè äëÿ ïðîèçâîëüíîãîN , äî ñèõ ïîð îíè îñòàþòñÿ

íåèçâåñòíûìè.

Áëàãîäàðíîñòè

Àâòîð áëàãîäàðèò Àðêàäèÿ Àðñåíüåâè÷à Íîâîñåëî-

âà çà åãî �óíêöèîíàëüíûé âêëàä â ðàçâèòèå òåîðèè

ãðàíèö Ôðåøå.
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Àííîòàöèÿ. Ïðåäëàãàåòñÿ ïðèìåíèòü ñîïðÿ-

æåííûå òàáëèöû äëÿ ýâåíòîëîãè÷åñêîãî àíàëèçà

îáùíîñòè ïîêóïàòåëüñêèõ ñåãìåíòîâ íà òîâàðíûõ

ðûíêàõ.

Êëþ÷åâûå ñëîâà. Âåðîÿòíîñòü, ìíîæåñòâî ñî-

áûòèé, âåðîÿòíîñòíîå ðàñïðåäåëåíèå, ñîïðÿæåííûå

òàáëèöû, êàòåãîðèàëüíîå ìíîæåñòâî.

1 Ââåäåíèå

Â ýòîé ðàáîòå ïðåäïðèíÿòà ïîïûòêà ïîñòðîåíèÿ ñî-

ïðÿæåííûõ òàáëèö, èçâåñòíûõ â ìàòåìàòè÷åñêîé ñòà-

òèñòèêå, íà îñíîâå ÷åêîâîé ñèàòèñòèêè äëÿ ýâåíòîëî-

ãè÷åñêîãî àíàëèçà ðûíêà òîâàðîâ è óñëóã, â ÷àñòíî-

ñòè äëÿ àíàëèçà âçàèìîäåéñòâèÿ ïîêóïàòåëüñêèõ ñåã-

ìåíòîâ. Âû÷èñëåíû íåêîòîðûå ïîêàçàòåëè îáùíîñòè

ýòèõ ñåãìåíòîâ.

2 Ñîïðÿæåííûå òàáëèöû äëÿ ÷åêîâîé

ñòàòèñòèêè

�àññìîòðèì çàäà÷ó ïîñòðîåíèÿ ñîïðÿæåííûõ òàáëèö

íà îñíîâå �÷åêîâîé ñòàòèñòèêè�. �×åêîâàÿ ñòàòèñòè-

êà� � ýòî ñòàòèñòèêà âûáîðà ïîäìíîæåñòâ èç áàçî-

âîãî ìíîæåñòâà ïîñðåäñòâîì îòíåñåíèÿ êàæäîãî ýëå-

ìåíòà áàçîâîãî ìíîæåñòâà ê îäíîé èç âîçìîæíûõ êà-

òåãîðèé; â ÷àñòíîñòè, � ýòî ñòàòèñòèêà âûáîðà ïîä-

ìíîæåñòâ òîâàðîâ íà òîâàðíîì ðûíêå èç áàçîâîãî

ìíîæåñòâà òîâàðîâ, êîòîðîå íàçûâàåòñÿ àññîðòèìåí-

òîì òîâàðîâ, è îòíåñåíèå êàæäîãî òîâàðà èç àññîð-

òèìåíòà ê îäíîé èç âîçìîæíûõ ñòîèìîñòíûõ êàòåãî-

ðèé; èíà÷å ãîâîðÿ, ýòî ñòàòèñòèêà ïîêóïîê òîâàðîâ

èç ïðåäëàãàåìîãî àññîðòèìåíòà, êîòîðàÿ �èêñèðóåò-

ñÿ â �÷åêàõ�, â êàæäîì èç êîòîðûõ óêàçàíî âûáðàííîå

ïîäìíîæåñòâî òîâàðîâ, ñòîèìîñòè êàæäîãî òîâàðà è

îáùàÿ ñòîèìîñòü.

Íà òîâàðíûé ðûíîê ìîæíî âçãëÿíóòü êàê íà ïðîöåññ

âûáîðà ïîêóïàòåëÿìè ñâîåãî �ìíåíèÿ� î ïðåäëàãàå-

ìûõ òîâàðàõ, êîòîðîå ïîêóïàòåëü âûðàæàåò â ñòîè-

ìîñòè òîâàðà � ñóììå, êîòîðóþ îí ïîòðàòèë íà ïî-

êóïêó òîâàðà. Ïîêóïàÿ òî èëè èíîå ïîäìíîæåñòâî òî-

âàðîâ, ïîêóïàòåëè âûñòóïàþò â êà÷åñòâå �ýêñïåðòîâ�,

îòíîñÿ òîâàðû, çà�èêñèðîâàííûå â �÷åêå�, ê òîé èëè

èíîé ñòîèìîñòíîé êàòåãîðèè. Êàòåãîðèÿìè ñëóæàò

èíòåðâàëû îòíîñèòåëüíûõ ñòîèìîñòåé, ê êîòîðûì

ïîêóïàòåëü îòíîñèò êàæäûé òîâàð, ñîâåðøàÿ ïîêóï-

êó. Íàïðèìåð, åñëè äëÿ êàæäîãî òîâàðà a ∈ A îïðå-

äåëåíà ìèíèìàëüíàÿ αmin(a) è ìàêñèìàëüíàÿ αmax(a)
ñòîèìîñòü åãî âîçìîæíîé ïîêóïêè, òî ðàçáèåíèå èí-

òåðâàëà ñòîèìîñòåé [αmin(a), αmax(a)] íà M − 1 ïî-

äèíòåðâàëîâ

(αmin(a), αmax(a)] =

= (αmin(a), α2(a)] + (α2(a), α3(a)] + . . .

. . .+ (αM−1(a), αmax(a)]

îïðåäåëÿåò M − 1 ñòîèìîñòíóþ êàòåãîðèþ ïîêóïêè

äàííîãî òîâàðà (îò 2-é äî M -é). Ñäâèã èíòåðâàëà

ñòîèìîñòåé íà αmin(a) è íîðìèðîâêà íà åãî äëèíó

αmax(a) − αmin(a) äàåò åäèíè÷íûé èíòåðâàë îòíî-

ñèòåëüíûõ ñòîèìîñòíûõ êàòåãîðèé ëþáîãî òîâàðà

(0, 1] = (0, α2] + (α2, α3] + . . .+ (αM−1, 1],

ñîñòîÿùèé èç M − 1 êàòåãîðèè, ãäå

αi =
αi−1(a)− αi(a)

αmax(a)− αmin(a)

äëÿ i = 2, . . . ,M ïðè α1 = 0, αM = 1.

Äëÿ ó÷åòà â ýòîì èíòåðâàëå ñèòóàöèè íåïîêóïêè òî-

âàðà (ïîêóïêè òîâàðà íóëåâîé ñòîèìîñòè), îñòàëîñü

äîáàâèòü åùå îäíó 1-þ êàòåãîðèþ â âèäå âûðîæäåí-

íîãî ïîäèíòåðâàëà [α0, α1] = [0, 0], ÷òîáû ïîëó÷èòü

åäèíè÷íûé èíòåðâàë îòíîñèòåëüíûõ ñòîèìîñòåé â

îêîí÷àòåëüíîì âèäå:

[0, 1] = [0, α1] + (α1, α2] + (α2, α3] + . . .+ (αM−1, 1].

Ìíîæåñòâî ïîêóïàòåëåé íà ðûíêå ìîæíî ðàññìàòðè-

âàòü êàê ìîæåñòâî ýêñïåðòîâ, ÷òîáû óïðîñòèòü ìî-

äåëü ìîæíî òàêæå ðàçáèòü ýòî ìíîæåñòâî íà m ïî-

êóïàòåëüñêèõ ñåãìåíòîâ ñàìûìè ðàçíûìè ñïîñîáàìè,

íàïðèìåð, ïî äîõîäàì, ïî âåëè÷èíå ñòîèìîñòè ïîêó-

ïîê, ïî âðåìåíè ïîêóïîê è ò.ä. Ïåðâûé ñïîñîá, ïîæà-

ëóé, ñàìûé òðóäíîîñóùåñòâèìûé, ïîñêîëüêó ïî ÷å-

êàì ýòî îïðåäåëèòü íåâîçìîæíî, çàòî ìîæíî ïðåä-

ïîëîæèòü, ÷òî áîëåå äîðîãèå ïîêóïêè ñîâåðøàåò ñåã-

ìåíò ïîêóïàòåëåé ñ áîëüøèì óðîâíåì äîõîäà, ýòî
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ïðåäïîëîæåíèå ïîçâîëÿåò ñâåñòè ñåãìåíòàöèþ ïîêó-

ïàòåëåé ïî óðîâíþ äîõîäà ê ñåãìåíòàöèè ïî ñòîèìî-

ñòè ïîêóïîê. Ñåãìåíòàöèÿ ìíîæåñòâà ïîêóïàòåëåé ïî

âðåìåíè òàêæå âïîëíå îñóùåñòâèìà, ïîñêîëüêó íà ÷å-

êàõ óêàçûâàåòñÿ âðåìÿ ñîâåðøåíèÿ ïîêóïêè.

Â èòîãå ïîëó÷àåì îáùåå ïðàâèëî íàáëþäåíèÿ çà âû-

áîðîì ïîêóïàòåëåé (ïðèíàäëåæàùèõ m ïîêóïàòåëü-

ñêèì ñåãìåíòàì) òîâàðà â îäíó èç M êàòåãîðèé:

�ïðè èñõîäå òîâàðíîãî ðûíêà ω ∈ Ω ïîêóïà-

òåëü, ïðèíàäëåæàùèé j-òîìó ñåãìåíòó ïîêóïàòå-

ëåé (j = 1, . . . ,m), âûáèðàåò òîâàð aω ∈ A â i-òóþ
êàòåãîðèþ (i = 1, . . . ,M), êîãäà ïðîèñõîäèò ñîáû-

òèå

xji=

{

ω ∈ Ω :
α(aω)− αmin(aω)

αmax(aω)− αmin(aω)
∈ [αi−1, αi]

}

.′′ (⋆)

Òàê îïðåäåëåííûå ñîáûòèÿ (⋆) îáðàçóþò äëÿ êàæ-

äîãî òîâàðà ñîïðÿæåííîå ì.ñ. [1℄

X = {xji , i = 1, . . . ,M ; j = 1, . . . ,m} =

=

M∑

i=1

m∑

j=1

{xji} =
M∑

i=1

Xi =

m∑

j=1

Xj ,

ãäå

Xi = {x1i , . . . , xmi }
� êàòåãîðèàëüíûå ì.ñ., à

Xj = {xj1, . . . , xjM}
� ýêñïåðòíûå ì.ñ..

Ïîýòîìó â êà÷åñòâå ñòàòèñòè÷åñêîé ìîäåëè äëÿ

îïèñàíèÿ �÷åêîâîé� ñòàòèñòèêè ïî êàæäîìó òî-

âàðó ìîæíî âûáðàòü m-ìåðíóþ ñîïðÿæåííóþ

(M × . . .×M
︸ ︷︷ ︸

m

) òàáëèöó [1℄, âåðîÿòíîñòíîå ðàñïðåäå-

ëåíèå êîòîðîé õàðàêòåðèçóåòñÿ ñîïðÿæåííûì ì.ñ. X

â çàäà÷å îá îáùíîñòè ìíåíèé m ýêñïåðòîâ (ñåãìåíòû

ïîêóïàòåëåé) ïîM êàòåãîðèÿì (òîâàðíûå êàòåãîðèè

ïî ñòîèìîñòè).

Â [1℄ ïðåäëîæåíî íåñêîëüêî ýâåíòîëîãè÷åñêèõ ïîêà-

çàòåëåé îáùíîñòè ìíåíèé ýêñïåðòîâ â (m,M) çàäà-

÷å: êàïïà-áëèçîñòü è êàïïà-Ôðåøå-áëèçîñòü, êîòî-

ðûå ìîãóò áûòü èñïîëüçîâàíû äëÿ îöåíêè îáùíîñòè

ïîâåäåíèÿ ñåãìåíòîâ ïîêóïàòåëåé íà òîâàðíûõ ðûí-

êàõ.

Êðîìå ýòîãî, èíòåðåñíî ñðàâíèòü äëÿ òîâàðíûõ

ðûíêîâ ýâåíòîëîãè÷åñêèå îöåíêè îáùíîñòè â ïîêó-

ïàòåëüñêèõ ñåãìåíòàõ ñ êëàññè÷åñêèì ïîêàçàòåëåì

îáùíîñòè êàïïà Êîýíà [2℄, à òàêæå ñ ïðîñòåéøèì ïî-

êàçàòåëåì îáùíîñòè � äèàãîíàëüíîé êàïïà.

2.1 Îïðåäåëåíèå ïîíÿòèÿ òîâàðà â

òàáëè÷íîì îïèñàíèè �÷åêîâîé�

ñòàòèñòèêè

Îïðåäåëåíèå ïîíÿòèÿ òîâàðà â îïèñàíèè �÷åêîâîé�

ñòàòèñòèêè ñîïðÿæåííûìè òàáëèöàìè ìîæíî äàâàòü

ñ òî÷åê çðåíèÿ, êîòîðûå ðàçëè÷àþòñÿ óðîâíåì îáù-

íîñòè. Íàïðèìåð, åñëè, ðóêîâîäñòâóÿñü ñàìîé îáùåé

òî÷êîé çðåíèÿ, ñ÷èòàòü òîâàðîì âñ�å, ÷òî ïðîäàåòñÿ â

äàííîì ãèïåðìàðêåòå, òî êàæäûé ÷åê �èêñèðóåò ïî-

êóïêó ýòîãî îáùåãî òîâàðà íà îáùóþ ñóììó ÷åêà,

ðàçìåðîì êîòîðîé ïîêóïàòåëü îòíîñèò îáùèé òîâàð

ê òîé èëè èíîé ñòîèìîñòíîé êàòåãîðèè. Êàæäûé ÷åê

ðàññìàòðèâàåòñÿ êàê ðåçóëüòàò îäíîãî ýêñïåðèìåíòà

ñ îáùèì òîâàðîì, è åãî ñòàòèñòè÷åñêîé ìîäåëüþ

ñëóæèò îäíà ñîïðÿæåííàÿ òàáëèöà è îäíî ñîïðÿæåí-

íîå ì.ñ.

Îäíàêî ìîæíî, ðàçáèâ ïðåäâàðèòåëüíî òîâàðû íà

n ãðóïï, ò.å. ñîçäàâ àññîðòèìåíò èç n ãðóïïîâûõ

òîâàðîâ, ðàññìàòðèâàòü êàæäûé ÷åê êàê ðåçóëüòàò

ïðîâåäåíèÿ n ýêñïåðèìåíòîâ, â êàæäîì èç êîòîðûõ

ïîêóïàòåëü îòíîñèò êóïëåííûé ãðóïïîâîé òîâàð ê

òîé èëè èíîé ñòîèìîñòíîé êàòåãîðèè ðàçìåðîì ñóì-

ìû, êîòîðóþ îí ïîòðàòèë íà äàííûé ãðóïïîâîé òî-

âàð. Òåïåðü êàæäûé ÷åê ðàññìàòðèâàåòñÿ êàê ðå-

çóëüòàò n ýêñïåðèìåíòîâ ñ ãðóïïîâûìè òîâàðàìè,

à èõ ñòàòèñòè÷åñêèìè ìîäåëÿìè ñëóæàò n ñîïðÿæåí-

íûõ òàáëèö è, ñîîòâåòñòâåííî, n ñîïðÿæåííûõ ì.ñ.

3 Ïðèìåð ñîïðÿæåííîé òàáëèöû íà

îñíîâå ÷åêîâîé ñòàòèñòèêè êà�å

äëÿ îöåíêè îáùíîñòè áåäíîãî è

áîãàòîãî êëèåíòîâ

Íà îñíîâå ÷åêîâîé ñòàòèñòèêè êà�å çà 10 äíåé ìîæ-

íî ñîñòàâèòü ñîïðÿæåííûå òàáëèöû äëÿ îöåíêè îáù-

íîñòè ïîêóïàòåëüñêèõ ñåãìåíòîâ ïîñåòèòåëåé êà�å.

Âñåãî çà ýòîò ïåðèîä 1078 ÷åêîâ. Âåñü àññîðòèìåíò

áëþä áóäåì ñ÷èòàòü îáùèì òîâàðîì. Âñå ÷åêè çà îäèí

äåíü ðàñïîëîæèì â ïîðÿäêå âîçðàñòàíèÿ èõ ñòîèìî-

ñòè, ðàçîáüåì èõ íà òðè ãðóïïû, ðàâíûå ïî êîëè-

÷åñòâó ÷åêîâ è ïîëó÷èì ðàçáèåíèå ïîêóïàòåëåé íà

òðè ñåãìåíòà ïî ñòîèìîñòè çàêàçîâ. Ïåðâûé ñåãìåíò

óñëîâíî íàçîâåì �áåäíûì�, âòîðîé � �ñðåäíèì� è òðå-

òèé � �áîãàòûì� êëèåíòàìè. Â êàæäîì èç ïîëó÷åííûõ

ñåãìåíòîâ åñòü ÷åêè ñ ìèíèìàëüíîé è ìàêñèìàëüíîé

öåíàìè. Êàæäóþ ñîâîêóïíîñòü ÷åêîâ ðàçäåëèì íà

ïÿòü ÷àñòåé ðàâíûõ ïî êîëè÷åñòâó ÷åêîâ è ïîëó÷èì

5 ñòîèìîñòíûõ èíòåðâàëîâ ñòîèìîñòåé îáùåãî òîâà-

ðà. Íîðìèðîâêà ýòèõ ñòîèìîñòíûõ èíòåðâàëîâ ïîç-

âîëÿåò ïîëó÷èòü 5 îáùèõ äëÿ âñåõ òðåõ ïîêóïàòåëü-

ñêèõ ñåãìåíòîâ ñòîèìîñòíûõ êàòåãîðèé îáùåãî òîâà-

ðà. Íàõîäèì ñðåäíåå çíà÷åíèå ñòîèìîñòè ÷åêà �áåäíî-

ãî� êëèåíòà è ïðîíîðìèðîâàâ åãî, ñìîòðèì â êàêóþ

êàòåãîðèþ îí ïîïàë, àíàëîãè÷íûì îáðàçîì âûÿñíÿ-

åì êàêîé êàòåãîðèè çàêàç ñäåëàí �ñðåäíèì� è �áîãà-

òûì� êëèåíòàìè. Òàêèì îáðàçîì, äëÿ êàæäîãî èç 10

äíåé ïîëó÷àåì ìíîæåñòâî, ñîñòîÿùåå èç òðåõ ñîáû-

òèé, ýëåìåíòàìè ýòèõ ìíîæåñòâ ÿâëÿþòñÿ ñîáûòèÿ �

êàòåãîðèè îáùåãî òîâàðà, êîòîðûå çàêàçàëè ñåãìåí-

òû êëèåíòîâ.

×òîáû ïîëó÷èòü îöåíêè âåðîÿòíîñòåé ýòèõ ñîáûòèé
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ïðèìåíèì àëãîðèòì ïîñòðîåíèÿ ñîïðÿæåííûõ òàá-

ëèö.

3.1 Ïîñòðîåíèå ñîïðÿæåííûõ òàáëèö íà

îñíîâå �÷åêîâîé� ñòàòèñòèêè

Ìåòîä ðàâíîâåðîÿòíîãî äåëåíèÿ íà ïîêóïà-

òåëüñêèå è òîâàðíûå ñåãìåíòû äëÿ (3, 5)-
çàäà÷è.

1) Äíåâíàÿ ñòàòèñòèêà äåëèòñÿ íà 3 ðàâíîâåðîÿò-

íûõ ïîêóïàòåëüñêèõ ñåãìåíòà (ò.å. â êàæäîì ñåãìåí-

òå ðàâíîå êîëè÷åñòâî ÷åêîâ) è âû÷èñëÿþòñÿ ñòîè-

ìîñòíûå ãðàíèöû 3-õ ïîêóïàòåëüñêèõ ñåãìåíòîâ.

2) Êàæäûé ïîêóïàòåëüñêèé ñåãìåíò äåëèòñÿ íà 5

ðàâíîâåðîÿòíûõ òîâàðíûõ ñåãìåíòîâ (ò.å. â êàæäîì

ñåãìåíòå ðàâíîå êîëè÷åñòâî ÷åêîâ) è âû÷èñëÿþòñÿ

ñòîèìîñòíûå ãðàíèöû 5-òè òîâàðíûõ ñåãìåíòîâ äëÿ

êàæäîãî ïîêóïàòåëüñêîãî ñåãìåíòà.

3) Âû÷èñëÿåòñÿ ñðåäíÿÿ ñòîèìîñòü ÷åêà äëÿ êàæäîãî

èç 3-õ ïîêóïàòåëüñêèõ ñåãìåíòîâ.

4) Îöåíèâàåòñÿ â êàêîé èç 5-òè òîâàðíûõ ñåãìåíòîâ

ïîïàëà êàæäàÿ èç 3-õ ñðåäíèõ ñòîèìîñòåé.

Çàìå÷àíèå. Îöåíêè ñåãìåíòîâ, êóäà ïîïàäàåò ñðåä-

íÿÿ ñòîèìîñòü, âîîáùå ãîâîðÿ ä.á. ðàçëè÷íû, òàê

êàê ìåäèàíà íå îáÿçàíà ñîâïàäàòü ñ ìàòåìàòè÷åñêèì

îæèäàíèåì.

Àëãîðèòì ïîñòðîåíèÿ.

s = \ j = 1 2 3 àëãîðèòì

s = 1 2 3 4 n[2, 3, 4] := n[2, 3, 4] + 1
s = 2 3 3 4 n[3, 3, 4] := n[3, 3, 4] + 1
s = 3 3 2 5 n[3, 2, 5] := n[3, 2, 5] + 1
s = 4 3 3 4 n[3, 3, 4] := n[3, 3, 4] + 1
s = 5 1 2 3 n[1, 2, 3] := n[1, 2, 3] + 1
s = 6 3 4 4 n[3, 4, 4] := n[3, 4, 4] + 1
s = 7 5 4 4 n[5, 4, 4] := n[5, 4, 4] + 1
s = 8 2 3 4 n[2, 3, 4] := n[2, 3, 4] + 1
s = 9 3 3 4 n[3, 3, 4] := n[3, 3, 4] + 1
s = 10 3 4 4 n[3, 4, 4] := n[3, 4, 4] + 1

Òàáëèöà 1: Àëãîðèòì ïîñòðîåíèÿ ñîïðÿæåííîé (3, 5)-òàáëèöû íà

îñíîâå �÷åêîâîé� ñòàòèñòèêè ïî n = 10 íàáëþäåíèÿì.

Îáùàÿ �îðìóëà àëãîðèòìà. Äëÿ êàæäîãî ðåçóëü-

òàòà (j = 1, 2, 3):

i1(s), i2(s), i3(s),

s-ãî íàáëþäåíèÿ (s = 1, . . . , n) èç òàáëèöû 1 íàêàï-

ëèâàþòñÿ êëåòî÷íûå ñòàòèñòèêè (3, 5)-ñîïðÿæåííîé
òàáëèöû ïî �îðìóëå

n[i1(s), i2(s), i3(s)] := n[i1(s), i2(s), i3(s)] + 1.

Çàòåì ïîëó÷åííûå êëåòî÷íûå ñòàòèñòèêè íîðìèðó-

þòñÿ íà n, ÷òîáû ïîëó÷èòü îöåíêè êëåòî÷íûõ âåðî-

ÿòíîñòåé ïî �îðìóëàì

p[i1, i2, i3] :=
n[i1, i2, i3]

n

äëÿ i1, i2, i3 = 1, . . . , 5.

ñòàòèñòèêà ÷èñëî íàáë. âåðîÿòíîñòè

n[2, 3, 4] = 2 10 π[2, 3, 4] = 2/10
n[3, 3, 4] = 3 10 π[3, 3, 4] = 3/10
n[3, 2, 5] = 1 10 π[3, 2, 5] = 1/10
n[1, 2, 3] = 1 10 π[1, 2, 3] = 1/10
n[3, 4, 4] = 2 10 π[3, 4, 4] = 2/10
n[5, 4, 4] = 1 10 π[5, 4, 4] = 1/10

Òàáëèöà 2: Îöåíêè êëåòî÷íûõ âåðîÿòíîñòåé èç íàáëþäåíèé â òàáë.

1.

Ïî äàííûì òàáëèöû îöåíêè êëåòî÷íûõ âåðîÿòíîñòåé

ïîñòðîèì òðè äâóìåðíûå ñîïðÿæåííûå òàáëèöû 5×5
äëÿ òðåõ ïàð ñåãìåíòîâ: ïåðâîãî è âòîðîãî, ïåðâîãî

è òðåòüåãî, âòîðîãî è òðåòüåãî è îäíó òðåõìåðíóþ

ñîïðÿæåííóþ òàáëèöó.

x21 x22 x23 x24 x25 Ω
x11 � 1/10 � � � 1/10
x12 � � 2/10 � � 2/10
x13 � 1/10 3/10 2/10 � 6/10
x14 � � � � � 0
x15 � � � 1/10 � 1/10
Ω 0 2/10 5/10 3/10 0 1

Òàáëèöà 3: Äâóìåðíàÿ ñîïðÿæåííàÿ òàáëèöà 5 × 5 äëÿ 1 è 2 ñåã-

ìåíòîâ êëèåíòîâ ïî äàííûì òàáëèöû 2.

x31 x32 x33 x34 x35 Ω
x11 � � 1/10 � � 1/10
x12 � � � 2/10 � 2/10
x13 � � � 5/10 1/10 6/10
x14 � � � � � 0
x15 � � � � 1/10 1/10
Ω 0 0 1/10 7/10 2/10 1

Òàáëèöà 4: Äâóìåðíàÿ ñîïðÿæåííàÿ òàáëèöà 5 × 5 äëÿ 1 è 3 ñåã-

ìåíòîâ êëèåíòîâ ïî äàííûì òàáëèöû 2.

x31 x32 x33 x34 x35 Ω
x21 � � � � � 0
x22 � � 1/10 � 1/10 2/10
x23 � � � 5/10 � 5/10
x24 � � � 3/10 � 3/10
x25 � � � � � 0
Ω 0 0 1/10 8/10 1/10 1

Òàáëèöà 5: Äâóìåðíàÿ ñîïðÿæåííàÿ òàáëèöà 5 × 5 äëÿ 2 è 3 ñåã-

ìåíòîâ êëèåíòîâ ïî äàííûì òàáëèöû 2.

Ýòè òðè äâóìåðíûå ñîïðÿæåííûå òàáëèöû ÿâëÿþòñÿ

ïðîåêöèÿìè òðåõìåðíîé ñîïðÿæåííîé òàáëèöû 5 ×
5× 5 â êîòîðîé âñå âåðîÿòíîñòè êðîìå âåðîÿòíîñòåé,

óêàçàííûõ â òàáëèöå, ðàâíû íóëþ.
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ñòàòèñòèêà íåíóëåâûå âåðîÿòíîñòè

n[2, 3, 4] = 2 π123
234 = 2/10

n[3, 3, 4] = 3 π123
334 = 3/10

n[3, 2, 5] = 1 π123
325 = 1/10

n[1, 2, 3] = 1 π123
123 = 1/10

n[3, 4, 4] = 2 π123
344 = 2/10

n[5, 4, 4] = 1 π123
544 = 1/10

Òàáëèöà 6: Íåíóëåâûå âåðîÿòíîñòè èç ñîïðÿæåííîé òàáëèöû 5 ×
5 × 5 äëÿ òðåõ ñåãìåíòîâ êëèåíòîâ èç òàáë. 2.

3.2 Âåðîÿòíîñòè ñîáûòèé èç êàòåãîðèàëüíûõ

ìíîæåñòâ

Êàæäàÿ èç ýòèõ äâóìåðíûõ ñîïðÿæåííûõ òàáëèö äà-

åò ðàñïðåäåëåíèå ñîïðÿæåííûõ ìíîæåñòâ ñîáûòèé,

êîòîðûå îáîçíà÷èì ñîîòâåòñòâåííî: X
12

� ñîïðÿæåí-

íîå ìíîæåñòâî ñîáûòèé äëÿ 1 è 2 ñåãìåíòîâ êëèåí-

òîâ; X
13

� ñîïðÿæåííîå ìíîæåñòâî ñîáûòèé äëÿ 1 è

3 ñåãìåíòîâ êëèåíòîâ; X
23

� ñîïðÿæåííîå ìíîæåñòâî

ñîáûòèé äëÿ 2 è 3 ñåãìåíòîâ êëèåíòîâ; X
123

� ñîïðÿ-

æåííîå ìíîæåñòâî ñîáûòèé äëÿ 1, 2 è 3 ñåãìåíòîâ

êëèåíòîâ; �àññìîòðèì íàïðèìåð ïîäðîáíî ïåðâîå ñî-

ïðÿæåííîå ìíîæåñòâî

X
12 = {xji , i = 1, . . . , 5; j = 1, 2} =

=
5∑

i=1

2∑

j=1

{xji} =
5∑

i=1

X12
i =

2∑

j=1

Xj ,

ãäå X12
i � êàòåãîðèàëüíûå ìíîæåñòâà ñîáûòèé:

X12
1 = {x11, x21};

X12
2 = {x12, x22};

X12
3 = {x13, x23};

X12
4 = {x14, x24};

X12
5 = {x15, x25};

ýêñïåðòíûå ì.ñ.:

X1 = {x11, . . . , x15};
X2 = {x21, . . . , x25}.

Êàòåãîðèàëüíûå ìíîæåñòâà ñîáûòèé ñîïðÿæåííûõ

ìíîæåñòâ X
12
, X

13
, X

23
ïðåäñòàâëÿþò ñîáîé äóïëå-

òû ñîáûòèé âûáîðà êàòåãîðèé òîâàðà ïåðâûì è âòî-

ðûì, ïåðâûì è òðåòüèì, âòîðûì è òðåòüèì ñåãìåí-

òàìè êëèåíòîâ ñîîòâåòñòâåííî. �àñïðåäåëåíèÿ ýòèõ

äóïëåòîâ ñîäåðæàò ïî ÷åòûðå âåðîÿòíîñòè. À êàòå-

ãîðèàëüíûå ìíîæåñòâî ñîáûòèé X
123

ïðåäñòàâëÿþò

ñîáîé òðèïëåòû è èõ ðàñïðåäåëåíèÿ ñîäåðæàò 8 âå-

ðîÿòíîñòåé. Îáîçíà÷èì âåðîÿòíîñòü ñîáûòèÿ âûáîðà

i-òîé êàòåãîðèè òîâàðà j-òûì êëèåíòîì ñëåäóþùèì

îáðàçîì:

P(xji ) = πj
i

Íà îñíîâå ñîïðÿæåííûõ òàáëèö íàõîäèì èíäèâèäó-

àëüíûå âåðîÿòíîñòè ñîáûòèé, âõîäÿùèõ â êàòåãîðè-

àëüíûå ìíîæåñòâà è òàêæå âíîñèì èõ â òàáëèöó.

êàòåãîðèÿ ñåãìåíò 1 ñåãìåíò 2 ñåãìåíò 3

1 π1
1 = 1/10 π2

1 = 0 π3
1 = 0

2 π1
2 = 2/10 π2

2 = 2/10 π3
2 = 0

3 π1
3 = 6/10 π2

3 = 5/10 π3
3 = 1/10

4 π1
4 = 0 π2

4 = 3/10 π3
4 = 8/10

5 π1
5 = 1/10 π2

5 = 0 π3
5 = 1/10

Ω 1 1 1

Òàáëèöà 7: Òàáëèöà âåðîÿòíîñòåé âûáîðà êàòåãîðèé 5 × 5 1-ûì, 2

è 3 ñåãìåíòàìè êëèåíòîâ, íàéäåííûõ ïî ñîïðÿæåííûì òàáëèöàì.

3.3 Íåêîòîðûå ýâåíòîëîãè÷åñêèå ïîêàçàòåëè

îáùíîñòè ïîêóïàòåëüñêèõ ñåãìåíòîâ

Íàéäåì íåêîòîðûå ýâåíòîëîãè÷åñêèå ïîêàçàòåëè

îáùíîñòè ïîêóïàòåëüñêèõ ñåãìåíòîâ. Äèàãîíàëü-

íàÿ êàïïà ñîïðÿæåííîãî ì.ñ. X

κdiag(X) =
4∑

i=1

π[i, i, i].

Êëàññè÷åñêàÿ êàïïà ñîïðÿæåííîãî ì.ñ. X

κ(X) =

κdiag(X)−
4∑

i=1

Π[i]

1−
4∑

i=1

Π[i]

.

Êàïïà-áëèçîñòü ñîïðÿæåííîãî ì.ñ. X

κ∆(X) =
1

4

4∑

i=1

(1−∆[i]).

Êàïïà-Ôðåøå-áëèçîñòü ñîïðÿæåííîãî ì.ñ. X

κ∆∆(X) =
1

4

4∑

i=1

(1 −∆∆[i]).

Íà îñíîâå äàííûõ òàáëèöû äëÿ 1 è 2 ñåãìåíòîâ íàéäå-

íà äèàãîíàëüíàÿ êàïïà ñîïðÿæåííîãî ì.ñ. X
12

κdiag(X
12) =

5∑

i=1

π[i, i, i] = 3/10.

Âû÷èñëåíà êëàññè÷åñêàÿ êàïïà ñîïðÿæåííîãî

ì.ñ. X
12

κ(X12) =

κdiag(X
12)−

5∑

i=1

Π[i]

1−
5∑

i=1

Π[i]

= 0, 247,

ãäå

Π[i] = π1[i]π2[i].
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Êàïïà-áëèçîñòü ñîïðÿæåííîãî ì.ñ. X
12

κ∆(X
12) =

1

5

5∑

i=1

(1 −∆[i]) = 0, 86,

ãäå ∆[i] � ñåò-ðàññòîÿíèå êàòåãîðèàëüíîãî ì.ñ.

X12
i

∆[i] =







u[i]− 1

5
Σ[i], X12

i 6= ∅,
0, X12

i = ∅,
ãäå i = 1, 2, 3, 4, 5, à

Σ[i] = π1[i] + π2[i],

� ñóììû âåðîÿòíîñòåé ñîáûòèé èç êàòåãîðèàëü-

íûõ ì.ñ. X12
i Âû÷èñëåíà Êàïïà-Ôðåøå-áëèçîñòü

ñîïðÿæåííîãî ì.ñ. X
12

κ∆∆(X
12) =

1

5

5∑

i=1

(1−∆∆[i]) = 0, 65,

ãäå

1−∆∆[i] =







1−∆[i], max[i] = Σ[i] ≤ 1 èëè

max[i] = 1 < Σ[i],

Σ[i]− u[i]
Σ[i]−max[i]

, max[i] < Σ[i] ≤ 1,

1− u[i]
1−max[i]

, max[i] < 1 < Σ[i].

ãäå i = 1, 2, 3, 4, 5 �Ôðåøå-áëèçîñòü êàòåãîðèàëü-

íîãî ì.ñ. X12
i .

Äëÿ êàæäîé èç ñîïðÿæåííûõ òàáëèö íàéäåíû 4 õà-

ðàêòåðèñòèêè, çíà÷åíèÿ êîòîðûõ ñâåäåíû â òàáëèöó.

ñåãìåíòû κdiag(X) κ(X) κ∆(X) κ∆∆(X)
12 3/10 0,247 0,86 0,65

13 0 0,075 0,81 0,6

23 3/10 0,014 0,86 0,77

123 0 -0,031 0,747 0,64

Òàáëèöà 8: Òàáëèöà 5 × 5 õàðàêòåðèñòèê áëèçîñòè ñåãìåíòîâ êëè-

åíòîâ 2.

3.4 Âûâîäû

Äèàãîíàëüíàÿ êàïïà äëÿ �áåäíîãî� è �ñðåäíåãî�, à

òàêæå äëÿ �ñðåäíåãî� è �áîãàòîãî� êëèåíòîâ 0,3, à äëÿ

�áåäíîãî� è �áîãàòîãî� è äëÿ âñåõ êëèåíòîâ âìåñòå �

ðàâíû íóëþ, ÷òî ãîâîðèò îá îòñóòñòâèè èëè î ñëàáîé

îáùíîñòè âûáîðà êàòåãîðèé òîâàðà ðàçíûìè ñåãìåí-

òàìè êëèåíòîâ.

Çíà÷åíèå êëàññè÷åñêîé êàïïû äëÿ �áåäíîãî� è �ñðåä-

íåãî� êëèåíòîâ ÿâëÿåòñÿ íàèáîëüøèì èç âñåõ, íî íå

ïðåâûøàåò 0,4, ÷òî ãîâîðèò î �ÿñíîé� îáùíîñòè ýòèõ

êëèåíòîâ (fair). Îòðèöàòåëüíîå çíà÷åíèå êëàññè÷å-

ñêîé êàïïû äëÿ âñåõ òðåõ ñåãìåíòîâ â ñîâîêóïíî-

ñòè ïîêàçûâàåò �íåäîñòàòî÷íóþ� îáùíîñòü èõ âûáîðà

(poor). Äëÿ �áåäíîãî� è �áîãàòîãî�, à òàêæå äëÿ �ñðåä-

íåãî� è �áîãàòîãî� çíà÷åíèÿ êëàññè÷åñêèõ êàïï ìåíü-

øå 0,2, ÷òî ãîâîðèò îá èõ �íåçíà÷èòåëüíîé� îáùíîñòè

(slight).

Çíà÷åíèÿ êàïïà-áëèçîñòè è êàïïà-Ôðåøå-áëèçîñòè

äëÿ �áåäíîãî� è �ñðåäíåãî� è äëÿ �ñðåäíåãî� è �áîãàòî-

ãî� êëèåíòîâ èìåþò íàèáîëüøåå çíà÷åíèÿ, ÷òî ãîâî-

ðèò îá èõ îáùíîñòè. Íîâûå ýâåíòîëîãè÷åñêèå ïîêàçà-

òåëè êàïïà-áëèçîñòü è êàïïà-Ôðåøå-áëèçîñòü ïðèíÿ-

ëè áîëüøèå çíà÷åíèÿ, ÷åì äèàãîíàëüíàÿ è êëàññè÷å-

ñêàÿ êàïïà ýòî îáúÿñíÿåòñÿ òåì, ÷òî îíè ó÷èòûâàþò

íåïîëíûå ñîâïàäåíèÿ ìíåíèé, êîòîðûå ðàñïîëîæåíû

âíå ãëàâíîé äèàãîíàëè ñîïðÿæåííîé òàáëèöû.
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õîä ê èçìåðåíèþ îáùíîñòè, àññîöèàöèè è ñòàòèñòè÷åñêîé
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Ïîëÿðíîå óðàâíåíèå è φp-îïòèìàëüíûå ïëàíû ýêñïåðèìåíòà äëÿ

ïîëèíîìèàëüíîé ðåãðåññèè

Þðèé Äìèòðèåâè÷ �ðèãîðüåâ

Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé

ýëåêòðîòåõíè÷åñêèé óíèâåðñèòåò (ËÝÒÈ)
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Àííîòàöèÿ. �àññìàòðèâàþòñÿ êðèòåðèè D-, E-
è A-îïòèìàëüíîñòè êàê ïðåäñòàâèòåëè ñåìåéñòâà

φp- �óíêöèé Ïóêåëüñõàéìà. Îáñóæäàþòñÿ ñîâðå-

ìåííûå ïîäõîäû ê ïîñòðîåíèþ ñîîòâåòñòâóþùèõ

φp- ïëàíîâ äëÿ ïîëèíîìèàëüíîé ðåãðåññèè.

Êëþ÷åâûå ñëîâà. Ïîëèíîìèàëüíàÿ ðåãðåññèÿ, ïî-

ëÿðíîå óðàâíåíèå, φp- ïëàíû, �óíêöèè Ïóêåëüñõàé-

ìà, òåîðèÿ èñêëþ÷åíèÿ, áàçèñ �ðåáíåðà.

1 Ââåäåíèå

Ê íàñòîÿùåìó ìîìåíòó â òåîðèè îïòèìàëüíîãî ïëà-

íèðîâàíèÿ ýêñïåðèìåíòà ðàçðàáîòàíû ñàìûå ðàçëè÷-

íûå ñïîñîáû ïîñòðîåíèÿ îïòèìàëüíûõ ïëàíîâ ýêñïå-

ðèìåíòà (ÏÝ). Â äàííîì ñîîáùåíèè êðàòêî ðàññìàò-

ðèâàþòñÿ ðåçóëüòàòû, äîñòèãíóòûå â îáëàñòè ïîñòðî-

åíèÿ D- è E-îïòèìàëüíûõ ÏÝ äëÿ ïîëèíîìèàëüíîé

ðåãðåññèè

η(x, θ) =

s∑

i=0

θix
s−i, x ∈ [−1, 1], s ≥ 1, (1)

ïðè ýòîì îñíîâíîå âíèìàíèå óäåëåíî êðóãó âîïðîñîâ,

ñâÿçàííûõ ñ ïîñòðîåíèåì A-îïòèìàëüíûõ ïëàíîâ.

2 φp-îïòèìàëüíîñòü

Êðèòåðèÿìè îïòèìàëüíîñòè ÏÝ ÿâëÿþòñÿ òàê íà-

çûâàåìûå èí�îðìàöèîííûå �óíêöèè, ò. å. �óíêöèè,

óäîâëåòâîðÿþùèå îïðåäåëåííûì ñâîéñòâàì.

Îïðåäåëåíèå 1. [18℄. Ïóñòü M�ìíîæåñòâî

íåîòðèöàòåëüíî îïðåäåëåííûõ ìàòðèö ïîðÿäêà m.
Èí�îðìàöèîííîé �óíêöèåé φ íà M íàçûâàåòñÿ

�óíêöèÿ φ :M→ [0,∞), êîòîðàÿ ïîëîæèòåëüíî îä-

íîðîäíà, ñóïåðàääèòèâíà, íåîòðèöàòåëüíà, íå ÿâëÿ-

åòñÿ êîíñòàíòîé è ïîëóíåïðåðûâíà ñâåðõó.

Èç îïðåäåëåíèÿ φ ñëåäóåò, ÷òî îíà ÿâëÿåòñÿ ñòðî-

ãî èçîòîíè÷åñêîé (ñîõðàíÿåò ÷àñòè÷íûé ïîðÿäîê) íà

© 2014 Þ.Ä. �ðèãîðüåâ

Олег Воробьев (ред.), Труды XIII ФАМЭМС’2014, Красноярск: СФУ

M0 [18, òåîðåìà 6.13 ℄). Ñàìûå èçâåñòíûå êðèòå-

ðèè, èñïîëüçóåìûå â òåîðèè ÏÝ, ïðèíàäëåæàò ñåìåé-

ñòâó èí�îðìàöèîííûõ �óíêöèé {φp : p ∈ (−∞, 1]}. Â
÷àñòíîñòè, îíî âêëþ÷àåò â ñåáÿ �óíêöèîíàëû, ñîîò-

âåòñòâóþùèå êëàññè÷åñêèì êðèòåðèÿìD-, A- è E-îï-
òèìàëüíîñòè. Ñîãëàñíî p-ïàðàìåòðèçàöèè ñåìåéñòâà

M, ïåðå÷èñëåííûì êðèòåðèÿì ñîîòâåòñòâóþò ñëåäó-

þùèå φp-�óíêöèè:

D-îïòèìàëüíîñòü : φ0(M) = |M |1/m,
E-îïòèìàëüíîñòü : φ−∞(M) = λmin(M),

A-îïòèìàëüíîñòü : φ−1(M) = (m−1
trM−1)−1.

Îïðåäåëåíèå 2. Ïëàí ξ∗ íàçûâàåòñÿ φp-îïòè-
ìàëüíûì, èëè φp-ïëàíîì, åñëè

ξ∗ = argmax
ξ∈Ξ

φp(M(ξ)).

Ïóñòü M0 ⊂ M�ìíîæåñòâî íåâûðîæäåííûõ ìàò-

ðèö, 〈A,B〉 = trATB � ñêàëÿðíîå ïðîèçâåäåíèå â

Rn×k
.

Îïðåäåëåíèå 3. [18℄. Ïóñòü C,D ∈ Rm×m
. Ïî-

ëÿðíîé �óíêöèåé φ∞ : M → [0,∞) äëÿ �óíêöèè

φ :M0 → (0,∞) íàçûâàåòñÿ �óíêöèÿ

φ∞(D) = inf
C>0

〈C,D〉
φ(C)

, D ≥ 0.

à ìàòðèöà D = Cp−1/trCp
� êîðíåì ïîëÿðíîãî óðàâ-

íåíèÿ

φp(C)φ
∞
p (D) = 〈C,D〉 = 1, p ∈ (−∞, 1]. (2)

Îáîçíà÷èì F = (f1, ..., fm) ∈ Rn×m
, fi � ðåãðåññèîí-

íûå �óíêöèè, U = (FFT )−1F , è ïóñòü C â (2) èìååò

âèä C := M = FT
diag{w1, ..., wm}F . Òîãäà îïèðà-

ÿñü íà ïîëÿðíîå óðàâíåíèå, ìîæíî ïîëó÷èòü îáîá-

ùåííûé âàðèàíò òåîðåìû ýêâèâàëåíòíîñòè äëÿ φp-
êðèòåðèåâ. Èìåííî, èìååò ìåñòî

Òåîðåìà 1. [18℄. Ïóñòü M =∈ M0(Ξ)�íåâûðîæ-

äåííàÿ èí�îðìàöèîííàÿ ìàòðèöà. Òîãäà

(1) ïëàí ξ ∈ Ξ φp-îïòèìàëåí, åñëè è òîëüêî, åñëè

fT (x)Mp−1(ξ)f(x) ≤ trMp(ξ), x ∈ X ; (3)
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(2) íåðàâåíñòâî (3) îáðàùàåòñÿ â ðàâåíñòâî, åñëè

x ∈ S(ξ), ãäå S(ξ)� ñïåêòð ëþáîãî φp-îïòèìàëüíîãî

ïëàíà ξ ∈ Ξ.

(3) âåñà wi = ξ(xi), i = 1, ..., n òî÷åê xi ∈ S(ξ) ñïåê-
òðà φp-îïòèìàëüíîãî ïëàíà ξ èìåþò âèä

wi =

√
bii

∑s
j=0

√
bjj

, B = UMp+1UT . (4)

Äëÿ φ−∞-�óíêöèè, ñîîòâåòñòâóþùåé êðèòåðèþ E-
îïòèìàëüíîñòè, ïîëÿðíîå óðàâíåíèå â ñëó÷àå êðàò-

íîñòè λmin(C), áîëüøåé 1, èìååò ìíîæåñòâî ðåøåíèé.
Ïîýòîìó ýòîò ñëó÷àé òðåáóåò îòäåëüíîãî ðàññìîòðå-

íèÿ, íî òàêæå âïèñûâàåòñÿ â îáùóþ ñõåìó φp-îïòè-
ìàëüíîñòè (ñì. [16℄).

3 φ0- è φ−∞-ïëàíû

Êðèòåðèé D-îïòèìàëüíîñòè â íàñòîÿùåå âðåìÿ ïîë-

íîñòüþ èçó÷åí, â òîì ÷èñëå è êàê φ0-�óíêöèÿ. Èìåí-
íî, èìååò ìåñòî

Òåîðåìà 2. (Ôåäîðîâ [4℄, Õîýë [13℄). D-îïòèìàëü-

íûé ïëàí ξ∗ äëÿ ðåãðåññèè (1) èìååò ðàâíûå ìàññû

â m = s+ 1 íóëÿõ ïîëèíîìà (1− x2)L′
s(x), s ≥ 1, ãäå

Ls(x)� s-ûé ïîëèíîì Ëåæàíäðà.

Ïîëèíîìû Ëåæàíäðà îïðåäåëÿþòñÿ ðåêóððåíòíî

(s+ 1)Ls+1 = (2s+ 1)xLs(x) − sLs−1(x),

L1(x) = x, L2(x) =
1

2
(3x2 − 1).

Ïðèìåð 1. Ïóñòü s = 3. Èñïîëüçóÿ ñîîòíîøåíèå

(1− x2)L′
s(x) = −sxLs(x) + sLs−1(x), s ≥ 2,

íàõîäèì ξ∗ =
{

ξ(±1) = 1
2 , ξ

(

± 1√
5

)

= 1
2

}

.

Âïåðâûå E-îïòèìàëüíûå ïëàíû äëÿ ðåãðåññèè (1)

áûëè ðàññìîòðåíû Ëàïòåâûì [5℄. Â äàííîé ðàáîòå

îíè ïîñòðîåíû ÷èñëåííî äëÿ s = 2, 3, 4 ñ èñïîëüçîâà-
íèåì óñëîâèé îïòèìàëüíîñòè, âûòåêàþùèõ èç òåîðå-

ìû 1. Â àíàëèòè÷åñêîì âèäå ñîîòâåòñòâóþùèé ïëàí

äëÿ s = 2 íàéäåí Êè�åðîì [15℄. Ïîñëå ïîÿâëåíèÿ

òåîðåìû ýêâèâàëåíòíîñòè Ìåëàñà [6℄ φ−∞-ïëàíû äëÿ

ðåãðåññèè (1) ïîñòðîåíû àíàëèòè÷åñêè äëÿ âñåõ s. Òà-
êèì îáðàçîì, çäåñü ñèòóàöèÿ ÿâëÿåòñÿ òîé æå, ÷òî è

äëÿ φ0-ïëàíîâ ñ òåì îòëè÷èåì, ÷òî φ−∞-ïëàíû îêà-

çàëèñü íåèíâàðèàíòíûìè ê çàäàíèþ îáëàñòè ïëàíè-

ðîâàíèÿ X = [a, b] äàæå â ñèììåòðè÷íîì ñëó÷àå. Ýòî

îáúÿñíÿåòñÿ òåì, ÷òî äëÿ ñîîòâåòñòâóþùèõ èíòåðâà-

ëîâ [a, b] �óíêöèîíàë φ−∞(M) â òî÷êå M(ξ∗) îêàçû-
âàåòñÿ íåäè��åðåíöèðóåìûì â ñèëó ïîÿâëåíèÿ êðàò-

íîñòè λmin(M), áîëüøåé 1. Ïîëíîå ðåøåíèå ýòîé ïðî-
áëåìû ïðåäñòàâëåíî â [16℄.

Ïðè ïîñòðîåíèè E-îïòèìàëüíûõ ïëàíîâ ãëàâíóþ

ðîëü èãðàþò ïîëèíîìû ×åáûøåâà 1-ãî ðîäà

Ts(x) = cos[s · arccos(x)] =
s∑

i=0

γix
s−i, x ∈ [−1, 1].

Êîíêðåòíûå âûðàæåíèÿ äëÿ Ts(x), s = 1, ..., 8, ïðåä-
ñòàâëåíû â òàáë. 1.

Òàáëèöà 1. Ïîëèíîìû ×åáûøåâà Ts(x).

s Ts(x)

1 x
2 2x2 − 1
3 4x3 − 3x
4 8x4 − 8x2 + 1
5 16x5 − 20x3 + 5x
6 32x6 − 48x4 + 18x2 − 1
7 64x7 − 112x5 + 56x3 − 7x
8 128x8 − 256x6 + 160x4 − 32x2 + 1

Ïóñòü m = s+ 1. Ââåäåì îáîçíà÷åíèÿ:

F = ((−1)jxij)m−1,m
i=0,j=1;

ej ∈ Rm¯ êàíîíè÷åñêèé áàçèñ Rm;

γ = (γ0, γ1, ..., γs) ∈ Rm
�êîý��èöèåíòû Ts(x);

Aj = ejF
−1γ, j = 1, ...,m.

Ïðåäïîëàãàåì, ÷òî âñå xj ∈ [−1, 1] ïîïàðíî ðàçëè÷-

íû, ò. å. ìàòðèöà F íåâûðîæäåíà.

Òåîðåìà 3. (Ìåëàñ [16, ñ. 94℄) E-îïòèìàëüíûé

ïëàí ξ∗ äëÿ ðåãðåññèè (1) óäîâëåòâîðÿåò ñëåäóþùèì

óñëîâèÿì:

(1) supp ξ∗ = (x∗1, ..., x
∗
m), ãäå x∗j � ýêñòðåìàëüíûå

òî÷êè ïîëèíîìà Ts(x);

(2) pj = ξ(x∗j ) =
|Aj |∑

m
k=1 |Ak| , j = 1, ...,m� âåñà òî÷åê

ïëàíà;

(3) λ∗min := λmin[M(ξ∗)] = (
∑s

j=0 γ
2
j )

−1
�ìèíè-

ìàëüíîå ñîáñòâåííîå ÷èñëî ìàòðèöû M(ξ∗) êðàò-

íîñòè 1.

Àíàëèòè÷åñêèå âûðàæåíèÿ φ−∞-ïëàíîâ äëÿ s =
2, ..., 5 è x ∈ [−1, 1] ïðåäñòàâëåíû â Òàáë. 2.

Òàáëèöà 2. E-îïòèìàëüíûå ïëàíû: supp ξ∗ =

(±1,±x∗,±y∗, 0), α = 20
√
5

681 .

s Óçëû Ìåðû ξ(±x∗i ) óçëîâ x∗i
x∗ y∗ ±1 ±x∗ ±y∗ 0

1 − − 1 − − −
2 − − 2

5 − − 3
5

3 1
2 − 19

75
56
75 − −

4 1√
2

− 24
129

64
129 − 41

129

5
√
5+1
4

√
5−1
4

167
1135

484
1135 − α 484

1135 + α −

Òàáëèöà 3. Çíà÷åíèÿ λ∗min = φ−∞(M(ξ∗)).

s 1 2 3 4 5

λ∗min 1

1
5

1
25

1
129 = 0.0077 1

681 = 0.0015
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4 A-îïòèìàëüíûå ïëàíû

Èñòîðè÷åñêè ïåðâûé ÷èñëåííûé ïîäõîä ê ïîñòðîå-

íèþ A-îïòèìàëüíûõ ïëàíîâ ïðåäëîæåí Ôåäîðîâûì â

[4℄. Ìåòîä Ôåäîðîâà ïðèìåíèì äëÿ ëèíåéíûõ �óíê-

öèîíàëîâ íà ìíîæåñòâå äèñïåðñèîííûõ ìàòðèö D =
M−1

, ê ÷èñëó êîòîðûõ îòíîñèòñÿ è A-êðèòåðèé. Îä-
íàêî îí íå ëèøåí íåäîñòàòêîâ, ñâîéñòâåííûõ âñåì

ïðîöåäóðàì èòåðàöèîííîãî òèïà, òàê êàê íå ó÷èòû-

âàåò äîïîëíèòåëüíîé èí�îðìàöèè êàê î âèäå ìîäåëè,

òàê è î èçâåñòíûõ â íàñòîÿùåå âðåìÿ ñâîéñòâàõ φ−1-

ïëàíîâ (ñì., íàïðèìåð [1℄. Ýòè ìîìåíòû ó÷èòûâàåò

ïîäõîä, ñâÿçàííûé ñ òåîðèåé èñêëþ÷åíèÿ, ñì. [17℄,

[20℄, [12℄, [3℄.

4.1 Ìåòîä èñêëþ÷åíèÿ

Çàäà÷åé, äëÿ ðåøåíèÿ êîòîðîé ðàçðàáàòûâàëàñü òåî-

ðèÿ èñêëþ÷åíèÿ, ÿâëÿëîñü îòûñêàíèå âñåõ ðåøåíèé

ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé

fi(x1, ..., xn) = 0, i = 1, ..., n. (5)

Ëåâûå ñòîðîíû ýòèõ óðàâíåíèé ÿâëÿþòñÿ êàêèìè-ëè-

áî çàäàííûìè ïîëèíîìàìè îò ïåðåìåííûõ x1, ..., xn
ñ êîý��èöèåíòàìè èç ÷èñëîâîãî ïîëÿ K. Î÷åâèäíî,

ê ýòîé çàäà÷å ñâîäèòñÿ ïîñòðîåíèå φ−1-ïëàíîâ, åñëè

â êà÷åñòâå îòïðàâíîé òî÷êè ðàññìàòðèâàòü ñèñòåìó

óðàâíåíèé

∂trM−1(ξ)

∂xi
, i = 1, ..., n, (6)

ãäå â êà÷åñòâå xi ðàññìàòðèâàþòñÿ íåèçâåñòíûå êî-

îðäèíàòû φ−1-ïëàíà ξ, âêëþ÷àÿ êàê òî÷êè ñïåêòðà,

òàê è âåñà ñîîòâåòñòâóþùèõ òî÷åê.

Ýòà çàäà÷à, î÷åâèäíî, òåì ïðîùå, ÷åì ìåíüøå ìû

èìååì ïåðåìåííûõ. Åñëè n = 1, òî ìû ïðåäïîëàãàåì

ðåøåíèå çàäà÷è ïîëíîñòüþ èçâåñòíûì. Ïîýòîìó îñ-

íîâíàÿ èäåÿ òåîðèè èñêëþ÷åíèÿ çàêëþ÷àåòñÿ â ïðå-

îáðàçîâàíèè èñõîäíîé ñèñòåìû (5) â ýêâèâàëåíòíóþ

åé ñèñòåìó gi(x1, ..., xn−1) = 0, i = 1, ...,m (m<n), ñî-

äåðæàùóþ ìåíüøåå ÷èñëî íåèçâåñòíûõ, ïî êðàéíåé

ìåðå, â îäíîì èç óðàâíåíèé. Çàòåì ýòîò ïðîöåññ ïî-

âòîðÿåòñÿ ñ öåëüþ ïîëó÷åíèÿ â íîâîé ñèñòåìå õîòÿ

áû îäíîãî óðàâíåíèÿ ñ n − 2 ïåðåìåííûìè. Ïðîäîë-

æàÿ ýòîò ïðîöåññ, ìû ñòðåìèìñÿ ïðèäòè ê ñèñòåìå,

â êîòîðîé îäíî èç óðàâíåíèé ñîäåðæèò òîëüêî îäíó

ïåðåìåííóþ, ñêàæåì x1.

Îïðåäåëèâ âîçìîæíûå ðåøåíèÿ ýòîãî óðàâíåíèÿ îò

ïåðåìåííîé x1, ìû âîçâðàùàåìñÿ ê ïðåäûäóùåé ñè-

ñòåìå, ñîäåðæàùåé, êàê ìèíèìóì, îäíî óðàâíåíèå

ñ äâóìÿ ïåðåìåííûìè x1 è, ñêàæåì, x2. Îïðåäåëèâ
x2, ïðîäîëæàåì óêàçàííûé ïðîöåññ, ïîêà íå ïðèäåì

ê îêîí÷àòåëüíîìó ðåøåíèþ ñèñòåìû (5). Î÷åâèäíî,

ýòîò ïðîöåññ àíàëîãè÷åí ñõåìå �àóññà äëÿ ðåøåíèÿ

ñèñòåì ëèíåéíûõ óðàâíåíèé, íî çíà÷èòåëüíî ñëîæ-

íåå â ðåàëèçàöèè, òàê êàê íà ïóòè åãî îñóùåñòâëåíèÿ

âñòðå÷àåòñÿ ìíîãî òåõíè÷åñêèõ äåòàëåé, òðåáóþùèõ

ïðåîäîëåíèÿ.

Ñàìûì èçâåñòíûì ìåòîäîì ïåðåõîäà îò ñèñòåìû

óðàâíåíèé (5) ê ñèñòåìå ñ n − 1 è ò. ä. ïåðåìåííû-

ìè ÿâëÿåòñÿ ìåòîä èñêëþ÷åíèÿ Êðîíåêåðà. Â îáùåì

ñëó÷àå îí ïðèâîäèò ê ñèñòåìå óðàâíåíèé âèäà

G(x1) = 0, xi −Hi−1(x1) = 0, i = 2, ..., n, (7)

ãäå ýëèìèíàíòà G(x1)�ïîëèíîì, à Hi(x1)� ðàöèî-

íàëüíûå �óíêöèè îò x1. Òåõíèêà, ïîçâîëÿþùàÿ îñó-
ùåñòâèòü ïåðåõîä îò ñèñòåìû (5) ê ñèñòåìå (11), îñ-

íîâàíà íà ïîíÿòèè ðåçóëüòàíòà.

4.2 Ìåòîä Ïóêåëüñõàéìà

Äðóãîé ñîâðåìåííûé ïîäõîä ê ïîñòðîåíèþ A-îòè-
ìàëüíûõ ïëàíîâ ñâÿçàí ñ òåîðèåé èí�îðìàöèîí-

íûõ �óíêöèé. Êðèòåðèþ φ−1-îïòèìàëüíîñòè ñî-

îòâåòñòâóåò ñòðîãî èçîòîíè÷åñêàÿ φ−1(M)-�óíê-
öèÿ. Ïî òåì æå ïðè÷èíàì, ÷òî è äëÿ äðóãèõ

êðèòåðèåâ, φ−1-ïëàíû ÿâëÿþòñÿ íàñûùåííûìè è

ñèììåòðè÷íûìè[18, ðàçäåë 9.5℄. Âåñà wi = ξ(xi) òî-
÷åê φ−1-ïëàíîâ îïðåäåëÿþòñÿ ñîãëàñíî (4). Ïîñêîëü-

êó ìàòðèöà B = UUT = (FTF )−1
ñâîáîäíà îò âåñîâ,

òî ýòî äàåò âîçìîæíîñòü ðàçäåëüíî îöåíèâàòü ñíà÷à-

ëà òî÷êè ïëàíà, à çàòåì èõ âåñà. Çíà÷åíèå φ−1-�óíê-

öèè ïðè ýòîì èìååò âèä φ−1(M) = (s + 1)tr−1M−1

[18℄, ò. å.

trM−1(ξ) =
( s∑

j=0

√

bjj

)2

. (8)

Âûðàæåíèÿ (4) è (8) èìåííî äëÿ A-êðèòåðèÿ, à íå êàê
÷àñòíûé ñëó÷àé òåîðèè èí�îðìàöèîííûõ φp-�óíê-
öèé, áûëî òàêæå ïîëó÷åíî â [14℄.

4.3 Ìåòîä áàçèñîâ �ðåáíåðà

Ïóñòü K �íåêîòîðîå ïîëå. Îáîçíà÷èì ÷åðåç

K[x1, ..., xn] êîëüöî ïîëèíîìîâ îò n ïåðåìåííûõ

xi ñ êîý��èöèåíòàìè èç K. Åñëè F � ïðîèçâîëüíîå

ìíîæåñòâî ïîëèíîìîâ, òî èäåàë, ïîðîæäàåìûé

ìíîæåñòâîì F � ýòî ìíîæåñòâî 〈F〉, ñîñòîÿùåå èç

âñåõ ïîëèíîìèàëüíûõ ëèíåéíûõ êîìáèíàöèé

〈F〉 = {p1f1 + ...+ pnfn : f1, ..., fn ∈ F},

ãäå p1, ..., pn ∈ K[x1, ..., xn].

Ñîãëàñíî òåîðåìå �èëüáåðòà î áàçèñå, ëþáîé èäåàë

I ⊂ K[x1, ..., xn] èìååò âèä I = 〈F〉, ò. å. ãåíåðèðóåòñÿ
íåêîòîðûì êîíå÷íûì ìíîæåñòâîì ïîëèíîìîâ, îáðà-

çóþùèì áàçèñ èäåàëà. Áàçèñîâ ó êîíêðåòíîãî èäåà-

ëà ñóùåñòâóåò áåñêîíå÷íî ìíîãî, íî èç ñóùåñòâàíèå

áàçèñà âûòåêàåò îäíî âàæíîå ñâîéñòâî: åñëè ïîëèíî-

ìû áàçèñà ðàññìàòðèâàòü êàê ëåâûå ÷àñòè ñèñòåìû

óðàâíåíèé (5), òî ìíîæåñòî ðåøåíèé ýòîé ñèñòåìû

ñîâïàäàåò ñ ìíîæåñòâîì ðåøåíèé äëÿ ëþáîãî äðóãî-

ãî áàçèñà äàííîãî èäåàëà.
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Îòñþäà âûòåêàåò îòñíîâíàÿ èäåÿ ìåòîäà� íàéòè áà-

çèñ çàäàííîãî èäåàëà âèäà (7) ñ òîé ðàçíèöåé, ÷òî

âõîäÿùèå â íåãî �óíêöèè Hi(x1)� íå ðàöèîíàëüíûå

�óíêöèè, à ïîëèíîìû îò x1. Áàçèñ òàêîãî âèäà íà-

çûâàåòñÿ áàçèñîì �ðåáíåðà. Àëãîðèòì åãî îòûñêà-

íèÿ óêàçàí â 1965 ãîäó Áóõáåðãåðîì [11℄. Â íàñòî-

ÿùåå âðåìÿ åãî îïèñàíèå ìîæíî íàéòè â [19℄, [10℄,

[9℄, [8℄, [2℄, [7℄. Ïàêåòû ïðîãðàìì ïî âû÷èñëåíèþ áà-

çèñà �ðåáíåðà âêëþ÷åíû â ñèñòåìû AXIOM, Maple,

Mathematia, REDUCE, Cali è äð.

Ïðèìåð 2. Ïóñòü çàäàíà ñèñòåìà óðàâíåíèé

4x2 + xy2 − z + 1

4
= 0,

2x+ y2z +
1

2
= 0,

x2z − 1

2
x− y2 = 0.

Ïðèìåíÿÿ àëãîðèòì Áóõáåðãåðà, ïîëó÷àåì ñëåäóþ-

ùèé áàçèñ �ðåáíåðà:

G1 = 10, 980z − 6, 272x6 − 45, 504x5 + 216x4

+ 3, 640x3 − 36, 846x2 − 412x− 2, 857,

G2 = 112x6 − 1, 1376x4 + 1, 772x+ 27, 45y2

− 65x3 + 756x2 + 2,

G3 = 32x7 + 232x6 − 34x4 − 44x3 + x2 + 30x+ 8.

Îòñþäà ïîëó÷àåì äâà îòâåòà (x, y, z):

(

−1

2
,
1√
2
, 1
)

,
(

−1

2
,− 1√

2
, 1
)

.

5 φ−1-ïëàíû: ìåòîäû ïîñòðîåíèÿ

Ñëó÷àé s = 2, òðèâèàëåí [4℄. Â íàñòîÿùåå âðåìÿ â

ëèòåðàòóðå ïðåäñòàâëåíû A-îïòèìàëüíûå ïëàíû äëÿ

s = 2, ..., 8 â ðàáîòå [14℄, è äëÿ s = 2, ..., 10�â [18℄. Â

äàííîé ðàáîòå êðàòêî ïðîêîììåíòèðóåì òåõíèêó ïî-

ëó÷åíèÿ φ−1-ïëàíîâ äëÿ ïîëèíîìèàëüíûõ ðåãðåññèé

ñòåïåíåé s = 3, 4 ñ ïîìîùüþ îïèñàííûõ âûøå ìåòî-

äîâ.

5.1 Ñòåïåíü s = 3.

�àññìîòðèì òðè ìåòîäà� èñêëþ÷åíèÿ, èí�îðìàöè-

îííûõ �óíêöèé Ïóêåëüñõàéìà è áàçèñîâ �ðåáíåðà.

Ìåòîä èñêëþ÷åíèÿ. Çàäàäèì ïëàí ξ â âèäå

ξ = {ξ(±1) = 2y, ξ(±x) = 1− 2y},

ò. å. èìååì íåèçâåñòíûé óçåë x > 0 è âåñ y êðàé-

íåé òî÷êè èíòåðâàëà [−1, 1]. Ñèñòåìà (6) ýêâèâàëåíò-
íà ñèñòåìå óðàâíåíèé f(x, y) = 0, g(x, y) = 0, ãäå

f = −3x2y + 2x6y − x4 − x6 + y, (9)

g = −4x6y + 4x6y2 − 4y2 + x6 + x2 − 4x2y.

Òàê êàê ïåðåìåííûõ âñåãî äâå, òî àëãîðèòì ñâîäèò-

ñÿ ê ïðîöåäóðå âû÷èñëåíèÿ ðåçóëüòàíòà R(f, g). �àñ-
ñìàòðèâàÿ f è g êàê ïîëèíîìû îòíîñèòåëüíî y ñ êî-

ý��èöèåíòàìè, çàâèñÿùèìè îò x è ïîëàãàÿ R(f, g) =
0, ïðèõîäèì ê óðàâíåíèþ 3x4+4x2−1 = 0, èç êîòîðî-
ãî íàõîäèì çíà÷åíèå x2. Ïîäñòàâëÿÿ íåîáõîäèìîå èç
äâóõ ðåøåíèé â óðàâíåíèå f = 0, íàõîäèì y. Îêîí÷à-
òåëüíûå âûðàæåíèÿ äëÿ êîîðäèíàò φ−1-ïëàíà ξ èìå-
þò âèä

x =
1

3

√

3
√
7− 6, y = ξ(x) =

1

9
(4 −

√
7), (10)

ïðè ýòîì trD(ξ) = 19 + 7
√
7.

Ìåòîä Ïóêåëüñõàéìà. Ìàêñèìèçàöèÿ èí�îðìàöèîí-

íîé �óíêöèè φ−1(M) = 4
trM−1(ξ)

ýêâèâàëåíòíà ìè-

íèìèçàöèè �óíêöèè

trM−1(ξ) =
1

(1− x2)2x2 (x
√

x4 + 1 +
√

x2 + 1),

ãäå x�íåèçâåñòíûé óçåë ïëàíà. �åøåíèå óðàâíåíèÿ

∂M−1(ξ)
∂x = 0 ïðèâîäèò ê óæå èçâåñòíîìó óðàâíåíèþ

3x4 + 4x2 − 1 = 0, ÷òî è äàåò òðåáóåìûé ðåçóëüòàò

(10).

Ìåòîä áàçèñîâ �ðåáíåðà. Ïðèìåíÿÿ ê áàçèñó (9), àë-

ãîðèòì Áóõáåðãåðà, íàõîäèì áàçèñ �ðåáíåðà

(G1, G2) = (9y3 − 8y2 + y, 18y2 − 7y + 3x2). (11)

Ýëèìèíàíòà G1 ñîäåðæèò òîëüêî îäíó ïåðåìåííóþ.

Ýòî äàåò âîçìîæíîñòü ñíîâà ïîëó÷èòü òîò æå ðåçóëü-

òàò (10).

5.2 Ñòåïåíü s = 4.

Ïëàí ξ èìååò âèä

ξ = {ξ(±1) = 2p, ξ(±x) = 2q, ξ(0) = 1− 2(p+ q)},
ò. å. ñîäåðæèò òðè ïåðåìåííûõ, ïîäëåæàùèõ îïðåäå-

ëåíèþ� óçåë x è âåñà p è q.

Ìåòîä Ïóêåëüñõàéìà. Ñîãëàñíî (8) ïðèõîäèì ê

�óíêöèîíàëó

trM−1(ξ) =
1

(1− x2)x2

×
(

x2
√

x4 + 1 +
√

x2 + 1 + (1− x2)
√

x4 + x2 + 1
)

.

Îòñþäà íàõîäèì x, à çàòåì, ñîãëàñíî (4), è îïòèìàëü-
íûå çíà÷åíèÿ âåñîâ p è q. Îíè ïðåäñòàâëåíû â ñâîä-

íîé òàáë. 6.

Ìåòîä èñêëþ÷åíèÿ. Óðàâíåíèÿ

∂trM−1

∂x
= 0,

∂trM−1

∂p
= 0,

∂trM−1

∂q
= 0

ïðèâîäÿò ê ñèñòåìå óðàâíåíèé

a0q
2 + a1q + a2 = 0,

b0q
2 + b1q + b2 = 0,

c0q
2 + c1q + c2 = 0,
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êîý��èöèåíòû êîòîðîé çàâèñÿò îò x è p. Ýëåìåíòàð-
íûìè ïðåîáðàçîâàíèÿìè ïðèâîäèì ýòó ñèñòåìó ê òðå-

óãîëüíîìó âèäó

a0q
2 + a1q + a2 = 0,

g1q + g2 = 0, (12)

δ = 0,

ãäå δ = g1h2 − g2h1 è
g1 = a0b1 − a1b0, h1 = a0c1 − a1c0,
g2 = a0b2 − a2b0, h2 = a0c2 − a2c0.

Îòñþäà íàõîäèì

q = −g2g−1
1 (13)

��óíêöèÿ ïåðåìåííûõ x è p, çíà÷åíèÿ êîòîðûõ ïî-

êà íåèçâåñòíû. Ïîäñòàâëÿÿ (13) â ïåðâîå óðàâíåíèå

ñèñòåìû (12), ïðèõîäèì ê ñèñòåìå äâóõ óðàâíåíèé ñ

äâóìÿ íåèçâåñòíûìè

a0g
2
2 − a1g1g2 + a2g

2
1 = 0,

g1h2 − g2h1 = 0.

�åøàåì ýòó ñèñòåìó ìåòîäîì ðåçóëüòàíòîâ. Äëÿ ýòî-

ãî çàïèñûâàåì åå óðàâíåíèÿ ïî ñòåïåíÿì p ñ êîý��è-
öèåíòàìè, çàâèñÿùèìè òîëüêî îò x:

G : u0p
2 + u1p+ u2 = 0,

H : v0p
3 + v1p

2 + v2p+ v3 = 0,

Ñîîòâåòñòâóþùèé ðåçóëüòàíò R(G,H), ñ òî÷íîñòüþ

äî òðèâèàëüíûõ ìíîæèòåëåé, ðàâåí ïðîèçâåäåíèþ

R(G,H) = R1R2, ãäå

R1 = 9x18 + 36x16 + 18x14 − 120x12

− 267x10 − 292x8 − 224x6 − 72x4 + 52x2 + 32,

� èñêîìûé ïîëèíîì, êîðåíü x∗ ∈ (0, 1) êîòîðîãî ïðè-
âîäèò ê ñèñòåìå G(x∗, p) = 0, H(x∗, p) = 0, äàþùåé
ðåøåíèå p∗. Òàêèì îáðàçîì, âûïîëíÿÿ îáðàòíûé õîä,

îêîí÷àòåëüíî ïîëó÷àåì

x = 0.6768, p = 0.1045, q = 0.2504, r = 0.2903.

è

trM−1(ξ) = 188.69, φ−1)(M) =
5

trM−1(ξ)
= 0.0265.

Òàê êàê ðàçìåðíîñòü çàäà÷è ñðàâíèòåëüíî íåáîëü-

øàÿ, òî âûðàæåíèÿ äëÿ âåñîâ ïëàíà p è q ìîæíî

ïðåäñòàâèòü â àíàëèòè÷åñêîì âèäå. Äðóãèìè ñëîâà-

ìè, îáùåå ðåøåíèå èñõîäíîé ñèñòåìû óðàâíåíèé (12),

êàê è óòâåðæäàåò òåîðèÿ èñêëþ÷åíèÿ, ìîæíî çàïè-

ñàòü â ñëåäóþùåì êàíîíè÷åñêîì âèäå

X (x1) = R1(x1) = 0,

x1 = x∗� êîðåíü óðàâíåíèÿ X (x) = 0, (14)

x2 := p = ϑ2(z) =
P1(z)

(1− z)P2(z)
,

x3 := q = ϑ2(z) =
Q1(z)

2z(1− z)(1 + z2)Q2(z)Q3(z)
,

ãäå X (x1)� ýëèìèíàíòà, z := x21, à Pi, Qj (i =
1, 2), (j = 1, 2, 3)�ïîëèíîìû, êîý��èöèåíòû êîòî-

ðûõ ïðåäñòàâëåíû â òàáë. 4 è 5.

Òàáëèöà 4. Êîý��èöèåíòû ïîëèíîìîâ Pi(z) =
∑d

k=0 akz
k
, d1 = deg P1(z) = 15, d2 = deg P2(z) = 14.

Êîý��èöèåíòû ak
k 0 1 2 3

P1(z) 16 −104 212 −114
P2(z) −64 416 −620 −496
k 4 5 6 7

P1(z) −70 92 −76 246

P2(z) 364 1,394 2,285 −108
k 8 9 10 11

P1(z) −1 −594 −750 −729
P2(z) −3, 603 −5, 193 −4, 329 −1, 530
k 12 13 14 15

P1(z) −387 36 108 27

P2(z) 459 513 108

Òàáëèöà 5. Êîý��èöèåíòû ïîëèíîìîâ Qi(z) =
∑d

k=0 akz
k
, d1 = deg Q1(z) = 26, d2 = deg Q2(z) = 20,

d3 = deg Q3(z) = 10.

Êîý��èöèåíòû ak
k 0 1 2 3

Q1(z) -256 2,816 −10, 784 13,616

Q2(z) −64 416 −620 −496
Q3(z) 8 −40 30 64

(Ïðîäîëæåíèå òàáë. 5 ).

k 4 5 6 7

Q1(z) 6,936 −9, 276 −19, 216 −51, 546
Q2(z) 364 1,394 2,285 −108
Q3(z) 10 −39 −135 −132
k 8 9 10 11

Q1(z) 34,232 143,774 139,114 −29, 846
Q2(z) −3, 603 −5, 193 −4, 329 −1, 530
Q3(z) −18 27 9

k 12 13 14 15

Q1(z) −357, 214 −511, 305 −257, 974 278,546

Q2(z) 459 513 108

k 16 17 18 19

Q1(z) 802,623 956,163 677,481 255,582

k 20 21 22 23

Q1(z) −45, 288 −135, 711 −79, 812 −11, 664
k 24 25 26

Q1(z) 8,343 4,131 567

Î÷åâèäíî, ðåøåíèå (14) íå ÿâëÿåòñÿ áàçèñîì �ðåáíå-

ðà, ïîëó÷åíèå êîòîðûõ êàê ðàç è ÿâëÿåòñÿ ïðîäîëæå-

íèåì òåîðèè èñêëþ÷åíèÿ.
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5.3 Èòîã: ÷èñëåííûå ðåçóëüòàòû

Â òàáë. 6 è 7 ïðåäñòàâëåíû ÷èñëåííûå ðåçóëüòàòû,

ïîëó÷åííûå ïðè ïîñòðîåíèè A-îïòèìàëüíûõ ïëàíîâ

äëÿ ìîäåëè (1). Îòìåòèì, ÷òî â [14℄ âû÷èñëåíèÿ äî-

âåäåíû äî s = 8, à â [18℄ � äî s = 10. Àíàëèòè÷åñêèé
ðåçóëüòàò äëÿ s = 3 â äàííûõ ðàáîòàõ íå ïðèâîäèòñÿ.

Òàáëèöà 6. A-îïòèìàëüíûå ïëàíû: ÷èñëåííûå ðå-

çóëüòàòû (óêàçàíà ñóììàðíàÿ ìåðà ñèììåòðè÷íûõ

òî÷åê).

s Óçëû ñïåêòðà S Ìåðû ξ(±x∗i ) óçëîâ x∗i
x∗ y∗ ±1 0 ±x∗ ±y∗

1 − − 1.000 − − −
2 − − 0.500 0.500 − −
3 0.464 − 0.310 − 0.690 −
4 0.677 − 0.210 0.290 0.500 −
5 0.789 0.291 0.160 − 0.374 0.466

6 0.853 0.479 0.130 0.205 0.295 0.370

Òàáëèöà 7. Çíà÷åíèÿ �óíêöèîíàëà φ−1(M(ξ∗)) =
(s+ 1)tr−1M−1(ξ∗).

s 1 2 3 4 5 6

φ−1(M) 1.0 0.375 0.107 0.026 0.006 0.001

Òàáë. 6 îòðàæàåò çàêîíîìåðíîñòè èçìåíåíèÿ φ−1-

ïëàíîâ â çàâèñèìîñòè îò ñòåïåíè s ïîëèíîìèàëüíîé

ìîäåëè ðåãðåññèè.
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Î ïðåäåëüíîì ðàñïðåäåëåíèè ïîñëåäîâàòåëüíîñòåé ñëó÷àéíûõ

âåëè÷èí ñî ñëó÷àéíûì èíäåêñîì

Àáäóñóííàò Àáäóðàõìîíîâè÷ Äæàìèðçàåâ

Íàöèîíàëüíûé Óíèâåðñèòåò Óçáåêèñòàíà

Óçáåêèñòàí

djamirzaev�rambler.ru

Àííîòàöèÿ. Â ðàáîòå îáîáùàåòñÿ îäèí ðåçóëüòàò

Ô.Æ.Àíñêîìáå î ïðåäåëüíîì ðàñïðåäåëåíèè ïîñëå-

äîâàòåëüíîñòåé ñëó÷àéíûõ âåëè÷èí ñî ñëó÷àéíûì

èíäåêñîì.

Êëþ÷åâûå ñëîâà. Ñëó÷àéíûå âåëè÷èíû, �óíêöèÿ

ðàñïðåäåëåíèÿ, ñõîäèìîñòü, ïåðåìåøèâàíèÿ.

1 Ââåäåíèå

Ïóñòü íà âåðîÿòíîñòíîì ïðîñòðàíñòâå {Ω, F, P} çà-
äàíû ïîñëåäîâàòåëüíîñòè ñëó÷àéíûõ âåëè÷èí (ñ.â.)

{ηn} è {νn}, ãäå {νn} � ïîñëåäîâàòåëüíîñòü ïîëîæè-

òåëüíûõ öåëî÷èñëåííûõ ñ.â.. Ô.Æ.Àíñêîìáå [2℄ äî-

êàçàë ñëåäóþùóþ òåîðåìó.

Òåîðåìà 1. (F.J.Ansombe, 1952). Ïóñòü âûïîëíåíû

ñëåäóþùèå óñëîâèÿ:

(À) ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü öåëûõ ÷èñåë

kn òàêàÿ, ÷òî ïðè n→∞, kn →∞ è

νn
kn

p→ 1;

(Â) ñóùåñòâóåò �óíêöèÿ ðàñïðåäåëåíèÿ F (x) òà-

êàÿ, ÷òî lim
n→∞

P {ηn < x} = F (x) , ∀x ∈ C (F ) , ãäå

C (F ) � ìíîæåñòâà òî÷åê íåïðåðûâíîñòè F (x);

(Ñ) äëÿ ëþáûõ ε1 > 0, ε2 > 0 ñóùåñòâóþò ÷èñëî

c = c (ε1, ε2) > 0 è íîìåð n0 = n0 (ε1, ε2) òàêèå, ÷òî
ïðè n > n0

P

{

max
|k−n|<cn

|ηk − ηn| ≥ ε1
}

≤ ε2.

Òîãäà

lim
n→∞

P {ηνn < x} = F (x) , ∀x ∈ C (F ) .

Äåñÿòêè ðàáîò àâòîðîâ, òàêèõ êàê À.�åíüè,

Â.�èõòåð, Ñ.�óÿùó, Ø.×�åðãî, É.Ìîäüîðîäè,

Ò.À.Àçëàðîâ, À.À.Äæàìèðçàåâ è äðóãèõ ïîñâÿ-

ùåíû îáîáùåíèþ òåîðåìû 1. Íàïðèìåð, Â.�èõòåð [4℄

äîêàçàë òåîðåìó 1 íà ñëó÷àé êîãäà {ηn} - îáëàäàåò
ñâîéñòâîì ïåðåìåøèâàíèÿ â ñìûñëå À.�åíüè, ò.å.

äëÿ ëþáîãî A ∈ F, P (A) > 0,

lim
n→∞

P {ηn < x, A} = P (A) · F (x) , ∀x ∈ C (F )

© 2014 À.À. Äæàìèðçàåâ
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è

νn
kn

p→ ν0 > 0,

ãäå ν0 � äèñêðåòíàÿ ñ.â. É.Ìîäüîðîäè [3℄ îáîáùèë

ðåçóëüòàò Â.�èõòåðà [4℄ íà ñëó÷àé êîãäà ν0 � íåîáÿ-

çàòåëüíî äèñêðåòíàÿ ñ.â.

2 Îñíîâíîé ðåçóëüòàò

Ïóñòü ñóùåñòâóþò ïîñëåäîâàòåëüíîñòü öåëûõ ÷èñåë

kn, òàêàÿ ÷òî ïðè n → ∞ kn → ∞ è äâóìåðíàÿ

�óíêöèÿ ðàñïðåäåëåíèÿ Ψ(x, y), ÷òî (Â1)

lim
n→∞

P

{

ηn < x,
νn
kn

< y

}

= Ψ(x, y) , ∀ (x, y) ∈ C (Ψ) .

Ïîëîæèì ìàðãèíàëüíûå ðàñïðåäåëåíèÿ

Ψ(+∞, y) = G (y) , Ψ(x,+∞) = F (x) .

Â ðàáîòå äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 2. Ïóñòü G (+0) = 0 è âûïîëíåíû óñëîâèÿ

(Â2), (Ñ). Òîãäà

lim
n→∞

P

{

ηνn < x,
νn
kn

< y

}

= Ψ(x, y) , ∀ (x, y) ∈ C (Ψ) .

Îòìåòèì ÷òî èç òåîðåìû 2 ïðè G (1 + 0)−G (1− 0) =
1 ñëåäóåò òåîðåìà 1, íî èç ðåçóëüòàòîâ [4℄ è [3℄ íå ñëå-
äóåò òåîðåìà 1. Çàìåòèì òàêæå, ÷òî åñëè {ηn} îáëà-
äàåò ñâîéñòâîì ïåðåìåøèâàíèÿ â ñìûñëå À.�åíüè è

ïðè

n→∞, νn
kn

p→ ν0 > 0,

òî (ñì. [1℄) ñëåäóåò, ÷òî èìååò ìåñòî óñëîâèÿ (Â1).

Ñïèñîê ëèòåðàòóðû

[1℄ Äæàìèðçàåâ À.À. Î ñâîéñòâå ïåðåìåøèâàíèÿ â ñìûñëå

À.�åíüè äëÿ ñòàòèñòèêè êðèòåðèÿ îäíîðîäíîñòè. Ñòà-

òèñòè÷åñêèå ìåòîäû îöåíèâàíèÿ è ïðîâåðêè ãèïîòåç,

Ïåðìü, Ïåðìñêèé �îñ. Óíâ, 21:33�37, 2008.

[2℄ Ansombe F.J. Large-sampl theory of sequential estimation.

Pro. Cambridje Phil. So., 48, �4:600�607, 1952.

[3℄ Mogourodi J. Limit distributions for sequenes of random

variables with randomdom indies. Trans. 4 th Prague

Conf.Inform. Theory, Statist. Deis. Finet. Ramdom Proese,

Prague, pages 463�470, 1965.

[4℄ Rihter W. Ubertragung von Grenzaussagen f�ur Folgen von

zuf�alligen Gr�ossen auf Folgen mit zuf�alligen Indizes. Òåîðèÿ

âåðîÿò. è åå ïðèì., 10, âûï 1:82�83, 1965.
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Èçó÷åíèå ðàçëè÷íûõ ïîñòàíîâîê çàäà÷è î ðþêçàêå

è ìåòîäîâ èõ ðåøåíèÿ

Ìàðèÿ Ìèõàéëîâíà Äîäîíîâà

Ñèáèðñêèé Ôåäåðàëüíûé Óíèâåðñèòåò,

Èíñòèòóò ìàòåìàòèêè è �óíäàìåíòàëüíîé èí�îðìàòèêè

Êðàñíîÿðñê

mariya.dodonova.92�mail.ru

Àííîòàöèÿ. Â äàííîé ðàáîòå èçó÷àþòñÿ ðàç-

ëè÷íûå âàðèàíòû ïîñòàíîâêè çàäà÷è î ðþêçàêå.

�àññìàòðèâàþòñÿ è ðåàëèçóþòñÿ ÷åòûðå íàèáîëåå

ïîïóëÿðíûõ àëãîðèòìà ðåøåíèÿ äàííîé çàäà÷è: ïîë-

íûé ïåðåáîð, æàäíûé è ãåíåòè÷åñêèé àëãîðèòìû, à

òàêæå ìåòîä âåòâåé è ãðàíèö. Ïðîâîäèòñÿ êëàñ-

ñè�èêàöèÿ è ñðàâíåíèå ýòèõ ìåòîäîâ ïî ñêîðîñòè

ðåøåíèÿ è òî÷íîñòè íàõîæäåíèÿ ðåøåíèÿ. Òàêæå

íàõîäèòñÿ ðåøåíèå ïðàêòè÷åñêîé çàäà÷è î ðþêçàêå.

Êëþ÷åâûå ñëîâà. Çàäà÷à î ðþêçàêå, îïòèìèçà-

öèÿ, êîìáèíàòîðèêà, ïîëíûé ïåðåáîð, æàäíûé àë-

ãîðèòì, ãåíåòè÷åñêèé àëãîðèòìû, ìåòîä âåòâåé è

ãðàíèö.

1 Ââåäåíèå

Ïðàêòèêà ïîðîæäàåò âñå íîâûå è íîâûå çàäà÷è îï-

òèìèçàöèè, ïðè÷åì èõ ñëîæíîñòü ðàñòåò. �åàëüíûå

ïðèêëàäíûå çàäà÷è äèñêðåòíîé îïòèìèçàöèè î÷åíü

ñëîæíû. Ñîâðåìåííûå ìåòîäû îïòèìèçàöèè äàëåêî

íå âñåãäà ñïðàâëÿþòñÿ ñ ðåøåíèåì ðåàëüíûõ çàäà÷

áåç ïîìîùè ÷åëîâåêà. Òðåáóþòñÿ íîâûå ìàòåìàòè÷å-

ñêèå ìîäåëè è ìåòîäû, êîòîðûå ïîçâîëÿþò ó÷èòû-

âàòü íàëè÷èå ìíîãèõ êðèòåðèåâ è ïðîâîäÿò ãëîáàëü-

íûé ïîèñê îïòèìóìà. Ñëåäóåò îòäàâàòü ïðåäïî÷òå-

íèå òàêèì ìåòîäàì, êîòîðûìè ïðîùå óïðàâëÿòü â

ïðîöåññå ðåøåíèÿ çàäà÷è.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ èçó÷åíèå ðàçëè÷íûõ

âàðèàíòîâ ïîñòàíîâêè çàäà÷è î ðþêçàêå, ðåàëèçàöèÿ

îñíîâíûõ ìåòîäîâ ðåøåíèÿ äàííûõ çàäà÷, êëàññè�è-

êàöèÿ è ñðàâíåíèå ýòèõ ìåòîäîâ.

Çàäà÷à î ðàíöå (ðþêçàêå) � îäíà èçNP -òðóäíûõ
çàäà÷ êîìáèíàòîðíîé îïòèìèçàöèè [1℄. Ñâîå íàçâàíèå

çàäà÷à ïîëó÷èëà îò îïòèìèçàöèîííîé çàäà÷è óêëàä-

êè êàê ìîæíî áîëüøåãî ÷èñëà öåííûõ âåùåé â ðþê-

çàê ïðè óñëîâèè, ÷òî îáùèé îáú�åì (èëè âåñ) âñåõ

ïðåäìåòîâ, ñïîñîáíûõ ïîìåñòèòüñÿ â ðþêçàê, îãðàíè-

÷åí. Çàäà÷à î ðþêçàêå ÿâëÿåòñÿ àêòóàëüíîé è äîñòà-

òî÷íî âîñòðåáîâàííîé ñ òî÷êè çðåíèÿ åå ïðèëîæåíèÿ

â ðåàëüíîé æèçíè. Çàäà÷à î çàãðóçêå (î ðþêçàêå) è

å�å ìîäè�èêàöèè ÷àñòî âîçíèêàþò â ýêîíîìèêå, ïðèê-

ëàäíîé ìàòåìàòèêå, êðèïòîãðà�èè, ãåíåòèêå è ëîãè-
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ñòèêå äëÿ íàõîæäåíèÿ îïòèìàëüíîé çàãðóçêè òðàíñ-

ïîðòà (ñàìîëåòà, ïîåçäà, òðþìà êîðàáëÿ) èëè ñêëàäà

[3℄.

Â ðàáîòå ðàññìàòðèâàþòñÿ ÷åòûðå íàèáîëåå ïîïó-

ëÿðíûõ àëãîðèòìà ðåøåíèÿ äàííîé çàäà÷è: ïîëíûé

ïåðåáîð, æàäíûé è ãåíåòè÷åñêèé àëãîðèòìû, à òàê-

æå ìåòîä âåòâåé è ãðàíèö (êàê ñîêðàùåíèå ìåòîäà

ïîëíîãî ïåðåáîðà). Âñå ìåòîäû ðàçäåëåíû íà äâå

ãðóïïû. Ïåðâóþ ãðóïïó îáðàçóþò òî÷íûå ìåòîäû, ê

êîòîðûì îòíîñÿòñÿ ïîëíûé ïåðåáîð è ìåòîä âåòâåé

è ãðàíèö. Âòîðàÿ ãðóïïà � ïðèáëèæåííûå ìåòîäû,

îíà ïðåäñòàâëåíà æàäíûì è ãåíåòè÷åñêèì àëãîðèò-

ìîì.

2 Çàäà÷à î ðþêçàêå

2.1 Êëàññè÷åñêàÿ ïîñòàíîâêà çàäà÷è

Ïóñòü èìååòñÿ íàáîð ïðåäìåòîâ, êàæäûé èç êîòîðûõ

èìååò äâà ïàðàìåòðà � âåñ è öåííîñòü. Èìååòñÿ ðþê-

çàê  íåêîòîðûì çàäàííûì çíà÷åíèåì âìåñòèìîñòè.

Çàäà÷à çàêëþ÷àåòñÿ â òîì, ÷òîáû ñîáðàòü ðþêçàê ñ

ìàêñèìàëüíîé öåííîñòüþ ïðåäìåòîâ âíóòðè, ñîáëþ-

äàÿ ïðè ýòîì âåñîâîå îãðàíè÷åíèå ðþêçàêà.

Ìàòåìàòè÷åñêè ïîñòàíîâêà çàäà÷è �îðìóëèðóåòñÿ

ñëåäóþùèì îáðàçîì:

Ïóñòü èìååòñÿ n ïðåäìåòîâ. Äëÿ êàæäîãî i-ãî ïðåä-

ìåòà çàäàí åãî âåñ wi > 0 è ñòîèìîñòü (öåííîñòü)

pi > 0, i = 1, 2, ..., n. Çàäàíî îãðàíè÷åíèå íà ìàêñè-

ìàëüíûé âåñ ðþêçàêà � W . Êàæäûé xi ìîæåò ïðè-

íèìàòü òîëüêî îäíî èç äâóõ çíà÷åíèé: xi = 1, åñëè
i-é ïðåäìåò óïàêîâûâàþò â ðþêçàê, èëè xi = 0, â
ïðîòèâíîì ñëó÷àå.

Òðåáóåòñÿ âûáðàòü èç çàäàííîãî ìíîæåñòâà ïðåäìå-

òîâ íàáîð ñ ìàêñèìàëüíîé ñóììàðíîé ñòîèìîñòüþ

n∑

i=1

pixi (1)

ïðè îäíîâðåìåííîì ñîáëþäåíèè îãðàíè÷åíèÿ íà ñóì-

ìàðíûé âåñ íàéäåííîãî íàáîðà

n∑

i=1

wixi ≤W. (2)
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Êëàññè÷åñêàÿ çàäà÷à î ðàíöå (ÊÇ�) îòíîñèòñÿ ê ÷èñ-

ëó øèðîêî èçâåñòíûõ çàäà÷ äèñêðåòíîé îïòèìèçà-

öèè. Âïåðâûå ÊÇ� áûëà ñ�îðìóëèðîâàíà Ä. Äàíöè-

ãîì è ñ òåõ ïîð àêòèâíî èññëåäóåòñÿ. Åå ïîïóëÿð-

íîñòü, ïðåæäå âñåãî, âûçâàíà áîëüøèì êîëè÷åñòâîì

ïðèëîæåíèé. Àêòóàëüíîñòü èññëåäîâàíèÿ ïðåäîïðå-

äåëåíà øèðîêîé ðàñïðîñòðàíåííîñòüþ è âàæíîñòüþ

ïðèêëàäíûõ ïðîáëåì, �îðìóëèðóåìûõ â ðàìêàõ ìíî-

ãîêðèòåðèàëüíûõ çàäà÷ ðàíöåâîãî òèïà.

2.2 �àçëè÷íûå ïîñòàíîâêè çàäà÷è î ðþêçàêå

Ñóùåñòâóåò íåñêîëüêî ðàçíîâèäíîñòåé çàäà÷è î ðàí-

öå, îòëè÷èÿ ìåæäó êîòîðûìè çàêëþ÷àþòñÿ â óñëîâè-

ÿõ, íàëîæåííûõ íà ðþêçàê, ïðåäìåòû èëè èõ âûáîð:

1. �þêçàê 0-1 èëè Êëàññè÷åñêàÿ çàäà÷à � êàæäûé

ïðåäìåò ìîæíî áðàòü òîëüêî îäèí ðàç;

2. Îãðàíè÷åííûé ðþêçàê � êàæäûé ïðåäìåò ìîæ-

íî áðàòü îïðåäåëåííîå êîëè÷åñòâî ðàç ;

3. Íåîãðàíè÷åííûé ðþêçàê � êàæäûé ïðåäìåò

ìîæíî áðàòü ñêîëüêî óãîäíî ðàç;

4. Íåïðåðûâíûé ðþêçàê � âîçìîæíî áðàòü ëþáóþ

äðîáíóþ ÷àñòü îò ïðåäìåòà;

5. �þêçàê ñ ìóëüòèâûáîðîì� åñòü íåñêîëüêî êëàñ-

ñîâ ïðåäìåòîâ, èç êîòîðûõ ìîæíî áðàòü îäíîãî

ïðåäñòàâèòåëÿ, ïðè÷�åì íåêîòîðûå âåùè èìåþò

áîëüøèé ïðèîðèòåò, ÷åì äðóãèå;

6. Ìóëüòèïëèêàòèâíûé ðþêçàê � åñòü íåñêîëüêî

ðþêçàêîâ ñ ðàçëè÷íîé âìåñòèìîñòüþ;

7. Ìíîãîìåðíûé ðþêçàê � åñòü áîëåå îäíîãî îãðà-

íè÷åíèÿ íà ðþêçàê.

�þêçàê 0-1

Ýòî ñàìàÿ ðàñïðîñòðàíåííàÿ ðàçíîâèäíîñòü ðþêçà-

êà. Ïîñòàíîâêà ïðèâåäåíà ðàíåå.

Îãðàíè÷åííûé ðþêçàê

Îáîáùåíèå êëàññè÷åñêîé çàäà÷è, êîãäà ëþáîé ïðåä-

ìåò ìîæåò áûòü âçÿò íåêîòîðîå êîëè÷åñòâî ðàç. Êàæ-

äûé ïðåäìåò xi ìîæåò áûòü âûáðàí îãðàíè÷åííîå

÷èñëî ðàç. Íåîáõîäèìî ìàêñèìèçèðîâàòü öåííîñòü

ðþêçàêà

n∑

i=1

pixi (3)

÷òîáû ïðè ýòîì âûïîëíÿëîñü óñëîâèå

n∑

i=1

wixi ≤W. (4)

ãäå xi ∈ (0, 1, ..., bi) äëÿ âñåõ i = 1, 2, . . . , n. ×èñëî bi
íàçûâàþò ãðàíèöåé.

Íåîãðàíè÷åííûé ðþêçàê

Êàæäûé ïðåäìåò xi ìîæåò áûòü âûáðàí íåîãðàíè-

÷åííîå ÷èñëî ðàç. Íåîáõîäèìî ìàêñèìèçèðîâàòü öåí-

íîñòü ðþêçàêà (4), ÷òîáû ïðè ýòîì âûïîëíÿëîñü

óñëîâèå îãðàíè÷åíèÿ íà åãî âåñ (1) è öåëîå xi ≥ 0
äëÿ âñåõ i = 1, 2, . . . , n.

Íåïðåðûâíûé ðþêçàê

Ñõîäíà ñ ïðåäûäóùåé, òîëüêî xi ÿâëÿåòñÿ âåùåñòâåí-
íûì ÷èñëîì. Äàííàÿ çàäà÷à ïðåäñòàâëÿåò ñîáîé çà-

äà÷ó ëèíåéíîãî ïðîãðàììèðîâàíèÿ.

�þêçàê ñ ìóëüòèâûáîðîì

Èìååòñÿ ìíîæåñòâî ïðåäìåòîâ Q = {q1, q2, . . . , qn},
êîòîðûå ðàçäåëåíû íà m êëàññîâ Si = qij , i =
1, 2, . . . ,m. Çàäàíî êîëè÷åñòâî ïðåäìåòîâ â êàæäîì

êëàññå ni = |Si|,
m∑

i=1

= n. Òî åñòü

m∑

i=1

ni∑

j=1

qij = Q.

Èìååòñÿ ðþêçàê îáúåìà W ∈ N . Äëÿ êàæäîãî j-ãî

ïðåäìåòà èç i-ãî ðþêçàêà qij çàäàíà åãî ñòîèìîñòü

pij > 0 è îïðåäåëåí âåñ wij > 0. Òðåáóåòñÿ óïàêî-

âàòü ðþêçàê òàê, ÷òîáû â í�åì îáÿçàòåëüíî ïðèñóò-

ñòâîâàë ïðåäìåò � ïðåäñòàâèòåëü êàæäîãî êëàññà,

ïðè÷åì îáùàÿ öåííîñòü óïàêîâàííûõ ïðåäìåòîâ áû-

ëà íàèáîëüøåé, à èõ îáùèé âåñ íå ïðåâîñõîäèë W .

Äëÿ êàæäîãî ïðåäìåòà qij ââåäåì äâîè÷íûå ïåðåìåí-

íûå xij ñëåäóþùèì îáðàçîì:

• xij = 1, åñëè ïðåäìåò âûáðàí äëÿ óïàêîâêè,

• xij = 0, â ïðîòèâíîì ñëó÷àå.

Òðåáóåòñÿ íàéòè

m∑

i=1

ni∑

j=1

pijxij → max (5)

ïðè âûïîëíåíèè îãðàíè÷åíèÿ íà âåñ

m∑

i=1

ni∑

j=1

wijxij ≤W (6)

è óñëîâèÿ íà íàëè÷èå ïðåäñòàâèòåëÿ êàæäîãî êëàññà

ni∑

j=1

xij > 0, i = 1, 2, . . . ,m. (7)

Ìóëüòèïëèêàòèâíûé ðþêçàê

Ïóñòü èìåþòñÿ n ïðåäìåòîâ è m ðþêçàêîâ (m ≤ n).
Ó êàæäîãî ðþêçàêà îïðåäåëåíà ñâîÿ âìåñòèìîñòü Pi,

i = 1, 2, . . . ,m, xi ∈ 0, 1. Òðåáóåòñÿ âûïîëíèòü ìàêñè-
ìèçàöèþ

m∑

i=1

n∑

j=1

cijxij (8)
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òàê ÷òîáû âûïîëíÿëîñü óñëîâèå

n∑

i=1

pjxij ≤ Pi (9)

äëÿ âñåõ i = 1, 2, . . . , n. Ïðè÷åì
m∑

j=1

xij = 1.

Ìíîãîìåðíûé ðþêçàê

Çàäà÷à î ðþêçàêå ÿâëÿåòñÿ m-ìåðíîé çàäà÷åé, åñ-

ëè åñòü áîëåå îäíîãî îãðàíè÷åíèÿ íà ðþêçàê (íà-

ïðèìåð, îáúåì è âåñ). Òîãäà �îðìóëèðîâêà çàäà÷è

(äëÿ íåîãðàíè÷åííîãî âàðèàíòà) èìååò ñëåäóþùèé

âèä: íåîáõîäèìî ìàêñèìèçèðîâàòü

n∑

i=1

cixi (10)

òàê ÷òîáû

n∑

i=1

pijxi ≤ Pj , (11)

äëÿ j = 1, 2, . . . ,m è xi ≥ 0 äëÿ âñåõ i = 1, 2, . . . , n.

3 Êëàññè�èêàöèÿ è ñðàâíåíèå

ìåòîäîâ ðåøåíèÿ çàäà÷è î ðþêçàêå

Ñóùåñòâóåò ðÿä ìåòîäîâ, ïîçâîëÿþùèõ íàõîäèòü ðå-

øåíèå çàäà÷è î ðàíöå [4℄, [2℄. Â äàííîé ðàáîòå ðàñ-

ñìàòðèâàëèñü ñëåäóþùèå ìåòîäû (äëÿ âñåõ ñåìè ïðè-

âåäåííûõ âûøå ïîñòàíîâîê çàäà÷è):

1. Ïîëíûé ïåðåáîð,

2. Ìåòîä âåòâåé è ãðàíèö,

3. Æàäíûé àëãîðèòì,

4. �åíåòè÷åñêèé àëãîðèòì

Çàäà÷à î ðþêçàêå ÿâëÿåòñÿ NP -òðóäíîé, ò.å. äëÿ íåå
íå ñóùåñòâóåò ïîëèíîìèàëüíîãî àëãîðèòìà, ðåøàþ-

ùåãî åå çà ðàçóìíîå âðåìÿ. Åñëè ïåðåáèðàòü âñåâîç-

ìîæíûå ïîäìíîæåñòâà äàííîãî íàáîðà èç n ïðåäìå-

òîâ, òî ïîëó÷èòñÿ ðåøåíèå ñëîæíîñòè íå ìåíåå ÷åì

O(2n). Â íàñòîÿùåå âðåìÿ íåèçâåñòåí (è, ñêîðåå âñå-

ãî, âîîáùå íå ñóùåñòâóåò) àëãîðèòì ðåøåíèÿ ýòîé çà-

äà÷è, ñëîæíîñòü êîòîðîãî ÿâëÿåòñÿ ìíîãî÷ëåíîì îò

n.

Â ðàáîòå ðàññìàòðèâàëñÿ ïðàêòè÷åñêèé ïðèìåð çàäà-

÷è î ðþêçàêå ñ ìàêñèìàëüíîé âìåñòèìîñòüþ ðþêçàêà

P = 30 è êîëè÷åñòâîì ïðåäìåòîâ n = 20.

Ñ ïîìîùüþ ïåðå÷èñëåííûõ ìåòîäîâ áûëè íàéäåíû

ðåøåíèÿ âñåõ ñåìè âàðèàíòîâ çàäà÷è î ðþêçàêå, à

òàêæå âûïîëíåíî ñðàâíåíèå ìåòîäîâ ïî ñêîðîñòè è

òî÷íîñòè íàõîæäåíèÿ ðåøåíèÿ. Ïðîâåäåííîå ñðàâíå-

íèå ïîêàçàíî â òàáëèöå 1.

Ïðè âûáîðå àëãîðèòìà ðåøåíèÿ ïðèõîäèòñÿ âû-

áèðàòü ìåæäó òî÷íûìè àëãîðèòìàìè, êîòîðûå íå

Ïðåäìåò Âåñ Ñòîèìîñòü

1 ðûáà 6 5

2 ìîëîêî 4 3

3 ñîê 3 1

4 õëåá 2 3

5 òåëå�îí 5 6

6 ìÿñî 7 9

7 âîäà 4 8

8 áóìàãà 2 6

9 ÿáëîêè 9 10

10 ñûð 3 7

11 êîëáàñà 5 9

12 îãóðöû 6 9

13 êëåé 2 5

14 âàòà 4 5

15 òåòðàäü 5 10

16 êå�èð 7 8

17 êî�å 4 7

18 êóðèöà 9 10

19 ìàñëî 5 7

20 øîêîëàä 3 6

Òàáëèöà 1: Ïðåäìåòû äëÿ ïðàêòè÷åñêîé çàäà÷è ðþêçàêà

ïðèìåíèìû äëÿ ðþêçàêîâ áîëüøîé ðàçìåðíîñòè, è

ïðèáëèæåííûìè, êîòîðûå ðàáîòàþò áûñòðî, íî íå

îáåñïå÷èâàþò îïòèìàëüíîãî ðåøåíèÿ çàäà÷è. Âûáîð

èñïîëüçîâàíèÿ òîãî èëè èíîãî ìåòîäà ÿâëÿåòñÿ

ñïîðíûì âîïðîñîì. Âñ�å çàâèñèò îò ïîñòàíîâêè çàäà-

÷è, à òàêæå îò òîãî, êàêèå öåëè ïîñòàâëåíû. Åñëè

òðåáóåòñÿ íàéòè òî÷íîå ðåøåíèå, òî íåîáõîäèìî èñ-

ïîëüçîâàòü òî÷íûå ìåòîäû. Â ñèòóàöèè íåáîëüøîãî

íàáîðà âõîäíûõ äàííûõ (äî 10�20 ïðåäìåòîâ), ëó÷øå

ïðèìåíÿòü ìåòîäû ïåðåáîðà èëè âåòâåé è ãðàíèö,

â ñèëó ïðîñòîòû ðåàëèçàöèè. Åñëè æå òî÷íîñòü

ðåøåíèÿ íå èãðàåò áîëüøîé ðîëè, èëè âõîäíûå

äàííûå òàêîâû, ÷òî íè îäèí èç òî÷íûõ ìåòîäîâ

íå ðàáîòîñïîñîáåí, òî äëÿ ðåøåíèÿ çàäà÷è ìîæíî

èñïîëüçîâàòü ëèøü ïðèáëèæåííûå àëãîðèòìû.

Âûâîäû

Ïîñêîëüêó ìåòîä ïîëíîãî ïåðåáîðà î÷åíü òðóäîåì-

êèé, òî ðàçìåð ðþêçàêà è êîëè÷åñòâî ïðåäìåòîâ

ïðè åãî èñïîëüçîâàíèè äîëæíû áûòü îãðàíè÷åíû.

Ñëåäîâàòåëüíî, ýòîò ìåòîä íåïðèìåíèì äëÿ íåîãðà-

íè÷åííîãî è íåïðåðûâíîãî ðþêçàêîâ. Ïðè ðåøåíèè

ïåðåáîðîì çàäà÷ ìóëüòèïëèêàòèâíîãî è îãðàíè÷åí-

íîãî ðþêçàêîâ íåîáõîäèìî óìåíüøèòü êîëè÷åñòâî

ïðåäìåòîâ äî äåñÿòè, ÷òîáû ðåøåíèå áûëî íàéäåíî.

Î÷åâèäíûì íåäîñòàòêîì àëãîðèòìà ìåòîäà âåòâåé

è ãðàíèö ïðè ðåøåíèè çàäà÷ áîëüøîé ðàçìåðíîñòè

ÿâëÿåòñÿ íåîáõîäèìîñòü ïåðåáðàòü ñëèøêîì áîëü-

øîå êîëè÷åñòâî âàðèàíòîâ ïåðåä òåì, êàê áóäåò íàé-

äåí îïòèìàëüíûé. Íåñîìíåííî, ìåòîä âåòâåé ïîâòî-
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Ìåòîä Ñëîæ-

íîñòü

Ïëþñû Ìèíóñû

Ïîëíûé

ïåðåáîð

O(N !) ïðîñòîòà

ðåàëèçà-

öèè; òî÷íîå

ðåøåíèå

âõîäíûå

äàííûå

íåâåëèêè;

áîëüøàÿ

âðåìåííàÿ

ñëîæíîñòü

Ìåòîä

âåòâåé è

ãðàíèö

âîçìîæíî

çíà÷è-

òåëüíîå

ñîêðàùåíèå

âðåìåíè;

ïðîñòîòà

ðåàëèçàöèè

ðàáîòàåò

êàê ïîëíûé

ïåðåáîð

Æàäíûé

àëãî-

ðèòì

O(N ∗
Log(N))

âûñîêàÿ

ñêîðîñòü;

ìîæåò ðà-

áîòàòü ñ

áîëüøèìè

çíà÷åíèÿìè

N ; ïðîñòîòà

ðåàëèçàöèè

ðåøåíèå

íåòî÷íîå

�åíåòè-

÷åñêèé

àëãî-

ðèòì

âûñîêàÿ

ñêîðîñòü;

ðàáîòà ñ

áîëüøèìè

N ; íåçà-

âèñèìîñòü

îò âèäà

èñõîäíûõ

äàííûõ

íå ãàðàí-

òèðóåò

íàõîæäå-

íèå îïòè-

ìàëüíîãî

ðåøåíèÿ

Ìåòîä

äèíàìè-

÷åñêîãî

ïðîãðàì-

ìèðîâà-

íèÿ

O(W ∗
N)

íåçàâèñèìîñòü

îò âèäà èñ-

õîäíûõ

äàííûõ;

òî÷íîå

ðåøåíèå

áîëüøîé

îáúåì

âû÷èñëèòåëü-

íîé ðàáîòû

Òàáëèöà 2: Ñðàâíèòåëüíûé àíàëèç ìåòîäîâ

ðÿåò ïåðåáîð. Îäíàêî, áëàãîäàðÿ îòñå÷åíèþ ¾áåñ-

ïîëåçíûõ¿ ðåøåíèé, ìîæåò ñàìîñòîÿòåëüíî îãðàíè-

÷èòü áåñêîíå÷íîå ïðîñòðàíñòâî ðåøåíèé. Ïîýòîìó

åãî ìîæíî ïðèìåíèòü äëÿ íåîãðàíè÷åííîãî ðþêçàêà,

íî íåëüçÿ ïðèìåíèòü äëÿ íåïðåðûâíîãî ðþêçàêà.

Æàäíûé àëãîðèòì ÿâëÿåòñÿ îäíîêðèòåðèàëüíûì àë-

ãîðèòìîì, ïîýòîìó îí íåïðèìåíèì äëÿ ìíîãîìåðíî-

ãî ðþêçàêà. Îäíàêî ñëåäóåò îòìåòèòü, ÷òî äëÿ çàäà-

÷è íåïðåðûâíîãî ðþêçàêà èìåííî ýòîò àëãîðèòì íà-

õîäèò íàèáîëåå îïòèìàëüíîå ðåøåíèå. �åíåòè÷åñêèé

àëãîðèòì ÿâëÿåòñÿ îäíèì èç ñàìûõ áûñòðûõ àëãî-

ðèòìîâ. Íî îãðàíè÷åíèåì ýòîãî àëãîðèòìà ÿâëÿåòñÿ

òî, ÷òî åãî õðîìîñîìû êîäèðóþòñÿ äèñêðåòíî. Ñî-

îòâåòñòâåííî, åãî íåëüçÿ èñïîëüçîâàòü äëÿ ðåøåíèÿ

íåïðåðûâíûõ è áåñêîíå÷íûõ çàäà÷. Íåäîñòàòêîì ãå-

íåòè÷åñêîãî àëãîðèòìà òàêæå ÿâëÿåòñÿ òî, ÷òî îí

íå ãàðàíòèðóåò íàõîæäåíèå îïòèìàëüíîãî ðåøåíèÿ â

íåêîòîðûõ ñèòóàöèÿõ (íàõîäèò ëîêàëüíûé ýêñòðåìóì

âìåñòî ãëîáàëüíîãî). Ïðîèñõîäèò ýòî âñëåäñòâèå òî-

ãî, ÷òî àëãîðèòì ìîæåò çàêàí÷èâàòüñÿ íå òîëüêî ïðè

äîñòèæåíèè îïòèìàëüíîãî ðåøåíèÿ, íî è ñëåäóþùèõ

óñëîâèÿõ:

• ïðîéäåíî ìàêñèìàëüíîå çàäàííîå ÷èñëî èòåðà-

öèé;

• ïðîøëî ìàêñèìàëüíîå âðåìÿ, çàäàííîå äëÿ âû-

ïîëíåíèÿ àëãîðèòìà;

• ïðè ïåðåõîäå ê íîâîìó ïîêîëåíèþ íå ïðîèñõîäèò

ñóùåñòâåííûõ èçìåíåíèé.
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�åøåíèå îáðàòíîé çàäà÷è òåîðèè ðèñêà äëÿ ìåðû âîçìóùåííîé

âåðîÿòíîñòè

Åñèí �îìàí Âèòàëüåâè÷

Ñèáèðñêèé Ôåäåðàëüíûé Óíèâåðñèòåò

Èíñòèòóò êîñìè÷åñêèõ è èí�îðìàöèîííûõ òåõíîëîãèé

Êðàñíîÿðñê
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Àííîòàöèÿ. Â äàííîé ðàáîòå èçëàãàåòñÿ ìåòîä

ðåøåíèÿ îáðàòíîé çàäà÷è òåîðèè ðèñêà äëÿ ìå-

ðû âîçìóùåííîé âåðîÿòíîñòè, îñíîâàííûé íà âû-

÷èñëåíèè �óíêöèîíàëà âîçìóùåííîé âåðîÿòíîñòè,

íåïðèÿòèÿ ðèñêà è íà ñðàâíåíèè ðåøåíèé èíäèâèäó-

óìà ñ ðåøåíèÿìè, ïðèíèìàåìûìè ñ èñïîëüçîâàíèåì

ðàçëè÷íûõ òèïîâ âîçìóùàþùèõ �óíêöèé.

Êëþ÷åâûå ñëîâà. Òåîðèÿ ðèñêà, êîãåðåíòíûå ìåðû

ðèñêà, íåïðèÿòèå ðèñêà, �óíêöèîíàë âîçìóùåííîé

âåðîÿòíîñòè.

1 Ââåäåíèå

Ïðè ïðèíÿòèè ýêîíîìè÷åñêèõ èëè óïðàâëåí÷åñêèõ

ðåøåíèé îáû÷íî íå óäàåòñÿ ñïðîãíîçèðîâàòü ðåçóëü-

òàò êàæäîãî èíäèâèäóàëüíîãî ðåøåíèÿ ñ óäîâëåòâî-

ðèòåëüíîé òî÷íîñòüþ. Ïîýòîìó ïðèõîäèòñÿ ïðèçíà-

âàòü íåîïðåäåëåííîñòü ïîñëåäñòâèé ïðèíÿòûõ ðåøå-

íèé, è, êàê ñëåäñòâèå, äëÿ ïðèíÿòèÿ ðàöèîíàëüíûõ

ðåøåíèé èñïîëüçîâàòü ñîîòâåòñòâóþùóþ òåîðèþ. Åñ-

ëè èíäèâèäóóì õî÷åò ïðèíÿòü ðåøåíèå íà îñíîâà-

íèè ñîáñòâåííîãî îòíîøåíèÿ ê ðèñêó, òî äëÿ ýòîãî íà

ìíîæåñòâå âñåâîçìîæíûõ âåðîÿòíîñòíûõ ðàñïðåäå-

ëåíèé íåîáõîäèìî ïîñòðîèòü íåêîòîðûé âåùåñòâåí-

íûé �óíêöèîíàë, íà îñíîâå êîòîðîãî ýòîò èíäèâèäó-

óì áóäåò ïðèíèìàòü ðåøåíèå, è ýòîò èñïîëüçóåìûé

èì �óíêöèîíàë äîëæåí áûòü ñîãëàñîâàí ñ åãî ïðåä-

ïî÷òåíèåì. Îáðàòíîé çàäà÷åé áóäåì ñ÷èòàòü ïîñòðî-

åíèå ìåðû ðèñêà, êîòîðàÿ ñòðîèòñÿ ïî êàêèì-ëèáî

èçâåñòíûì õàðàêòåðèñòèêàì ïðåäïî÷òåíèÿ ýòîãî ÷å-

ëîâåêà. �åøèì äàííóþ çàäà÷ó â ðàìêàõ ìåðû âîçìó-

ùåííîé âåðîÿòíîñòè.

2 Îñíîâíûå ïîíÿòèÿ è îïðåäåëåíèÿ

�àññìîòðèì âåðîÿòíîñòíîå ïðîñòðàíñòâî (Ω,A,P),
ãäå Ω � ìíîæåñòâî ýëåìåíòàðíûõ èñõîäîâ, A - σ-
àëãåáðà, çàäàííàÿ íà Ω, à P � âåðîÿòíîñòíàÿ ìåðà,

îïðåäåëåííàÿ íà ìíîæåñòâàõ èç A.

© 2014 �.Â. Åñèí
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�èñêîì X íà (Ω,A) íàçûâàåòñÿ ïðîèçâîëüíîå èçìå-
ðèìîå îòîáðàæåíèå èç Ω â R, èíà÷å ãîâîðÿ ñëó÷àé-

íàÿ âåëè÷èíà. À çíà÷åíèÿ ðèñêà áóäåì ïðèíèìàòü

êàê äîõîä èëè óáûòîê íåêîòîðîãî ëèöà, ïðèíèìàþ-

ùåãî ðåøåíèå. Òîãäà X � ñîâîêóïíîñòü âñåõ ðèñêîâ

íà (Ω,A).
�îâîðÿò, ÷òî íà ìíîæåñòâåR çàäàíî îòíîøåíèå ïðåä-

ïî÷òåíèÿ 4, åñëè ýòî îòíîøåíèå îáëàäàåò ñâîéñòâà-

ìè:

• ïîëíîòû: äëÿ ïðîèçâîëüíîé ïàðû r1, r2 ∈ R ëèáî

r1 4 r2, ëèáî r2 4 r1, ëèáî ñïðàâåäëèâû îáà ýòèõ

îòíîøåíèÿ;

• òðàíçèòèâíîñòè: åñëè r1 4 r2 è r2 4 r3, òî r1 4

r3.

Ýëåìåíòû r1, r2 ∈ R, äëÿ êîòîðûõ âåðíî r1 4 r2,
r1 4 r2, íàçûâàþòñÿ ýêâèâàëåíòíûìè: r1 ∼ r2. Ïóñòü
íà çàäàíû îòíîøåíèÿ (÷àñòè÷íîãî) ïîðÿäêà ≤ è

ïðåäïî÷òåíèÿ 4. Ïðåäïî÷òåíèå 4 íàçûâàþò ñîãëà-

ñîâàííûì ñ ïîðÿäêîì ≤, åñëè r1 ≤ r2 =⇒ r1 4 r2.
Äàííîå îòíîøåíèå ïðåäïî÷òåíèÿ îòðàæàåò èíäèâè-

äóàëüíîå îòíîøåíèå ê ðèñêó íåêîòîðîãî èíäèâèäóó-

ìà.

Ìåðîé ðèñêà íàçûâàåòñÿ ïðîèçâîëüíûé �óíêöèî-

íàë ρ : X → R. �îâîðÿò, ÷òî ρ ïðåäñòàâëÿåò îòíîøå-
íèå ïðåäïî÷òåíèÿ íà X , êëãäà

ρ(X) ≤ ρ(Y ), åñëè X 4 Y , ãäå X,Y ∈ X .

Èíäèâèäóóì, õàðàêòåðèçóåìûé îòíîøåíèåì ïðåäïî-

÷òåíèÿ 4, íå ïðèåìëåò ðèñê, åñëè äëÿ ïðîèçâîëüíîãî

ðèñêà ∆ : E∆ = 0 è äëÿ ïðîèçâîëüíîãî a ∈ R èìååò

ìåñòî a+∆ ≺ a. Íåïðèÿòèå ðèñêà ìîæíî èñòîëêîâàòü
ñëåäóþùèì îáðàçîì: åñëè ê äåòåðìèíèðîâàííîé âå-

ëè÷èíå a ïðèáàâèòü íåêîòîðóþ íåâûðîæäåííóþ ñëó-

÷àéíóþ âåëè÷èíó ∆ ñ íóëåâûì ñðåäíèì, òî ðåçóëüòàò

a+∆ ìåíåå ïðåäïî÷òèòåëåí äëÿ èíäèâèäóóìà, ÷åì a.
Ïðè ðåãóëÿðíîì îòíîøåíèè ïðåäïî÷òåíèÿ ýòî îçíà-

÷àåò, ÷òî íàéäåòñÿ c > 0 òàêîå, ÷òî a+∆ ∼ a− c

3 Êîãåðåíòíûå ìåðû ðèñêà

Â ðàáîòå [6℄, áûëî ââåäåíî ïîíÿòèå êîãåðåíòíîé ìå-

ðû ðèñêà. Ñëåäóÿ ðàáîòå [7℄ èçëîæèì èõ â òåðìèíàõ
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ñóïåðìîäóëÿðíûõ �óíêöèé, êîòîðûé ÿâëÿþòñÿ ýêâè-

âàëåíòíûì îïèñàíèåì êîãåðåíòíûõ ìåð ðèñêà, òî÷-

íåå, åñëè ρ : X → R - êîãåðåíòíàÿ ìåðà ðèñêà, òî f
- ñóïåðìîäóëÿðíàÿ �óíêöèÿ, ñâÿçàííàÿ ñ ρ ïîñðåä-

ñòâîì ñîîòíîøåíèÿ f(X) = −ρ(X), äëÿ ïðîèçâîëü-

íîãî X ∈ X . Òàêèå ñóïåðìîäóëÿðíûå �óíêöèîíàëû

áóäåì íàçûâàòü êîãåðåíòíûìè ìåðàìè ðèñêà.

Êîãåðåíòíîé ìåðîé ðèñêà íàçûâàåòñÿ �óíêöèî-

íàë f : X → R, îáëàäàþùèé ñâîéñòâàìè ìîíîòîí-

íîñòè, ñóïåðàääèòèâíîñòè, ïîëîæèòåëüíîé îäíîðîä-

íîñòè è èíâàðèàíòíîñòè îòíîñèòåëüíî ñäâèãîâ, ñîîò-

âåòñòâåííî:

• X ≤ Y =⇒ f(X) ≤ f(Y )

• f(X + Y ) ≥ f(X) + f(Y )

• f(λX) = λf(X), λ > 0

• f(X + aI) = f(X) + a, a ∈ R

Çäåñü X,Y � ïðîèçâîëüíûå ñëó÷àéíûå âåëè÷èíû èç

X , a I = (1, 1, . . . , 1) � âåêòîð ñ åäèíè÷íûìè êîìïî-

íåíòàìè äëèíû n. Ñâîéñòâî ìîíîòîííîñòè ãàðàíòè-

ðóåò, ÷òî êîãåðåíòíûå ìåðû ðèñêà ìîíîòîííû îòíî-

ñèòåëüíî åñòåñòâåííûõ ïîðÿäêîâ íà ìíîæåñòâå ðèñ-

êîâ. Ñóïåðàääèòèâíîñòü îòðàæàåò ñòðåìëåíèå ê äè-

âåðñè�èêàöèè ïîðò�åëÿ è íàëè÷èå ó çàäàâàåìîãî

ïðåäïî÷òåíèÿ íåïðèíÿòèÿ ðèñêà. Ïîëîæèòåëüíàÿ îä-

íîðîäíîñòü òðåáóåò, ÷òîáû ìåðà ðèñêà îò n èíñòðó-

ìåíòîâ ñ îäèíàêîâûìè õàðàêòåðèñòèêàìè â n ðàç îò-

ëè÷àëàñü îò çíà÷åíèÿ ìåðû ðèñêà, ïîäñ÷èòàííîé äëÿ

îäíîãî òàêîãî èíñòðóìåíòà. Ñâîéñòâî èíâàðèàíòíî-

ñòè îòíîñèòåëüíî ñäâèãà óêàçûâàåò íà ëèíåéíîñòü èç-

ìåíåíèÿ �óíêöèîíàëà âäîëü âåêòîðà, çàäàþùåãî áåç-

ðèñêîâûé àêòèâ.

4 Ôóíêöèîíàë âîçìóùåííîé

âåðîÿòíîñòè

Ìåðà âîçìóùåííîé âåðîÿòíîñòè ïåðâîíà÷àëüíî ïðåä-

íàçíà÷àëàñü äëÿ âû÷èñëåíèÿ ñòðàõîâîé ïðåìèè, íî

ìîæåò áûòü èñïîëüçîâàíà è â áîëåå øèðîêîì êëàññå

çàäà÷, âêëþ÷àÿ ïîðò�åëüíûé àíàëèç.

Îáîçíà÷èì X ìíîæåñòâî âñåõ âåùåñòâåííûõ ñëó÷àé-

íûõ âåëè÷èí, à X+ - ìíîæåñòâî íåîòðèöàòåëüíûõ

ñëó÷àéíûõ âåëè÷èí:

X+ = {X ∈ X | P{X ≥ 0} = 1}

Ïóñòü, äàëåå, FX(x) = P{X ≤ x}, x ∈ R åñòü

�óíêöèÿ ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíûX ∈ X ,
SX(x) = P{X > x} = 1 − FX(x), x ∈ R � åå äîïîë-

íèòåëüíàÿ �óíêöèÿ ðàñïðåäåëåíèÿ.

Ïóñòü g : [0, 1] → [0, 1] � íåóáûâàþùàÿ �óíêöèÿ,

ïðè÷åì g(0) = 0, g(1) = 1. g(x) íàçûâàåòñÿ âîçìóùà-
þùåé �óíêöèåé.

Â [8℄ áûëà ââåäåíà ìåðà ðèñêà

πg(X) = π(X) =

∞∫

0

g(SX(x)) dt, X ∈ X+, (1)

à â [9℄ ïðåäëîæåíà ìîäè�èêàöèÿ äëÿ ðàñïðåäåëåíèé

íà âñåé âåùåñòâåííîé îñè R

πg(X) = π(X) =

0∫

−∞

[g(SX(x))−1] dt+

+∞∫

0

g(SX(x)) dt

(2)

Äëÿ b ∈ R îáîçíà÷èì Wb âûðîæäåííóþ ñëó÷àéíóþ

âåëè÷èíó: P{Wb = b} = 1 è ðàññìîòðèì íåêîòîðûå

ñâîéñòâà π.

Ìåðà ðèñêà π, îáëàäàþùèé ñëåäóþùèìè ñâîéñòâàìè:

• π(Wb) = b, b ∈ R

• π(X + b) = π(X) + b, b ∈ R, X ∈ X

• π(aX) = aπ(X), a > 0, X ∈ X

Ïóñòü ðàñïðåäåëåíèå ñëó÷àéíîé âåëè÷èíû X ñîñðå-

äîòî÷åíî â êîíå÷íîì ÷èñëå òî÷åê:

P{X = xk} = pk, k = 1, . . . , n;

p1 ≥ 0, . . . , pn ≥ 0, p1 + · · ·+ pn = 1

Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî òî÷êè

xk ðàñïîëîæåíû â ïîðÿäêå âîçðàñòàíèÿ:

x1 < x2 < · · · < xn

Òîãäà çíà÷åíèå ìåðû âîçìóùåííîé âåðîÿòíîñòè äëÿ

òàêîãî ðàñïðåäåëåíèÿ ìîæåò áûòü âû÷èñëåíî ïî �îð-

ìóëå

πg(X) =
n∑

s=1

g(
n∑

k=s

pk)xs,s−1 (3)

ãäå x0 = 0, xs,s−1 = xs − xs−1.

Ââåäåì êîëè÷åñòâåííóþ õàðàêòåðèñòèêó äëÿ èçìåðå-

íèÿ ñòåïåíè íåïðèÿòèÿ ðèñêà. Ïîñêîëüêó äîáàâëåíèå

ñëó÷àéíîé âåëè÷èíû∆ ê íà÷àëüíîìó êàïèòàëó a ñíè-
æàåò ïðåäïî÷òèòåëüíîñòü ðåçóëüòàòà, ðàñïðåäåëåíèå

a+∆ ïîêèäàåò êëàññ ýêâèâàëåíòíîñòè, ñîäåðæàùèé

Wa. Îäíàêî, íîâûé êëàññ ýêâèâàëåíòíîñòè, â êîòî-

ðûé ïîïàëî ðàñïðåäåëåíèå a + h∆, ãäå h = ‖∆‖∞,

êàê è ëþáîé äðóãîé êëàññ ýêâèâàëåíòíîñòè, ñîäåð-

æèò íåêîòîðîå âûðîæäåííîå ðàñïðåäåëåíèå, íàïðè-

ìåð, Wa−c, ãäå c > 0 ìîæíî èñòîëêîâàòü, êàê ïëàòó,

êîòîðóþ ïîòðåáóåò èíäèâèäóóì çà äîáàâëåíèå ê ñâî-

åìó êàïèòàëó ñëó÷àéíîé âåëè÷èíû (ðèñêà) .

Åñëè íà÷àëüíûé êàïèòàë èíäèâèäóóìà ðàâåí äåòåð-

ìèíèðîâàííîé âåëè÷èíå a, òî êàêîâà íîðìà çàìåùå-

íèÿ ðèñêîâîãî äîâåñêà h∆. Ïîëó÷àåì

π(a+ h∆) = a+ hπ(∆), π(a− c) = a− c
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ïîýòîìó óñëîâèå ïðèíàäëåæíîñòè a+h∆ è a−c ê îä-
íîìó êëàññó ýêâèâàëåíòíîñòè ïðèâîäèò ê óðàâíåíèþ

a+ hπ(∆) = a− c, îòêóäà

c = −hπ(∆) (4)

Èç (2.8) ÿñíî, ÷òî èíäèâèäóóì, ïðåäïî÷òåíèÿ êîòîðî-

ãî ïðåäñòàâëÿþòñÿ �óíêöèîíàëîì âîçìóùåííîé âå-

ðîÿòíîñòè, íå ïðèåìëåò ðèñê, åñëè π(∆) < 0 äëÿ ïðî-
èçâîëüíîé íåâûðîæäåííîé ñëó÷àéíîé âåëè÷èíû ñ íó-

ëåâûì ñðåäíèì. Êàê ïîêàçàíî â [3℄, ïîñëåäíåå óñëî-

âèå â òåðìèíàõ âîçìóùàþùåé �óíêöèè g èìååò âèä

g(x) ≤ x, x ∈ [0, 1].

5 Îáðàòíàÿ çàäà÷à òåîðèè ðèñêà äëÿ

ìåðû âîçìóùåííîé âåðîÿòíîñòè

Ïóñòü ìû ÿâëÿåìñÿ �èíàíñîâîé êîìïàíèåé, êîòîðàÿ

çàíèìàåòñÿ âëîæåíèåì äåíåã â ðèñêîâûå àêòèâû. Ê

íàì ïðèøåë èíâåñòîð, êîòîðûé õî÷åò âëîæèòü äåíü-

ãè â èíâåñòèöèîííûé ïðîåêò â ñîîòâåòñòâèè ñî ñâî-

èì îòíîøåíèåì ïðåäïî÷òåíèÿ. Òàê êàê ìû ðàáîòàåì

ìåðîé âîçìóùåííîé âåðîÿòíîñòè, íàì íåîáõîäèìî ðå-

øèòü íåñêîëüêî çàäà÷:

• Ïîäîáðàòü ïàðàìåòð �óíêöèîíàëà πg, â âèäå

�óíêöèè g, ïðè÷åì äîëæíû âûïîëíÿòüñÿ óñëî-

âèÿ g(0) = 0, g(1) = 1;

• Â ðàáîòå Âîíãà [8℄, áûëè ïðåäëîæåíû íåñêîëü-

êî êëàññîâ �óíêöèè g ñî âõîäíûì ïàðàìåòðîì r,
íî âñå g ÿâëÿþòñÿ âûïóêëûìè ââåðõ �óíêöèÿìè.
Äëÿ òîãî ÷òîáû �óíêöèîíàë âîçìóùåííîé âåðî-

ÿòíîñòè ó÷èòûâàë íåïðèÿòèå ðèñêà, �óíêöèÿ g
äîëæíà óäîâëåòâîðÿòü óñëîâèþ: g(x) ≤ x, x ∈
[0, 1], òî åñòü g äîëæíà áûòü âîãíóòîé íà ïðîìå-

æóòêå [0, 1];

• Âûðàçèòü ïàðàìåòð r �óíêöèè g ÷åðåç íåïðèÿ-

òèå ðèñêà;

• Íà îñíîâå îòíîøåíèÿ ïðåäïî÷òåíèÿ èíâåñòîðà è

åãî óðîâíÿ íåïðèÿòèÿ ðèñêà ïîäîáðàòü äëÿ íåãî

âîçìóùàþùóþ �óíêöèþ g è ïàðàìåòð �óíêöèè

r.

5.1 Êëàññû �óíêöèè g

�àññìîòðèì íåñêîëüêî êëàññîâ âîçìóùàþùåé �óíê-

öèè g(x):

1. Êëàññ êâàäðàòè÷íûõ �óíêöèé Q(x).

2. Êëàññ ðàäèêàëüíûõ �óíêöèé R(x).

3. Êëàññ ýêñïîíåíöèàëüíûõ �óíêöèé E(x).

4. Êëàññ ëîãàðè�ìè÷åñêèõ �óíêöèé L(x).

5. Êëàññ ñòåïåííûõ �óíêöèé S(x).

5.1.1 Êëàññ êâàäðàòè÷íûõ âîçìóùàþùèõ �óíêöèé

Q(x) = (1 + r)x − rx2. (5)

Íàéäåì èíòåðâàëû âîãíóòîñòè �óíêöèè, äëÿ ýòîãî

íàéäåì å�å âòîðóþ ïðîèçâîäíóþ è ðåøèì íåðàâåíñòâî

Q′′(x) ≥ 0. Ïîëó÷àåì, ÷òî �óíêöèÿ Q(x) ÿâëÿåòñÿ

âîãíóòîé ∀x ïðè r ≤ 0, íî ïðè r ≤ −1, �óíêöèÿ Q(x)
ÿâëÿåòñÿ óáûâàþùåé, à ïî óñëîâèþ â [4℄ �óíêöèè èç

êëàññîâ g äîëæíû áûòü íåóáûâàþùåé. Çíà÷èò äëÿ

�óíêöèè Q(x) ïàðàìåòð r íàõîäèòñÿ íà îòðåçêå −1 ≤
r ≤ 0.

Ïîïðîáóåì âûðàçèòü ïàðàìåòð �óíêöèè Q(x) ÷åðåç
ìåðó âîçìóùåííîé âåðîÿòíîñòè, äëÿ ýòîãî âîñïîëüçó-

åìñÿ �îðìóëîé äëÿ äèñêðåòíîãî ðàñïðåäåëåíèÿ, ïî-

ëó÷àåì:

r =

πQ(X) +
n∑

s=1

(
n∑

k=s

pkxk,k−1

)

n∑

s=2

((
n∑

k=s

pk −
n∑

k=s

p2k

)

xs,s−1

) .

�èñóíîê 1: Âèä êâàäðàòè÷íîé �óíêöèè ïðè ðàçíûõ ïàðàìåòðàõ r

5.1.2 Êëàññ ðàäèêàëüíûõ âîçìóùàþùèõ �óíêöèé

R(x) =

{√
1+rx−1√
1+r−1

, r 6= 0;

x, r = 0.
(6)

Ôóíêöèÿ R(x) ÿâëÿåòñÿ âîãíóòîé x ∈ [0, 1] ïðè −1 <
r < 0.

×òîáû ïîëó÷èòü ïàðàìåòð r èç ýòîãî êëàññà �óíêöèé
R(x), íåîáõîäèìî ðåøèòü óðàâíåíèå îòíîñèòåëüíî r:

πR(X) = x1,0 + x2,1

√

1 + r(p2 + · · ·+ pn)− 1√
1 + r − 1

+ .

+ · · ·+ xn,n−1

√
1 + rpn − 1√
1 + r − 1

. (7)
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�èñóíîê 2: Âèä ðàäèêàëüíîé �óíêöèè ïðè ðàçíûõ ïàðàìåòðàõ r

5.1.3 Êëàññ ýêñïîíåíöèàëüíûõ âîçìóùàþùèõ

�óíêöèé

E(x) =

{
1−e−rx

1−e−r , r 6= 0;

x, r = 0.
(8)

Ïîëó÷àåì, ÷òî �óíêöèÿ E(x) ÿâëÿåòñÿ âîãíóòîé ∀x
ïðè r < 0.

×òîáû ïîëó÷èòü ïàðàìåòð r èç ýòîãî êëàññà �óíêöèé
E, íåîáõîäèìî ðåøèòü óðàâíåíèå îòíîñèòåëüíî r:

πE(X) = x1,0 + x2,1
1− e−r(p2+···+pn)

1− e−r
+

+ · · ·+ xn,n−1
1− e−rpn

1− e−r
(9)

�èñóíîê 3: Âèä ýêñïîíåíöèàëüíîé �óíêöèè ïðè ðàçíûõ ïàðàìåò-

ðàõ r

5.1.4 Êëàññ ëîãàðè�ìè÷åñêèõ âîçìóùàþùèõ

�óíêöèé

L(x) =

{
ln(1+rx)
ln(1+r) , r 6= 0;

x, r = 0.
(10)

Ïîëó÷àåì, ÷òî �óíêöèÿ L(x) ÿâëÿåòñÿ âîãíóòîé x ∈
[0, 1] ïðè −1 < r < 0.

×òîáû ïîëó÷èòü ïàðàìåòð r èç ýòîãî êëàññà �óíêöèé
L, íåîáõîäèìî ðåøèòü óðàâíåíèå îòíîñèòåëüíî r:

πL(X) = x1,0 + x2,1
ln(1 + r(p2 + · · ·+ pn))

ln(1 + r)
+

+ · · ·+ xn,n−1
ln(1 + rpn)

ln(1 + r)
. (11)

�èñóíîê 4: Âèä ëîãàðè�ìè÷åñêîé �óíêöèè ïðè ðàçíûõ ïàðàìåò-

ðàõ r

5.1.5 Êëàññ ñòåïåííûõ âîçìóùàþùèõ �óíêöèé

S(x) = xr (12)

Ôóíêöèÿ S(x) ÿâëÿåòñÿ âîãíóòîé ∀x ïðè r > 1 ×òî-

áû ïîëó÷èòü ïàðàìåòð r èç ýòîãî êëàññà �óíêöèé S,
íåîáõîäèìî ðåøèòü óðàâíåíèå îòíîñèòåëüíî r:

πS(X) = x1,0+x2,1(p2+· · ·+pn)r+· · ·+xn,n−1p
r
n. (13)

Äëÿ n = 2 ïîëó÷èì

r =
ln(

πS(X)−x1,0

x2,1
)

ln(p2)
.

�èñóíîê 5: Âèä ñòåïåííîé �óíêöèè ïðè ðàçíûõ ïàðàìåòðàõ r
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5.2 Âûáîð êëàññà �óíêöèè g íà îñíîâå

îòíîøåíèÿ ïðåäïî÷òåíèÿ

Äëÿ òîãî ÷òîáû îïðåäåëèòü óðîâåíü íåïðèÿòèÿ ðèñêà

ó èíâåñòîðà è îïðåäåëèòü êàêîé êëàññ âîçìóùàþùèõ

�óíêöèé íàèáîëåå òî÷íî îïèñûâàåò åãî îòíîøåíèå

ïðåäïî÷òåíèÿ ïðîâåäåì íåêîòîðûé îïðîñ.

Ïðåäëîæèì èíâåñòîðó íåêîòîðóþ ëîòåðåþ, ãäå ðèñê

ñîîòâåòñòâóåò äîõîäó:

W w1 w2 . . . wn

P p1 p2 . . . pn

p1 + p2 + · · ·+ pn = 1.

È ñïðîñèì, êàêîâà ìèíèìàëüíàÿ îïëàòà, çà êîòî-

ðóþ èíâåñòîð ñîãëàñèòñÿ ñûãðàòü â òàêóþ ëîòåðåþ?

Óçíàâ, ìû ïîëó÷èì êîëè÷åñòâåííóþ õàðàêòåðèñòèêó

íåïðèÿòèÿ ðèñêà ó èíâåñòîðà c. Çíà÷åíèå c áóäåò ÿâ-
ëÿòüñÿ ðåøåíèåì óðàâíåíèÿ πg(a − c) = πg(a + h∆)
è áóäåò çàâèñåòü îò g è ∆. Îáîçíà÷èì ýòî çíà÷åíèå

÷åðåç cg(∆): åãî ìîæíî òðàêòîâàòü êàê öåíó, êîòî-

ðóþ èíäèâèäóóì çàïðàøèâàåò çà "ïîäìåøèâàíèå"ê

åãî èçíà÷àëüíîìó êàïèòàëó a ñëó÷àéíîãî âîçìóùå-

íèÿ â "íàïðàâëåíèè"∆. Äàëåå ïðåäñòàâèì

W w1 w2 . . . wn

P p1 p2 . . . pn

â âèäå íåêîòîðîé äåòåðìèíèðîâàííîé âåëè÷èíû a è

íåêîòîðîé íåâûðîæäåííîé ñëó÷àéíîé âåëè÷èíû ∆ ñ

íóëåâûì ñðåäíèì E∆ = 0. Äëÿ ýòîãî ðåøèì ÑËÀÓ

ìåòîäîì �àóññà, ëîòåðåè áóäåì ïîäáèðàòü òàê, ÷òîáû

ÑËÀÓ èìåëà ðåøåíèå, ïðè÷åì a > 0:






w1 = a+∆1

w2 = a+∆2

. . .

wn = a+∆n

0 = ∆1p1 +∆2p2 + · · ·+∆npn.

(14)

Â ðåçóëüòàòå ïîëó÷èì

∆ ∆1 ∆2 . . . ∆n

P p1 p2 . . . pn

ñî ñðåäíèì 0 è ñìîæåì ïðåäñòàâèòü W = a + ∆.
Îòñþäà íàéäåì çíà÷åíèå h = ‖∆‖∞ = maxi(|∆i|).
Óñëîâèå ïðèíàäëåæíîñòè a + h∆ è a − c ê îäíîìó

êëàññó ýêâèâàëåíòíîñòè ïðèâîäèò íàñ ê óðàâíåíèþ

a+hπ(∆) = a−c, îòêóäà ìû ìîæåì íàéòè öåíó íåïðè-

ÿòèÿ ðèñêà c = −hπg(∆), à òàê æå πg(W ) = a + −c
h .

Äëÿ òîãî ÷òîáû îïðåäåëèòü ïàðàìåòð r äëÿ êëàñ-

ñà êâàäðàòè÷íûõ âîçìóùàþùåé �óíêöèè g ðåøèì

óðàâíåíèå

r =

πQ(W ) +
n∑

s=1

(
n∑

k=s

pkwk,k−1

)

n∑

s=2

((
n∑

k=s

pk −
n∑

k=s

p2k

)

ws,s−1

) ,

÷òîáû íàéòè ïàðàìåòð r äëÿ îñòàëüíûõ êëàññîâ íàì

íåîáõîäèìî ÷èñëåííî ðåøèòü óðàâíåíèÿ (7), (9), (11),

(13) îòíîñèòåëüíî ïàðàìåòðà r.

Â èòîãå ìû ïîëó÷èì ïàðàìåòð r äëÿ êàæäîãî êëàññà
�óíêöèé g. Íà ïîñëåäíåì ýòàïå íàì íåîáõîäèìî îïðå-

äåëèòü êàêîé êëàññ âîçìóùàþùèõ �óíêöèé g íàèáî-
ëåå òî÷íî îïèñûâàåò îòíîøåíèå ïðåäïî÷òåíèÿ êîí-

êðåòíîãî èíâåñòîðà.

Ïðåäëîæèì èíâåñòîðó íà âûáîð äâå ëîòåðåè, ãäå

ðèñê ñîîòâåòñòâóåò äîõîäó:

Y 1 y11 y12 . . . y1n
P p1 p2 . . . pn

Z1 z11 z12 . . . z1n
P p1 p2 . . . pn

p1+p2+ · · ·+pn = 1 è óçíàåì, ó÷àñòèå â êàêîé èç íèõ
äëÿ íåãî áîëåå ïðåäïî÷òèòåëüíî. Äëÿ ýòîé ëîòåðåè

íàéäåì çíà÷åíèÿ:

d1 = πQ(Y 1)− πQ(Z1),
d2 = πR(Y 1)− πR(Z1),
d3 = πE(Y 1)− πE(Z1),
d4 = πL(Y 1)− πL(Z1),
d5 = πS(Y 1)− πS(Z1).

Ìû áóäåì âûáèðàòü Y 1 è Z1 òàêèì îáðàçîì, ÷òîáû

íåêîòîðûå di áûëè áîëüøå 0, ÷òî îçíà÷àåò, ÷òî äëÿ

èíâåñòîðà, ïðåäïî÷òåíèÿ êîòîðîãî îïèñàíû ñîîòâåò-

ñòâóþùèìè �óíêöèÿìè: Y 1 áóäåò ïðåäïî÷òèòåëüíåå
Z1, à äðóãèå di áûëè ìåíüøå 0, â ïðîòèâíîì ñëó÷àå.

Òàêèì îáðàçîì, åñëè èíâåñòîð âûáåðåò Y 1, òî äàëåå
ìû áóäåì âûáèðàòü �óíêöèþ g ñðåäè òåõ, äëÿ êîòî-

ðûõ di > 0, èíà÷å áóäåì âûáèðàòü ñðåäè òåõ �óíê-

öèé, äëÿ êîòîðûõ di < 0. Äàëåå ïðåäëîæèì èíâåñòî-

ðó íà âûáîð äðóãèå äâå ëîòåðåè, ãäå ðèñê ÿâëÿåòñÿ

ñîîòâåòñòâóþùèì äîõîäîì:

Y 2 y21 y22 . . . y2n
P p1 p2 . . . pn

Z2 z21 z22 . . . z2n
P p1 p2 . . . pn

Ïîâåäÿ òó æå ñàìóþ ïðîöåäóðó, ìû âíîâü íà îñíî-

âå ïðåäïî÷òåíèÿ èíâåñòîðà îïðåäåëèì êàêèå �óíê-

öèè íàèáîëåå òî÷íî îïèñûâàþò íåïðèÿòèå ðèñêà êîí-

êðåòíîãî ÷åëîâåêà. Áóäåì ïîâòîðÿòü ýòîò àëãîðèòì

äî òåõ ïîð, ïîêà íå îïðåäåëèì îäíó åäèíñòâåííóþ

�óíêöèþ, ÷òî â èòîãå äàñò íàì íåîáõîäèìûé êëàññ

âîçìóùàþùèõ �óíêöèé g. Çíàÿ êëàññ âîçìóùàþ-

ùèõ �óíêöèé è ïàðàìåòð r, êîòîðûé ìû ïîëó÷èëè

íà ïðåäûäóùåì øàãå, ìû ìîæåì ïðåäîñòàâèòü èí-

âåñòîðó êîíêðåòíóþ �óíêöèþ äëÿ âû÷èñëåíèÿ ìåðû

âîçìóùåííîé âåðîÿòíîñòè â ñîîòâåòñòâèè ñ óðîâíåì

íåïðèÿòèÿ ðèñêà è îòíîøåíèåì ïðåäïî÷òåíèÿ êîí-

êðåòíîãî èíäèâèäà.
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6 Èòîãè

Â ðàáîòå ïðåäëîæåí ìåòîä ðåøåíèÿ îáðàòíîé çàäà÷è

òåîðèè ðèñêà, îñíîâàííûé íà âû÷èñëåíèè �óíêöèî-

íàëà, íåïðèÿòèÿ ðèñêà è íà ñðàâíåíèè ðåøåíèé èíäè-

âèäóóìà ñ ðåøåíèÿìè, ïðèíèìàåìûìè ñ èñïîëüçîâà-

íèåì ðàçëè÷íûõ òèïîâ âîçìóùàþùèõ �óíêöèé. Èç-

ëîæåííûå ìåòîäû äëÿ òåñòèðîâàíèÿ ìîãóò ñòàòü îñ-

íîâîé äëÿ ñîçäàíèÿ ïðîöåäóðû ïîäáîðà ïîäõîäÿùå-

ãî �óíêöèîíàëà âîçìóùàþùåé âåðîÿòíîñòè ïî èíäè-

âèäóàëüíûì ïðåäïî÷òåíèÿì. Ýòî ìîæåò áûòü áîëåå

ðàçâåðíóòîå àíêåòèðîâàíèå, ëèáî ðàçëè÷íûå ìîäåëè

äåëîâûõ èãðà, ëèáî ñõåìà àíàëèçà ðàíåå ïðèíÿòûõ

èíâåñòèöèîííûõ ðåøåíèé.
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Óçáåêèñòàí

Àííîòàöèÿ. Â ðàáîòå äîêàçàíà öåíòðàëüíàÿ ïðå-

äåëüíàÿ òåîðåìà äëÿ ñëó÷àéíûõ ñóìì ëèíåéíîãî

ïðîöåññà, ïîðîæäåííîãî ïîñëåäîâàòåëüíîñòüþ m-

çàâèñèìûõ ñëó÷àéíûõ.

Êëþ÷åâûå ñëîâà. Ñòàöèîíàðíàÿ ïîñëåäîâàòåëü-

íîñòü ñëó÷àéíûõ âåëè÷èí, ëèíåéíûé ïðîöåññ, öåí-

òðàëüíàÿ ïðåäåëüíàÿ òåîðåìà,m-çàâèñèìûå ñëó÷àé-

íûå âåëè÷èíû, ñëó÷àéíàÿ ñóììà.

1 Ââåäåíèå

Ïóñòú {ξi, i ∈ Z} � ñòàöèîíàðíàÿ â óçêîì ñìûñëå

ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âåëè÷èí (ñ.â.).Áóäåì

ïðåäïîëàãàòü, ÷òî âåëè÷èíû ξi èìåþò íóëåâûå

ñðåäíèå è êîíå÷íûå äèñïåðñèè. Ïóñòü äàëåå

{aiN , i ∈ Z,N ≥ 1} � ïîñëåäîâàòåëüíîñòü ÷èñåë

òàêàÿ, ÷òî

∞∑

i=−∞
a2in <∞.

Ïîñëåäîâàòåëüíîñòü ñ.â. {Xkn, 1 ≤ k ≤ n, n ≥ 1} íà-

çûâàåòñÿ ëèíåéíûì ïðîöåññîì, èìåþùèì êîý��èöè-

åíòû {aiN , i ∈ Z,N ≥ 1} è ïîðîæäåííûìè ñëó÷àéíû-

ìè âåëè÷èíàìè {ξi, i ∈ Z}, åñëè ðÿä
∞∑

i=−∞
ainξk−i ñõî-

äèòñÿ ñ âåðîÿòíîñòüþ 1 è

Xk = Xkn =

∞∑

i=−∞
ainξk−i.

Ïîëîæèì

Sn =

n∑

k=1

Xk,B
2
n = DSn, Fn (x) = P (Sn < xBn) ,

Φ (x) =
1√
2π

∫ x

−∞
e−

u2

2 du,

ηn =
n∑

k=1

ξk, n = 1, 2, ...,

∆x (Fn,Φ) = |Fn (x)− Φ (x)| ,
∆(Fn,Φ) = sup

x
∆x (Fn,Φ) ,
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Àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü Sn/Bn è îöåíêè ñêî-

ðîñòè ñõîäèìîñòè ê íóëþ âåëè÷èí ∆x (Fn,Φ) è

∆(Fn,Φ) êîãäà {ξi, i ∈ Z} � ñëàáîçàâèñèìàÿ ïî-

ñëåäîâàòåëüíîñòü ñ.â., èçó÷åíà äîñòàòî÷íî ïîäðîáíî

(ñì.,íàïðèìåð îáçîðíóþ ñòàòüþ [2℄).Ìîæíî ïåðåíå-

ñòè ìíîãèå ðåçóëüòàòû, ïîëó÷åííûå â òåîðèè ñóììè-

ðîâàíèè ñ.â. äëÿ ëèíåéíûõ ïðîöåññîâ, ïîðîæäåííûõ

ïîñëåäîâàòåëüíîñòüþ m-çàâèñèìûõ ñ.â.

Ïîñëåäîâàòåëüíîñòü ñ.â. {ξi, i ∈ Z} íàçûâàåòñÿ m-

çàâèñèìîé, åñëè ëþáûå äâà âåêòîðà âèäà (ξi1 , . . . , ξik)
è (ξik+j , ξj1 . . . , ξjk) íåçàâèñèìû âñÿêèé ðàç. Êîãäà

j > m, ãäå −∞ ≤ i1 < i2 < · · · < ik; ik + j ≤ j1 <
j2 < · · · < jl ≤ ∞ k è ïðîèçâîëüíûå öåëûå ïîëîæè-

òåëüíûå ÷èñëà.

Öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà äëÿ ïîñëåäîâà-

òåëüíîñòè íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ

ñ.â., äîêàçàííîé Ëåâè, áûëà îáîáùåíà ê ñëó÷àþ m-

çàâèñèìûõ ñ.â. â ðàáîòàõ Hoefding è Robbins [8℄,

Diananda [12℄, Orey [13℄, Bergstrom [7℄ è Çóïàðîâ è

×óÿíîâà [1℄. Â ðàáîòå [4℄ ðàññìîòðåí ñëó÷àé, êîãäà m
ìîæåò ñòðåìèòñÿ ê áåñêîíå÷íîñòè.

Â ðàáîòå äîêàçàíà öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà

äëÿ ñëó÷àéíûõ ñóìì ëèíåéíîãî ïðîöåññà, ïîðîæäåí-

íîãî ïîñëåäîâàòåëüíîñòüþ m-çàâèñèìûõ ñ.â.

2 Îñíîâíîé ðåçóëüòàò

Êëàññè÷åñêàÿ öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà

äëÿ ñòðîãî ñòàöèîíàðíîé ïîñëåäîâàòåëüíîñòè

m-çàâèñèìûõ ñ.â. èìååò ñëåäóþùèé âèä. Äîêàçà-

òåëüñòâî ýòîãî ðåçóëüòàòà ñì.[8℄.

Òåîðåìà 1. Ïóñòü {ξi}i≥1 ñòðîãî ñòàöèîíàðíàÿ ïî-

ñëåäîâàòåëüíîñòüm-çàâèñèìûõ ñëó÷àéíûõ âåëè÷èí.

Ïóñòü Eξi = a, 0 < Dξi = b2 <∞. Òîãäà ïðè n→∞
√
n

σ
(
ηn
n
− a) d−→ N(0, 1),

ãäå σ2 = b2 + 2
m+1∑

i=2

Cov(ξ1.ξi) è "

d−→ N(0, 1)" îçíà÷à-

åò ñõîäèìîñòü ïî ðàñïðåäåëåíèþ ê ñòàíäàðòíîìó

íîðìàëüíîìó ðàñïðåäåëåíèþ.

Â ðàáîòå [17℄, Y.Shang îáîáùèë òåîðåìó 1 äëÿ ñóìì

ñëó÷àéíîãî ÷èñëà m-çàâèñèìûõ ñ.â. Öåíòðàëüíàÿ

ïðåäåëüíàÿ òåîðåìà äëÿ ñëó÷àéíûõ ñóìì ëèíåéíîãî
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÷èñëà íåçàâèñèìûõ ñ.â. áûëè èçó÷åíû â ðàííèõ ðàáî-

òàõ Ansombe [6℄, Renyi [3℄, Blum, Hanson, Rosenblatt

[4℄. Îñíîâíîé ðåçóëüòàò èç [4℄, íåçàâèñèìî ïîëó÷åíà â

ðàáîòå Mogyorodi [10℄. Áîëåå ïîçäíèå ðàáîòû îòíîñÿ-

ùèåñÿ ê ñëó÷àéíûì ñóììàì ìîæíî íàéòè â ñòàòüÿõ

[5, 9, 15, 14, 16℄.

Â äàííîé ðàáîòå, èñïîëüçóÿ ðåçóëüòàò ðàáîòû

Y.Shang(a) äîêàçàíà öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðå-

ìà äëÿ ñëó÷àéíûõ ñóìì ëèíåéíîãî ïðîöåññà, ïîðîæ-

äåííîãî ïîñëåäîâàòåëüíîñòüþ m-çàâèñèìûõ ñ.â.

Òåîðåìà 2. Ïóñòü {ξi}i≥1 ñòðîãî ñòàöèîíàðíàÿ ïî-

ñëåäîâàòåëüíîñòüm-çàâèñèìûõ ñëó÷àéíûõ âåëè÷èí,

ñ Eξi = a, 0 < Dξi = b2 < ∞ è {Xk}k≥1 � ëèíåé-

íûé ïðîöåññ, ïîðîæäåííûé ïîñëåäîâàòåëüíîñòüþ

{ξi}i≥1. Ïóñòü, äàëåå {Nn}n≥1ïîñëåäîâàòåëüíîñòü

ïîëîæèòåëüíûõ öåëîçíà÷íûõ ñ.â. òàêàÿ,÷òî

Nn

ν

p−→ ν,

ïðè n → ∞, ãäå {νn}n≥1-ïðîèçâîëüíàÿ ïîñëåäîâà-

òåëüíîñòü, ñòðåìÿùàÿñÿ ê +∞ è ν ïîëîæèòåëüíàÿ

êîíñòàíòà. Åñëè âûïîëíåíû óñëîâèÿ:

(À1) Ñóùåñòâóþò k0 ≥ 0 è ñ>0 òàêèå, ÷òî äëÿ ëþ-

áîãî λ > 0 è n > k0

P

(

max
k0<k1≤k2≤n

|ηk2 − ηk1 − (k2 − k1)a| ≥ λ
)

≤

≤ cD(ηn − ηk0 )

λ2
,

(À2) Cov(ξ1, ξ2) ≥ 0 äëÿ i=2,3,...,m+1, òîãäà

√
Nn

σ2
(
SNn

Nn
− a) d−→ N(0, 1),

ïðè n→∞.
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Àííîòàöèÿ. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ îá-

ðàòíàÿ çàäà÷à äëÿ ñèñòåìû óðàâíåíèé ïàðàáîëè÷å-

ñêîãî òèïà. Îáðàòíûå çàäà÷è ìîãóò áûòü ñâÿçàíû

ñ èíòåðïðåòàöèåé è îáðàáîòêîé ðåçóëüòàòîâ ðå-

àëüíûõ òåïëîâûõ ïðîöåññîâ. Â äåéñòâèòåëüíîñòè

òåìï èçìåðåíèÿ òåìïåðàòóðû â óäàëåííûõ âíóò-

ðåííèõ òî÷êàõ ìîæåò îêàçàòüñÿ íèæå òåìïà èç-

ìåðåíèÿ òåìïåðàòóðû âíåøíåé ïîâåðõíîñòè. Òà-

êèì îáðàçîì, íàðóøàåòñÿ íåïðåðûâíàÿ çàâèñèìîñòü

ðåçóëüòàòîâ îò âõîäíûõ òåìïåðàòóðíûõ äàííûõ,

ïîýòîìó îáðàòíûå çàäà÷è êàê ïðàâèëî íåêîððåêò-

íû. Îáðàòíûì êîý��èöèåíòíûì çàäà÷àì ïîñâÿùå-

íî äîñòàòî÷íî ìíîãî ðàáîò(â ÷àñòíîñòè ñìîòðè

[1, 2, 3, 5℄). �àçëè÷íûå ïîäõîäû ê ÷èñëåííîìó ðå-

øåíèþ îáðàòíûõ çàäà÷ îáñóæäàþòñÿ, íàïðèìåð, â

ðàáîòàõ [4, 5℄. Îáðàòíàÿ çàäà÷à Êîøè, ðàññìîòðåí-

íàÿ â [6℄ äëÿ îäíîãî óðàâíåíèÿ â íàñòîÿùåé ðàáîòå

îáîáùåíà íà ñèñòåìó äâóõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà. Îáðàòíàÿ çàäà÷à, óðàâíåíèå ïà-

ðàáîëè÷åñêîãî òèïà, óñëîâèÿ ïåðåîïðåäåëåíèÿ, ÷èñ-

ëåííàÿ èäåíòè�èêàöèÿ, çàäà÷à Êîøè

Èòàê, ðàññìîòðèì çàäà÷ó:

Ut =(k1 (x) · Ux)x + a1(t, x) · Ux + a2(t, x) · Vx+
f1(t, x) 0 ≤ t ≤ 1, 0 ≤ x ≤ 1,

(1)

Vt =(k2 (x) · Vx)x + b1(t, x) · Ux + b2(t, x) · Vx+
f2(t, x) 0 ≤ t ≤ 1, 0 ≤ x ≤ 1,

(2)

U(t, 0) = α1(t), (3)

Ux(t, 0) = β1(t), (4)

k1(0) = γ1, (5)

U(0, x) = r1(x), (6)

V (t, 0) = α2(t), (7)

Vx(t, 0) = β2(t), (8)

k2(0) = γ2, (9)

V (0, x) = r2(x), (10)
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ãäå (5),(2) � èñõîäíàÿ ñèñòåìà óðàâíåíèé;

(6),(4) � óñëîâèÿ Êîøè äëÿ U(t, x); (7),(8) �

óñëîâèÿ Êîøè äëÿ V (t, x); (7),(6) è (9),(10)

� òðàêòóåì êàê óñëîâèÿ ïåðåîïðåäåëåíèÿ

äëÿ U(t, x) è V (t, x) ñîîòâåòñòâåííî. Ôóíêöèè

α1(t), β1(t), γ1, r1(x), α2(t), β2(t), γ2, r2(x) � çàäàíû.

Òðåáóåòñÿ íàéòè �óíêöèè U(t, x), V (t, x), k1(x) è

k2(x).
Ïîñòàâëåííóþ çàäà÷ó áóäåì ðåøàòü ÷èñëåí-

íî. Ââåäåì ðàâíîìåðíóþ ñåòêó íà îáëàñòè

0 ≤ t ≤ 1, 0 ≤ x ≤ 1 ñ øàãàìè τ, h ïî t, x:

ωh,τ ={xi = ih, i = 0,M, tn = nτ, n = 0, N,

h =
1

M
, τ =

1

N
}.

Ïðîâåäåì ñëåäóþùèå ïðåîáðàçîâàíèÿ. Â (5) è (2) àï-

ïðîêñèìèðóåì âíåøíèå ïðîèçâîäíûå ïî x ðàçíîñòíû-
ìè îòíîøåíèÿìè â òî÷êå (tn, xj). Èìååì:

Ut(tn, xj) =
k1,j+1U

n
x,j+1 − k1,jUn

x,j

h
+ an1,jU

n
x,j+

+an2,jV
n
x,j + fn

1,j,

Vt(tn, xj) =
k2,j+1V

n
x,j+1 − k2,jV n

x,j

h
+ bn1,jU

n
x,j+

+ bn2,jV
n
x,j + fn

2,j .

Îòñþäà íàõîäèì:

k1,j+1U
n
x,j+1 =k1,jU

n
x,j + h ·

[
Un
t,j − an1,jUn

x,j−
−an2,jV n

x,j − fn
1,j

]
,

(11)

k2,j+1V
n
x,j+1 =k2,jV

n
x,j + h ·

[
V n
t,j − bn1,jUn

x,j−
−bn2,jV n

x,j − fn
2,j

]
.

(12)

Äàëåå, ââîäÿ îáîçíà÷åíèÿ

dk1(x)
dx = P1(x),

dk2(x)
dx =

P2(x), àïïðîêñèìèðóåì ïðîèçâîäíûå ïî x, ïîëó÷àåì:

k1,j+1 − k1,j
h

= P1,j ,
k2,j+1 − k2,j

h
= P2,j ,

îòêóäà

k1,j+1 = k1,j + hP1,j , k2,j+1 = k2,j + hP2,j . (13)

Çàïèøåì òîæäåñòâà:

∂2U

∂x∂t
=

∂2U

∂t∂x
,
∂2V

∂x∂t
=

∂2V

∂t∂x
.
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Àïïðîêñèìèðóÿ ñîîòâåòñòâóþùèå ïðîèçâîäíûå, èìå-

åì:

∂2U

∂t∂x
=
Un
t,j+1 − Un

t,j

h
;
∂2U

∂x∂t
=
Un+1
x,j − Un−1

x,j

2τ
,

∂2V

∂t∂x
=
V n
t,j+1 − V n

t,j

h
;
∂2V

∂x∂t
=
V n+1
x,j − V n−1

x,j

2τ
.

Îòñþäà íàõîäèì:

Un
t,j+1 = Un

t,j + h ·
Un+1
x,j − Un−1

x,j

2τ
, (14)

V n
t,j+1 = V n

t,j + h ·
V n+1
x,j − V n−1

x,j

2τ
. (15)

Äàëåå ñîãëàñíî (11),(12), èìååì:

Un
x,j+1 =

k1,jU
n
x,j + h ·

[
Un
t,j − an1,jUn

x,j − an2,jV n
x,j − fn

1,j

]

k1,j+1
,

V n
x,j+1 =

k2,jV
n
x,j + h ·

[
V n
t,j − bn1,jUn

x,j − bn2,jV n
x,j − fn

2,j

]

k2,j+1
.

(16)

Èç èñõîäíûõ óðàâíåíèé:

Ut = k1Uxx + k
′

1Ux + a1Ux + a2Vx + f1,

Vt = k2Vxx + k
′

2Ux + b1Ux + b2Vx + f2,

îòêóäà ïðè t = 0 èìååì:

k
′

1,j+1 =
1

U0
x,j+1

·
[
U0
t,j+1 − k1,j+1U

0
xx,j+1−

−a01,j+1U
0
x,j+1 − a02,j+1V

0
x,j+1 − f0

1,j+1

]
,
(17)

k
′

2,j+1 =
1

V 0
x,j+1

·
[
V 0
t,j+1 − k2,j+1V

0
xx,j+1−

−b01,j+1U
0
x,j+1 − b02,j+1V

0
x,j+1 − f0

2,j+1

]
.

(18)

Ââîäèì îáîçíà÷åíèÿ:

Qn
1,j = k1(jh) · Ux(jh, nτ),

Qn
2,j = k2(jh) · Vx(jh, nτ),
Rn

1,j = Ux(jh, nτ),

Rn
2,j = Vx(jh, nτ),

Wn
1,j = Ut(jh, nτ),

Wn
2,j = Vt(jh, nτ),

A1,h = k1(jh),

A2,h = k2(jh).

Ñîãëàñíî ïðåäûäóùèì âûêëàäêàì, ïîëó÷àåì ðàñ÷åò-

íûå �îðìóëû:

Qn
1,j+1 = Qn

1,j + h ·
[
Wn

1,j − an1,jRn
1,j − an2,jRn

2,j − fn
1,j

]
,

Qn
2,j+1 = Qn

2,j + h ·
[
Wn

2,j − bn1,jRn
1,j − bn2,jRn

2,j − fn
2,j

]
,

P1,j =
1

R0
1,j

·
(
W 0

1,j −A1,jU
0
xx,j − a01,jR0

1,j−

−a02,jR0
2,j − f0

1,j

)
,

P2,j =
1

R0
2,j

·
(
W 0

2,j −A2,jV
0
xx,j − b01,jR0

1,j−

−b02,jR0
2,j − f0

2,j

)
,

A1,j+1 = A1,j + hP1,h,

A2,j+1 = A2,j + hP2,h,

Wn
1,j+1 =Wn

1,j + h ·
Rn+1

1,j −Rn−1
1,j

2τ
,

Wn
2,j+1 =Wn

2,j + h ·
Rn+1

2,j −Rn−1
2,j

2τ
,

Rn
1,j+1 =

Qn
1,j+1

An
1,j+1

,

Rn
2,j+1 =

Qn
2,j+1

An
2,j+1

,

j = j + 1.

Äëÿ òîãî, ÷òîáû íà÷àòü ñ÷åò, íåîáõîäèìî çíàòü âñå

íåèçâåñòíûå ïðè j = 0. èç óñëîâèé (6)-(10) èìååì:

W 0
1,0 =

∂U

∂t

∣
∣
∣
∣
t=0,x=0

= α
′

1(0),

W 0
2,0 =

∂V

∂t

∣
∣
∣
∣
t=0,x=0

= α
′

2(0),

A1,0 = k1(0) = γ1,

A2,0 = k2(0) = γ2,

U0
xx,0 = r

′′

1 (0),

V 0
xx,0 = r

′′

2 (0),

R0
1,0 =

∂U

∂x

∣
∣
∣
∣
t=0,x=0

= β1(0),

R0
2,0 =

∂V

∂x

∣
∣
∣
∣
t=0,x=0

= β2(0).

Ñîãëàñíî äàííîãî àëãîðèòìà, âñå ïðîèçâîäíûå

∂U
∂t ,

∂U
∂x è

∂V
∂t ,

∂V
∂x íàéäåíû ÷èñëåííî.

Äàëåå U(t, x) è V (t, x) íàõîäèì â óçëàõ ñåòêè ïî �îð-

ìóëàì:

ynj+1 = hRn
1,j + ynj ,

pnj+1 = hRn
2,j + pnj
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Ïðåäëîæåííûé ìåòîä ðåøåíèÿ áûë àïðîáèðîâàí íà

ðÿäå òåñòîâ. Â ÷àñòíîñòè äëÿ òåñòà:

U(t, x) =
(
t2 + t+ 1

) (
x2 + 5x+ 7

)
,

V (t, x) =
(
t2 − t+ 1

) (
x2 + 3x+ 10

)
,

k1(x) = 1 + x,

k2(x) = 2 + x,

a2(t, x) = etx2; a2 = et(2x),

b2(t, x) = et(x + 1); b2 = et(x2 + 1),

òàáëèöà ìàêñèìàëüíûõ ïî ñåòêå ïîãðåøíîñòåé èìååò

âèä:

Òàáëèöà ìàêñèìàëüíûõ ïîãðåøíîñòåé

Øàã Îòíîñèòåëüíàÿ ïîãðåøíîñòü

τ h U(t, x) V (t, x) k1(x) k2(x)
1/64 1/64 1.2% 1.5% 0.68% 0.76%

1/128 1/128 0.5% 0.82% 0.21% 0.39%

1/256 1/256 0.3% 0.5% 0.1% 0.19%

Íà âñåõ ðàññìîòðåííûõ òåñòàõ, ïðè óìåíüøåíèè øà-

ãîâ ñåòêè ÷èñëåííîå ðåøåíèå ñõîäèòñÿ ê òî÷íîìó.

Ñïèñîê ëèòåðàòóðû

[1℄ Å.Â. Êó÷óíîâà, Â.Å. �àñïîïîâ. ×èñëåííàÿ èäåíòè�èêà-

öèÿ êîý��èöèåíòîâ ïàðàáîëè÷åñêèõ óðàâíåíèé. Âåñòíèê

Êðàñ�Ó. Ñåðèÿ Ôèç.-ìàò. íàóêè, 5/2:7�14, 2004.

[2℄ Þ.Â. Ìàíäðèê, Â.Å. �àñïîïîâ. ×èñëåííàÿ èäåíòè�èêàöèÿ

êîý��èöèåíòîâ îäíîìåðíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ.

Âåñòíèê Êðàñ�Ó, 1, 2006.

[3℄ Æàê Ò.Þ., �àñïîïîâ Â.Å. ×èñëåíàÿ èäåíòè�èêàöèÿ ñâî-

áîäíîãî ÷ëåíà ñïåöèàëüíîãî âèäà â ïàðàáàëè÷åñêîì óðàâ-

íåíèè. Ìåæäóíàðîäíàÿ êîí�åðåíöèÿ Àëãåáðà è åå ïðèëî-

æåíèÿ: Òåçèñû äîêëàäîâ. Êðàñíîÿðñê, page 186, 2007.

[4℄ À.À. Ñàìàðñêèé, Ï.Í. Âàáèùåâè÷. ×èñëåííûå ìåòîäû ðå-

øåíèÿ îáðàòíûõ çàäà÷ ìàòåìàòè÷åñêîé �èçèêè. Èçäàí-

íîå êåì-òî, Ìîñêâà, 2009.

[5℄ Ñ.È. Êàáàíèõèí. Îáðàòíûå è íåêîððåêòíûå çàäà÷è. Ñè-

áèðñêîå íàó÷íîå èçäàòåëüñòâî, Íîâîñèáèðñê, 2009.

[6℄ S.Zhan, D.A.Murio. Identi�ation of Parameters in One-

Dimensional IHCP. Computers Math. Appli. Vol. 35, No

3, pp. 1-16, USA, 1998.



XIII êîí�åðåíöèÿ ïî ÔÀÌ è ýâåíòîëîãèè ìíîãîìåðíîé ñòàòèñòèêè, Êðàñíîÿðñê, 2014

Î ðàçëè÷íûõ ïîäõîäàõ ê ïîñòðîåíèþ èíòåãðàëüíûõ ïîêàçàòåëåé

Êðóïêèíà Òàòüÿíà Âàëåðüåâíà

Èíñòèòóò ìàòåìàòèêè è �óíäàìåíòàëüíîé èí�îðìàòèêè

Ñèáèðñêèé �åäåðàëüíûé óíèâåðñèòåò

Êðàñíîÿðñê

tatiana.krupkina�gmail.om

�îðíûé Áîðèñ Ýìàíóèëîâè÷

Ô�ÁÓ ÍÈÈ êîìïëåêñíûõ ïðîáëåì

ãèãèåíû è ïðî�çàáîëåâàíèé ÑÎ �ÀÌÍ

Íîâîêóçíåöê

bg1960�yandex.ru

Ìàæàðîâ Âëàäèìèð Ôåäîðîâè÷

Ô�ÁÓ ÍÈÈ êîìïëåêñíûõ ïðîáëåì

ãèãèåíû è ïðî�çàáîëåâàíèé ÑÎ �ÀÌÍ

Íîâîêóçíåöê

majarov�inbox.ru

Áàáåíûøåâ Ñåðãåé Âàëåðüåâè÷

Ñèáèðñêàÿ ïîæàðíî-ñïàñàòåëüíàÿ àêàäåìèÿ � �èëèàë

Ñàíêò-Ïåòåðáóðãñêîãî óíèâåðñèòåòà �ÏÑ Ì×Ñ �îññèè

Æåëåçíîãîðñê

sergei.babyonyshev�gmail.om

Àííîòàöèÿ. Çàäà÷è ïî óñòàíîâëåíèþ çàâèñèìî-

ñòåé ðàçëè÷íûõ ðåçóëüòàòèâíûõ ïîêàçàòåëåé

îáùåñòâåííîãî çäîðîâüÿ îò íàáîðà ïðèçíàêîâ,

õàðàêòåðèçóþùèõ ñðåäó, ðàçäåëåíû íà òðè òèïà.

Îïðåäåëåíû ìåòîäû ïîñòðîåíèÿ èíòåãðàëüíûõ

ïîêàçàòåëåé ñðåäû äëÿ êàæäîãî òèïà. �åçóëüòàòû

ïîëó÷åíû íà îñíîâå ðÿäà ðàáîò, â êîòîðûõ ñðåäà

õàðàêòåðèçîâàëàñü ñîöèàëüíî-ýêîíîìè÷åñêèìè óñëî-

âèÿìè.

Êëþ÷åâûå ñëîâà. Ñîöèàëüíî-ýêîíîìè÷åñêèå ïîêà-

çàòåëè, èíòåãðàëüíûå ïîêàçàòåëè, �àêòîðíûé àíà-

ëèç, ãëàâíûå êîìïîíåíòû.

1 Ââåäåíèå

Â òå÷åíèå ðÿäà ëåò (1997�2013) ìû ïðîâîäè-

ëè ñèñòåìíûå èññëåäîâàíèÿ ïî èçó÷åíèþ âëèÿíèÿ

ñîöèàëüíî-ýêîíîìè÷åñêèõ óñëîâèé íà çäîðîâüå íà-

ñåëåíèÿ. Â ðàìêàõ ýòîé ðàáîòû áûëè, â ÷àñòíî-

ñòè, ïðîâåäåíû òèïèçàöèè ãîðîäñêèõ ìóíèöèïàëü-

íûõ îáðàçîâàíèé Êðàñíîÿðñêîãî êðàÿ ïî �àêòî-

ðàì îêðóæàþùåé ñðåäû, äåòåðìèíèðóþùèì îáùå-

ñòâåííîå çäîðîâüå è ÿâëÿþùèõñÿ åãî �îíîì, â

òîì ÷èñëå, ýêîëîãè÷åñêèì è êëèìàòè÷åñêèì (2002�

2003); ñîöèàëüíî-ãèãèåíè÷åñêèå òèïèçàöèè ñåëüñêèõ

ìóíèöèïàëüíûõ îáðàçîâàíèé Êðàñíîÿðñêîãî êðàÿ ñ

ó÷åòîì îñîáåííîñòåé ãåîõèìè÷åñêèõ ëàíäøà�òîâ è

ýêîëîãè÷åñêîãî íåáëàãîïîëó÷èÿ (2002�2003); òèïè-

çàöèè òåððèòîðèé ïî èíäåêñó çäîðîâüÿ, ñîöèàëüíî-

ýêîíîìè÷åñêîìó, êëèìàòè÷åñêîìó, ýêîëîãè÷åñêîìó,

èíòåãðàëüíîìó ðèñêó (2004); òèïèçàöèè òåððèòî-

ðèé ïî äèíàìè÷åñêèì ðÿäàì ïîêàçàòåëåé æèçíåííî-

ãî ïîòåíöèàëà (2008); òèïèçàöèè òåððèòîðèé Êðàñ-

íîÿðñêîãî êðàÿ ïî ïîòåðÿì æèçíåííîãî ïîòåíöèà-

ëà, ïîêàçàòåëÿì íåðåàëèçîâàííîé �åðòèëüíîñòè è

ñîöèàëüíî-ýêîíîìè÷åñêèì ïîêàçàòåëÿì (2008�2009);

òèïèçàöèè ðàéîíîâ è ãîðîäîâ Êðàñíîÿðñêîãî êðàÿ

© 2014 Ò.Â. Êðóïêèíà, Â.Ô. Ìàæàðîâ, Á.Ý. �îðíûé

è Ñ.Â. Áàáåíûøåâ

Олег Воробьев (ред.), Труды XIII ФАМЭМС’2014, Красноярск: СФУ

ïî èíòåãðàëüíûì ðèñêàì ñîöèàëüíî-ýêîíîìè÷åñêèõ

óñëîâèé íà óðîâåíü ïîòåðü æèçíåííîãî ïîòåíöèàëà

(2011); òèïèçàöèè òåððèòîðèé Êðàñíîÿðñêîãî êðàÿ

ïî äåìîãðà�è÷åñêèì è ñîöèàëüíî-ýêîíîìè÷åñêèì ïî-

êàçàòåëÿì (2011). Â äàííîé ñòàòüå ìû ïîïûòàåìñÿ

îáîáùèòü îñîáåííîñòè ïðèìåíÿåìûõ íàìè ìåòîäèê.

2 Âûáîð ðåçóëüòàòèâíûõ ïîêàçàòåëåé

îáùåñòâåííîãî çäîðîâüÿ

Â ðàáîòàõ ïî èññëåäîâàíèþ èçáðàííîãî àñïåêòà îá-

ùåñòâåííîãî çäîðîâüÿ ìû èñïîëüçîâàëè îáùåïðèíÿ-

òûå ìåäèêî-äåìîãðà�è÷åñêèå ïîêàçàòåëè. Ïðè àíà-

ëèçå äàííûõ ìîíèòîðèíãà äåìîãðà�è÷åñêîé ñèòóà-

öèè â Êðàñíîÿðñêîì êðàå ðåçóëüòàòèâíûìè ïîêàçà-

òåëÿìè ÿâëÿëèñü åñòåñòâåííûé è ìèãðàöèîííûé ïðè-

ðîñòû, ÷èñëåííîñòü íàñåëåíèÿ, ðîæäàåìîñòü, ñòðóê-

òóðèðîâàííàÿ ñìåðòíîñòü. Ïðè èçó÷åíèè ñîñòîÿíèÿ

çäîðîâüÿ íàñåëåíèÿ ðåçóëüòàòèâíûå ïîêàçàòåëè �

ýòî ñòðóêòóðèðîâàííàÿ çàáîëåâàåìîñòü è èíäåêñ çäî-

ðîâüÿ [3℄. Ìåòîäèêà âû÷èñëåíèÿ èíäåêñà E ïðåäïî-

ëàãàåò ïåðåõîä îò çíà÷åíèÿ ïîêàçàòåëÿ xi ê åãî èí-

äèâèäóàëüíîé îöåíêå � ÷èñëó ri ñîãëàñíî íîðìàòèâ-
íîé òàáëèöå, ïîñòðîåííîé äëÿ êàæäîãî ïîêàçàòåëÿ ïî

ñðåäíåìó çíà÷åíèþ a è ñðåäíåêâàäðàòè÷åñêîìó îò-

êëîíåíèþ s. Âñå çíà÷åíèÿ ïîêàçàòåëÿ ðàçáèâàþòñÿ

íà èíòåðâàëû ñ äëèíîé, ðàâíîé ïîëîâèíå ñðåäíåêâàä-

ðàòè÷åñêîãî îòêëîíåíèÿ, è åñëè ñðàâíèâàåìûå çíà÷å-

íèÿ ïîêàçàòåëÿ ïðèíàäëåæàò îäíîìó èíòåðâàëó ðÿäà

ðàñïðåäåëåíèÿ, òî âñåì çíà÷åíèÿì, ïîïàâøèì â i-é
èíòåðâàë, ïðèïèñûâàåòñÿ îäíî è òî æå ÷èñëî ri = rI .
×èñëà ri èìåþò ÿâíîå âûðàæåíèå, ñâÿçàííîå ñ ýíòðî-
ïèåé:

ri =

{

−pi log pi, i ≤ 7;

1 + pi log pi, i > 7.
(1)

Â (1) pi îçíà÷àåò âåðîÿòíîñòü ïîïàäàíèÿ â â i-é èí-

òåðâàë, âû÷èñëåííóþ èñõîäÿ èç ïðåäïîëîæåíèè î

ðàñïðåäåëåíèè ïîêàçàòåëÿ. ×àùå äðóãèõ èñïîëüçó-

þòñÿ íîðìàëüíàÿ è ðàâíîìåðíàÿ ìîäåëè. Çàòåì i-ìó
ïîêàçàòåëþ âm-îì ðàéîíåXim ïðèñâàèâàåòñÿ îöåíêà

rim. Ýíòðîïèéíûé èíäåêñ E m-îãî ðàéîíà ðàññ÷èòû-
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âàåòñÿ ïî �îðìóëå (2):

Em = 100− 100 ·∑k
i=1 rim

max{rim}k
. (2)

Ïðè áîëåå äåòàëüíîì èññëåäîâàíèè ïðîöåññà âîñ-

ïðîèçâîäñòâà íàñåëåíèÿ èñïîëüçîâàëèñü ñòàíäàðòè-

çîâàííûé ïî âîçðàñòó ïîêàçàòåëü íåðåàëèçîâàííîé

ðîæäàåìîñòè, ïîêàçàòåëü îáùèõ ïîòåðü æèçíåííî-

ãî ïîòåíöèàëà PYLL, ïîêàçàòåëè PYLL îò îòäåëü-

íûõ ïðè÷èí. Ïðè âûáîðå ïðè÷èí ïðèîðèòåò îòäàâàë-

ñÿ òåì çàáîëåâàíèÿì, êîòîðûå âëåêëè çà ñîáîé ìàê-

ñèìàëüíûå ïîòåðè, ïðè÷åì ýòè ïîòåðè ìîãëè áûòü

â íåêîòîðîé ñòåïåíè óñòðàíèìûìè çà ñ÷åò óëó÷-

øåíèÿ ñîöèàëüíî-ýêîíîìè÷åñêèõ óñëîâèé, îçäîðîâ-

ëåíèÿ ýêîëîãè÷åñêîé îáñòàíîâêè, èçìåíåíèÿ îáðàçà

æèçíè ëþäåé â íàïðàâëåíèè óìåíüøåíèÿ ðàñïðî-

ñòðàíåííîñòè âðåäíûõ è îïàñíûõ äëÿ çäîðîâüÿ îáû-

÷àåâ è ïðèâû÷åê, ðàçâèòèÿ ñîâðåìåííîé ìåäèöèíû è

çäðàâîîõðàíåíèÿ. Ïðè èññëåäîâàíèè ðåïðîäóêòèâíî-

ãî çäîðîâüÿ æåíùèí ðåçóëüòàòèâíûìè ïîêàçàòåëÿìè

ÿâëÿëèñü ðîæäàåìîñòü, ñìåðòíîñòü, çàáîëåâàåìîñòü

æåíùèí áîëåçíÿìè ðåïðîäóêòèâíîé ñèñòåìû. Â íåêî-

òîðûõ ñëó÷àÿõ èìåëîñü íåñêîëüêî âàðèàíòîâ îäíîãî

è òîãî æå ðåçóëüòàòèâíîãî ïîêàçàòåëÿ, êàê íàïðèìåð,

ïîêàçàòåëÿ ïîòåðü æèçíåííîãî ïîòåíöèàëà (óäåëü-

íûé æèçíåííûé ïîòåíöèàë, ÷èñëî íåäîæèòûõ ëåò,

îæèäàåìàÿ ïðîäîëæèòåëüíîñòü æèçíè, îáùèå ïîòå-

ðè æèçíåííîãî ïîòåíöèàëà è äð.). Åñëè ðåçóëüòàòèâ-

íûé ïîêàçàòåëü áûë íóæåí òîëüêî äëÿ îïèñàíèÿ ïðî-

öåññà âîñïðîèçâîäñòâà, òî ïðåäâàðèòåëüíî ïðîâîäè-

ëè êëàñòåðíûé àíàëèç è âûáèðàëè ïîêàçàòåëü, ëó÷-

øå ðàçäåëÿþùèé ðàéîíû. Åñëè æå ïîêàçàòåëü áûë

íóæåí äëÿ èññëåäîâàíèÿ âëèÿíèÿ íà íåãî �àêòîðîâ

îêðóæàþùåé ñðåäû, òî ïîêàçàòåëü áûë òåì ëó÷øå,

÷åì ñèëüíåå ðàçëè÷àëèñü åãî çíà÷åíèÿ äëÿ ðàçíûõ

ãðóïï, âíóòðè êîòîðûõ ñîäåðæàëèñü ðàéîíû ñî ñõî-

æèìè õàðàêòåðèñòèêàìè êîìïëåêñíîãî ðèñêà îêðó-

æàþùåé ïðèðîäíîé è ñîöèàëüíîé ñðåäû äëÿ çäîðî-

âüÿ. Òàêèì îáðàçîì, ïðèíÿòü îêîí÷àòåëüíîå ðåøåíèå

ìîæíî áûëî òîëüêî ïîñëå ïðîâåäåíèÿ òèïèçàöèè òåð-

ðèòîðèé ïî ïîêàçàòåëÿì îêðóæàþùåé ñðåäû (íàïðè-

ìåð, ñ ïîìîùüþ êëàñòåðíîãî èëè äèñêðèìèíàíòíîãî

àíàëèçîâ). Èíîãäà îêàçûâàëîñü, ÷òî íàèëó÷øèå ðå-

çóëüòàòèâíûå ïîêàçàòåëè áûëè ðàçíûìè äëÿ ãîðîä-

ñêèõ è ñåëüñêèõ ìåñòíîñòåé, äëÿ ìóæ÷èí è æåíùèí.

Íàïðèìåð, ó ìóæ÷èí Êðàñíîÿðñêîãî êðàÿ îñíîâíû-

ìè ïðè÷èíàìè ïîòåðü æèçíåííîãî ïîòåíöèàëà ÿâëÿ-

ëèñü îñòðàÿ ÈÁÑ, çàáîëåâàíèÿ, âûçâàííûå çëîóïî-

òðåáëåíèåì àëêîãîëåì è îòðàâëåíèÿìè àëêîãîëåì è

íàðêîòèêàìè, ñàìîóáèéñòâà, òðàíñïîðòíûå íåñ÷àñò-

íûå ñëó÷àè, öåðåáðîâàñêóëÿðíûå áîëåçíè, à ó æåí-

ùèí íà ïåðâîì ìåñòå ñòîÿëè çàáîëåâàíèÿ, âûçâàííûå

çëîóïîòðåáëåíèåì àëêîãîëåì è îòðàâëåíèÿìè àëêî-

ãîëåì è íàðêîòèêàìè, äàëåå îñòðàÿ ÈÁÑ, öåðåáðî-

âàñêóëÿðíûå áîëåçíè, òðàíñïîðòíûå íåñ÷àñòíûå ñëó-

÷àè, çëîêà÷åñòâåííûå íîâîîáðàçîâàíèÿ îðãàíîâ ïè-

ùåâàðåíèÿ. Ó âûáðàííûõ ðåçóëüòàòèâíûõ ïîêàçàòå-

ëåé èññëåäîâàëèñü èõ ñòàòèñòè÷åñêèå ñâîéñòâà. Êàê

ïðàâèëî, îíè áûëè íîðìàëüíî ðàñïðåäåëåíû è (ïðè

íàëè÷èè íåñêîëüêèõ ïîêàçàòåëåé) çàâèñèìû.

3 Èññëåäîâàíèå èñõîäíûõ

ïîêàçàòåëåé ñðåäû

Îòäåëüíûå èññëåäóåìûå ìàññèâû ïðåäñòàâëÿ-

ëè ñîáîé çíà÷åíèÿ 95 ïîêàçàòåëåé (55 ìåäèêî-

äåìîãðà�è÷åñêèõ, 9 êëèìàòè÷åñêèõ, 9 ýêîëîãè-

÷åñêèõ, 22 ñîöèàëüíî-ýêîíîìè÷åñêèõ) çà 1997 ãîä

äëÿ âñåé ñîâîêóïíîñòè ÀÒÅ Êðàñíîÿðñêîãî êðàÿ,

äëÿ 90 ïîêàçàòåëåé çà 2000 è 2001 ãîäû; îòäåëüíî

çà òå æå ãîäû äëÿ ñîâîêóïíîñòè ñåëüñêèõ ÀÒÅ

Êðàñíîÿðñêîãî êðàÿ; 93 ïîêàçàòåëÿ, õàðàêòåðè-

çóþùèõ ñîñòîÿíèå çäîðîâüÿ ñåëüñêîãî íàñåëåíèÿ,

ñîöèàëüíóþ ñðåäó, ýêîíîìèêó è ýêîëîãèþ çà 2002

ãîä; 38 ñîöèàëüíî-ýêîíîìè÷åñêèõ è äåìîãðà�è÷å-

ñêèõ ïîêàçàòåëåé ïî ãîðîäàì (14 ÀÒÅ) è ðàéîíàì

(44 ÀÒÅ) Êðàñíîÿðñêîãî êðàÿ çà 2007 ãîä; 13

äåìîãðà�è÷åñêèõ ïîêàçàòåëåé, ÿâëÿâøèìèñÿ öåëå-

âûìè èíäèêàòîðàìè ñèñòåìû çäðàâîîõðàíåíèÿ è 49

ñîöèàëüíî-ýêîíîìè÷åñêèõ ïîêàçàòåëåé (ïðåäïîëî-

æèòåëüíî äåìîãðà�è÷åñêè çíà÷èìûõ) çà 2008 ãîä;

50 ñîöèàëüíî-ýêîíîìè÷åñêèõ è äåìîãðà�è÷åñêèõ

ïîêàçàòåëåé ïî âñåì ÀÒÅ Êðàñíîÿðñêîãî êðàÿ çà

2011 ãîä; ñâîäíûå äåìîãðà�è÷åñêèå ïîêàçàòåëè

çà 1995�2005 ãîäû; ñâîäíûå äåìîãðà�è÷åñêèå è

ñîöèàëüíî-ýêîíîìè÷åñêèå ïîêàçàòåëè çà 2005�2012

ãîäû. Èñõîäíûå ïîêàçàòåëè ìû ïîëó÷àëè èç î�èöè-

àëüíûõ èñòî÷íèêîâ: êëèìàòè÷åñêèå è ýêîëîãè÷åñêèå

ïîêàçàòåëè äàííûì ïî ìîíèòîðèíãà çà çàãðÿçíåíèåì

àòìîñ�åðíîãî âîçäóõà � èç ñëóæáû �èäðîìåòöåíòðà,

ãåîëîãî-ãåî�èçè÷åñêèå èç �åîëîãîóïðàâëåíèÿ, ïðî-

÷èòå � èç ñòàòèñòè÷åñêèõ ñáîðíèêîâ �åäåðàëüíîé

ñëóæáû ãîñóäàðñòâåííîé ñòàòèñòèêè ïî Êðàñíîÿð-

ñêîìó êðàþ è ñîöèàëüíî-ýêîíîìè÷åñêèõ ïàñïîðòîâ

ìóíèöèïàëüíûõ îáðàçîâàíèé ãîðîäîâ è ðàéîíîâ.

Ýòè äîêóìåíòû çà ðàçíûå ãîäû âêëþ÷àþò ðàçíûå

íàáîðû ïîêàçàòåëåé, ïîýòîìó áàçà äàííûõ íå áûëà

ñòàáèëüíîé ïî ñîñòàâó. Ñíà÷àëà ìû äåëàëè ïîïûòêè

îòîáðàòü ïîêàçàòåëè, îáëàäàþùèå ñïåöè�è÷å-

ñêîé ÷óâñòâèòåëüíîñòüþ, èçìåðÿþùèå íå ïðîñòî

ñîöèàëüíî-ýêîíîìè÷åñêèå óñëîâèÿ, à ñâÿçàííûé ñ

íèìè ðèñê äëÿ çäîðîâüÿ. Ýêñïåðòû ñîñòàâëÿëè ñïè-

ñîê ïðåäïîëîæèòåëüíî äåìîãðà�è÷åñêè çíà÷èìûõ

ïîêàçàòåëåé è ïðîâîäèëñÿ êîððåëÿöèîííûé àíàëèç,

êîòîðûé íà ïåðâîé ñòàäèè äàâàë, êàê ïðàâèëî, îáíà-

äåæèâàþùèå ðåçóëüòàòû. Òàê, ïî äàííûì çà 2008 ãîä

ñðåäè êîý��èöèåíòîâ êîððåëÿöèè ìåæäó îòîáðàí-

íûìè 49 ñîöèàëüíî-ýêîíîìè÷åñêèìè ïîêàçàòåëÿìè è

13 äåìîãðà�è÷åñêèìè ïîêàçàòåëÿìè, ÿâëÿâøèìèñÿ

öåëåâûìè èíäèêàòîðàìè ñèñòåìû çäðàâîîõðàíåíèÿ,

áûëî áîëåå 200 äîñòîâåðíûõ (p < 0, 05). Äëÿ âñåõ

äîñòîâåðíûõ êîý��èöèåíòîâ êîððåëÿöèè áûëè ðàñ-

ñìîòðåíû äèàãðàììû ðàññåÿíèÿ è êîý��èöèåíòû

÷àñòíîé êîððåëÿöèè, èçìåðÿþùèå ñèëó ëèíåéíîé
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çàâèñèìîñòè äâóõ âåëè÷èí, î÷èùåííóþ îò âëèÿíèÿ

äðóãèõ âåëè÷èí. Êîëè÷åñòâî óñòàíîâëåííûõ ëèíåé-

íûõ çàâèñèìîñòåé ñèëüíî ñîêðàòèëîñü. Íàïðèìåð,

êîððåëÿöèÿ äåìîãðà�è÷åñêîãî ïîêàçàòåëÿ D1 (eñòå-

ñòâåííûé ïðèðîñò) ñ 17 ñîöèàëüíî-ýêîíîìè÷åñêèìè

ïîêàçàòåëÿìè ïîäòâåðäèëàñü òîëüêî â òðåõ ñëó÷àÿõ:

ñ ïîêàçàòåëÿìè E15 (îáùàÿ ïëîùàäü çåìåëü ìóíèöè-

ïàëüíîãî îáðàçîâàíèÿ íà 1000 ÷åë.), E46 (áþäæåòíûå

ðàñõîäû íà îáðàçîâàíèå íà 1000 ÷åë.) è E49 (áþä-

æåòíûå ðàñõîäû íà çäðàâîîõðàíåíèå íà 1000 ÷åë.).

Ìëàäåí÷åñêàÿ ñìåðòíîñòü D10 ëèíåéíî çàâèñèò

îò E14 (äèíàìèêà èíäåêñà ïðîèçâîäñòâà ñåëüñêî-

õîçÿéñòâåííîé ïðîäóêöèè), ïðî÷èå íàáëþäàåìûå

ñâÿçè îáóñëîâëåíû âëèÿíèåì äðóãèõ ïîêàçàòåëåé

èëè âûáðîñàìè. Ó îñòàëüíûõ äåìîãðà�è÷åñêèõ

ïîêàçàòåëåé ïîäòâåðæäåíà çàâèñèìîñòü òîëüêî ñ E20

(�åëüäøåðñêî-àêóøåðñêèå ïóíêòû) è E31 (òåêóùèå

çàòðàòû íà îõðàíó îêðóæàþùåé ñðåäû).

Äëÿ áîëåå ñïåöè�è÷åñêèõ ðåçóëüòàòèâíûõ ïîêàçà-

òåëåé, êîòîðûå èñïîëüçóþòñÿ, íàïðèìåð, ïðè èññëå-

äîâàíèè ïðîöåññà âîñïðîèçâîäñòâà íàñåëåíèÿ, çíà-

÷èìûõ ïàðíûõ êîý��èöèåíòîâ êîðåëÿöèè íà ïîðÿ-

äîê ìåíüøå, à ïîñëå óñòðàíåíèÿ âûáðîñîâ è âëè-

ÿíèÿ äðóãèõ âåëè÷èí îêàçàëîñü, ÷òî ëèíåéíîé çà-

âèñèìîñòè ìåæäó ïîêàçàòåëåì îáùèõ ïîòåðü æèç-

íåííîãî ïîòåíöèàëà PYLL è êàêèì-ëèáî ñîöèàëüíî-

ýêîíîìè÷åñêèì ïîêàçàòåëåì íå íàáëþäàåòñÿ. Èç ðè-

ñóíêà 1 âèäíî, ÷òî ïðè èñêëþ÷åíèè òðåõ âûáðîñîâ

ñâÿçü îòñóòñòâóåò. Âûáðîñû ÷àùå âñåãî ñîîòâåòñòâî-

âàëè ñåâåðíûì òåððèòîðèÿì, à òàêæå Íîâîñåëîâñêî-

ìó, Èäðèíñêîìó, Áîëüøåóëóéñêîìó ðàéîíàì. Çíà÷è-

ìûå ïàðàìåòðû ìíîæåñòâåííîé ëèíåéíîé ðåãðåññèè

òîæå íå áûëè îáíàðóæåíû. Èññëåäîâàíèå ðàçëè÷-

íûõ �îðìû íåëèíåéíîé ðåãðåññèè ïîêàçàëî, ÷òî ñà-

ìûé âûñîêèé êîý��èöèåíò ìíîæåñòâåííîé êîððåëÿ-

öèè äàëà êóñî÷íî-ëèíåéíàÿ �îðìà çàâèñèìîñòè, ïðè

êîòîðîé çàâèñèìîñòü ìåæäó ïðåäèêòîðàìè è ïåðå-

ìåííîé îòêëèêà ðàçëè÷àëàñü â ðàçíûõ îáëàñòÿõ çíà-

÷åíèé íåçàâèñèìûõ ïåðåìåííûõ. Êóñî÷íî-ëèíåéíàÿ

çàâèñèìîñòü èìåëà îäíó òî÷êó ðàçðûâà è õàðàêòåðè-

çîâàëàñü äîñòàòî÷íî áîëüøèì ìíîæåñòâåííûì êîý�-

�èöèåíòîì äåòåðìèíàöèè R2
.

Â öåëîì ìàññèâ ñîöèàëüíî-ýêîíîìè÷åñêèõ ïîêàçàòå-

ëåé ìîæíî îõàðàêòåðèçîâàòü êàê ìàññèâ, ñîñòîÿùèé

èç äîñòàòî÷íî áîëüøîãî ÷èñëà ñèëüíî âçàèìîñâÿçàí-

íûõ ïðèçíàêîâ, êîòîðûå ÷àñòè÷íî äóáëèðóþò äðóã

äðóãà, òî åñòü ìàññèâû ïîêàçàòåëåé ñðåäû âî âñåõ

èññëåäîâàíèÿõ èìåëè îäíó è òó æå ïðèðîäó. Îäíàêî

ñòðóêòóðà ñâÿçè ðåçóëüòàòèâíûõ ïðèçíàêîâ ñ ïîêàçà-

òåëÿìè ñðåäû áûëà ðàçëè÷íîé â ðàçíûõ çàäà÷àõ, ýòî

áûëî òåì áîëåå çàìåòíî, ÷òî ñ îäíèì è òåì æå ìàñ-

ñèâîì ïîêàçàòåëåé ñðåäû ìû ðåøàëè ðàçíûå çàäà-

÷è, èñïîëüçóÿ ðàçëè÷íûå ðåçóëüòàòèâíûå ïðèçíàêè.

Ìîæíî âûäåëèòü òðè òèïà çàäà÷: 1) ñóùåñòâóþò èí-

äèêàòîðû (îòäåëüíûå ïîêàçàòåëè ñðåäû, ñ êîòîðûìè

ñèëüíî êîððåëèðóþò ðåçóëüòàòèâíûå ïîêàçàòåëè); 2)

èíäèêàòîðîâ íåò, íî ñóùåñòâóåò ìíîæåñòâî äîñòîâåð-

íûõ êîý��èöèåíòîâ êîððåëÿöèè, çíà÷èìîñòü êîòî-

ðûõ ñîõðàíÿåòñÿ è ïîñëå óäàëåíèÿ âûáðîñîâ; 3) íå

óäàåòñÿ îáíàðóæèòü ëèíåéíûõ çàâèñèìîñòåé ìåæäó

ðåçóëüòàòèâíûìè ïðèçíàêàìè è ïîêàçàòåëÿìè ñðåäû,

íî ðåãðåññèîííûé àíàëèç ïîêàçûâàåò íàëè÷èå íåêî-

òîðûõ íåëèíåéíûõ çàâèñèìîñòåé.

4 Ïîñòðîåíèå �àêòîðíûõ

(èíòåãðàëüíûõ) ïîêàçàòåëåé ñðåäû

Èíòåãðàëüíûå ïîêàçàòåëè ñðåäû âûáèðàþòñÿ èç íà-

áîðà {ïðèíÿòûå â ïðåäìåòíîé îáëàñòè èçó÷åíèÿ

ñðåäû èíòåãðàëüíûå ïîêàçàòåëè, óíè�èöèðîâàííûå

êâàíòèëüíûå èíäåêñû, ãëàâíûå êîìïîíåíòû ìàññèâà

ïåðâè÷íûõ ïîêàçàòåëåé} ïî êðèòåðèþ íàèáîëüøåãî

âëèÿíèÿ íà èçáðàííûé ðåçóëüòàòèâíûé ïîêàçàòåëü.

Ïðàêòè÷åñêè äëÿ âñåõ ìàññèâîâ ìû ïðèìåíÿëè âñå

òðè ñïîñîáà è âûáèðàëè ëó÷øèé. Îêàçàëîñü, ÷òî åñ-

ëè ñóùåñòâóåò îáùåïðèíÿòûé èíòåãðàëüíûé ïîêàçà-

òåëü, ñ êîòîðûì õîðîøî êîððåëèðóåò ðåçóëüòàòèâíûé

ïîêàçàòåëü, òî öåëåñîîáðàçíî åãî è âûáðàòü â êà÷å-

ñòâå �àêòîðíîãî ïîêàçàòåëÿ, ïîñêîëüêó äðóãèå ñïî-

ñîáû äàäóò ñõîäíûå ðåçóëüòàòû. Ïðèìåðîì ÿâëÿåò-

ñÿ èñïîëüçîâàíèå ïîêàçàòåëÿ ïðèâåäåííîãî âàëîâîãî

âûáðîñà äëÿ îöåíêè ýêîëîãè÷åñêîãî ðèñêà èëè ïîêà-

çàòåëÿ æåñòêîñòè êëèìàòà. Â ñëó÷àå îòñóòñòâèÿ òà-

êîãî èíòåãðàëüíîãî ïîêàçàòåëÿ ìû ñòðîèëè åãî ñàìè

àíàëîãè÷íî (2). Íàïðèìåð, òàê íàõîäèëè ñîöèàëüíî-

ýêîíîìè÷åñêèé èíäåêñ. Âî ìíîãèõ çàäà÷àõ ýòîò èí-

äåêñ êîððåëèðóåò ñ ðåçóëüòàòèâíûì ïîêàçàòåëåì, â

ýòèõ ñëó÷àÿõ åãî âûáèðàëè êàê èíòåãðàëüíûé ïîêà-

çàòåëü ñðåäû. Ýòè äâå ñèòóàöèè ñîîòâåòñòâóþò çà-

äà÷å ïåðâîãî òèïà. Çàìåòèì, ÷òî ïðè íàëè÷èè, íà-

ïðèìåð, ïîêàçàòåëÿ æåñòêîñòè êëèìàòà íå òðåáóåòñÿ

ñòðîèòü èíäåêñ æåñòêîñòè êëèìàòà, òàê êàê îíè âçà-

èìîçàìåíÿåìû.

Çàäà÷à âòîðîãî òèïà îòëè÷àåòñÿ òåì, ÷òî íå óäàåò-

ñÿ ïîäîáðàòü èëè ïîñòðîèòü èíòåãðàëüíûé ïîêàçà-

òåëü, ñâÿçàííûé ñ ðåçóëüòàòèâíûì, íî ñóùåñòâóåò

ìíîæåñòâî ñëàáûõ ëèíåéíûõ ñâÿçåé ìåæäó ðåçóëü-

òàòèâíûì ïîêàçàòåëåì è ïîêàçàòåëÿìè ñðåäû. Ìû

ïðåäïîëàãàåì, ÷òî â ýòîì ñëó÷àå ïðèìåíèìà èäåî-

ëîãèÿ �àêòîðíîãî àíàëèçà: èçìåðÿìûå ïàðàìåòðû

ÿâëÿþòñÿ êîñâåííûìè õàðàêòåðèñòèêàìè íåêîòîðîãî

ñêðûòîãî ãèïîòåòè÷åñêîãî �àêòîðà, äåéñòâèå êîòî-

ðîãî ïðîÿâëÿåòñÿ ÷åðåç íèõ îïîñðåäîâàííî. Äëÿ ïî-

èñêà òàêèõ �àêòîðîâ ìû èñïîëüçîâàëè ìåòîä ãëàâ-

íûõ êîìïîíåíò. Ìû íåîäíîêðàòíî ïðèìåíÿëè òàêæå

�àêòîðíûé àíàëèç è ðàññìàòðèâàëè âðàùåíèå ãëàâ-

íûõ �àêòîðîâ, èñïîëüçóÿ ðàçíûå àëãîðèòìû, íî íàè-

ëó÷øèìè èíòåðïðåòàöèÿìè íåèçìåííî îáëàäàëè ïåð-

âûå ãëàâíûå êîìïîíåíòû. Íàèáîëåå èí�îðìàòèâíûå

òèïîîáðàçóþùèå �àêòîðû ìàññèâà ïîêàçàòåëåé ñî-

ñòîÿíèÿ ÀÒÅ ÿâëÿþòñÿ óñòîé÷èâûìè. Êàê èçâåñò-

íî, ðàçíîîáðàçèå ïîêàçàòåëåé îïðåäåëÿåòñÿ, ãëàâíûì

îáðàçîì, íåñêîëüêèìè ïåðâûìè îáîáùåííûìè �àê-

òîðàìè ìàññèâà ïðèçíàêîâ (ãëàâíûìè êîìïîíåíòà-
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�èñóíîê 1: Äèàãðàììà ðàññåÿíèÿ ïîêàçàòåëåé P2 (PYLL ìóæñêîé ïî íîâîîáðàçîâàíèÿì) è E9 (îáðàáàòûâàþùèå ïðîèçâîäñòâà) äî

èñêëþ÷åíèÿ âûáðîñîâ.

ìè). Çà ïåðèîä ñ 1999 ïî 2013 ãîä íàìè íåîäíîêðàò-

íî ïðîâîäèëñÿ �àêòîðíûé àíàëèç ïîêàçàòåëåé ñðå-

äû, ïðè÷åì îáíîâëÿëèñü íå òîëüêî äàííûå, íî èç-

ìåíÿëñÿ è ñàì íàáîð ïîêàçàòåëåé. Ïîìèìî ðàçëè÷-

íûõ ñîöèàëüíî-ýêîíîìè÷åñêèõ ïîêàçàòåëåé â íàáîð

âêëþ÷àëèñü è äðóãèå, íàïðèìåð, ïîêàçàòåëè óðîâ-

íÿ ýêîëîãè÷åñêîé çàãðÿçíåííîñòè è äèñêîì�îðòíî-

ñòè êëèìàòà. Íåçàâèñèìî îò ýòîãî îáå ïåðâûå ãëàâ-

íûå êîìïîíåíòû âñåãäà õàðàêòåðèçîâàëè ñîöèàëüíî-

ýêîíîìè÷åñêèé ïðî�èëü òåððèòîðèè, ïðè÷åì îäíà

èç íèõ îïèñûâàëà ñòåïåíü ýêîíîìè÷åñêîãî ðàçâèòèÿ,

à òàêæå óðîâåíü ñîöèàëüíîãî ðàçâèòèÿ è áþäæåò-

íîé îáåñïå÷åííîñòè. Íàïðèìåð, ïî äàííûì 1997 ãîäà

ìàêñèìàëüíóþ íàãðóçêó íà ïåðâóþ êîìïîíåíòó èìå-

ëè ñëåäóþùèå ïðèçíàêè: ñîöèàëüíî-ýêîíîìè÷åñêèé

èíäåêñ, ïðèáûëü â ïðîìûøëåííîñòè, ñðåäíåìåñÿ÷-

íûå äåíåæíûå äîõîäû íà äóøó íàñåëåíèÿ, îòíîøå-

íèå çàðïëàòû ê ïðîæèòî÷íîìó ìèíèìóìó, îáúåì ïðî-

ìûøëåííîãî ïðîèçâîäñòâà, îáúåì ñ/õ ïðîèçâîäñòâà,

îòíîøåíèå çàðïëàòû ê ïðîæèòî÷íîìó ìèíèìóìó, âà-

ëîâîé âûáðîñ, ïðèâåäåííûé âàëîâîé âûáðîñ (�àê-

òîð ýêîíîìè÷åñêîãî ðàçâèòèÿ), à âòîðàÿ êîìïîíåí-

òà çàâèñåëà â îñíîâíîì îò ïîêàçàòåëåé: ñðåäíèé ïðî-

æèòî÷íûé ìèíèìóì, îòíîøåíèå äåíåæíûõ äîõîäîâ

ê ñòîèìîñòè íàáîðà îñíîâíûõ ïðîäóêòîâ ïèòàíèÿ,

óðîâåíü áåçðàáîòèöû, èíâåñòèöèè â ïðîèçâîäñòâåí-

íóþ ñ�åðó, èíâåñòèöèè â íåïðîèçâîäñòâåííóþ ñ�å-

ðó, ðàñõîäû íà îáðàçîâàíèå, ðàñõîäû íà êóëüòóðó,

òðàíñ�åðòû èç �åäåðàëüíûõ è êðàåâûõ áþäæåòîâ

(�àêòîð áþäæåòíîé îáåñïå÷åííîñòè). Ïðè äîáàâëå-

íèè â ìàññèâ ìåäèêî-äåìîãðà�è÷åñêèå ïîêàçàòåëåé

â êîìïîíåíòó ïðîìûøëåííîãî ðàçâèòèÿ äîáàâèëèñü

ïîêàçàòåëè: îáùàÿ çàáîëåâàåìîñòü âçðîñëûõ è çàáî-

ëåâàåìîñòü äåòåé áîëåçíÿìè äûõàòåëüíûõ ïóòåé. Ïî

äàííûì 2007 ãîäà ïåðâàÿ êîìïîíåíòà îïðåäåëÿëàñü

ïîêàçàòåëÿìè: îáîðîò ðîçíè÷íîé òîðãîâëè, ïëàòíûå

óñëóãè, îêàçàííûå íàñåëåíèþ, ñòðîèòåëüñòâî, ñðåäíå-

ñïèñî÷íàÿ ÷èñëåííîñòü ðàáîòíèêîâ îðãàíèçàöèé, èí-

âåñòèöèè â îñíîâíîé êàïèòàë, �îíä çàðàáîòíîé ïëà-

òû, äîõîäû ìåñòíîãî áþäæåòà, îáîðîò îáùåñòâåííîãî

ïèòàíèÿ, ÷òî ìû èíòåðïðåòèðóåì êàê �àêòîð áþä-

æåòíîé îáåñïå÷åííîñòè è óðîâíÿ äîõîäà íàñåëåíèÿ.

Íàãëÿäíîå ïðåäñòàâëåíèå ìíîãîìåðíûõ äàííûõ ìå-

òîäîì ïðîåöèðîâàíèÿ íà ïëîñêîñòü ïåðâûõ äâóõ êîì-

ïîíåíò ïîêàçûâàåò, ÷òî òî÷êè, ñîîòâåòñòâóþùèå ðàç-

íûì ðàéîíàì ðàñïàäàþòñÿ íà íåñêîëüêî ãðóïï, îä-

íîðîäíûõ ïî ñîöèàëüíî-ýêîíîìè÷åñêèì óñëîâèÿì. Â

çàäà÷àõ âòîðîãî òèïà ðåçóëüòàòèâíûå ïîêàçàòåëè â

ýòèõ ãðóïïàõ, êàê ïðàâèëî, èìåþò íåñëó÷àéíûå ðàç-

ëè÷èÿ.

Íàèáîëåå ñëîæíîé ÿâëÿåòñÿ çàäà÷à òðåòüåãî òèïà,

êîãäà íå óäàåòñÿ îáíàðóæèòü êîððåëÿöèé ìåæäó

ðåçóëüòàòèâíûìè ïðèçíàêàìè ñ îäíîé ñòîðîíû, è

ïîêàçàòåëÿìè ñðåäû, èíòåãðàëüíûìè ïîêàçàòåëÿìè,

ãëàâíûìè êîìïîíåíòàìè ñ äðóãîé ñòîðîíû, íî ïðè

ýòîì ãèïîòåçà î íàëè÷èè íåêîòîðîé íåëèíåéíîé ñâÿ-

çè íå îòâåðãàåòñÿ. Ñ òàêèìè çàäà÷àìè ìû ñòàëêè-

âàëèñü, íàïðèìåð, ïðè èñïîëüçîâàíèè â êà÷åñòâå ðå-

çóëüòàòèâíûõ ïîêàçàòåëåé ïîêàçàòåëÿ íåðåàëèçîâàí-

íîé ðîæäàåìîñòè è ïîòåðü æèçíåííîãî ïîòåíöèà-

ëà. Â ýòîì ñëó÷àå ìû ïðîâîäèëè �àêòîðíûé àíàëèç

ìàññèâà ïîêàçàòåëåé ñðåäû è çàòåì êîððåëÿöèîííî-

ðåãðåññèîííûé àíàëèç çàâèñèìîñòè ðåçóëüòàòèâíûõ

ïîêàçàòåëåé îò âñåãî íàáîðà îáùèõ �àêòîðîâ. Âû-

ÿâèëèñü çàâèñèìîñòè îò íåêîòîðûõ ïîëó÷åííûõ �àê-

òîðîâ, íî �àêòîðû áûëè ìàëîçíà÷èìûìè (âûäåëÿëè

ìàëóþ äîëþ äèñïåðñèè) è íå äîïóñêàëè óáåäèòåëü-

íîé èíòåðïðåòàöèè [2℄. Ïîýòîìó äàëüøå áûëà ðàç-

ðàáîòàíà èåðàðõè÷åñêàÿ ìîäåëü âëèÿíèÿ ñîöèàëüíî-

ýêîíîìè÷åñêèõ óñëîâèé íà óðîâåíü ïîòåðü æèçíåí-

íîãî ïîòåíöèàëà [1℄. Ñîöèàëüíî-ýêîíîìè÷åñêèå ïîêà-

çàòåëè áûëè ðàçáèòû íà 6 ãðóïï (äîõîäîâ íàñåëå-

íèÿ, ñîöèàëüíî-ýêîíîìè÷åñêîãî ðàçâèòèÿ, ïîòðåáëå-

íèÿ, �èíàíñîâîãî ñîñòîÿíèÿ, èí�ðàñòðóêòóðû, êà-

÷åñòâà æèçíè). Ïî âñåì ãðóïïàì áûëè íàéäåíû

ñîöèàëüíî-ýêîíîìè÷åñêèå èíäåêñû. Ýêñïåðòû îïðå-

äåëÿëè îòíîñèòåëüíóþ âàæíîñòü ýòèõ �àêòîðîâ äëÿ
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ïîòåðü æèçíåííîãî ïîòåíöèàëà, èñïîëüçóÿ ïðîöåäó-

ðó ïàðíûõ ñðàâíåíèé ïî øêàëå Ñààòè. Ïóòåì îáðà-

áîòêè ìàòðèö ïàðíûõ ñðàâíåíèé áûë íàéäåí èòîãî-

âûé âåêòîð ïðèîðèòåòîâ �àêòîðîâ; çàìåòèì, ÷òî îí

ÿâëÿåòñÿ íåëèíåéíîé �óíêöèåé èñõîäíûõ ïîêàçàòå-

ëåé. Ñ ïîìîùüþ âåêòîðà ïðèîðèòåòîâ áûë ðàññ÷èòàí

èíòåãðàëüíûé ïîêàçàòåëü ñîöèàëüíî-ýêîíîìè÷åñêîãî

ðèñêà äëÿ çäîðîâüÿ íàñåëåíèÿ, êîòîðûé äîñòîâåðíî

êîððåëèðîâàë ñ RYLL è èìåë ïðè ýòîì ïîíÿòíóþ

ñòðóêòóðó; òàê, ñàìûé áîëüøîé âêëàä â íåãî âíîñèë

�àêòîð "Êà÷åñòâî æèçíè".
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Êëþ÷åâûå ñëîâà. Êîãåðåíòíûå ìåðû ðèñêà, âû-

ïóêëûå ìåðû ðèñêà, îáîáùåííûå êîãåðåíòíûå ìåðû

ðèñêà, CVaR, ìåðà âîçìóùåííîé âåðîÿòíîñòè.

1 Ââåäåíèå

Êîãåðåíòíûå ìåðû ðèñêà � ýòî �óíêöèîíàëû, ñîãëà-

ñîâàííûå ñ ¾åñòåñòâåííûìè¿ ñâîéñòâàìè ïðåäïî÷òå-

íèé ó÷àñòíèêîâ ðûíêà. Â íàñòîÿùåå âðåìÿ îíè ïîëó-

÷àþò âñå áîëüøåå ðàñïðîñòðàíåíèå è ïîäâåðãàþòñÿ

ðàçëè÷íûì ìîäè�èêàöèÿì è îáîáùåíèÿì, ïîçâîëÿ-

þùèì ëèáî ïîëó÷èòü áîëåå óäîáíûé èíñòðóìåíò äëÿ

ðåøåíèÿ òåõ èëè èíûõ ïðàêòè÷åñêèõ çàäà÷, ëèáî áî-

ëåå òî÷íî îïèñàòü èíäèâèäóàëüíûå ïðåäïî÷òåíèÿ.

Â äàííîé ðàáîòå ïðåäëàãàåòñÿ îáçîð îñíîâíûõ ïðè-

ìåðîâ, ìîäè�èêàöèé è îáîáùåíèé êîãåðåíòíûõ ìåð

ðèñêà, ñóùåñòâóþùèõ íà ñåãîäíÿøíèé äåíü.

2 Ïðåäñòàâëåíèå ïðåäïî÷òåíèÿ ñ

ïîìîùüþ �óíêöèîíàëà ìåðû ðèñêà

�àññìîòðèì âåðîÿòíîñòíîå ïðîñòðàíñòâî (Ω,A, P ).
Îïðåäåëåíèå 1. �èñêîì X íà (Ω,A) íàçûâàåòñÿ
ïðîèçâîëüíîå èçìåðèìîå îòîáðàæåíèå èç Ω â R .

Â òåîðèè �èíàíñîâûõ ðèñêîâ âîçìîæíûå çíà÷åíèÿ

ðèñêà èíòåðïðåòèðóþòñÿ êàê äîõîä èëè óáûòîê, ïî-

ëó÷àåìûé íåêèì ñóáúåêòîì. Ìû áóäåì ðàññìàòðè-

âàòü ðèñê êàê âåëè÷èíó âîçìîæíîãî äîõîäà.

Îáîçíà÷èì X ñîâîêóïíîñòü âñåõ ðèñêîâ íà (Ω,A). Íà
ìíîæåñòâå X ìîæíî çàäàòü îòíîøåíèå ïîðÿäêà.

Íàïðèìåð, åñëè êàæäûé ðèñê X îòîæäåñòâèòü ñ åãî

�óíêöèåé ðàñïðåäåëåíèÿ FX , òî íà X ìîæíî ââåñòè

ïîðÿäîê ñ ïîìîùüþ ñòîõàñòè÷åñêîãî äîìèíèðîâàíèÿ.

Îïðåäåëåíèå 2. �èñê Y ñòîõàñòè÷åñêè äîìèíèðó-
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åò ðèñê X (X ≤1 Y ), åñëè

FX(x) ≥ FY (x) ∀x ∈ R

Îäíó èç êëþ÷åâûõ ðîëåé â òåîðèè èçìåðåíèÿ ðèñêà

èãðàåò îòíîøåíèå ïðåäïî÷òåíèÿ, çàäàâàåìîå íà X .
Îïðåäåëåíèå 3. Îòíîøåíèåì ïðåäïî÷òåíèÿ

� íà íåêîòîðîì ìíîæåñòâå M íàçûâàåòñÿ ïðîèç-

âîëüíîå ïîëíîå òðàíçèòèâíîå áèíàðíîå îòíîøåíèå,

çàäàííîå íà ýòîì ìíîæåñòâå.

Áóäåì ñ÷èòàòü, ÷òî îòíîøåíèå ïðåäïî÷òåíèÿ �, çà-
äàííîå íà X , îòðàæàåò íåêîòîðîå èíäèâèäóàëüíîå

îòíîøåíèå ê ðèñêó.

Ó÷èòûâàÿ òî, ÷òî â áîëüøèíñòâå ñëó÷àåâ ó÷àñòíèêè

ðûíêà ñòðåìÿòñÿ äîñòè÷ü áîëüøåé äîõîäíîñòè, ðà-

çóìíî ïîòðåáîâàòü, ÷òîáû îòíîøåíèå ïðåäïî÷òåíèÿ

íà X ñîãëàñîâûâàëîñü ñ ïîðÿäêîì íà X .
Îïðåäåëåíèå 4. Ïóñòü íà X çàäàíû îòíîøåíèå

ïðåäïî÷òåíèÿ � è îòíîøåíèå ïîðÿäêà ≤. Ïðåäïî-
÷òåíèå � íàçûâàåòñÿ ñîãëàñîâàííûì ñ ïîðÿäêîì ≤,
åñëè èç òîãî, ÷òî X ≤ Y ñëåäóåò, ÷òî X � Y .

Îòíîøåíèå ïðåäïî÷òåíèÿ íà ìíîæåñòâå ðèñêîâ ìîæ-

íî çàäàòü ñ ïîìîùüþ ìîíîòîííûõ âåùåñòâåííûõ

�óíêöèîíàëîâ, îïðåäåëåííûõ íà X .
Îïðåäåëåíèå 5. Ìåðîé ðèñêà íàçûâàåòñÿ ïðîèç-

âîëüíûé �óíêöèîíàë ρ : X → R. �îâîðÿò, ÷òî ρ
ïðåäñòàâëÿåò îòíîøåíèå ïðåäïî÷òåíèÿ íà X â îä-

íîì èç ñëó÷àåâ:

ρ(X) ≤ ρ(Y ), åñëè X � Y, X, Y ∈ X (1)

ρ(X) ≤ ρ(Y ), åñëè Y � X, X, Y ∈ X (2)

3 Êîãåðåíòíûå ìåðû ðèñêà

�àññìîòðèì àêñèîìàòèêó êëàññè÷åñêèõ êîãåðåíòíûõ

ìåð ðèñêà. Áóäåì ðàáîòàòü ñ ìåðàìè ρ, ïðåäñòàâëÿ-
þùèìè îòíîøåíèå ïðåäïî÷òåíèÿ êàê â (1).

Îïðåäåëåíèå 6. Ïðèåìëåìûì íàçîâåì òàêîé

ðèñê, íà êîòîðûé èíâåñòîð ãîòîâ ïîéòè ïðè âëî-

æåíèè íóëåâîãî êàïèòàëà. Ìíîæåñòâî âñåõ ïðèåì-

ëåìûõ ðèñêîâ îáîçíà÷èì A (A ⊂ X ).

Ñîãëàñíî [3℄, ìíîæåñòâî ïðèåìëåìûõ ðèñêîâ

A ⊂ X óäîâëåòâîðÿåò ñëåäóþùèì àêñèîìàì:
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Àêñèîìà A1: C+ ⊂ A, C+ = {X ∈ X : X ≥ 0}
Àêñèîìà A2: A

⋂
C− = ∅, C− = {X ∈ X : X < 0}

Àêñèîìà A3: A - âûïóêëûé êîíóñ (åñëè X ∈ A, Y ∈
A, òî α1X + α2Y ∈ A ïðè α1, α2 ≥ 0).

Îïðåäåëåíèå 7. Ïóñòü A � ìíîæåñòâî ïðèåìëå-

ìûõ ðèñêîâ, òîãäà ìåðîé ðèñêà, ñîîòâåòñòâó-

þùåé ìíîæåñòâó A íàçûâàåòñÿ �óíêöèîíàë ρA
çàäàííûé íà X ñëåäóþùèì îáðàçîì:

ρA(X) = sup{b ∈ R : X− bI ∈ A}, I = (1, . . . , 1). (3)

Ôóíêöèîíàë ρA îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:

1. ìîíîòîííîñòü:

∀X,Y ∈ X , X ≤ Y ρA(X) ≤ ρA(Y ); (4)

2. ñóïåðàääèòèâíîñòü:

ρA(X + Y ) ≥ ρA(X) + ρA(Y ) ∀X,Y ∈ X ; (5)

3. ïîëîæèòåëüíàÿ îäíîðîäíîñòü:

ρA(λX) = λρA(X), ∀λ ≥ 0, X ∈ X ; (6)

4. èíâàðèàíòíîñòü îòíîñèòåëüíî ñäâèãà:

ρA(X + aI) = ρA(X) + a, a ∈ R, X ∈ X . (7)

Îïðåäåëåíèå 8. Êîãåðåíòíîé ìåðîé ðèñêà íà-

çûâàåòñÿ ëþáîé �óíêöèîíàë ρ(X) íà ìíîæåñòâå X ,
îáëàäàþùèé ñâîéñòâàìè (4)-(7).

Ñâîéñòâî ìîíîòîííîñòè ãàðàíòèðóåò ìîíîòîííîñòü

îòíîñèòåëüíî åñòåñòâåííûõ ïîðÿäêîâ íà ìíîæåñòâå

ðèñêîâ. Ñóïåðàääèòèâíîñòü îòðàæàåò ñòðåìëåíèå ê

äèâåðñè�èêàöèè è íàëè÷èå ó çàäàâàåìîãî ïðåäïî-

÷òåíèÿ íåïðèÿòèÿ ðèñêà. Ïîëîæèòåëüíàÿ îäíîðîä-

íîñòü îòðàæàåò òðåáîâàèå òîãî, ÷òîáû ÷òîáû ìåðà

ðèñêà îò n èíñòðóìåíòîâ ñ îäèíàêîâûìè õàðàêòåðè-

ñòèêàìè áûëà â n ðàç áîëüøå ìåðû ðèñêà, ïîäñ÷èòàí-

íîé äëÿ îäíîãî èíñòðóìåíòà. Ñâîéñòâî îòíîñèòåëüíî

ñäâèãà óêàçûâàåò íà ëèíåéíîñòü èçìåíåíèÿ �óíêöè-

îíàëà âäîëü âåêòîðà, çàäàþùåãî áåçðèñêîâûé àêòèâ.

Îïðåäåëåíèå 9. Ìíîæåñòâî ðèñêîâ Aρ íàçûâàåò-

ñÿ ìíîæåñòâîì ïðèåìëåìûõ ðèñêîâ, ñîîò-

âåòñòâóþùèì ìåðå ðèñêà ρ, åñëè

Aρ = {X ∈ X : ρ(X) ≥ 0} (8)

�ðàíèöà ìíîæåñòâà ïðèåìëåìûõ ðèñêîâ ∂Aρ îïðåäå-

ëÿåòñÿ ñëåäóþùèì îáðàçîì:

∂Aρ = {X ∈ X : ρ(X) = 0}

Òàêæå â [3℄ áûëà äîêàçàíà âàæíàÿ òåîðåìà î ïðåä-

ñòàâëåíèè êîãåðåíòíûõ ìåð ðèñêà â âèäå ýêñòðåìàëü-

íîãî çíà÷åíèÿ ëèíåéíûõ �óíêöèîíàëîâ.

Òåîðåìà 1. Ôóíêöèîíàë ρ íà X ÿâëÿåòñÿ êîãåðåíò-

íîé ìåðîé ðèñêà â òîì è òîëüêî â òîì ñëó÷àå, êîãäà

íàéäåòñÿ ñåìåéñòâî âåðîÿòíîñòíûõ ìåð P = Pρ â

Sn
òàêîå, ÷òî

ρ(X) = inf
Q∈P

EQX, X ∈ X . (9)

Ñîäåðæàòåëüíûé ñìûñë ïîíÿòèÿ êîãåðåíòíîé ìåðû

ðèñêà îòíîñèòåëüíî çàäà÷è ïîðò�åëüíîãî àíàëèçà

ñëåäóþùèé:

1. çíà÷åíèå êîãåðåíòíîé ìåðû ðèñêà äëÿ ïðèåìëå-

ìûõ ðèñêîâ - ýòî íàèáîëüøåå êîëè÷åñòâî äå-

íåæíûõ ñðåäñòâ, êîòîðîå ìîæíî èçúÿòü èç

ïîðò�åëÿ, ÷òîáû ðèñê îñòàâàëñÿ ïðèåìëåìûì

äëÿ èíâåñòîðà;

2. äëÿ íåïðèåìëåìûõ ðèñêîâ - ýòî íàèìåíüøåå êî-

ëè÷åñòâî äåíåæíûõ ñðåäñòâ, êîòîðîå íåîáõîäè-

ìî äîáàâèòü â ïîðò�åëü, ÷òîáû ðèñê ïîëó÷åí-

íîãî ïîðò�åëÿ ñòàë ïðèåìëåìûì.

Àíàëèçèðóÿ ðèñê ñ ïîìîùüþ êîãåðåíòíûõ ìåð, èíâå-

ñòîð ìîæåò ðåãóëèðîâàòü ðèñê ïîðò�åëÿ ñ ïîìîùüþ

âëîæåíèÿ èëè èçúÿòèÿ äåíåæíûõ ñðåäñòâ.

4 Ïðèìåðû êîãåðåíòíûõ ìåð ðèñêà

4.1 Ìàòåìàòè÷åñêîå îæèäàíèå

Ïðîñòåéøèì ïðåäñòàâèòåëåì êëàññà êîãåðåíòíûõ

ìåð ðèñêà ÿâëÿåòñÿ ìàòåìàòè÷åñêîå îæèäàíèå.

�àññìîòðèì âåðîÿòíîñòíóþ ìåðó Q = (q1, . . . , qn) ∈
Sn

. Òîãäà ρQ ÿâëÿåòñÿ êîãåðåíòíîé ìåðîé ðèñêà, åñëè

çàäàòü ýòîò �óíêöèîíàë âûðàæåíèåì

ρQ(X) = EQX = q1x1 + · · ·+ qnxn (10)

Â äàííîì ñëó÷àå ñåìåéñòâî âåðîÿòíîñòíûõ ìåð P ñî-

ñòîèò èç îäíîé òî÷êè P = {Q}.
Ìíîæåñòâî ïðèåìëåìûõ ðèñêîâ, ñîîòâåòñòâóþùèõ

ìàòåìàòè÷åñêîìó îæèäàíèþ åñòü ïîëóïðîñòðàíñòâî

EQX ≥ 0. Ïîëó÷àåòñÿ, ÷òî ýòà ìåðà ðèñêà - íàèìå-

íåå êîíñåðâàòèâíàÿ ñðåäè âñåõ êîãåðåíòíûõ ìåð.

4.2 Êîãåðåíòíûå àëüòåðíàòèâû ìåðå VaR

Â íàñòîÿùåå âðåìÿ íàèáîëåå øèðîêî èñïîëüçóåìîé

íà ïðàêòèêå ìåðîé ðèñêà ÿâëÿåòñÿ VaR (Value at

Risk), êîòîðàÿ â ÿâëÿåòñÿ ñòàíäàðòîì â èçìåðåíèè

ðûíî÷íûõ ðèñêîâ.

Ïóñòü ðèñêX - ñëó÷àéíûé óáûòîê. VaR ïðåäñòàâëÿåò

ñîáîé êâàíòèëü ðàñïðåäåëåíèÿ óðîâíÿ α ∈ (0, 1):

V aRα(X) = inf{x : FX(x) ≥ α} (11)

α ∈ [0, 1] íàçûâàåòñÿ óðîâíåì äîâåðèÿ (α≫ 0).
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Â ñëó÷àå, êîãäà X - ñëó÷àéíûé äîõîä,

V aRβ(X) = − inf{x : FX(x) ≥ β}, β ≪ 1. (12)

Â òàêîì ñëó÷àå, VaR - íàèáîëüøèé óáûòîê, êîòîðûé

íå áóäåò ïðåâûøåí ñ óðîâíåì äîâåðèÿ 1− β.
Â ðàáîòå [2℄ ðàññìîòðåíû äîñòîèíñòâà ìåðû VaR,

ãëàâíûì èç êîòîðûõ ìîæíî ñ÷èòàòü âîçìîæíîñòü èç-

ìåðåíèÿ ðèñêîâ âåëè÷èíîé ïîòåðü, ñîîòíåñåííûõ ñ

âåðîÿòíîñòÿìè èõ âîçíèêíîâåíèÿ, ÷òî ïîçâîëÿåò äàòü

ðåàëüíóþ îöåíêó íåîáõîäèìîãî ðåçåðâíîãî êàïèòàëà

ïîä ðèñêè ïîðò�åëÿ.

Îäíàêî ýòà ìåðà ðèñêà èìååò ðÿä ñóùåñòâåííûõ

íåäîñòàòêîâ:

• VaR íå ó÷èòûâàåò âîçìîæíîñòü áîëüøèõ ïîòåðü,

êîòîðûå ìîãóò ïðîèçîéòè  âåðîÿòíîñòüþ ìåíü-

øå α.

• Äëÿ áîëüøèíñòâà �èíàíñîâûõ èíñòðóìåíòîâ õà-

ðàêòåðíû çíà÷èòåëüíûå îòêëîíåíèÿ îò çàêîíîâ

íîðìàëüíîãî ðàñïðåäåëåíèÿ ïî êðàÿì ãðà�èêà

ðàñïðåäåëåíèÿ (fat tails), âñëåäñòâèå ÷åãî ðàñ÷åò-

íûå çíà÷åíèÿ VaR, êàê ïðàâèëî, íåñêîëüêî èñêà-

æåíû.

• Äëÿ VaR íå âûïîëíÿåòñÿ ñâîéñòâî ñóáàääèòèâ-

íîñòè (ñóïåðàääèòèâíîñòè, åñëè çíà÷åíèå VaR -

äîõîä). Â [6℄ ïðèâîäÿòñÿ ïðèìåðû ïîðò�åëåé,

äëÿ êîòîðûõ VaR ñàìîãî ïîðò�åëÿ ïðåâûøàåò

ñóììó VaR åãî ñîñòàâëÿþùèõ, ÷òî ïðîòèâîðå÷èò

çäðàâîìó ñìûñëó.

Â êà÷åñòâå êîãåðåíòíîé àëüòåðíàòèâû VaR âûñòóïà-

åò ìåðà ðèñêà CVaR [3℄, [5℄.

Ïóñòü X - óáûòîê, α≫ 0 - óðîâåíü äîâåðèÿ.

CV aRα(X) = E(X : X ≥ V aRα(X)) (13)

Â [5℄ ïîêàçàíî, ÷òî

CV aRα(X) =
1

1− α

∫ 1

α

←−
F X(p)dp, (14)

ãäå

←−
F X(p) = inf{x : P (X ≤ x) ≥ p} - �óíêöèÿ,

íàçâàííàÿ À÷åðáè îáîáùåííûì êâàíòèëåì. Äëÿ àáñî-

ëþòíî íåïðåðûâíûõ ðàñïðåäåëåíèé

←−
F X(p) = F−1

X (p).

Åñëè ñëó÷àéíàÿ âåëè÷èíà Y - äîõîä, β ≪ 1, òî

CV aRβ(X) = −E(X : X ≤ −V aRβ(X))

CV aRβ(X) = − 1

β

∫ β

0

←−
F X(p)dp

Ìåðà CV aR êîãåðåíòíà è áîëåå àäåêâàòíî îöåíèâà-

åò ðèñê â ñëó÷àå ¾òÿæåëûõ õâîñòîâ¿, ÷åì V aR. Ïðè
ýòîì îíà ÿâëÿåòñÿ áîëåå êîíñåðâàòèâíîé, ïîñêîëüêó

âåëè÷èíà CVaR âñåãäà áîëüøå ( åñëè çíà÷åíèå ìåðû

ðèñêà - äîõîä - ìåíüøå), ÷åì VaR òîãî æå óðîâíÿ.

4.3 Ìåðà âîçìóùåííîé âåðîÿòíîñòè

Â ðàáîòå Ø. Âîíãà [11℄ ïðåäëîæåíî ìîäè�èöèðîâàòü

äîïîëíèòåëüíóþ �óíêöèþ ðàñïðåäåëåíèÿ SX(t) ïî

ñëåäóþùåì ïðàâèëó:

SY (t) = g(SX(t)), ãäå g(t) : [0, 1]→ [0, 1],
g(0) = 0, g(1) = 1

è g(t) íåóáûâàþùàÿ �óíêöèÿ.

Ïîëó÷åííàÿ òàêèì îáðàçîì �óíêöèÿ SY (t) ïðåäñòàâ-
ëÿåò ñîáîé äîïîëíèòåëüíóþ �óíêöèþ ðàñïðåäåëåíèÿ

íåêîòîðîé ñëó÷àéíîé âåëè÷èíû Y .

Ôóíêöèîíàë âîçìóùåííîé âåðîÿòíîñòè â ðàáîòàõ [11℄

è [12℄ çàäàåòñÿ êàê ìàòåìàòè÷åñêîå îæèäàíèå ïîëó-

÷åííîé ñëó÷àéíîé âåëè÷èíû Y :

π(X) =

0∫

−∞

[g(SX(t))− 1]dt+

∞∫

0

g(SX(t))dt (15)

Äëÿ äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû X , ïðèíèìàþ-

ùåé çíà÷åíèÿ x1, . . . , xn ñ âåðîÿòíîñòÿìè, ðàâíûìè

ñîîòâåòñòâåííî p1, . . . , pn:

π(X) =

n∑

k=1

g

(
n∑

i=k

pk

)

(xk − xk−1), ãäå x0 = 0

Ôóíêöèîíàë π(X) ÿâëÿåòñÿ ïîëîæèòåëüíî îäíîðîä-

íûì è èíâàðèàíòíûì îòíîñèòåëüíî ñäâèãîâ, òî åñòü

äëÿ ëþáûõ a, b ∈ R âûïîëíÿåòñÿ

π(aX + b) = aπ(X) + b

4.4 Ìåðà ðèñêà íàèõóäøåãî ñëó÷àÿ

Ìåðà ðèñêà íàèõóäøåãî ñëó÷àÿ (worst ase risk

measure) îïðåäåëÿåòñÿ êàê

ρmax(X) = inf
ω∈Ω

X(ω), ∀X ∈ X .

Çíà÷åíèå ρmax(X) - íèæíÿÿ ãðàíü ïîòåíöèàëüíûõ äî-
õîäîâ, èçìåðåííûõ íà êàæäîì ñöåíàðèè èëè æå âåðõ-

íÿÿ ãðàíü ïîòåíöèàëüíûõ ïîòåðü. Ñîîòâåòñòâóþùèé

êîíóñ ïðèåìëåìûõ ðèñêîâ A = C+.

Ýòî íàèáîëåå êîíñåðâàòèâíàÿ ìåðà ðèñêà â òîì ñìûñ-

ëå, ÷òî ëþáàÿ äðóãàÿ êîãåðåíòíàÿ ìåðà ðèñêà ρ íà X
óäîâëåòâîðÿåò ñîîòíîøåíèÿì

ρ(X) ≥ ρ( inf
ω∈Ω

X(ω)) = ρmax(X).

5 Íåêîòîðûå ìîäè�èêàöèè

êîãåðåíòíûõ ìåð ðèñêà

5.1 Âûïóêëûå ìåðû ðèñêà

Â ðàáîòå [7℄ �. Ôåëìåðîì è À. Øèäîì ïðåäëàãàåòñÿ

îáîáùåíèå êëàññà êîãåðåíòíûõ ìåð ðèñêà - âûïóêëûå



166 XIII ÔÀÌÝÌÑ'2014 êîí�åðåíöèÿ

ìåðû. Èçëîæèì èí�îðìàöèþ îá ýòèõ ìåðàõ ðèñêà íà

ÿçûêå ñóïåðìîäóëÿðíûõ �óíêöèîíàëîâ, ÷òîáû ìåðà

ðèñêà ïðåäñòàâëÿëà ïðåäïî÷òåíèÿ êàê â (2).

Ñîãëàñíî îïðåäåëåíèþ, ìåðà ðèñêà ρ : X → R íàçû-

âàåòñÿ âûïóêëîé, åñëè îíà óäîâëåòâîðÿåò óñëîâèÿì

ìîíîòîííîñòè, èíâàðèàíòíîñòè îòíîñèòåëüíî ñäâèãà

è óñëîâèþ âûïóêëîñòè â ñëåäóþùåé �îðìóëèðîâêå:

ρ(λX + (1− λY )) ≥ λρ(X) + (1− λ)ρ(Y ), 0 ≤ λ ≤ 1.

Àêñèîìà âûïóêëîñòè ïðèäàåò òî÷íûé ñìûñë èäåå î

òîì, ÷òî äèâåðñè�èêàöèÿ íå óâåëè÷èâàåò ðèñêà.

Åñëè �óíêöèÿ ρ âûïóêëà è íîðìèðîâàíà, òî

ρ(λX) ≤ λρ(X), 0 ≤ λ ≤ 1,
ρ(λX) ≥ λρ(X), λ ≥ 1.

Åñëè æå, êðîìå òîãî, âûïîëíÿåòñÿ óñëîâèå ïîëîæè-

òåëüíîé îäíîðîäíîñòè:

ρ(λX) = λρ(X), ∀λ ≥ 0,

òî âûïóêëàÿ ìåðà ρ ÿâëÿåòñÿ êîãåðåíòíîé.

Òåì íå ìåíåå, àâòîðû íå íàñòàèâàþò íà âûïîëíåíèè

óñëîâèÿ ïîëîæèòåëüíîé îäíîðîäíîñòè â âèäó òîãî,

÷òî âî ìíîãèõ ñèòóàöèÿõ ðèñê ìîæåò ðàñòè íåëèíåé-

íûì îáðàçîì ïðè óâåëè÷åíèè ðàçìåðà ïîçèöèé.

Òàêæå, êàê è äëÿ êîãåðåíòíûõ ìåð ðèñêà èìååò ìå-

ñòî ïðåäñòàâëåíèå âûïóêëûõ ìåð ðèñêà ÷åðåç ìàòå-

ìàòè÷åñêîå îæèäàíèå îòíîñèòåëüíî íåêîòîðîé âåðî-

ÿòíîñòíîé ìåðû.

Îáîçíà÷èì ÷åðåç M1,f = M1,f (Ω,A) êëàññ âñåõ

êîíå÷íî-àääèòèâíûõ �óíêöèé ìíîæåñòâ Q : A →
[0, 1], íîðìèðîâàííûõ åäèíèöåé, òî åñòü òàêèõ, ÷òî

Q(Ω) = 1. ×åðåç EQ[X ] îáîçíà÷èì èíòåãðàë îò X îò-

íîñèòåëüíî Q ∈M1,f .

Ïóñòü α :M1,f → R∪{+∞} - òàêîé �óíêöèîíàë, ÷òî

inf
Q∈M1,f

α(Q) ∈ R.

Äëÿ ëþáîé �óíêöèè Q ∈Ma,f �óíêöèîíàë

ρ(X) = inf
Q∈M1,f

(EQ[X ]− α(Q)) (16)

ÿâëÿåòñÿ âûïóêëûì, ìîíîòîííûì è èíâàðèàíòíûì

îòíîñèòåëüíî ñäâèãà íà X , è

ρ(0) = sup
Q∈M1,f

α(Q).

Ôóíêöèîíàë α íàçûâàþò øòðà�íîé �óíêöèåé

(penalty funtion) äëÿ ρ íà M1,f .

Òåîðåìà 2. Ëþáàÿ âûïóêëàÿ ìåðà ðèñêà ρ íà X èìå-

åò âèä:

ρ(X) = max
Q∈M∞,{

(EQ[X ]− αmin(Q)), X ∈ X , (17)

ãäå øòðà�íàÿ �óíêöèÿ αmin çàäàåòñÿ �îðìóëîé

αmin(Q) = inf
X∈Aρ

EQ[X ], Q ∈M1,f .

Áîëåå òîãî, αmin - ýòî ìèíèìàëüíàÿ øòðà�íàÿ

�óíêöèÿ, êîòîðàÿ ïðåäñòàâëÿåò ρ, òî åñòü ëþáàÿ

øòðà�íàÿ �óíêöèÿ α, äëÿ êîòîðîé âåðíî ñîîòíî-

øåíèå (16), óäîâëÿåòâîðÿåò íåðàâåíñòâó α(Q) ≥
αmin(Q) äëÿ âñåõ Q ∈M1,f .

5.2 (M, f)-êîãåðåíòíûå ìåðû ðèñêà

Â òåîðèè êîãåðåíòíûõ ìåð ðèñêà, ìíîæåñòâî ïðèåì-

ëåìûõ ðèñêîâ A çàäàåòñÿ îäíîâðåìåííî ñ âåêòîðîì

¾áåçîïàñíîãî àêòèâà¿ I = (1, . . . , 1) è ñîîòâåòñòâóþ-

ùàÿ ìåðà ðèñêà, êîòîðóþ ìû ìîæåì àññîöèèðîâàòü

ñ ïàðîé (A, I) îïðåäåëÿåòñÿ êàê

ρ(A,I)(X) = sup{b ∈ R : X − bI ∈ A}.

Â ðàáîòå [8℄ ïðåäëàãàåòñÿ ðàñøèðèòü ïåðå÷åíü �è-

íàíñîâûõ èíñòðóìåíòîâ, èñïîëüçóåìûõ êàê èíñòðó-

ìåíòû õåäæèðîâàíèÿ: ââåñòè â ðàññìîòðåíèå ïîäïðî-

ñòðàíñòâî èëè êîíóñ �èíàíñîâûõ èíñòðóìåíòîâM è

�óíêöèîíàë ñòîèìîñòè g ∈ X ∗
(X ∗

- ïðîñòðàíñòâî,

ñîïðÿæåííîå ê X ), çíà÷åíèå êîòîðîãî g(M) - åñòü öå-
íà èíñòðóìåíòà (−M), äîáàâëåíèå êîòîðîãî â ïîðò-

�åëü ê íåïðèåìëåìîìó ðèñêó X , ïåðåâîäèò ïîëó÷à-

åìûé ïîðò�åëü X − M âî ìíîæåñòâî ïðèåìëåìûõ

ðèñêîâ.

Ïóñòü X - ëèíåéíîå ïðîñòðàíñòâî. Ìíîæåñòâî D ⊆
X , òàêîå ÷òî D + D ⊆ D è λD ⊆ D, ∀λ ∈ R+,

íàçûâàåòñÿ êîíóñîì. Ïðè ýòîì êîíóñ, äëÿ êîòîðî-

ãî D ∩ (D) = {0} íàçûâàåòñÿ îñòðûì êîíóñîì.

Ïóñòü íà X çàäàíî îòíîøåíèå ÷àñòè÷íîãî ïîðÿäêà ≥.
C+ = {X ∈ X : X ≥ 0} íàçûâàåòñÿ ïîëîæèòåëüíûì

êîíóñîì äëÿ ÷àñòè÷íîãî ïîðÿäêà íà X .
Ìíîæåñòâî ïðèåìëåìûõ ðèñêîâ A áóäåì íàçûâàòü

êîãåðåíòíûì, åñëè îíî ÿâëÿåòñÿ êîíóñîì â ïðîñòðàí-

ñòâå ðèñêîâ X , òàêèì ÷òî C+ ⊆ A. Ëåãêî ïðîâå-

ðÿåòñÿ, ÷òî âûïîëíåíèå ýòîãî óñëîâèÿ ýêâèâàëåíò-

íî âûïîëíåíèþ àêñèîì A1�A3. Ïîäïðîñòðàíñòâî G
ïðîñòðàíñòâà X íàçûâàåòñÿ êîí�èíàëüíûì, åñëè äëÿ

ëþáîãî X ∈ X ñóùåñòâóåò Y ∈ G, ÷òî Y ≥ X .

Ôóíêöèîíàë g ∈ X ∗
íàçûâàåòñÿ ïîëîæèòåëüíûì

�óíêöèîíàëîì íà D, åñëè g(X) ≥ 0, ∀X ∈ D, è

ñòðîãî ïîëîæèòåëüíûì �óíêöèîíàëîì íà D, åñëè

g(X) > 0, ∀C ∈ D \D ∩ (−D).

Ïóñòü çàäàíî ïîäïðîñòðàíñòâîM ïðîñòðàíñòâà ðèñ-

êîâ X , �óíêöèîíàë g ∈ X ∗
è êîãåðåíòíîå ìíîæåñòâî

ïðèåìëåìûõ ðèñêîâ A : A ∩M 6= ∅.
Ïîäîáíî òîìó, êàê îïðåäåëÿëàñü êîãåðåíòíàÿ ìåðà

ðèñêà, ñâÿçàííàÿ ñ ïàðîé (A, I) (êëàññè÷åñêàÿ êîãå-

ðåíòíàÿ ìåðà), îïðåäåëÿåòñÿ ìåðà ðèñêà, ñâÿçàí-
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íàÿ ñ òðîéêîé (A,M, g):

ρA,M,g(X) = sup{g(M) ∈ R : X −M ∈ A, M ∈ M}
(18)

Çàìåòèì, ÷òî êëàññè÷åñêóþ êîãåðåíòíóþ ìåðó ðèñêà

òàêæå ìîæíî îïðåäåëèòü ÷åðåç (18), åñëè ïîëîæèòü

M = [{I}], à çà g âçÿòü ëþáîé ëèíåéíûé �óíêöèîíàë,
òàêîé, ÷òî g(I) = 1.

Ôóíêöèîíàë g íàçâàí àâòîðàìè �óíêöèîíàëîì ïðå-

ìèè. Ïîäïðîñòðàíñòâî M íàçâàíî ïîäïðîñòðàí-

ñòâîì õåäæèðîâàíèÿ � â íåì äëÿ êàæäîãî ðèñêà X
íàõîäèòñÿ òàêîé M , ïðè âû÷èòàíèè êîòîðîãî ïîëó-

÷àåòñÿ áåçðèñêîâàÿ äëÿ èíâåñòîðà ïîçèöèÿ X −M .

Îïðåäåëåíèå 10. (M, g)-êîãåðåíòíàÿ ìåðà

ðèñêà (èëè êîãåðåíòíàÿ ìåðà ðèñêà, ñâÿçàííàÿ ñ

òðîéêîé (A,M, g))- ýòî �óíêöèîíàë ρ : X → R, óäî-

âëåòâîðÿþùèé ñâîéñòâàì ñóïåðàääèòèâíîñòè, ïî-

ëîæèòåëüíîé îäíîðîäíîñòè, ìîíîòîííîñòè è ñâîé-

ñòâó (M, g)-èíâàðèàíòíîñòè îòíîñèòåëüíî ñäâèãà:

ρ(X +M) = ρ(X) + g(M), ∀X ∈ X , M ∈M;

Òåîðåìà 3. Ìíîæåñòâî ïðèåìëåìûõ ðèñêîâ

Aρ = {X ∈ X : ρ(X) ≥ 0}

íåêîòîðîé (M, g)-êîãåðåíòíîé ìåðû ðèñêà ÿâëÿåò-

ñÿ íåïóñòûì ìíîæåñòâîì, óäîâëåòâîðÿþùèì àê-

ñèîìàì A1�A3, åñëè ñóùåñòâóåò íåêîòîðûé íåíó-

ëåâîé ðèñê E ∈ C+∩M è g - ñòðîãî ïîëîæèòåëüíûé

�óíêöèîíàë íà C+.

Óêàæåì, ïðè êàêèõ óñëîâèÿõ íà ïîäïðîñòðàíñòâî

õåäæèðîâàíèÿ ìåðà ðèñêà, ñâÿçàííàÿ ñ òðîéêîé

(A,M, g) áóäåò ÿâëÿòüñÿ (M, g)-êîãåðåíòíîé.

Òåîðåìà 4. Åñëè A - êîãåðåíòíîå ìíîæåñòâî ïðè-

åìëåìûõ ðèñêîâ, M - êîí�èíàëüíîå ïîäïðîñòðàí-

ñòâî X è g - ñòðîãî ïîëîæèòåëüíûé �óíêöèîíàë

íà A, òî ρA,M,g � (M, g)-êîãåðåíòíàÿ ìåðà ðèñêà.

5.3 Ìîäè�èêàöèÿ êîãåðåíòíûõ ìåð ðèñêà

Äæàððîó è Ïóðíàíàíäàìà

Â ðàáîòå �. Äæàððîó è À. Ïóðíàíàíäàìà [4℄ áûëà

ïðåäëîæåíà îäíà èç ìîäè�èêàöèé êîãåðåíòíûõ ìåð

ðèñêà, êîòîðóþ äëÿ êðàòêîñòè íàçîâåì ÄÏ-ìåðîé.

Â ýòîé ìîäè�èêàöèè àêñèîìàòèêà ìíîæåñòâ ïðèåì-

ëåìûõ ðèñêîâ ñîâïàäàåò ñ àêñèîìàòèêîé â [3℄. Ñîîò-

âåòñòâóþùàÿ ýòîìó ìíîæåñòâó ìåðà ðèñêà ââîäèòñÿ

ñëåäóþùèì îáðàçîì:

jA(X) = jA,‖·‖(X) = − inf
Y∈A
‖X − Y ‖ (19)

Òî åñòü, çíà÷åíèå ìåðû ðèñêà - ýòî íàèìåíüøåå èç

ðàññòîÿíèé îò ïðîèçâîëüíîãî ðèñêà X äî ìíîæåñòâà

A (ðàññòîÿíèå áåðåòñÿ â ñìûñëå íåêîòîðîé íîðìû â

X ), âçÿòîå ñî çíàêîì "ìèíóñ".

Êàê ñëåäóåò èç (19)

jA(X) = 0 ∀X ∈ A è jA(X) < 0 ∀X ∈ Ac
(20)

Ââåäåííàÿ òàêèì îáðàçîì ìåðà îáëàäàåò ñâîéñòâàìè

ìîíîòîííîñòè, ñóïåðàääèòèâíîñòè è ïîëîæèòåëüíîé

îäíîðîäíîñòè (4)�(6), à âìåñòî ñâîéñòâà (7) ïîÿâëÿ-

åòñÿ ñâîéñòâî êðàò÷àéøåãî ïóòè :

1) äëÿ ëþáîãî X ∈ A ñóùåñòâóåò òàêîé ðèñê X ′ ∈ A,
÷òî X ′

- ýòî ýëåìåíò èç ìíîæåñòâà A, íàõîäÿùèé íà

íàèìåíüøåì ðàññòîÿíèè îò X ;

2) äëÿ ëþáîãî ÷èñëà −∞ < λ ≤ −jA(X) âûïîëíÿåòñÿ
ñëåäóþùåå ñîîòíîøåíèå:

jA(X + λu) = jA(X) + λ, ãäå u =
X ′ −X
‖X ′ −X‖ . (21)

Îïðåäåëåíèå 11. ÄÏ-ìåðîé íàçûâàåòñÿ ëþáîé

�óíêöèîíàë j(X) íà ìíîæåñòâå X , îáëàäàþùèé

ñâîéñòâàìè (4)�(6), (21)

Ñîîòâåòñòâóþùåå ìíîæåñòâî ïðèåìëåìûõ ðèñêîâ íà-

õîäèòñÿ ñëåäóþùèì îáðàçîì:

Aj(X) = {X ∈ X : j(X) = 0}. (22)

Êëþ÷åâîå ðàçëè÷èå ìåæäó êîãåðåíòíûìè è ÄÏ-

ìåðàìè çàêëþ÷àåòñÿ â ñâîéñòâå (21). Ñâîéñòâî êðàò-

÷àéøåãî ïóòè âûðàæàåò ëèíåéíîñòü ìåðû ðèñêà

âäîëü íàïðàâëåíèÿ, çàäàþùåãî êðàò÷àéøèé ïóòü äî

ìíîæåñòâà ïðèåìëåìûõ ðèñêîâ. Ýòî îòðàæàåò ñòðåì-

ëåíèå èíâåñòîðà ðåãóëèðîâàòü ðèñê ïîðò�åëÿ äîáàâ-

ëåíèåì ðèñêîâàííûõ àêòèâîâ.

Ìîæíî ñêàçàòü, ÷òî çíà÷åíèå ìîäóëÿ ÄÏ-ìåðû äëÿ

íåïðèåìëåìûõ ðèñêîâ - ýòî íàèìåíüøàÿ âîçìîæíàÿ

öåíà òàêîãî ðèñêîâàííîãî àêòèâà, äîáàâèâ êîòîðûé

â ïîðò�åëü, èíâåñòîð ïîëó÷èò ïîðò�åëü ñ ïðèåì-

ëåìûì äëÿ íåãî ðèñêîì.

Îäíàêî, ÄÏ-ìåðà íå äàåò âîçìîæíîñòè ñðàâíèâàòü

ìåæäó ñîáîé ïðèåìëåìûå ðèñêè (ýòî ñëåäóåò èç (20)),

÷òî ñóùåñòâåííî îãðàíè÷èâàåò ñ�åðó åå âîçìîæíîãî

ïðèìåíåíèÿ.

Êðîìå òîãî, ÄÏ-ìåðà íå ÿâëÿåòñÿ îáîáùåíèåì êîãå-

ðåíòíûõ ìåð. Ñðàâíèì ñâîéñòâî èíâàðèàíòíîñòè îò-

íîñèòåëüíî ñäâèãà äëÿ êîãåðåíòíûõ ìåð è ñâîéñòâî

êðàò÷àéøåãî ïóòè äëÿ ÄÏ-ìåð. Ïðåäïîëîæèì, ÷òî

âëîæåíèå äåíåæíûõ ñðåäñòâ ÿâëÿåòñÿ åäèíñòâåííîé

âîçìîæíîñòüþ ðåãóëèðîâàòü ðèñê ïîðò�åëÿ. Òîãäà

âåêòîð u èç (21) áóäåò ðàâåí I/‖I‖. Äëÿ îäíîãî è

òîãî æå ìíîæåñòâà A äëÿ êîãåðåíòíîé ìåðû ρA áó-

äåò âûïîëíÿòüñÿ ρA(X + λI) = ρA(X) + λ ∀λ ∈ R,

à äëÿ ÄÏ-ìåðû jA ñâîéñòâî jA(X + λI) = jA(X) + λ
âûïîëíÿåòñÿ òîëüêî äëÿ −∞ < λ ≤ −jA(X)/‖I‖. Òî
åñòü, ñâîéñòâî êðàò÷àéøåãî ïóòè íå âûðîæäàåòñÿ â

ñâîéñòâî èíâàðèàíòíîñòè îòíîñèòåëüíî ñäâèãà.
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5.4 Îáîáùåííûå êîãåðåíòíûå ìåðû ðèñêà

Â ðàáîòå À. Íîâîñåëîâà [10℄ ïðåäëàãàåòñÿ ìîäè�èêà-

öèÿ êîãåðåíòíûõ ìåð, íàçâàííàÿ îáîáùåííûìè êîãå-

ðåíòíûìè ìåðàìè ðèñêà.

Äëÿ ìîäè�èêàöèè êîãåðåíòíûõ ìåð â ðàáîòå Íîâî-

ñåëîâà [1℄ èñïîëüçóåòñÿ ïðèåì, ïîõîæèé íà òî, ÷òî

èñïîëüçóåòñÿ â [4℄ - âû÷èñëÿåòñÿ êðàò÷àéøåå ðàññòî-

ÿíèå, íî íå äî ìíîæåñòâà ïðèåìëåìûõ ðèñêîâ, êàê

â [4℄, à äî ãðàíèöû ýòîãî ìíîæåñòâà. Ýòî ïîçâîëÿ-

åò ñ ïîìîùüþ ïðåäëîæåííûõ ìåð ðèñêà ñðàâíèâàòü

ìåæäó ñîáîé ïðèåìëåìûå ðèñêè è ñ÷èòàòü ýòè ìåðû

äåéñòâèòåëüíûì îáîáùåíèåì êîãåðåíòíûõ ìåð.

Ìíîæåñòâî ïðèåìëåìûõ ðèñêîâ A óäîâëåòâîðÿåò àê-

ñèîìàì A1-A3. Ïî çàäàííîìó A ñòðîèòñÿ îáîáùåí-

íàÿ êîãåðåíòíàÿ ìåðà ðèñêà fA:

fA(X) = fA,‖·‖(X) = δA(X) inf
Y ∈∂A

‖X − Y ‖,

ãäå δA(X) =

{

1, X ∈ A,
−1, X ∈ Ac

,
(23)

çäåñü ∂A - ýòî ãðàíèöà ìíîæåñòâà A.

Îïðåäåëåííûé òàêèì îáðàçîì �óíêöèîíàë fA(X) îá-
ëàäàåò ñâîéñòâàìè ìîíîòîííîñòè, ïîëîæèòåëüíîé îä-

íîðîäíîñòè, ñóïåðàääèòèâíîñòè è ñâîéñòâó êðàò-

÷àéøåãî ïóòè:

a) ∀X ∈ X ∃ X ′(X) ∈ ∂A
òàêîé, ÷òî ‖X −X ′(X)‖ = inf

Y ∈∂A
‖X − Y ‖;

á) fA(X + λu(X)) = fA(X) + λ, −∞ < λ ≤ λA(X),

ãäå λA(X) > 0,

à âåêòîð êðàò÷àéøåãî ïóòè u(X) îïðåäåëÿåòñÿ ñëå-

äóþùèì îáðàçîì:

• äëÿ ñëó÷àÿ ñòðîãî âûïóêëîé íîðìû ‖ · ‖

u(X) = δA(X)
X −X ′

A(X)

‖X −X ′
A(X)‖ ;

• äëÿ íîðìû ‖ · ‖∞

u(X) = I = (1, 1, . . . , 1);

• äëÿ íîðìû ‖ · ‖1

u(X) = ei ∀i = 1, 2, . . . , n,

ãäå ei � âåêòîðû èç ñòàíäàðòíîãî áàçèñà ïðî-

ñòðàíñòâà Rn
.

Äëÿ çàäàííîé îáîáùåííîé êîãåðåíòíîé ìåðû f(X)
ìîæíî ìîæíî íàéòè ñîîòâåòñòâóþùåå ìíîæåñòâî

ïðèåìëåìûõ ðèñêîâ ñëåäóþùèì îáðàçîì:

Af = {X ∈ X : f(X) ≥ 0}. (24)

�ðàíèöà ìíîæåñòâà ïðèåìëåìûõ ðèñêîâ, ñîîòâåò-

ñòâóþùåãî ìåðå f îïðåäåëÿåòñÿ êàê

∂Af = {X ∈ X f(X) = 0}.

�àññìîòðèì òåîðåìó î ïðåäñòàâëåíèè îáîáùåííîé

êîãåðåíòíîé ìåðû ðèñêà  ïîìîùüþ ëèíåéíûõ �óíê-

öèîíàëîâ.

Îáîçíà÷èì X ∗
ïðîñòðàíñòâî íåïðåðûâíûõ ëèíåéíûõ

�óíêöèîíàëîâ íà X , ‖ · ‖∗ � íîðìó â ýòîì ïðîñòðàí-

ñòâå, è ðàññìîòðèì â íåì êîíóñ A∗
, äâîéñòâåííûé ê

A. Îí ñîñòîèò èç âñåâîçìîæíûõ ëèíåéíûõ íåïðåðûâ-
íûõ �óíêöèîíàëîâ, ïðèíèìàþùèõ íà âñåõ ýëåìåíòàõ

èç A òîëüêî íåîòðèöàòåëüíûå çíà÷åíèÿ:

A∗ = {g ∈ X ∗ : g(X) ≥ 0, X ∈ A}. (25)

Â ýòîì äâîéñòâåííîì êîíóñå âûäåëèì ïîäìíîæåñòâî

�óíêöèîíàëîâ, ëåæàùèõ íà åäèíè÷íîé ñ�åðå :

A∗
1 = {g ∈ A∗ : ‖g‖∗ = 1}.

Òåîðåìà 5. Ïóñòü fA � îáîáùåííàÿ êîãåðåíòíàÿ

ìåðà ðèñêà, ñîîòâåòñòâóþùàÿ ìíîæåñòâó ïðèåì-

ëåìûõ ðèñêîâ A. Òîãäà ñïðàâåäëèâî ïðåäñòàâëåíèå

fA(X) = inf
g∈A∗

1

g(X), X ∈ X . (26)

Âåðíî è îáðàòíîå: åñëè A∗
1 ⊆ C∗

+ � íåêîòîðîå ìíî-

æåñòâî �óíêöèîíàëîâ ñ åäèíè÷íîé íîðìîé, òî (26)

çàäàåò îáîáùåííóþ êîãåðåíòíóþ ìåðó ðèñêà.

Ìîæíî óòâåðæäàòü, ÷òî ìåðà ðèñêà f ÿâëÿåòñÿ îáîá-

ùåíèåì êîãåðåíòíûõ ìåð.

Òåîðåìà 6. Ïóñòü |Ω| = n, à â X = Rn
çàäàíà íîð-

ìà ‖ · ‖∞. Òîãäà îáîáùåííàÿ êîãåðåíòíàÿ ìåðà ðèñêà

ïðåäñòàâëÿåò ñîáîé êëàññè÷åñêóþ êîãåðåíòíóþ ìå-

ðó ðèñêà.

Áëàãîäàðÿ ââåäåíèþ íîðìû â X îáîáùåííûå êîãå-

ðåíòíûå ìåðû ðèñêà ÿâëÿþòñÿ áîëåå øèðîêèì êëàñ-

ñîì �óíêöèîíàëîâ, ÷åì êîãåðåíòíûå ìåðû, èõ ìîæ-

íî ñ÷èòàòü áîëåå ãèáêèì èíñòðóìåíòîì äëÿ îïèñàíèÿ

èíäèâèäóàëüíîãî îòíîøåíèÿ ê ðèñêó.

Â ðàáîòå [9℄ â ðàìêàõ ìîäåëè îáîáùåííûõ êîãåðåíò-

íûõ ìåð ðèñêà èçó÷àþòñÿ ñâîéñòâà ìíîæåñòâ ïðèåì-

ëåìûõ ðèñêîâ äëÿ ïðåäïî÷òåíèé, îáëàäàþùèõ íåïðè-

ÿòèåì ðèñêà è ñîãëàñîâàííûõ ñî ñòîõàñòè÷åñêèì äî-

ìèíèðîâàíèåì. Ïðåäëàãàåòñÿ ìåòîä ðåøåíèÿ îáðàò-

íîé çàäà÷è òåîðèè ðèñêà - íàõîæäåíèÿ îáîáùåííîé

êîãåðåíòíîé ìåðû ðèñêà, ñîãëàñîâàííîé ñ èíäèâèäó-

àëüíûìè ïðåäïî÷òåíèÿìè.
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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ ïîíÿòèå

èíòåëëåêòóàëüíîãî àíàëèçà äàííûõ, åãî íàçíà÷åíèå

è îáëàñòè åãî ïðèìåíåíèÿ. Ïðèâîäèòñÿ ïîäðîáíîå

îïèñàíèå àëãîðèòìà ïîèñêà àññîöèàòèâíûõ ïðàâèë.

�àçðàáàòûâàåòñÿ âåðîÿòíîñòíûé àíàëîã àëãîðèò-

ìà ïîèñêà àññîöèàòèâíûõ ïðàâèë. �åøàåòñÿ ïðàê-

òè÷åñêàÿ çàäà÷à ïîèñêà àññîöèàòèâíûõ ïðàâèë â

ñòàòèñòèêå ïîêóïîê ïðîäóêòîâ.

Êëþ÷åâûå ñëîâà. Èíòåëëåêòóàëüíûé àíàëèç äàí-

íûõ, àññîöèàòèâíûå ïðàâèëà, àëãîðèòì Apriori, âå-

ðîÿòíîñòíûé àëãîðèòì, çàêîíîìåðíîñòü, âçàèìî-

ñâÿçü

1 Ââåäåíèå

Íàõîæäåíèå çàêîíîìåðíîñòåé ìåæäó íàáîðàìè ñòà-

òèñòè÷åñêèõ äàííûõ ÿâëÿåòñÿ îäíîé èç �óíäàìåí-

òàëüíûõ è àêòóàëüíûõ çàäà÷ ñîâðåìåííîãî ñòàòèñòè-

÷åñêîãî àíàëèçà äàííûõ. Â ïîñëåäíèå ãîäû îäíèìè

èç ñàìûõ ïîïóëÿðíûõ ìåòîäîâ îáíàðóæåíèÿ çàêîíî-

ìåðíîñòåé â äàííûõ ñòàëè àëãîðèòìû ïîèñêà àññîöè-

àòèâíûõ ïðàâèë. Ýòè àëãîðèòìû ÿâëÿþòñÿ íàèáîëåå

âîñòðåáîâàííûìè ìåòîäàìè èíòåëëåêòóàëüíîãî àíà-

ëèçà äàííûõ [2℄.

Èíòåëëåêòóàëüíûé àíàëèç äàííûõ (Data Mining) �

ìóëüòèäèñöèïëèíàðíàÿ îáëàñòü, âîçíèêøàÿ è ðàç-

âèâàþùàÿñÿ íà áàçå ïðèêëàäíîé ñòàòèñòèêè, èñêóñ-

ñòâåííîãî èíòåëëåêòà, òåîðèè áàç äàííûõ è äð. Îðè-

ãèíàëüíîå àíãëîÿçû÷íîå íàçâàíèå Data Mining áûëî

ïðåäëîæåíî �ðèãîðèåì Ïèàòåöêèì-Øàïèðî â 1989

[1℄. Íàçâàíèå ïðîèñõîäèò èç äâóõ ïîíÿòèé: ïîèñêà

öåííîé èí�îðìàöèè â áîëüøîé áàçå äàííûõ (Data)

è äîáû÷è ãîðíîé ðóäû (Mining). Òåðìèí ïåðåâîäèòñÿ

êàê ¾äîáû÷à¿ èëè ¾ðàñêîïêà¿ äàííûõ.

Îïðåäåëåíèå 1. Èíòåëëåêòóàëüíûé àíàëèç äàí-

íûõ � ýòî ïðîöåññ îáíàðóæåíèÿ â äàííûõ ðàíåå

íåèçâåñòíûõ, íåòðèâèàëüíûõ, ïðàêòè÷åñêè ïîëåçíûõ

è äîñòóïíûõ èíòåðïðåòàöèè çíàíèé, íåîáõîäèìûõ

äëÿ ïðèíÿòèÿ ðåøåíèé â ðàçëè÷íûõ ñ�åðàõ ÷åëîâå-

÷åñêîé äåÿòåëüíîñòè.

Òàêèì îáðàçîì, Data Mining ïðåäñòàâëÿåò ñîáîé òåõ-

íîëîãèþ, ïðåäíàçíà÷åííóþ äëÿ ïîèñêà â áîëüøèõ
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îáúåìàõ äàííûõ íåî÷åâèäíûõ, îáúåêòèâíûõ è ïîëó-

÷åííûõ íà ïðàêòèêå çàêîíîìåðíîñòåé [3℄.

Ê ìåòîäàì èíòåëëåêòóëüíîãî àíàëèçà äàííûõ îòíî-

ñÿòñÿ âñåâîçìîæíûå ìåòîäû êëàññè�èêàöèè, ìîäåëè-

ðîâàíèÿ è ïðîãíîçèðîâàíèÿ, îñíîâàííûå íà ïðèìå-

íåíèè äåðåâüåâ ðåøåíèé, èñêóññòâåííûõ íåéðîííûõ

ñåòåé, ãåíåòè÷åñêèõ àëãîðèòìîâ, ýâîëþöèîííîãî ïðî-

ãðàììèðîâàíèÿ, àññîöèàòèâíîé ïàìÿòè, íå÷åòêîé ëî-

ãèêè. Òàêæå ìåòîäàìè Data Mining ìîãóò ñ÷èòàòü-

ñÿ ñòàòèñòè÷åñêèå ìåòîäû: äåñêðèïòèâíûé àíàëèç,

êîððåëÿöèîííûé è ðåãðåññèîííûé àíàëèç, �àêòîð-

íûé àíàëèç, äèñïåðñèîííûé àíàëèç, êîìïîíåíòíûé

àíàëèç, äèñêðèìèíàíòíûé àíàëèç, àíàëèç âðåìåííûõ

ðÿäîâ.

Êàê óæå áûëî ñêàçàíî, íàèáîëåå âîñòðåáîâàííûìè

ìåòîäàìè èíòåëëåêòóàëüíîãî àíàëèçà äàííûõ ÿâëÿ-

þòñÿ àëãîðèòìû ïîèñêà àññîöèàòèâíûõ ïðàâèë [3℄.

Äàííûå ìåòîäû ïðåäíàçíà÷åíû äëÿ âûÿâëåíèÿ âçà-

èìîñâÿçåé ìåæäó íàáîðàìè äàííûõ èç ñòàòèñòèêè.

Ïîèñê çàêîíîìåðíîñòåé îñóùåñòâëÿåòñÿ íå íà îñíîâå

ñâîéñòâ àíàëèçèðóåìîãî îáúåêòà, à ìåæäó íåñêîëü-

êèìè ñîáûòèÿìè, êîòîðûå ïðîèñõîäÿò îäíîâðåìåí-

íî. Íàèáîëåå èçâåñòíûì àëãîðèòìîì ðåøåíèÿ çàäà-

÷è ïîèñêà àññîöèàòèâíûõ ïðàâèë ÿâëÿåòñÿ àëãîðèòì

Apriori.

Âïåðâûå çàäà÷à ïîèñêà àññîöèàòèâíûõ ïðàâèë

(assoiation rule mining) áûëà ïðåäëîæåíà äëÿ íàõîæ-

äåíèÿ òèïè÷íûõ øàáëîíîâ ïîêóïîê, ñîâåðøàåìûõ â

ñóïåðìàðêåòàõ, ïîýòîìó èíîãäà åå åùå íàçûâàþò àíà-

ëèçîì ðûíî÷íîé êîðçèíû (market basket analysis).

Â ðàáîòå ïðèâîäèòñÿ ïîäðîáíûé àëãîðèòì ïîèñêà àñ-

ñîöèàòèâíûõ ïðàâèë. Ïðåäëàãàåòñÿ âåðîÿòíîñòíûé

àíàëîã àëãîðèòìà Apriori, à òàêæå ïðîâîäèòñÿ åãî ìî-

äè�èêàöèÿ, êîòîðàÿ ïîçâîëÿåò óëó÷øèòü êîíå÷íûå

ðåçóëüòàòû ïîèñêà çàâèñèìîñòåé â ñòàòèñòèêå. Ïðè-

âîäèòñÿ ìàòåìàòè÷åñêîå îáîñíîâàíèå ðàçðàáîòàííîãî

àëãîðèòìà. Òàêæå â ðàáîòå ðåøàåòñÿ ïðàêòè÷åñêèé

ïðèìåð íàõîæäåíèÿ àññîöèàòèâíûõ ïðàâèë íà îñíî-

âå ðåàëüíîé ñòàòèñòèêè ïîêóïîê òîâàðîâ.

2 Îñíîâíûå çàäà÷è è ïðèìåíåíèå

èíòåëëåêòóàëüíîãî àíàëèçà äàííûõ

1. Êëàññè�èêàöèÿ (Classi�ation)
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Êðàòêîå îïèñàíèå. Êëàññè�èêàöèÿ ïðåäñòàâëÿ-

åò ñîáîé íàèáîëåå ïðîñòóþ è ðàñïðîñòðàíåííóþ

çàäà÷ó èíòåëëåêòóàëüíîãî àíàëèçà äàííûõ.

Â ðåçóëüòàòå ðåøåíèÿ çàäà÷è êëàññè�èêàöèè

îáíàðóæèâàþòñÿ ïðèçíàêè, êîòîðûå õàðàêòå-

ðèçóþò ãðóïïû îáúåêòîâ èññëåäóåìîãî íàáîðà

äàííûõ � êëàññû. Ïî ýòèì ïðèçíàêàì íîâûé

îáúåêò ìîæíî îòíåñòè ê òîìó èëè èíîìó êëàññó.

Ìåòîäû ðåøåíèÿ çàäà÷è. Äëÿ ðåøåíèÿ çàäà÷è

êëàññè�èêàöèè ìîãóò èñïîëüçîâàòüñÿ ñëåäó-

þùèå ìåòîäû: áëèæàéøåãî ñîñåäà (Nearest

Neighbor), k-áëèæàéøåãî ñîñåäà (k-Nearest

Neighbor), áàéåñîâñêèå ñåòè (Bayesian Networks),

èíäóêöèÿ äåðåâüåâ ðåøåíèé, íåéðîííûå ñåòè

(neural networks).

2. Êëàñòåðèçàöèÿ (Clustering)

Êðàòêîå îïèñàíèå. Êëàñòåðèçàöèÿ ÿâëÿåòñÿ ëî-

ãè÷åñêèì ïðîäîëæåíèåì èäåè êëàññè�èêàöèè.

Ýòî çàäà÷à áîëåå ñëîæíàÿ, ÷åì ïðåäûäóùàÿ.

Îñîáåííîñòü êëàñòåðèçàöèè çàêëþ÷àåòñÿ â òîì,

÷òî êëàññû îáúåêòîâ èçíà÷àëüíî íå ïðåäîïðåäå-

ëåíû. �åçóëüòàòîì êëàñòåðèçàöèè ÿâëÿåòñÿ ðàç-

áèåíèå îáúåêòîâ íà ãðóïïû.

Ïðèìåð ìåòîäà ðåøåíèÿ çàäà÷è êëàñòåðèçàöèè:

îáó÷åíèå ¾áåç ó÷èòåëÿ¿ îñîáîãî âèäà íåéðîííûõ

ñåòåé � ñàìîîðãàíèçóþùèõñÿ êàðò Êîõîíåíà.

3. Àññîöèàöèÿ (Assoiations)

Êðàòêîå îïèñàíèå. Â õîäå ðåøåíèÿ çàäà÷è ïî-

èñêà àññîöèàòèâíûõ ïðàâèë îòûñêèâàþòñÿ çà-

êîíîìåðíîñòè ìåæäó ñâÿçàííûìè ñîáûòèÿìè â

íàáîðå äàííûõ. Îòëè÷èå àññîöèàöèè îò äâóõ

ïðåäûäóùèõ çàäà÷ çàêëþ÷àåòñÿ â òîì, ÷òî ïî-

èñê çàêîíîìåðíîñòåé îñóùåñòâëÿåòñÿ íå íà îñ-

íîâå ñâîéñòâ àíàëèçèðóåìîãî îáúåêòà, à ìåæ-

äó íåñêîëüêèìè ñîáûòèÿìè, êîòîðûå ïðîèñõîäÿò

îäíîâðåìåííî. Íàèáîëåå èçâåñòíûì àëãîðèòìîì

ðåøåíèÿ çàäà÷è ïîèñêà àññîöèàòèâíûõ ïðàâèë

ÿâëÿåòñÿ àëãîðèòì Apriori.

4. Ïðîãíîçèðîâàíèå (Foreasting)

Êðàòêîå îïèñàíèå. Â ðåçóëüòàòå ðåøåíèÿ çàäà-

÷è ïðîãíîçèðîâàíèÿ íà îñíîâå îñîáåííîñòåé èñ-

òîðè÷åñêèõ äàííûõ (ïðåäûñòîðèè) îöåíèâàþòñÿ

ïðîïóùåííûå èëè æå áóäóùèå çíà÷åíèÿ öåëåâûõ

÷èñëåííûõ ïîêàçàòåëåé.

Äëÿ ðåøåíèÿ òàêèõ çàäà÷ øèðîêî ïðèìåíÿþòñÿ

ìåòîäû ìàòåìàòè÷åñêîé ñòàòèñòèêè, íåéðîííûå

ñåòè è äð.

5. Îöåíèâàíèå (Estimation)

Çàäà÷à îöåíèâàíèÿ ñâîäèòñÿ ê ïðåäñêàçàíèþ

íåïðåðûâíûõ çíà÷åíèé ïðèçíàêà.

6. Âèçóàëèçàöèÿ (Visualization, Graph Mining)

Â ðåçóëüòàòå âèçóàëèçàöèè ñîçäàåòñÿ ãðà�è÷å-

ñêèé îáðàç àíàëèçèðóåìûõ äàííûõ.

Äëÿ ðåøåíèÿ çàäà÷è âèçóàëèçàöèè èñïîëüçóþò-

ñÿ ãðà�è÷åñêèå ìåòîäû, ïîêàçûâàþùèå íàëè÷èå

çàêîíîìåðíîñòåé â äàííûõ. Ïðèìåðû ìåòîäîâ

âèçóàëèçàöèè � ïðåäñòàâëåíèå äàííûõ â 2-D è

3-D èçìåðåíèÿõ.

7. Ïîäâåäåíèå èòîãîâ (Summarization) Öåëü äàííîé

çàäà÷è � îïèñàíèå êîíêðåòíûõ ãðóïï îáúåêòîâ

èç àíàëèçèðóåìîãî íàáîðà äàííûõ.

Ñ�åðà ïðèìåíåíèÿ Data Mining íè÷åì íå îãðàíè÷å-

íà, îí ïðèìåíèì â ëþáûõ ñ�åðàõ ÷åëîâå÷åñêîé äå-

ÿòåëüíîñòè, â êîòîðûõ ñóùåñòâóþò ñòàòèñòè÷åñêèå

äàííûå:

1. �îçíè÷íàÿ òîðãîâëÿ

2. Áàíêîâñêîå äåëî

3. Òåëåêîììóíèêàöèè

4. Ñòðàõîâàíèå

5. Ìåäèöèíà

6. Ìîëåêóëÿðíàÿ ãåíåòèêà è ãåííàÿ èíæåíåðèÿ

7. Ïðèêëàäíàÿ õèìèÿ

3 Îáëàñòè ïðèìåíåíèÿ

èíòåëëåêòóàëüíîãî àíàëèçà äàííûõ

�îçíè÷íàÿ òîðãîâëÿ

Ïðåäïðèÿòèÿ ðîçíè÷íîé òîðãîâëè ñåãîäíÿ ñîáèðàþò

ïîäðîáíóþ èí�îðìàöèþ î êàæäîé îòäåëüíîé ïîêóï-

êå, èñïîëüçóÿ êðåäèòíûå êàðòî÷êè ñ ìàðêîé ìàãàçè-

íà è êîìïüþòåðèçîâàííûå ñèñòåìû êîíòðîëÿ. Âîò òè-

ïè÷íûå çàäà÷è, êîòîðûå ìîæíî ðåøàòü ñ ïîìîùüþ

èíòåëëåêòóàëüíîãî àíàëèçà äàííûõ â ñ�åðå ðîçíè÷-

íîé òîðãîâëè: àíàëèç ïîêóïàòåëüñêîé êîðçèíû (àíà-

ëèç ñõîäñòâà), èññëåäîâàíèå âðåìåííûõ øàáëîíîâ,

ñîçäàíèå ïðîãíîçèðóþùèõ ìîäåëåé.

Áàíêîâñêîå äåëî

Äîñòèæåíèÿ òåõíîëîãèè èíòåëëåêòóàëüíîãî àíàëèçà

äàííûõ èñïîëüçóþòñÿ â áàíêîâñêîì äåëå äëÿ ðåøå-

íèÿ ñëåäóþùèõ ðàñïðîñòðàíåííûõ çàäà÷: âûÿâëåíèå

ìîøåííè÷åñòâà ñ êðåäèòíûìè êàðòî÷êàìè, ñåãìåíòà-

öèÿ êëèåíòîâ, ïðîãíîçèðîâàíèå èçìåíåíèé êëèåíòó-

ðû.

Òåëåêîììóíèêàöèè

Â îáëàñòè òåëåêîììóíèêàöèé õàðàêòåðåí ðàñòóùèé

óðîâåíü êîíêóðåíöèè. Çäåñü ìåòîäû èíòåëëåêòóàëü-

íîãî àíàëèçà äàííûõ ïîìîãàþò êîìïàíèÿì áîëåå

ýíåðãè÷íî ïðîäâèãàòü ñâîè ïðîãðàììû ìàðêåòèíãà

è öåíîîáðàçîâàíèÿ, ÷òîáû óäåðæàòü ñóùåñòâóþùèõ

êëèåíòîâ è ïðèâëå÷ü íîâûõ. Â ÷èñëî òèïè÷íûõ ìåðî-

ïðèÿòèé âõîäÿò ñëåäóþùèå: àíàëèç çàïèñåé î ïîäðîá-

íûõ õàðàêòåðèñòèêàõ âûçîâîâ, âûÿâëåíèå ëîÿëüíî-

ñòè êëèåíòîâ.

Ñòðàõîâàíèå

Ñòðàõîâûå êîìïàíèè â òå÷åíèå ìíîãèõ ëåò íàêàïëè-

âàþò áîëüøèå îáúåìû äàííûõ. Çäåñü áîëüøîå ïîëå
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äåÿòåëüíîñòè äëÿ ìåòîäîâ èíòåëëåêòóàëüíîãî àíà-

ëèçà äàííûõ: âûÿâëåíèå ìîøåííè÷åñòâà, ðàçðàáîòêà

ïðîäóêòîâ, àíàëèç ðèñêà.

Ìåäèöèíà

Èçâåñòíî ìíîãî ýêñïåðòíûõ ñèñòåì äëÿ ïîñòàíîâ-

êè ìåäèöèíñêèõ äèàãíîçîâ. Îíè ïîñòðîåíû ãëàâíûì

îáðàçîì íà îñíîâå ïðàâèë, îïèñûâàþùèõ ñî÷åòàíèÿ

ðàçëè÷íûõ ñèìïòîìîâ ðàçëè÷íûõ çàáîëåâàíèé. Ñ ïî-

ìîùüþ òàêèõ ïðàâèë óçíàþò íå òîëüêî, ÷åì áîëåí

ïàöèåíò, íî è êàê íóæíî åãî ëå÷èòü. Ïðàâèëà ïîìî-

ãàþò âûáèðàòü ñðåäñòâà ìåäèêàìåíòîçíîãî âîçäåé-

ñòâèÿ, îïðåäåëÿòü ïîêàçàíèÿ � ïðîòèâîïîêàçàíèÿ,

îðèåíòèðîâàòüñÿ â ëå÷åáíûõ ïðîöåäóðàõ, ñîçäàâàòü

óñëîâèÿ íàèáîëåå ý��åêòèâíîãî ëå÷åíèÿ, ïðåäñêàçû-

âàòü èñõîäû íàçíà÷åííîãî êóðñà ëå÷åíèÿ è ò.ï.

Ìîëåêóëÿðíàÿ ãåíåòèêà è ãåííàÿ èíæåíåðèÿ

Ïîæàëóé, íàèáîëåå îñòðî è âìåñòå ñ òåì ÷åòêî çàäà÷à

îáíàðóæåíèÿ çàêîíîìåðíîñòåé â ýêñïåðèìåíòàëüíûõ

äàííûõ ñòîèò â ìîëåêóëÿðíîé ãåíåòèêå è ãåííîé èí-

æåíåðèè. Çäåñü îíà �îðìóëèðóåòñÿ êàê îïðåäåëåíèå

òàê íàçûâàåìûõ ìàðêåðîâ, ïîä êîòîðûìè ïîíèìàþò

ãåíåòè÷åñêèå êîäû, êîíòðîëèðóþùèå òå èëè èíûå �å-

íîòèïè÷åñêèå ïðèçíàêè æèâîãî îðãàíèçìà. Òàêèå êî-

äû ìîãóò ñîäåðæàòü ñîòíè, òûñÿ÷è è áîëåå ñâÿçàííûõ

ýëåìåíòîâ. Íà ðàçâèòèå ãåíåòè÷åñêèõ èññëåäîâàíèé

âûäåëÿþòñÿ áîëüøèå ñðåäñòâà. Â ïîñëåäíåå âðåìÿ â

äàííîé îáëàñòè âîçíèê îñîáûé èíòåðåñ ê ïðèìåíåíèþ

ìåòîäîâ èíòåëëåêòóàëüíîãî àíàëèçà äàííûõ. Èçâåñò-

íî íåñêîëüêî êðóïíûõ �èðì, ñïåöèàëèçèðóþùèõñÿ

íà ïðèìåíåíèè ýòèõ ìåòîäîâ äëÿ ðàñøè�ðîâêè ãåíî-

ìà ÷åëîâåêà è ðàñòåíèé.

Ïðèêëàäíàÿ õèìèÿ

Ìåòîäû èíòåëëåêòóàëüíîãî àíàëèçà äàííûõ íàõîäÿò

øèðîêîå ïðèìåíåíèå â ïðèêëàäíîé õèìèè (îðãàíè-

÷åñêîé è íåîðãàíè÷åñêîé). Îñîáåííî àêòóàëüíà òà-

êàÿ çàäà÷à ïðè àíàëèçå ñëîæíûõ õèìè÷åñêèõ ñîåäè-

íåíèé, îïèñàíèå êîòîðûõ âêëþ÷àåò ñîòíè è òûñÿ÷è

ñòðóêòóðíûõ ýëåìåíòîâ è èõ ñâÿçåé.

4 Îñíîâû àññîöèàòèâíûõ ïðàâèë â

èíòåëëåêòóàëüíîì àíàëèçå äàííûõ

Êàê áûëî ñêàçàíî âûøå, â õîäå ðåøåíèÿ çàäà÷è ïîèñ-

êà àññîöèàòèâíûõ ïðàâèë îòûñêèâàþòñÿ çàêîíîìåð-

íîñòè ìåæäó ñâÿçàííûìè ñîáûòèÿìè â íàáîðå äàí-

íûõ. �àññìîòðèì àëãîðèòì ðàáîòû ìåòîäà àññîöèà-

òèâíûõ ïðàâèë â èíòåëëåêòóàëüíîì àíàëèçå äàííûõ.

4.1 Ïîñòàíîâêà çàäà÷è ïîèñêà

àññîöèàòèâíûõ ïðàâèë

Çàäà÷à ïîèñêà àññîöèàòèâíûõ ïðàâèë ïðåäñòàâëÿåò

ñîáîé âûÿâëåíèå ñòàòèñòè÷åñêèõ çàâèñèìîñòåé ìåæ-

äó ìíîæåñòâàìè îáúåêòîâ, ñâÿçàííûõ ìåæäó ñîáîé.

Ïîä àññîöèàòèâíûì ïðàâèëîì ïîíèìàåòñÿ çàâèñè-

ìîñòü ìåæäó äâóìÿ ìíîæåñòâàìè îáúåêòîâ, ïðè êî-

òîðîé èç íàëè÷èÿ â íàáîðå äàííûõ îäíîãî ìíîæåñòâà

ñëåäóåò ïîÿâëåíèå äðóãîãî ñ íåêîòîðîé çàäàííîé âå-

ðîÿòíîñòüþ.

Îòëè÷èå çàäà÷è àññîöèàöèè îò èçâåñòíûõ çàäà÷ êëàñ-

ñè�èêàöèè è êëàñòåðèçàöèè äàííûõ çàêëþ÷àåòñÿ â

òîì, ÷òî â äàííîé çàäà÷å ïîèñê çàêîíîìåðíîñòåé îñó-

ùåñòâëÿåòñÿ íå íà îñíîâå ñâîéñòâ îäíîãî àíàëèçèðó-

åìîãî îáúåêòà (ñîáûòèÿ), à ìåæäó íåñêîëüêèìè ñî-

áûòèÿìè, êîòîðûå ïðîèñõîäÿò îäíîâðåìåííî.

Ïðèâåäåì ðÿä íåîáõîäèìûõ îïðåäåëåíèé, ñâÿçàííûõ

ñ àññîöèàòèâíûìè ïðàâèëàìè, à òàêæå ñ�îðìóëèðó-

åì ïîñòàíîâêó çàäà÷è ïîèñêà àññîöèàòèâíûõ ïðàâèë.

Ïóñòü çàäàíî êîíå÷íîå ìíîæåñòâî îáúåêòîâ

Q = {q1, q2, . . . qn} è ìíîæåñòâî ñîáûòèé

X = {x1, x2, . . . xn}. Çäåñü êàæäîå ñîáûòèå xi
îçíà÷àåò íàëè÷èå â äàííûõ èí�îðìàöèè îá îáúåêòå

qi.

Îïðåäåëåíèå 2. Òðàíçàêöèåé T ⊆ Q íàçûâàåòñÿ

ìíîæåñòâî ñîáûòèé, êîòîðûå ïðîèçîøëè îäíîâðå-

ìåííî T = {x ∈ X}, ãäå |T | ≤ n. (ò.å. îäíîâðåìåííî
íàáëþäàëèñü ñîîòâåòñòâóþùèå îáúåêòû èç Q)

Îïðåäåëåíèå 3. Ïóñòü çàäàíà âûáîðêà íàáëþäå-

íèé D (èëè, èíà÷å, òðàíçàêöèîííàÿ áàçà äàííûõ).

Îíà ïðåäñòàâëÿåò ñîáîé ìíîæåñòâî òðàíçàêöèé,

ò.å. ìíîæåñòâî íàáëþäàåìûõ íàáîðîâ ñîáûòèé, ïå-

ðå÷èñëåííûõ â òðàíçàêöèÿõ:

D = {T1, T2, Tr, ..., Tm}.

Òåïåðü ïðèâåäåì ïîíÿòèå àññîöèàòèâíîãî ïðàâèëà. Ê

ñîæàëåíèþ, ïðîâåäåííûé îáçîð ðàáîò ïî ìåòîäàì ïî-

èñêà àññîöèàòèâíûõ ïðàâèë ïîêàçàë îòñóòñòâèå ìà-

òåìàòè÷åñêè êîððåêòíîãî îïðåäåëåíèÿ äëÿ àññîöèà-

òèâíîãî ïðàâèëà, à òàêæå ïîñòàíîâêè çàäà÷è íàõîæ-

äåíèÿ ïðàâèë. Â áîëüøèíñòâå ðàáîò ïîä àññîöèàòèâ-

íûì ïðàâèëîì àâòîðû ïîíèìàþò èìïëèêàöèþ ìåæ-

äó íàáîðàìè äàííûõ IB(X,Y ) = X =⇒ Y = X̄
⋃
Y ,

ãäå X ⊆ X è Y ⊆ X, ÷òî íå êîððåêòíî, ïîñêîëüêó

êëàññè÷åñêàÿ èìïëèêàöèÿ IB(X,Y ) ñïðàâåäëèâà äëÿ
îäèíî÷íûõ ñîáûòèé, à íå èõ ìíîæåñòâ.

Òàêæå äîâîëüíî ÷àñòî ñïåöèàëèñòû â îáëàñòè ïîèñêà

àññîöèàòèâíûõ ïðàâèë è èíòåëëåêòóàëüíîãî àíàëèçà

äàííûõ îãðàíè÷èâàþòñÿ ñëîâåñíîé ïîñòàíîâêîé çàäà-

÷è: ¾åñëè â òðàíçàêöèè âñòðåòèëñÿ íåêîòîðûé íàáîð

ýëåìåíòîâ X, òî íà îñíîâàíèè ýòîãî ìîæíî ñäåëàòü

âûâîä î òîì, ÷òî äðóãîé íàáîð ýëåìåíòîâ Y òàêæå

æå äîëæåí ïîÿâèòüñÿ â ýòîé òðàíçàêöèè¿.

Ïîýòîìó óñòðàíèì äàííûé íåäîñòàòîê è ââåäåì áîëåå

êîððåêòíîå îïðåäåëåíèå àññîöèàòèâíîãî ïðàâèëà.

Îïðåäåëåíèå 4. Ïîä àññîöèàòèâíûì ïðàâèëîì áó-

äåì ïîíèìàòü �óíêöèþ

f : [0, 1]X [0, 1]→ [0, 1],

, êîòîðàÿ äâóì ëþáûì ìíîæåñòâàì ñîáûòèé X ⊆ X

è Y ⊆ X ñòàâèò â îäíîçíà÷íîå ñîîòâåòñòâèå âåëè-
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÷èíó

f(X,Y ) =
N(X

⋃
Y )

m
,

ãäå

N(X
⋃

Y ) = |T ⊇ (X
⋃

Y )|, T ∈ D,

à m = |D|.

Óñòàíîâëåíèå òàêèõ çàâèñèìîñòåé äàåò íàì âîçìîæ-

íîñòü íàõîäèòü î÷åíü ïðîñòûå è èíòóèòèâíî ïîíÿò-

íûå ïðàâèëà.

Âåëè÷èíó

N(X
⋃

Y )
m òàêæå ïðèíÿòî íàçûâàòü ïîä-

äåðæêîé ïðàâèëà.

Îïðåäåëåíèå 5. Ïîääåðæêà ïðàâèëà � êîëè÷åñòâî

òðàíçàêöèé, ñîäåðæàùèõ îïðåäåëåííûé íàáîð äàí-

íûõ.

Ñ�îðìóëèðóåì ïîñòàíîâêó çàäà÷è ïîèñêà àññîöèà-

òèâíûõ ïðàâèë: Òðåáóåòñÿ íàéòè òàêèå ñîáûòèÿ X ⊆
X è Y ⊆ X, äëÿ êîòîðûõ �óíêöèÿ f(X,Y ) > h, ãäå h
� ìèíèìàëüíî çàäàíûé óðîâåíü ïîääåðæêè.

4.2 Êëàññè÷åñêèé àëãîðèòì ïîèñêà

àññîöèàòèâíûõ ïðàâèë Apriori

Ïðèâåäåì îñíîâíûå îáîçíà÷åíèÿ, ñâÿçàííûå ñ

îñíîâíûìè êëàññè÷åñêèìè àëãîðèòìàìè ïîèñêà

àññîöèàòèâíûõ ïðàâèë.

D � ìíîæåñòâî òðàíçàêöèé

D = {T1,T2,Tr, ...,Tm}.
Lk � ìíîæåñòâî k-ýëåìåíòíûõ íàáîðîâ, ÷üÿ ïîä-

äåðæêà íå ìåíüøå çàäàííîé ïîëüçîâàòåëåì.

Ck � ìíîæåñòâî ñ�îðìèðîâàííûõ ýëåìåíòîâ íà

k-øàãå.

h � ìèíèìàëüíî çàäàíûé óðîâåíü ïîääåðæêè.

Êëàññè÷åñêèì àëãîðèòìîì ïîèñêà àññîöèàòèâíûõ

ïðàâèë ÿâëÿåòñÿ àëãîðèòì Apriori, êîòîðûé èìååò

ñëåäóþùèé âèä:

Øàã 1. Ïðèñâîèòü k = 1 è âûïîëíèòü îòáîð L1.

Øàã 2. k = k+ 1.

Øàã 3. Åñëè íå óäàåòñÿ Lk, òî çàâåðøèòü àëãîðèòì,

èíà÷å âûïîëíèòü ñëåäóþùèé øàã.

Øàã 4. Ñîçäàòü ìíîæåñòâî k-ýëåìåíòíûõ íàáîðîâ

êàíäèäàòîâ èç Lk−1. Äëÿ ýòîãî íåîáõîäèìî îáúåäè-

íèòü â k-ýëåìåíòíûå êàíäèäàòû (k− 1)-ýëåìåíòíûå
÷àñòûå íàáîðû. Êàæäûé êàíäèäàò áóäåò �îðìè-

ðîâàòüñÿ ïóòåì äîáàâëåíèÿ ê (k− 1)-ýëåìåíòíîìó
÷àñòîìó íàáîðó � p ýëåìåíòà èç äðóãîãî (k − 1)-
ýëåìåíòíîãî ÷àñòîãî íàáîðà � q. Ïðè÷åì äîáàâëÿåòñÿ

ïîñëåäíèé ýëåìåíò íàáîðà q, êîòîðûé ïî ïîðÿäêó âû-
øå, ÷åì ïîñëåäíèé ýëåìåíò íàáîðà p.
Ïðè ýòîì âñå (k− 2) ýëåìåíòà îáîèõ íàáîðîâ îäèíà-
êîâû.

Øàã 5. ∀T èç ìíîæåñòâà D âûáðàòü êàíäèäàòîâ Ct

èç ìíîæåñòâà Ck, ïðèñóòñòâóþùèõ â òðàíçàêöèè T.

Äëÿ êàæäîãî íàáîðà èç ïîñòðîåííîãî ìíîæåñòâà Ck

óäàëèòü íàáîð, åñëè õîòÿ áû îäíî èç åãî (k− 1) ïîä-
ìíîæåñòâ íå ÿâëÿåòñÿ ÷àñòî âñòðå÷àþùèìñÿ ò.å. îò-

ñóòñòâóåò âî ìíîæåñòâå Lk−1.

Øàã 6. Âûáðàòü òîëüêî êàíäèäàòîâ Lk èç ìíîæåñòâà

Ck, ó êîòîðûõ çíà÷åíèå ïîääåðæêè íå ìåíüøå çàäàí-

íîé ïîëüçîâàòåëåì. Âåðíóòüñÿ ê øàãó 2.

�åçóëüòàòîì ðàáîòû àëãîðèòìà ÿâëÿåòñÿ ∪Lk∀k.

5 Âåðîÿòíîñòíûé àíàëîã àëãîðèòìà

ïîèñêà àññîöèàòèâíûõ ïðàâèë

Apriori

Ïðèâåäåì íåêîòîðûå îñíîâíûå ïîíÿòèÿ òåîðèè âåðî-

ÿòíîñòåé è ìàòåìàòè÷åñêîé ñòàòèñòèêè, íåîáõîäèìûå

äëÿ ïîíèìàíèÿ àëãîðèòìà.

Îïðåäåëåíèå 6. Âåðîÿòíîñòíûì ïðîñòðàíñòâîì

íàçûâàåòñÿ òðîéêà (Ω,F ,P) , ãäå Ω � ïðîñòðàíñòâî

ýëåìåíòàðíûõ ñîáûòèé, F � àëãåáðà ñîáûòèé è P �

âåðîÿòíîñòü, îïðåäåëåííàÿ íà ýëåìåíòàõ àëãåáðû F
� ñëó÷àéíûõ ñîáûòèÿõ x, y, . . . ∈ F .
Îïðåäåëåíèå 7. Êîíå÷íîå ìíîæåñòâî èçáðàííûõ

ñîáûòèé X ∈ F , âûáðàííûõ èç àëãåáðû âåðîÿòíîñò-

íîãî ïðîñòðàíñòâà (Ω,F ,P) è ñîñòîÿùåå èç N = |X|
ñîáûòèé, íàçûâàåòñÿ ìíîæåñòâîì ñëó÷àéíûõ ñîáû-

òèé.

Îïðåäåëåíèå 8. Cëó÷àéíîå

ìíîæåñòâî ñîáûòèé ïîä X,

îïðåäåëÿåòñÿ êàê èçìåðèìîå îòîáðàæåíèå

K : (Ω,F ,P)→
(

2X, 22
X
)

,

ãäå 2X � ìíîæåñòâî âñåõ ïîäìíîæåñòâ ìíîæåñòâà X.

Ìíîæåñòâî ñëó÷àéíûõ ñîáûòèé X ∈ F , âûáðàííûõ
èç àëãåáðû âåðîÿòíîñòíîãî ïðîñòðàíñòâà (Ω,F ,P)
èëè ñëó÷àéíîå ìíîæåñòâî ñîáûòèé K ïîä X ìîæíî

îïðåäåëèòü ýêâèâàëåíòíûì îáðàçîì, çàäàâ íà ìíî-

æåñòâå 2X âñåõ ïîäìíîæåñòâ êîíå÷íîãî ìíîæåñòâà

X îäíó èç ñëåäóþùèõ �óíêöèé ìíîæåñòâ: ýâåíòîëî-

ãè÷åñêîå ðàñïðåäåëåíèå (Ý-ðàñïðåäåëåíèå) âåðîÿòíî-

ñòåé ïåðåñå÷åíèé ñîáûòèé ýâåíòîëîãè÷åñêîå ðàñïðå-

äåëåíèå âåðîÿòíîñòåé ïåðåñå÷åíèé ñîáûòèé

p(X) = P (K = X) = P

(
⋂

x∈X

x
⋂

x∈Xc

xc

)

, X ⊆ X,

ëèáî Ý-ðàñïðåäåëåíèå âåðîÿòíîñòåé ïðÿìûõ ïåðåñå-

÷åíèé ñîáûòèé

pX = P (X ⊆ K) = P

(
⋂

x∈X

x

)

, X ⊆ X,

ëèáî Ý-ðàñïðåäåëåíèå âåðîÿòíîñòåé äîïîëíèòåëüíûõ

ïåðåñå÷åíèé ñîáûòèé

pX = P (K ⊆ X) = P

(
⋂

x∈Xc

xc

)

, X ⊆ X,
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ëèáî Ý-ðàñïðåäåëåíèå âåðîÿòíîñòåé îáúåäèíåíèé ñî-

áûòèé

u(X) = 1−P (K = Xc) = P

(
⋃

x∈X

x
⋃

x∈Xc

xc

)

, X ⊆ X,

ëèáî Ý-ðàñïðåäåëåíèå ïðÿìûõ îáúåäèíåíèé ñîáûòèé

uX = 1−P (K ⊆ Xc) = P

(
⋃

x∈X

x

)

, X ⊆ X,

ëèáî Ý-ðàñïðåäåëåíèå âåðîÿòíîñòåé äîïîëíèòåëüíûõ

îáúåäèíåíèé ñîáûòèé

uX = 1−P (Xc ⊆ K) = P

(
⋃

x∈Xc

xc

)

, X ⊆ X.

Îïðåäåëåíèå 9. Ñåò�ìîäîé íàçûâàåòñÿ ìíîæå-

ñòâî: EK = {x : px ≥ h}.
Îïðåäåëåíèå 10. Ñëîÿìè (n-ñëîÿìè)ìíîæåñòâà

ñîáûòèé X íàçûâàþòñÿ ñëåäóþùèå ìíîæåñòâà ïîä-

ìíî=-æåñòâ ñîáûòèé:

Cn
X = {X ⊆ X : |X | = n}, n = 0, . . . , N.

Ïóñòü çàäàíî êîíå÷íîå ìíîæåñòâî îáúåêòîâ

Q = {q1, q2, . . . , qn} è ìíîæåñòâî ñîáûòèé

X = {x1, x2, . . . xn}. Çäåñü êàæäîå ñîáûòèå xi
îçíà÷àåò íàëè÷èå â äàííûõ èí�îðìàöèè îá îáúåêòå

qi.

Ïðèâåäåì îáîçíà÷åíèÿ, èñïîëüçóåìûå â àëãîðèòìå:

D � ìíîæåñòâî òðàíçàêöèé (÷åêîâ ïîêóïîê) D =
{D1, D2, ..., DM}.
Lk � ìíîæåñòâî k-ýëåìåíòíûõ íàáîðîâ, ÷üÿ âåðîÿò-

íîñòü íå ìåíüøå çàäàííîé ïîëüçîâàòåëåì.

Ck � ìíîæåñòâî ïîòåíöèàëüíî ÷àñòûõ k-ýëåìåíòíûõ

íàáîðîâ.

pmin � ìèíèìàëüíîå çíà÷åíèå âåðîÿòíîñòè, çàäàííîå

ïîëüçîâàòåëåì

Âåðîÿòíîñòü áóäåì îöåíèâàòü ñëåäóþùåé �îðìóëîé:

p(X) = P (K = X) ≈ N(X)

m
,

ãäå N(X) = |TX | � êîëè÷åñòâî ÷åêîâ ñ äàííûì ìíî-

æåñòâîì òîâàðîâ , çäåñü TX = {Ti ∈ D : X ⊆ Ti},
m = |D|. Àëãîðèòì èååò âèä:

Øàã 1. Ïðèñâîèòü k = 1 è âûïîëíèòü îòáîð òàêèõ

X ⊆ X, px(X) ≥ pmin, ò.å L1 = {X ⊆ X, px(X) ≥
pmin}. Â êà÷åñòâå pmin ïðèíèìàåì çíà÷åíèå pmin ∈
[0, 1].
Øàã 2. Ïðèñâîèòü k = k + 1.
Øàã 3.Ìíîæåñòâî Lk �îðìèðóåòñÿ ñëåäóþùèì îá-

ðàçîì: ∀X ⊆ Lk−1 è ∀Y ⊆ Lk−1, òàêèõ ÷òî xi 6= yi
ïîëó÷àåì ïîäìíîæåñòâî X

⋃
Y , äîáàâëÿåì X

⋃
Y âî

ìíîæåñòâî Lk, åñëè X
⋃
Y óäîâëåòâîðÿåò óñëîâèþ:

px(X
⋃
Y ) ≥ pmin.

Øàã 4. Åñëè Lk ïóñòî, òî çàâåðøèòü àëãîðèòì, èíà÷å

ïåðåéòè íà øàã 2.

�åçóëüòàòîì ðàáîòû àëãîðèòìà ÿâëÿþòñÿ ìíîæåñòâà

Lk−1, k = 2, 3...N , êîòîðûå íå ñîäåðæàòñÿ âî ìíîæå-

ñòâàõ áîëüøåé äëèíû.

5.1 Âåðîÿòíîñòíûé àíàëîã àëãîðèòìà

AprioriSome

Øàã 1. Ïðèñâîèòü k = 1 è âûïîëíèòü îòáîð òàêèõ

X ⊆ X, px(X) ≥ pmin, ò.å L1 = {X ⊆ X, px(X) ≥
pmin}. Â êà÷åñòâå pmin ïðèíèìàåì çíà÷åíèå pmin ∈
[0, 1].
Øàã 2. Âûáðàòü øàã, ñîãëàñíî ðèñóíêó 3.1. Ïðèñâî-

èòü k = k + p.
Øàã 3.Ìíîæåñòâî Lk �îðìèðóåòñÿ ñëåäóþùèì îá-

ðàçîì: ∀X ⊆ Lk−p è ∀Y ⊆ Lk−p, òàêîãî ÷òî xi 6= yi
ïîëó÷àåì ïîäìíîæåñòâî X

⋃
Y , äîáàâëÿåì X

⋃
Y âî

ìíîæåñòâî Lk, åñëè X
⋃
Y óäîâëåòâîðÿåò óñëîâèþ:

px(X
⋃
Y ) ≥ pmin Øàã 4. Åñëè Lk ïóñòî, òî çàâåð-

øèòü àëãîðèòì, èíà÷å ïåðåéòè íà øàã 2.

�åçóëüòàòîì ðàáîòû àëãîðèòìà ÿâëÿåòñÿ ∪Lk−p,k =
2, 3...N , êîòîðûå íå ñîäåðæàòñÿ âî ìíîæåñòâàõ áîëü-

øåé äëèíû.

5.2 Ìîäè�èöèðîâàííûé âåðîÿòíîñòíûé

àíàëîã àëãîðèòìà Apriori

Ïðèâåäåì àëãîðèòì ìîäè�èöèðîâàííîãî âåðîÿòíîñò-

íîãî àíàëîãà àëãîðèòìà Apriori. Äàííûé àëãîðèòì

îòëè÷àåòñÿ òåì, ÷òî íà øàãå �îðìèðîâàíèÿ ìíîæå-

ñòâà Lk, äàåòñÿ âîçìîæíîñòü ïåðåîïðåäåëåíèÿ èçíà-

÷àëüíî çàäàííîãî óðîâíÿ pmax ñîãëàñíî óñëîâèÿì àë-

ãîðèìà. ×òî â ñâîþ î÷åðåäü ïîçâîëÿåò íå îòáðîñèòü

ëèøíèå ñëó÷àéíûå ìíîæåñòâà, à ðàññìîòðåòü íàèáî-

ëåå îáùóþ êàðòèíó.

Øàã 1. Ïðèñâîèòü k = 1 è âûïîëíèòü îòáîð òà-

êèõ X ⊆ X, äëÿ êîòîðûõ âåðíî: px(X) ≥ pmax, ò.å

�îðìèðóåì L1 = {X ⊆ X, px(X) ≥ pmax}. Â êà÷å-

ñòâå pmax ïðèíèìàåì çíà÷åíèå pmax ∈ [0, 1], ÷òîáû
px(X) ≥ pmax è ìîùíîñòü |L1| ≤ |C1|/2.
Øàã 2. Ïðèñâîèòü k = k + 1.
Øàã 3. Ïîëüçîâàòåëü çàäàåò çíà÷åíèå pmax ∈ [0, 1],
òàêîå, ÷òî pmax ≥ pmin è âåðíî |Lk| ≤ |Ck|/2,
Lk = {X ⊆ X, px(X) ≥ pmin} .
Øàã 4. Ìíîæåñòâî Lk �îðìèðóåòñÿ ñëåäóþùèì îá-

ðàçîì: ∀X ⊆ Lk−1 è ∀Y ⊆ X/X , òàêîãî ÷òî xi 6=
yi ïîëó÷àåì ïîäìíîæåñòâî X

⋃
Y . Åñëè âåðîÿòíîñòü

px(X
⋃
Y ) ≥ pmax, òî äîáàâëÿåìX

⋃
Y âî ìíîæåñòâî

Lk.

Øàã 5. Åñëè Lk ïóñòî, òî çàâåðøèòü àëãîðèòì, èíà÷å

ïåðåéòè íà øàã 2.

�åçóëüòàòîì ðàáîòû àëãîðèòìà ÿâëÿåòñÿ ∪Lk−1, k =
2, 3...N êîòîðûå íå ñîäåðæàòñÿ âî ìíîæåñòâàõ áîëü-

øåé äëèíû.
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5.3 Âåðîÿòíîñòíûé àíàëîã àëãîðèòìà

Apriori ïî ñëîÿì

Äàííûé àëãîðèòì áûë ðàçðàáîòàí äëÿ íàõîæäåíèÿ

÷àñòîâñòðå÷àþùèõñÿ ìíîæåñòâ ñëó÷àéíûõ ñîáûòèé

íà ñëîÿõ. Â ñâÿçè ñ ýòèì, áûëà ïåðåîïðåäåëåíà îöåí-

êà âåðîÿòíîñòè. Âåðîÿòíîñòü áóäåì îöåíèâàòü ñëåäó-

þùåé �îðìóëîé:

p(X) = P (K = X) ≈ N(X)

M

ãäå M �êîëè÷åñòâî ìíîæåñò ýëåìåíòîâ ñòàòèñòèêè,

N(X) �êîëè÷åñòâî íàáîðîâ Õ íà äàííîì ñëîå.

Øàã 1. Ïðèñâîèòü k = 1 è âûïîëíèòü îòáîð òàêèõ

X ⊆ X, äëÿ êîòîðûõ âåðíî: p(X) ≥ pmin, X ⊆ C1
X,

ò.å �îðìèðóåì L1 = {X ⊆ X, p(X) ≥ pmin, X ⊆ C1
X}.

Â êà÷åñòâå pmin ïðèíèìàåì çíà÷åíèå pmin ∈ [0, 1],
÷òîáû p(X) ≥ pmin è ìîùíîñòü |L1| ≤ |C1

X|/2.
Øàã 2. Ïðèñâîèòü k = k + 1.
Øàã 3. Ïîëüçîâàòåëü çàäàåò íîâîå çíà÷åíèå pmin ∈
[0, 1], òàêîå, ÷òî äëÿ Lk = {X ⊆ X, p(X) ≥ pmin}
âåðíî |Lk| ≤ |Ck

X|/2.
Øàã 4. Ìíîæåñòâî Lk �îðìèðóåòñÿ ñëåäóþùèì

îáðàçîì: ∀X ⊆ Lk−1 è ∀Y ⊆ X/X , òàêîãî ÷òî xi 6= yi
ïîëó÷àåì ïîäìíîæåñòâî X

⋃
Y . Åñëè âåðîÿòíîñòü

px(X
⋃
Y ) ≥ pmin, òî äîáàâëÿåì X

⋃
Y âî ìíîæåñòâî

Lk.

Øàã 5. Åñëè Lk ïóñòî, òî çàâåðøèòü àëãîðèòì, èíà÷å

ïåðåéòè íà øàã 2. �åçóëüòàòîì ðàáîòû àëãîðèòìà

ÿâëÿåòñÿ ìíîæåñòâî Lk−1.

Äàííûé àëãîðèòì óäîáåí ïðè ðàâíîìåðíîì ðàñïðå-

äåëåíèè ñëó÷àéíîãî ìíîæåñòâà ïî ñëîÿì. Ïðè òàêîì

ðàñïðåäåëåíèè àëãîðèòì áóäåò ðàáîòàòü íàèëó÷øèì

îáðàçîì.

6 Ïðàêòè÷åñêèé ïðèìåð íàõîæäåíèÿ

àññîöèàòèâíûõ ïðàâèë

�åøèì ïðàêòè÷åñêóþ çàäà÷ó íàõîæäåíèÿ àññîöèà-

òèâíûõ ïðàâèë ïî îïèñàííîìó ìåòîäó. Îäíèì èç ïðî-

äóêòîâûõ ðîçíè÷íûõ ìàãàçèíîâ ã. Êðàñíîÿðñêà íàì

áûëà ïðåäîñòàâëåíà íåäåëüíàÿ ñòàòèñòèêà ïîêóïîê

ïðîäóêòîâ çà ìàðò 2012 ãîäà. Âñåãî ñòàòèñòèêà ñî-

äåðæàëà 1340 òðàíçàêöèé (÷åêîâ ïîêóïîê). Âñåãî â

ñòàòèñòèêå ñîäåðæàëîñü 50 ðàçëè÷íûõ òîâàðîâ: ìî-

ëîêî, õëåá, ñìåòàíà, òâîðîã, ñûð, ÿéöà, êîëáàñà è ò.ä.

Íà îñíîâå ñòàòèñòèêè áûëî íåîáõîäèìî íàéòè çàêî-

íîìåðíîñòè ìåæäó ïîêóïêàìè â íàáîðå äàííûõ.

6.1 Âåðîÿòíîñòííûé àíàëîã àëãîðèòìà

Apriori

Äëÿ ðåøåíèÿ ïðàêòè÷åñêîé çàäà÷è íàõîæäåíèÿ àññî-

öèàòèâíûõ ïðàâèë â äàííîé ñòàòèñòèêå áûëè èñïîëü-

çîâàíû âûøåîïèñàííûé êëàññè÷åñêèé ìåòîä ïîèñêà

àññîöèàòèâíûõ ïðàâèë (àëãîðèòì Apriori).

Ñîãëàñíî âåðîÿòíîñòíîìó àíàëîãó àëãîðèòìà Apriori

áûë îïðåäåëåí óðîâåíü pmin = 0, 15. Íà ïåðâîì ýòàïå

áûëè ñ�îðìèðîâàíû îäíîýëåìåíòíûå êàíäèäàòû.

Íàáîðû ñ óðîâíåì pmin ìåíüøå óñòàíîâëåííîãî

çíà÷åíèÿ áûëè îòñå÷åíû. �åçóëüòàòû ïðåäñòàâëåíû

â òàáëèöå 1.

Òàáëèöà 1: Îäíîýëåìåíòíûå êàíäèäàòû

Íàèìåíîâàíèå Óðîâåíü

ïîääåðæêè

Ìîëîêî 0,33

Õëåá ïøåíè÷íûé 0,63

Ñûð òâåðäûé 0,29

Ôðóêòû 0,24

Ïîëó�àáðèêàòû 0,2

Ñîóñû 0,19

Ñìåòàíà 0,16

Ìÿñî êóðèíîå 0,18

ßéöà 0,19

Ñëàáîàëêîãîëüíûå

íàïèòêè

0,18

Êîíñåðâû 0,17

Äàëåå íàõîäèì ìíîæåñòâî äâóõýëåìåíòíûõ êàíäèäà-

òîâ. Ïðè �îðìèðîâàíèè äâóõýëåìåíòíûõ êàíäèäàòîâ

íàèáîëüøóþ ïîääåðæêó pmin = 0, 15 èìåþò íàáîðû,
ïðåäñòàâëåííûå â òàáëèöå 2.

Òàáëèöà 2: Äâóõýëåìåíòíûå êàíäèäàòû

Íàèìåíîâàíèå Óðîâåíü

ïîääåðæêè

Ñûð òâåðäûé, ìîëîêî 0,16

Õëåá, ìîëîêî 0,21

Ôðóêòû, ìîëîêî 0,18

Ñûð, õëåá 0,2

Õëåá, �ðóêòû 0,17

Íà òðåòüåì ýòàïå àëãîðèòì îñòàíàâëèâàåòñÿ, òàê êàê

òðåõýëåìåíòíûå íàáîðû èìåþò çíà÷åíèÿ âåðîÿòíî-

ñòåé ìåíüøå, ÷åì pmin ýòî ìîæíî óâèäåòü èç òàáëèöû

3.

Òàáëèöà 3: Òðåõýëåìåíòíûå êàíäèäàòû

Íàèìåíîâàíèå Óðîâåíü

ïîääåðæêè

Ìîëîêî, ñûð, õëåá 0,13

Ìîëîêî, ñûð, �ðóêòû 0,07

Ìîëîêî, õëåá, �ðóê-

òû

0,12

Ñûð, õëåá, �ðóêòû 0,07

Â ðåçóëüòàòå èññëåäîâàíèÿ áûëè îáíàðóæåíû ñëåäó-

þùèå àññîöèàòèâíûå ïðàâèëà:íàèáîëüøèì ÷èñëîì
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ïîêóïîê ñòàëè ïàðû òîâàðîâ {Ñûð òâåðäûé, ìî-

ëîêî}, {Õëåá, ìîëîêî}, {Ôðóêòû, ìîëîêî}, {Ñûð,

õëåá}, {Õëåá, �ðóêòû}.

6.2 �åøåíèå ìîäè�èöèðîâàííûì

âåðîÿòíîñòíûì àíàëîãîì àëãîðèòìà

Aprirori

�àññìîòðèì òå æå ñòàòèñòè÷åñêèå äàííûå è ðåøèì

çàäà÷ó ìîäè�èöèðîâàííûì âåðîÿòíîñòíûì àíàëîãîì

àëãîðèòìà Apriori íà ÿçûêå âåðîÿòíîñòåé.

Ñîãëàñíî àëãîðèòìó áûëî îïðåäåëåíî çíà÷åíèå âå-

ðîÿòíîñòåé äëÿ äàííîé çàäà÷è pmax, òàêîå ÷òî áû

îíî óäîâëåòâîðÿëî óñëîâèþ: |L1| = |C1|/2. Íà ïåð-

âîì ýòàïå áûëî ñ�îðìèðîâàíî ìíîæåñòâî L1, êîòî-

ðîå ìîæíî óâèäåòü â òàáëèöå 26. Íàáîðû ñ âåðîÿòíî-

ñòüþ ìåíüøå óñòàíîâëåííîãî çíà÷åíèÿ (pmax=0,121)

áûëè îòñå÷åíû. Ñòîèò çàìåòèòü, ÷òî çíà÷åíèå âåðî-

òÿíîñòè íà ïåðâîì øàãå àëãîðèòìà ìåíüøå çíà÷åíèÿ

âåðîÿòíîñòè â êëàññè÷åñêîì àëãîðèòìå, ýòî çíà÷èò,

÷òî óæå íà ïåðâîì øàãå äàííûé àëãîðèòì ðàññìàò-

ðèâàåò áîëüøå êàíäèäàòîâ â L2, ÷åì êëàññè÷åñêèé

àëãîðèòì Apriori.

Òàáëèöà 4: Ìíîæåñòâî L1

Íàèìåíîâàíèå Çíà÷åíèå

âåðîÿòíîñòè

Ìîëîêî 0,334

Ñìåòàíà 0,158

Ñûð 0,288

Êîëáàñà 0,13

Ìÿñî êóðèíîå 0,177

ßéöà 0,187

Ïîëó�àáðèêàòû 0,199

Õëåá 0,636

Êîí�åòû 0,13

Ñëàáîàëêîãîëüíûå

íàïèòêè

0,181

Îâîùè 0,174

�ðóêòû 0,242

Êîíñåðâû 0,166

×àé 0,123

Ñîóñû 0,188

Êðóïà 0,139

Éîãóðò 0,132

Äàëåå íàõîäèì ìíîæåñòâî äâóõýëåìåíòíûõ êàíäèäà-

òîâ L2. Äëÿ �îðìèðîâàíèè L2 ñîãëàñíî àëãîðèòìó

âûáèðàåì íîâîå çíà÷åíèå pmax. Íàáîðû ñ âåðîÿòíî-

ñòüþ ìåíüøå óñòàíîâëåííîãî çíà÷åíèÿ (pmax=0,082)

áûëè îòñå÷åíû. �åçóëüòàòû ïðåäñòàâëåíû â òàáëèöå

4. Äàëåå, íàõîäèì ìíîæåñòâî òðåõýëåìåíòíûõ êàí-

äèäàòîâ L3. Âûáèðàåì íîâîå çíà÷åíèå pmax. Íàáî-

ðû ñ âåðîÿòíîñòüþ ìåíüøå óñòàíîâëåííîãî çíà÷åíèÿ

(pmax=0,046) áûëè îòñå÷åíû. Íàáîðû, óäîâëåòâîðÿ-

Òàáëèöà 5: Ìíîæåñòâî L2

Íàèìåíîâàíèå Çíà÷åíèå

âåðîÿòíîñòè

Ìîëîêî, ñìåòàíà 0,094

Ìîëîêî,ñûð 0,118

Ìîëîêî, õëåá 0,204

Ìîëîêî,�ðóêòû 0,096

Ñìåòàíà,ñûð 0,093

Ñìåòàíà, õëåá 0,11

Ñûð, ìÿñî êóðèíîå 0,099

Ñûð, êîíñåðâû 0,092

Ñûð, êðóïà 0,083

Éîãóðò, õëåá 0,088

Ñûð, �ðóêòû 0,084

Õëåá, êîëáàñà 0,102

Õëåá, ìÿñî êóðèíîå 0,125

Õëåá, ÿéöà 0,14

Õëåá, ïîëó�àáðèêà-

òû

0,12

Õëåá, �ðóêòû 0,16

... ...

þùèå óñëîâèÿì àëãîðèòìà ïðåäñòàâëåíû â òàáëèöå

5.

Òàáëèöà 6: Ìíîæåñòâî L3

Íàèìåíîâàíèå Çíà÷åíèå

âåðîÿòíîñòè

Ìîëîêî, ñìåòàíà, òâî-

ðîã

0,054

Ìîëîêî, ñìåòàíà, ñûð 0,057

Ìîëîêî, ñìåòàíà, ñî-

óñû

0,048

Ìîëîêî, ñûð, ñîóñû 0,05

Ìîëîêî, ñûð, êîëáàñà 0,047

Ìîëîêî, ñûð, õëåá 0,078

... ...

Ôîðìèðóåì ìíîæåñòâî ÷åòûðåõýëåìåíòíûõ êàíäè-

äàòîâ L4. Âûáèðàåì íîâîå çíà÷åíèå pmin. Íàáîðû

ñ âåðîÿòíîñòüþ ìåíüøå óñòàíîâëåííîãî çíà÷åíèÿ

(pmax = 0, 036 = pmin = 0, 036) áûëè îòñå÷å-

íû.�åçóëüòàòû ïðåäñòàâëåíû â òàáëèöå 6. �àáîòà

àëãîðèòìà íà ýòîì çàêàí÷èâàåòñÿ, ò. ê. pmin = pmax

Â ðåçóëüòàòå ðàáîòû äàííîãî àëãîðèòìà ìû ïîëó÷è-

ëè àññîöèàòèâíûå ïðàâèëà, ñ çàäàííûìè ãðàíèöàìè

çíà÷åíèÿ âåðîÿòíîñòåé.
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Òàáëèöà 7: Ìíîæåñòâî L4

Íàèìåíîâàíèå Çíà÷åíèå

âåðîÿòíîñòè

Ìîëîêî, ñìåòàíà,

òâîðîã, ñûð

0,038

Ìîëîêî, ñìåòàíà,

òâîðîã, êîëáàñà

0,037

Ìîëîêî, ñûð, õëåá,

�ðóêòû

0,05

Ìîëîêî, ñûð, õëåá,

ìÿñî êóð

0,04

Ìîëîêî, ñìåòàíà,

õëåá, �ðóêòû

0,039

... ...

7 Ñðàâíåíèå êëàññè÷åñêîãî è

ðàçðàáîòàííûõ àëãîðèòìîâ

Â ðàáîòå áûëî ïðîâåäåíî ñðàâíåíèå êëàññè÷åñêîãî

àëãîðèòìà Apriori è ðàçðàáîòàííûõ àëãîðèòìîâ ïî-

èñêà àññöèàòèâíûõ ïðàâèë. �åçóëüòàòû ïðîâåäåííîãî

àíàëèçà ïîêàçàëè, ÷òî îñíîâíûìè ïðîáëåìàìè ìåòî-

äîâ èçâëå÷åíèÿ àññîöèàòèâíûõ ïðàâèë ÿâëÿþòñÿ:

• çíà÷èòåëüíàÿ âðåìåííàÿ ñëîæíîñòü ïîèñêà àññî-

öèàòèâíûõ ïðàâèë;

• íåîáõîäèìîñòü íåñêîëüêèõ ïðîõîäîâ ïî èññëåäó-

åìûì áàçàì äàííûõ;

• íåîáõîäèìîñòü îáåñïå÷åíèÿ ïîèñêà èíòåðåñíûõ è

íåòðèâèàëüíûõ ïðàâèë.

• Áîëüøèíñòâî ìåòîäîâ èçâëå÷åíèÿ àññîöèàòèâ-

íûõ ïðàâèë ó÷èòûâàþò òîëüêî óðîâåíü ïîä-

äåðæêè, ïðè ýòîì íå àíàëèçèðóåòñÿ èíòåðåñ-

íîñòü ïðàâèë äëÿ èññëåäóåìîé ïðåäìåòíîé îáëà-

ñòè;

• ïðîáëåìû âûáîðà ïîðîãîâûõ çíà÷åíèé ïîääåðæ-

êè.

Íåñìîòðÿ íà íåäîñòàòêè êëàññè÷åñêîãî ìåòîäà ïî-

èñêà àññîöèàòèâíûõ ïðàâèë Apriori (íåäîñòàòî÷íóþ

îáîñíîâàííîñòü è ñðàâíèòåëüíî âûñîêóþ âû÷èñëè-

òåëüíóþ ñëîæíîñòü), îí î÷åíü ïîïóëÿðåí ñðåäè èñ-

ñëåäîâàòåëåé. Îäíàêî ó àëãîðèòìà Apriori åñòü åùå

îäèí ñóùåñòâåííûé íåäîñòàòîê: îí îòáðàñûâàåò ïðà-

âèëà, ó êîòîðûõ âåðîÿòíîñòü áîëüøèõ ìíîæåñòâ

ìåíüøå, ÷åì ó ýëåìåíòîâ èõ ñîñòàâëÿþùèõ.

�àçðàáîòàííûé ìîäè�èöèðîâàííûé àëãîðèòì

Apriori íà ÿçûêå âåðîÿòíîñòåé ðåøàåò ýòó ïðîáëåìó.

Ñ ïîìîùüþ ðàçðàáîòàííîãî ìåòîäà àññîöèàòèâíûå

ïðàâèëà ïîëó÷àþòñÿ áîëåå îáúåìíûå. Âû÷èñëèòåëü-

íàÿ ñëîæíîñòü ïðåäëîæåííîãî ìîäè�èöèðîâàííîãî

ìåòîäà ìåíüøå, ÷åì ó êëàññè÷åñêîãî àëãîðèòìà

Apriori.

Òàáëèöà 8: Ñðàâíèòåëüíàÿ òàáëèöà ðàáîòû àëãîðèòìîâ

Íàçâàíèå Âû÷èñëèòåëüíàÿ

ñëîæíîñòü

Êëàññè÷åñêèé Apriori O(2k), k <= n.

Âåðîÿòíîñòíûé àíà-

ëîã Apriori

O(2k), k <= n.

Ìîäè�èöèðîâàííûé

âåðîÿòíîñòíûé àíà-

ëîã

O(2k/2), k <= n.

Âåðîÿòíîñòíûé àíà-

ëîã àëãîðèòìà Apriori

ïî ñëîÿì

O(2k/2), k <= n.

Ïîëíûé ïåðåáîð O(2n).

Ñðàâíèòåëüíàÿ õàðàêòåðèñòèêà àëãîðèòìîâ ïðèâåäå-

íà â òàáëèöå 8.

8 Èòîãè

Â ðàáîòå ðàññìîòðåíû îñíîâíûå çàäà÷è è ìåòîäû èí-

òåëëåêòóàëüíîãî àíàëèçà äàííûõ, à òàêæå èçó÷åí ìå-

òîä àññîöèàòèâíûõ ïðàâèë â èíòåëëåêòóàëüíîì àíà-

ëèçå äàííûõ. �åøåí ïðàêòè÷åñêèé ïðèìåð íàõîæ-

äåíèÿ àññîöèàòèâíûõ ïðàâèë íà îñíîâå ñòàòèñòèêè

ïîêóïîê òîâàðîâ ñ ïîìîùüþ ìåòîäà àññîöèàòèâíûõ

ïðàâèë, à òàê æå ðàçðàáîòàí âåðîÿòíîñòíûé àíàëîã

àëãîðèòìà. Âåðîÿòíîñòíûé àíàëîã êëàññè÷åñêîãî àñ-

ñîöèàòèâíîãî àëãîðèòìà ïîçâîëÿåò ïîéòè äàëüøå è

íàéòè çàêîíîìåðíîñòè ïîêóïîê òîâàðîâ â ýòîì íàáî-

ðå, ò.å. ïîëó÷èòü ïðàâèëà òàêîãî âèäà: "Èç ïîêóïêè

íàáîðà òîâàðîâ À ñëåäóåò ïîêóïêà íàáîðà òîâàðîâ

B".

Ñïèñîê ëèòåðàòóðû

[1℄ Áàðñåãÿí À.À. , Ì.Ñ. Êóïðèÿíîâ, Â.Â. Ñòåïàíåíêî, È.È.

Õîëîä. Òåõíîëîãèè àíàëèçà äàííûõ. Data Mining, Visual

Mining, Text Mining, OLAP. Ñïá., ÁÕÂ-Ïåòåðáóðã, 2004.

[2℄ À�îíèí, À.Þ. è Ï.Ï. Ìàêàðû÷åâ. Îïåðàòèâíûé è èíòåë-

ëåêòóàëüíûé àíàëèç äàííûõ. Ïåíçà, Ï�Ó, 2010.

[3℄ ×óáóêîâà È.À. Data Mining. Ìîñêâà, Áèíîì, 2006.
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Àííîòàöèÿ. Â ðàáîòå ñ�îðìóëèðîâàíû îñíîâíûå

çàäà÷è èññëåäîâàíèÿ çíàêîâûõ ãðà�îâ, ïðåäëîæåí

àëãîðèòì ïðîâåðêè ñáàëàíñèðîâàííîñòè çíàêîâûõ

ãðà�îâ, ïðèâåäåíû îñíîâíûå �îðìóëèðîâêè ïðîáëåìû

çíàêîâîãî áàëàíñà.

Êëþ÷åâûå ñëîâà. signed graph, balane.

1 Ââåäåíèå

Íåîðèåíòèðîâàííûå ãðà�û ÿâëÿþòñÿ ïîäõîäÿùåé

ìîäåëüþ äëÿ ïðåäñòàâëåíèÿ îòíîøåíèé ìåæäó ëþäü-

ìè. Ëþäè èçîáðàæàþòñÿ âåðøèíàìè ãðà�à, ïðè÷åì

åñëè ìåæäó ëèöàìè a è b èìååòñÿ ñèìïàòèÿ èëè

àíòèïàòèÿ, òî ìåæäó âåðøèíàìè a è b ïðîâîäèò-

ñÿ ðåáðî. Àíàëîãè÷íàÿ ìîäåëü âîçíèêàåò, åñëè îò-

íîøåíèå ”ñèìïàòèÿ � àíòèïàòèÿ” çàìåíèòü îòíî-

øåíèåì ”îáùàòüñÿ � èçáåãàòü”, ”ñîãëàøàòüñÿ � íå

ñîãëàøàòüñÿ”. Êàê ïðàâèëî, òàêèå îòíîøåíèÿ ñèì-

ìåòðè÷íûå. Èõ îïèñûâàþò ñ ïîìîùüþ çíàêîâûõ ãðà-

�îâ [1℄.

Ïóñòü çàäàí íåîðèåíòèðîâàííûé ãðà� G = (V,E),
ãäå V � êîíå÷íîå ìíîæåñòâî âåðøèí ãðà�à, à E
� ìíîæåñòâî ðåáåð. Çíàêîâûì ãðà�îì íàçûâàåòñÿ

íåîðèåíòèðîâàííûé ãðà�, êàæäîå ðåáðî êîòîðîãî îò-

ìå÷åíî çíàêîì ”+” èëè ”−”.
Èññëåäîâàíèÿ çíàêîâûõ ãðà�îâ ñâîäÿòñÿ ê òðåì îñ-

íîâíûì çàäà÷àì:

• ïðîâåðêà ñáàëàíñèðîâàííîñòè çíàêîâûõ ãðà�îâ;

• âû÷èñëåíèå ìåðû ñáàëàíñèðîâàííîñòè çíàêîâûõ

ãðà�îâ;

• óñòàíîâëåíèå çíàêîâîãî áàëàíñà � íàõîæäåíèå

íàáîðà ðåáåð ãðà�à (æåëàòåëüíî ìèíèìàëüíî-

ãî), èçìåíåíèå çíàêîâ êîòîðûõ îáåñïå÷èâàåò ñáà-

ëàíñèðîâàííîñòü çàäàííîãî ãðà�à.

Àìåðèêàíñêèé ìàòåìàòèê Õàðàðè âìåñòå ñ ïñèõîëî-

ãîì Êàðòðàéò ïðåäëîæèëè ñëåäóþùåå îïðåäåëåíèå

ñáàëàíñèðîâàííîñòè çíàêîâîãî ãðà�à: ãðà� ñ÷èòàåò-

ñÿ ñáàëàíñèðîâàííûì, åñëè ìíîæåñòâî åãî âåðøèí

ìîæíî ðàçáèòü íà äâà ïîäìíîæåñòâà òàêèì îáðàçîì,

÷òî ëþáîå ðåáðî, ñîåäèíÿþùåå âåðøèíû èç îäíîãî

ìíîæåñòâà, èìååò çíàê ”+”, à ðåáðà, ñîåäèíÿþùèå

© 2014 È.Â.Ìàõîíèí, Â.À. Äåìèäåíêî

Олег Воробьев (ред.), Труды XIII ФАМЭМС’2014, Красноярск: СФУ

âåðøèíû èç ðàçíûõ ïîäìíîæåñòâ, çíàê ”−”. Ïðè÷åì
âòîðîå ïîäìíîæåñòâî ìîæåò îêàçàòüñÿ ïóñòûì.

2 Àëãîðèòì ïðîâåðêè

ñáàëàíñèðîâàííîñòè ãðà�à

Çíàêîì öèêëà çíàêîâîãî ãðà�à íàçûâàåòñÿ ïðîèçâå-

äåíèå çíàêîâ âñåõ åãî ðåáåð. Åñëè öèêë èìååò çíàê

”+”, òî öèêë íàçûâàåòñÿ ïîëîæèòåëüíûì, â ïðîòèâ-

íîì ñëó÷àå îòðèöàòåëüíûì.

Òåîðåìà 1. (Êàðòðàéò−Õàðàðè) [2℄. Ñëåäóþùèå

óòâåðæäåíèÿ ýêâèâàëåíòíû:

1. G = (V,E) � ñáàëàíñèðîâàííûé ãðà�;

2. ëþáîé ïðîñòîé öèêë ãðà�à G ïîëîæèòåëüíûé;

3. ëþáûå äâå ïðîñòûå (u, v)-öåïè ãðà�à G èìåþò

îäèíàêîâûé çíàê (u, v ∈ V ).

Äàííàÿ òåîðåìà óêàçûâàåò ýêâèâàëåíòíûå îïðåäåëå-

íèÿ ñâîéñòâà ñáàëàíñèðîâàííîñòè çíàêîâîãî ãðà�à è

êîíñòðóêòèâíûé ñïîñîá ïðîâåðêè ýòîãî ñâîéñòâà. Íà-

ïðèìåð, òàêóþ ïðîâåðêó ìîæíî âûïîëíèòü, èñïîëü-

çóÿ àëãîðèòì îáõîäà âåðøèí ãðà�à â ãëóáèíó, çà âðå-

ìÿ O(|V |+ |E|)

3 Ìåðû ñáàëàíñèðîâàííîñòè ãðà�à

Âåðîÿòíîñòü òîãî, ÷òî ñëó÷àéíî âûáðàííûé çíàêî-

âûé ãðà� ñáàëàíñèðîâàí, êðàéíå ìàëà. Ïîýòîìó èí-

òåðåñåí âîïðîñ, íàñêîëüêî ñáàëàíñèðîâàí íåñáàëàí-

ñèðîâàííûé ãðà�. Îòâåò íà ýòîò âîïðîñ äàåò ìå-

íðà ñáàëàíñèðîâàííîñòè çíàêîâîãî ãðà�à. Âîçìîæ-

íû ðàçëè÷íûå îïðåäåëåíèÿ ìåðû ñáàëàíñèðîâàííî-

ñòè, îäíàêî â ñîöèîëîãèè è ïñèõîëîãèè åå îïðåäåëÿ-

þò ñëåäóþùèì îáðàçîì [2℄. Ìåðà ñáàëàíñèðîâàííî-

ñòè çíàêîâîãî ãðà�à G � äîëÿ ïðîñòûõ ïîëîæèòåëü-

íûõ öèêëîâ ê îáùåìó ÷èñëó ïðîñòûõ öèêëîâ ýòîãî

ãðà�à:

b(G) =
|C+|
|C| .

Î÷åâèäíî, ÷òî 0 6 b(G) 6 1, ïðè÷åì b(G) = 1, åñëè
è òîëüêî åñëè âñå öèêëû ýòîãî ãðà�à ïîëîæèòåëüíû,

ò.å. ãðà� ñáàëàíñèðîâàí.

Íàïðèìåð, ãðà�, èçîáðàæåííûé íà ðèñ. 1, èìååò ìåðó

ñáàëàíñèðîâàííîñòè 2/3.
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�èñóíîê 1: Íåñáàëàíñèðîâàííûé ãðà� ñ ïîëîæèòåëüíûìè è îò-

ðèöàòåëüíûìè öèêëàìè, èìååò ìåðó ñáàëàíñèðîâàííîñòè 2/3

Îïðåäåëåíèå ìåðû ñáàëàíñèðîâàííîñòè íåêîððåêòíî,

åñëè ãðà� G íå ñîäåðæèò íè îäíîãî öèêëà, îäíàêî

ïî òåîðåìå Êàðòðàéò−Õàðàðè, òàêîé ãðà� ÿâëÿåò-

ñÿ ñáàëàíñèðîâàííûì. Ïîýòîìó äëÿ íåãî ìîæíî ñ÷è-

òàòü, ÷òî b(G) = 1.

4 Âû÷èñëèòåëüíàÿ ñëîæíîñòü

íàõîæäåíèÿ ìåðû

ñáàëàíñèðîâàííîñòè

Ïðè âû÷èñëåíèè ìåðû ñáàëàíñèðîâàííîñòè ïðèõî-

äèòñÿ ïîñëåäîâàòåëüíî âûÿâëÿòü âñå ïðîñòûå öèêëû

ýòîãî ãðà�à è íàõîäèòü èõ çíàêè. Ïîýòîìó âû÷èñ-

ëåíèå ìåðû ñáàëàíñèðîâàííîñòè òðåáóåò O(n2 · 2n)
îïåðàöèé, ãäå n = |V |. Íàïðèìåð, äëÿ ïîëíîãî ãðà�à
ñ n âåðøèíàìè îáùåå ÷èñëî ïðîñòûõ öèêëîâ îïðå-

äåëÿåòñÿ �îðìóëîé (ýòà ñèòóàöèÿ îòâå÷àåò õóäøåìó

ñëó÷àþ):

|C| =
n∑

k=3

n!

(n− k)! · 2k = O(2n),

à ÷èñëî ðàçëè÷íûõ âàðèàíòîâ ðàññòàíîâêè çíàêîâ ðå-

áåð ðàâíî

2n(n−1)/2.

5 Ïðîáëåìà çíàêîâîãî áàëàíñà

Çàäà÷à ïðèâåäåíèÿ çíàêîâîãî ãðà�à ê ñáàëàíñèðî-

âàííîìó âèäó (åå íàçûâàþò ïðîáëåìîé áàëàíñà) ñâÿ-

çàíà ñ ïåðåìåíîé çíàêîâ åãî ðåáåð. Âîçìîæíû òðè

îñíîâíûå �îðìóëèðîâêè ïðîáëåìû çíàêîâîãî áàëàí-

ñà:

1. íàõîæäåíèå ìèíèìàëüíîãî (ïî âõîæäåíèþ) ìíî-

æåñòâà ðåáåð ãðà�à, èçìåíåíèå çíàêîâ êîòîðûõ

îáåñïå÷èâàåò ñáàëàíñèðîâàííîñòü ýòîãî ãðà�à;

2. óñòàíîâëåíèå íåêîòîðîãî íàáîðà äîïóñòèìûõ

ìíîæåñòâ ðåáåð, êàæäîå èç êîòîðûõ ãàðàíòèðóåò

ñáàëàíñèðîâàííîñòü ãðà�à;

3. ïðèìåíåíèå ïåðåáîðíûõ ïðîöåäóð äëÿ ïåðå÷èñ-

ëåíèÿ âñåõ äîïóñòèìûõ âàðèàíòîâ ñáàëàíñèðî-

âàííîñòè çíàêîâîãî ãðà�à.

Ïðèâåäåííûå âûøå �îðìóëèðîâêè ïðîáëåìû çíàêî-

âîãî áàëàíñà ïðèâîäÿò ê òðåì êîìáèíàòîðíûì NP-

òðóäíûì çàäà÷àì. Äëÿ íèõ ïîêà íåèçâåñòíû àëãîðèò-

ìû íàõîæäåíèÿ òî÷íûõ ðåøåíèé çà ïîëèíîìèàëüíîå

âðåìÿ. Â ïåðâîì ñëó÷àå ðå÷ü èäåò î ïîñòðîåíèè îïòè-

ìàëüíîãî ðåøåíèÿ. Âòîðàÿ �îðìóëèðîâêà ïðèâîäèò

ê íåêîòîðûì âàðèàíòàì äîïóñòèìîãî ðåøåíèÿ. Òðå-

òüÿ �îðìóëèðîâêà � NP-òðóäíàÿ ïåðåáîðíàÿ çàäà÷à.

Â äàííûõ �îðìóëèðîâêàõ óñëîâèå ñáàëàíñèðîâàííî-

ñòè ãðà�à ìîæíî çàìåíèòü ìåðîé ñáàëàíñèðîâàííî-

ñòè. Îäíàêî ýòî ñóùåñòâåííî óâåëè÷èâàåò ñëîæíîñòü

âû÷èñëåíèé.

Â íàñòîÿùèé ìîìåíò âåäåòñÿ ðàçðàáîòêà àëãîðèò-

ìîâ ïðîáëåìû çíàêîâîãî áàëàíñà â îïòèìèçàöèîííîé

�îðìóëèðîâêå ñ èñïîëüçîâàíèåì ìàòðè÷íûõ óðàâíå-

íèé.

Ñïèñîê ëèòåðàòóðû

[1℄ Ô. Ñ. �îáåðòñ. Äèñêðåòíûå ìàòåìàòè÷åñêèå ìîäåëè ñ

ïðèëîæåíèÿìè ê ñîöèàëüíûì è ýêîëîãè÷åñêèì çàäà÷àì.

Ì.: Íàóêà, 1986.

[2℄ Ô. Õàðàðè. Òåîðèÿ ãðà�îâ. Ì.: Ìèð, 1973.
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Àííîòàöèÿ. Â äàííîé ñòàòüå àâòîð äàåò ñî-

áûòèéíûé âçãëÿä íà ðåãðåññèþ, îñíîâûâàÿñü íà

ïîíÿòèè óñëîâíîãî ñðåäíåâåðîÿòíîãî ñîáûòèÿ.

Êëþ÷åâûå ñëîâà. Âåðîÿòíîñòü, ðåãðåññèÿ, ýâåí-

òîëîãèÿ, ñðåäíåâåðîÿòíîå ñîáûòèå, óñëîâíîå ñðåäíå-

âåðîÿòíîå ñîáûòèå.

1 Ââåäåíèå

1.1 Èç èñòîðèè ðåãðåññèè

Ïîíÿòèå ðåãðåññèè ñâÿçàíî ñ èìåíåì Ôðåíñèñà �àëü-

òîíà

1

, êîòîðûé âíåñ íåîöåíèìûé âêëàä â ñòàòèñòèêó

ïîìèìî âñåãî ïðî÷åãî è ââåäåíèåì ïîíÿòèÿ êîððåëÿ-

öèîííîé çàâèñèìîñòè. Â ïåðèîä ñ 1885 ãîäà ïî 1886

ãîä �àëüòîíîì áûëî îïóáëèêîâàíî íåñêîëüêî ðàáîò,

êàñàþùèõñÿ íàñëåäñòâåííîñòè ðîñòà ÷åëîâåêà, è ñà-

ìûå îñíîâíûå ïîëîæåíèÿ ýòîãî èññëåäîâàíèÿ âîøëè

â ñåäüìóþ ãëàâó êíèãè [7, 1889℄. �àëüòîí ðàññìàò-

ðèâàåò âîïðîñû çàêîíîìåðíîñòåé íàñëåäîâàíèÿ ïðè-

çíàêîâ, à èìåííî îí ïûòàåòñÿ óñòàíîâèòü îáùèå ñòà-

òèñòè÷åñêèå çàêîíû, êîòîðûå ëåæàò â îñíîâå ýòîãî

ÿâëåíèÿ. �àëüòîí ñîáðàë äàííûå î ðîñòå 408 æèòå-

ëåé Ëîíäîíà è ðîñòå 928 èõ âçðîñëûõ äåòåé (�èñóíîê

1), çàòåì ïîñòàðàëñÿ âûÿñíèòü ñóùåñòâóåò ëè êàêàÿ-

íèáóäü ñâÿçü ìåæäó ýòèìè âåëè÷èíàìè [1℄. Äëÿ ýòîãî

îí èñïîëüçîâàë ñëåäóþùèé ïîäõîä.

Íà ëåâîé ñòîðîíå êâàäðàòà îòêëàäûâàåòñÿ ¾óñðåä-

íåííûé¿ ðîñò ðîäèòåëåé â äþéìàõ(äëÿ æåíùèí ââî-

äèëñÿ êîððåêòèðóþùèé êîý��èöèåíò 1.08), à íà

âåðõíåé åãî ñòîðîíå � ñðåäíèé ðîñò èõ äåòåé â äþé-

ìàõ. Íà ïîëó÷åííîé ïëîñêîñòè îòêëàäûâàþòñÿ òî÷êè

ñëåäóþùèì îáðàçîì: äëÿ çíà÷åíèÿ ¾óñðåäíåííîãî¿

ðîñòà ðîäèòåëåé èùåòñÿ ñðåäíåå çíà÷åíèå ðîñòà ðå-

áåíêà(�èñóíîê 2). Åñëè áû ðîñò ðîäèòåëåé è ðîñò äå-

òåé â ñðåäíåì ñîâïàäàëè äðóã ñ äðóãîì (ò.å. ðåãðåññèÿ

ðàâíÿëàñü áû åäèíèöå), òî îòíîøåíèå ðîñòà äåòåé ê

ðîñòó ðîäèòåëåé âûðàçèëîñü áû äèàãîíàëüþ êâàäðà-

òà AB. Åñëè áû, íàîáîðîò, äåòè âîâñå íå íàñëåäîâàëè

óêëîíåíèÿ îò ñðåäíåé ðîñòà ðîäèòåëåé, òî îòíîøå-

íèå ìåæäó ðîñòîì òåõ è äðóãèõ âûðàçèëîñü áû âåð-
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1

Ôðåíñèñ �àëüòîí � (àíãë. Franis Galton; 16 �åâðàëÿ 1822

� 17 ÿíâàðÿ 1911) àíãëèéñêèé èññëåäîâàòåëü, ãåîãðà�, àíòðî-

ïîëîã è ïñèõîëîã; îñíîâàòåëü äè��åðåíöèàëüíîé ïñèõîëîãèè

è ïñèõîìåòðèêè

òèêàëüíîé ïðÿìîé EE. Íà ðèñóíêå òî÷êà M � òî÷êà

ñðåäíåãî ðîñòà ïîïóëÿöèè(of the general Population).

�àëüòîí îáíàðóæèë óäèâèòåëüíóþ âåùü. Äåëî â òîì,

÷òî â äåéñòâèòåëüíîñòè äåòè âûñîêèõ èëè íèçêèõ ðî-

äèòåëåé íå íàñëåäóþò èõ âûäàþùèéñÿ ðîñò, à ñòðå-

ìÿòñÿ ê ñðåäíåìó ðîñòó ïîïóëÿöèè. Áëàãîäàðÿ ýòî-

ìó çàìå÷àíèþ �àëüòîíà è áûëî ââåäåíî ñëîâî ¾ðå-

ãðåññèÿ¿, ïîêàçûâàÿ òåì ñàìûì ¾ðåãðåññèþ ê ïîñðåä-

ñòâåííîñòè¿.

�àáîòû �àëüòîíà â ïîñëåäñòâèè ïîäâåðãàëèñü êðèòè-

êå êàê ñïåöèàëèñòàìè â îáëàñòè ãåíåòèêè, òàê è ñòà-

òèñòàìè. Â íàøå âðåìÿ äàííàÿ ðàáîòà [7℄ ïî áîëü-

øåé ÷àñòè óñòàðåëà è ìîæåò áûòü èíòåðåñíà òåïåðü

ãëàâíûì îáðàçîì äëÿ èñòîðèè ñòàòèñòèêè è ãåíåòè-

êè. Â ïîñëåäñòâèè ó÷åíèê Ôðåíñèñà �àëüòîíà � Êàðë

Ïèðñîí

2

� ïðèâåë ñòðîãîå îïèñàíèå êîððåëÿöèè è ðå-

ãðåññèè [8, 1969℄, ññûëàÿñü ïðè ýòîì íà Áðàâå

3

. Íî íå

ñìîòðÿ íà ýòî, ðàáîòà �àëüòîíà êàê íåëüçÿ ëó÷øå ïå-

ðåäàåò ¾äóõ¿ ìàòåìàòè÷åñêîãî îáúåêòà, èìåíóåìûì

ðåãðåññèÿ. Òàêîé íîâàòîðñêèé ïî âðåìåíàì Ôðåíñèñà

�àëüòîíà ñïîñîá ìûøëåíèÿ, êîòîðûé ñïîñîáåí ñòàòè-

ñòè÷åñêè ñìîòðåòü íà ïðèðîäó âåùåé, î÷åíü ðîäñòâå-

íåí ñîâðåìåííîìó, à ñàì �àëüòîí � îäèí èç ¾çàêîíî-

äàòåëåé¿ ðåãðåññèîííîãî àíàëèçà.

1.2 Êëàññè÷åñêàÿ ðåãðåññèÿ

Îïðåäåëåíèå 1. �åãðàññèåé íàçûâàåòñÿ çàâèñè-

ìîñòü ñðåäíåãî çíà÷åíèÿ êàêîé-ëèáî ñëó÷àéíîé âåëè-

÷èíû Y îò íåêîòîðîé äðóãîé ñëó÷àéíîé âåëè÷èíû X
(èëè îò âåêòîðà ñëó÷àéíûõ âåëè÷èí). Ïðè êàæäîì

�èêñèðîâàííîì çíà÷åíèè x âåëè÷èíû X âåëè÷èíà Y
èìååò ñâîå ðàñïðåäåëåíèå âåðîÿòíîñòåé  ìàòåìà-

òè÷åñêèì îæèäàíèåì, êîòîðîå è ÿâëÿåòñÿ �óíêöè-

åé îò x
E(Y |x) = m(x)

è íàçûâàåòñÿ �óíêöèåé òåîðåòè÷åñêîé ðåãðåñ-

ñèè(ëèíèåé ðåãðåññèè, êðèâîé ðåãðåññèè).

Òàê, íàïðèìåð, åñëè ïðè êàæäîì çíà÷åíèè Xi, i =
1, . . . , N äèñêðåòíîé âåëè÷èíûX íàáëþäàåòñÿ ni çíà-

2

Êàðë Ïèðñîí � (àíãë. Karl (Carl) Pearson, 27 ìàðòà 1857 �

27 àïðåëÿ 1936) àíãëèéñêèé ìàòåìàòèê, îñíîâàòåëü ìàòåìàòè-

÷åñêîé ñòàòèñòèêè

3

Auguste Bravais � (23 August 1811, Annonay, Ard?he � 30

Marh 1863) �ðàíöóçñêèé �èçèê, èçâåñòíûé ñâîèìè ðàáîòàìè

â êðèñòàëëîãðà�èè, êîíöåïöèåé ðåøåòîê Áðàâå è �îðìóëè-

ðîâêîé çàêîíîâ Áðàâå
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�èñóíîê 1: Ôîòîãðà�èÿ òàáëèöû, ñîäåðæàùåé äàííûå îá ¾óñðåäíåííîì¿ ðîñòå ðîäèòåëåé è ðîñòå èõ äåòåé, èç êíèãè [7℄.

�èñóíîê 2: Ôîòîãðà�èÿ ñõåìû ðåãðåññèè èç êíèãè [7℄.
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÷åíèé yi1, yi2, . . . , yini äèñðåòíîé ñëó÷àéíîé âåëè÷èíû

Y , òî çàâèñèìîñòü ñðåäíèõ àðè�ìåòè÷åñêèõ

ȳi =
1

ni
(yi1 + yi2 + · · ·+ yini) , i = 1, . . . , N

ýòèõ çíà÷åíèé îò Xi, i = 1, . . . , N è åñòü ðåãðåññèÿ.

2 Óñëîâíîå ñðåäíåâåðîÿòíîå ñîáûòèå

2.1 Îñíîâíûå ïîëîæåíèÿ

Îïðåäåëåíèå 2. Ñðåäíåâåðîÿòíûì ñîáûòèåì äëÿ

êîíå÷íîãî ìíîæåñòâà îäíîðîäíûõ ñîáûòèé X ⊂ F
íàçûâàåòñÿ òàêîå âñåîáùåå ñîáûòèå x̂X ∈ F , óäî-
âëåòâîðÿþùåå âêëþ÷åíèÿì

∑

|X|>m

ter(X//X) ⊆ x̂X ⊆
∑

|X|≥m

ter(X//X), (1)

êîòîðîå íàñòóïàåò ñ âåðîÿòíîñòüþ

P(x̂X) =
1

|X|
∑

x∈X

P(x) (2)

âñÿêèé ðàç, êîãäà ñðåäè ñîáûòèé èç X íàñòóïàåò íå

ìåíåå, ÷åì m ñîáûòèé, ãäå m ∈ {0, 1, . . . , |M|} óäî-
âëåòâîðÿåò íåðàâåíñòâàì

∑

|X|>m

p(X//X) ≤ P(x̂X) ≤
∑

|X|≥m

p(X//X). (3)

Â [6℄ áûëî âåðíî ïîäìå÷åíî, ÷òî îïðåäåëåíèå ñðåäíå-

âåðîÿòíîãî ñîáûòèÿ äëÿ ìíîæåñòâà îäíîðîäíûõ ñî-

áûòèé ìîæíî äàòü íà ÿçûêå òåððàñíûõ m-ñëîåâ è

òåððàñíûõ m-ïëàñòîâ.

Èòàê, ìíîæåñòâåííûé m-ñëîé Cm
X [3℄ îïðåäåëÿåòñÿ

êàê ñîâîêóïíîñòü ïîäìíîæåñòâ ñîáûòèé

Cm
X = {X ⊆ X : |X | = m} ⊆ 2X. (4)

Ìíîæåñòâåííûém-ïëàñò Cm
X [3℄ îïðåäåëÿåòñÿ êàê ñî-

âîêóïíîñòü ïîäìíîæåñòâ ñîáûòèé

Cm+
X = {X ⊆ X : |X | ≥ m} ⊆ 2X. (5)

Îïðåäåëèì òåððàñíóþ îïåðàöèþ ¾m-ñëîé¿ ñëåäóþ-

ùèì îáðàçîì:

terop(Cm
X //2

X) =
∑

X∈Cm
X

ter(X//X) ⊆ Ω (6)

Àíàëîãè÷íûì îáðàçîì îïðåäåëèì òåððàñíóþ îïåðà-

öèþ ¾m-ïëàñò¿:

terop(Cm+
X //2X) =

∑

X∈Cm+
X

ter(X//X) ⊆ Ω (7)

Îïðåäåëåíèå 3. Ñðåäíåâåðîÿòíûì ñîáûòèåì äëÿ

êîíå÷íîãî îäíîðîäíîãî ìíîæåñòâà ñîáûòèé X ⊂ F
íàçûâàåòñÿ ëþáîå òàêîå âñåîáùåå ñîáûòèå x̂ ∈ F ,
êîòîðîå ñîäåðæèòñÿ â òåððàñíîì m-ïëàñòå, ñîäåð-

æèò òåððàñíûé m+ 1-ïëàñò:

terop(C
(m+1)+
X //2X) ⊆ x̂X ⊆ terop(C

(m)+
X //2X), (8)

è íàñòóïàåò ñî ñðåäíåé âåðîÿòíîñòüþ

P(x̂) =
1

|M|
∑

µ∈M

P(xµ) (9)

âñÿêèé ðàç, êîãäà ñðåäè ñîáûòèé èç X íàñòóïàåò íå

ìåíåå, ÷åì m ñîáûòèé, ãäå m ∈ {1, 2, . . . , |X|} óäî-

âëåòâîðÿåò íåðàâåíñòâàì

P(terop(C
(m+1)+
X //2X)) ≤

≤ P(x̂) ≤

≤ P(terop(Cm+
X //2X))

(10)

Åñëè íå âäàâàòüñÿ â ïîäðîáíîñòè, òî ìèíèìàëüíîå

÷èñëî m íàñòóïàþùèõ ñîáûòèé â ðåçóëüòàòå íàñòóï-

ëåíèÿ ñðåäíåâåðîÿòíîãî ñîáûòèÿ âûáèðàåòñÿ èç ñî-

îáðàæåíèÿ, ÷òî âåðîÿòíîñòü ñðåäíåâåðîÿòíîãî ñîáû-

òèÿ äîëæíà áûòü íå ìåíåå âåðîÿòíîñòè òåððàñíîãî

(m+ 1)-ïëàñòà, íî íå áîëåå âåðîÿòíîñòè m-ïëàñòà.

Ñðåäíåâåðîÿòíîå ñîáûòèå îáëàäàåò î÷åíü âàæíûì

ýêñòðåìàëüíûì ñâîéñòâîì [5℄.

Îïðåäåëåíèå 4. Âåðîÿòíîñòíîå ðàññòîÿíèå ñîáû-

òèÿ x̂X ∈ F äî ìíîæåñòâà X ⊂ F îïðåäåëÿåòñÿ

�îðìóëîé:

ρ(x̂X,X) =
∑

x∈X

P(x△x̂X) =
=
∑

x∈X

P(x̂X ∩ xc) +
∑

x∈X

P((x̂X)
c ∩ x). (11)

Òåîðåìà 1. Ñðåäíåâåðîÿòíîå ñîáûòèå x̂X äëÿ ìíî-

æåñòâà ñîáûòèé X ìèíèìèçèðóåò âåðîÿòíîñòíîå

ðàññòîÿíèå äî X:

ρ(x̂X,X) = min
α∈F ;P(α)=P̂X

ρ(α,X) (12)

ñðåäè òàêèõ ñîáûòèé èç àëãåáðû F , êîòîðûå íàñòó-
ïàþò ñ âåðîÿòíîñòüþ, ðàâíîé ñðåäíåé âåðîÿòíîñòè

P̂X =
1

|X|
∑

x∈X

P(x).

Ñîâåðøåííî î÷åâèäíî, ÷òî ñðåäíåâåðîÿòíîå ñîáûòèå

íå åäèíñòâåííî [2℄ è âñå ïîïûòêè âèçóàëèçàöèè ñðåä-

íåâåðîÿòíîãî ñîáûòèÿ � â ñóùíîñòè ïîïûòêè âèçóà-

ëèçèðîâàòü ñåìåéñòâî ñîáûòèé, êàæäîå èç êîòîðûõ â

ïðàâå ïðåòåíäîâàòü íà ñðåäíåâåðîÿòíîå.
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2.2 Î íàèìåíüøåì ÷èñëå íàñòóïëåíèÿ

ñîáûòèé â ñðåäíåâåðîÿòíîì ñîáûòèè

Òàê êàê ðàññóæäåíèÿ â äàííîì íåáîëüøîì ïîäðàç-

äåëå îñíîâàíû íà ðàññóæäåíèÿõ, îïèñàííûõ â ðàáîòå

[2℄, ñòîèò çàìåòèòü, ÷òî â [2℄ â �îðìóëå (23) àâòîðîì

äîïóùåíà îøèáêà. Â äåéñòâèòåëüíîñòè �îðìóëà (23)

ñ ó÷åòîì ââåäåííûõ â ñòàòüå îáîçíà÷åíèé(õîòü îíè è

íå ñîâïàäàþò ñ îáîçíà÷åíèÿìè, ââåäåííûìè â íàñòî-

ÿùåé ðàáîòå) äîëæíà èìåòü âèä

P
{3}
M < P

{1}
M + 2P

{2}
M ≤ 4P

{2}
M + P

{3}
M .

Ââåäåííûå ýêâèâàëåíòíûå îïðåäåëåíèÿ ñðåäíåâåðî-

ÿòíîãî ñîáûòèÿ àëãîðèòìèçóåìû, îäíàêî ìîæåò áûòü

ïîëåçíî çàìå÷àíèå ñëåäóþùåãî õàðàêòåðà. Êëþ÷å-

âûì ìîìåíòîì â íàõîæäåíèè ñðåäíåâåðîÿòíîãî ñî-

áûòèÿ ÿâëÿåòñÿ îïðåäåëåíèå íàèìåíüøåãî ÷èñëà íà-

ñòóïëåíèÿ ñîáûòèé(íàõîæäåíèå ÷èñëà m â îïðåäåëå-

íèè). Êàê óæå ðàíåå áûëî ñêàçàíî, îñíîâûâàÿñü íà

ðàññóæäåíèÿõ, îïèñàííûõ â [2℄, ìîæíî ñäåëàòü âû-

âîä ñëåäóþùèé.

Çàìå÷àíèå Ñðåäíåâåðîÿòíîå ñîáûòèå äëÿ ìíîæå-

ñòâà ñîáûòèé X íàñòóïàåò âñÿêèé ðàç, êîãäà ñðåäè X

íàñòóïàåò íå ìåíåå, ÷åì m ñîáûòèé, ãäå m � ðåøåíèå

ñèñòåìû íåðàâåíñòâ:

|X|∑

k=m+1

(|X| − k)P(terop(Ck
X)) <

<
m∑

k=1

kP(terop(Ck
X)) ≤

≤
|X|∑

k=m+1

(|X| − k)P(terop(Ck
X)) + |X|P(terop(Cm

X ))

(13)

2.3 Îïðåäåëåíèå ñðåäíåâåðîÿòíîãî ñîáûòèÿ

÷åðåç ìîùíîñòíîé èíäèêàòîð

Îïðåäåëåíèå 5. Ñëó÷àéíàÿ âåëè÷èíà ΥX ðàâíàÿ

ìîùíîñòè íàñòóïàåìîãî ìíîæåñòâà X ⊆ X íàçû-

âàåòñÿ ìîùíîñòíûì èíäèêàòîðîì ìíîæåñòâà X.

Îïðåäåëåíèå ñðåäíåâåðîÿòíîãî ñîáûòèÿ ìîæíî ïåðå-

ïèñàòü ÷åðåç ïîíÿòèå ìîùíîñòíîãî èíäèêàòîðà

Îïðåäåëåíèå 6. Ñðåäíåâåðîÿòíûì ñîáûòèåì äëÿ

êîíå÷íîãî îäíîðîäíîãî ìíîæåñòâà ñîáûòèé X ⊂ F
íàçûâàåòñÿ ëþáîå òàêîå âñåîáùåå ñîáûòèå x̂ ∈ F ,
êîòîðîå ñîäåðæèòñÿ â òåððàñíîì m-ïëàñòå, ñîäåð-

æèò òåððàñíûé m+ 1-ïëàñò:

terop(C
(m+1)+
X //2X) ⊆ x̂X ⊆ terop(C

(m)+
X //2X), (14)

íàñòóïàåò ñ âåðîÿòíîñòüþ

P(x̂) =
1

|X|EΥX (15)

âñÿêèé ðàç, êîãäà ñðåäè ñîáûòèé èç X íàñòóïàåò íå

ìåíåå, ÷åì m ñîáûòèé, ãäå m ∈ {1, 2, . . . , |X|} óäî-

âëåòâîðÿåò íåðàâåíñòâàì

P(ΥX ≥ m+ 1) <
1

|X|EΥX ≤ P(ΥX ≥ m). (16)

2.4 Ïîíÿòèå óñëîâíîãî ñðåäíåâåðîÿòíîãî

ñîáûòèÿ

Åñòåñòâåííûì äàëüíåéøèì ðàçâèòèåì ñðåäíåâåðî-

ÿòíîãî ñîáûòèÿ ÿâëÿåòñÿ óñëîâíîå ñðåäíåâåðîÿòíîå

ñîáûòèå. Èòàê, ðàññìîòðèì 2 ìíîæåñòâà ñîáûòèé

N,X ⊂ F , êîòîðûå èìåþò ýâåíòîëîãè÷åñêèå ðàñ-

ïðåäåëåíèÿ {p(N//N) = P(ter(N//N))|N ⊆ N} è

{p(X//X) = P(ter(X//X))|X ⊆ X} ñîîòâåòñòâåííî.

Çàäà÷à ñòîèò ñëåäóþùàÿ: ïðîàíàëèçèðîâàòü ïîâåäå-

íèå ñðåäíåâåðîÿòíîãî ñîáûòèÿ x̂N äëÿ ìíîæåñòâà îä-

íîðîäíûõ ñîáûòèé N ïðè óñëîâèè òîãî, ÷òî X −→
ter(X//X), òî åñòü, ïðè óñëîâèè òîãî, ÷òî ìíîæåñòâî

X ñëó÷èëîñü êàê ter(X//X) [4℄.

Òàê êàê ìû ðàáîòàåì â ðàìêàõ âñåîáùåãî âåðîÿò-

íîñòíîãî ïðîñòðàíñòâà, òî î÷åâèäíî, ÷òî ìíîæåñòâî

ñîáûòèé N
⋃
X ⊂ F , ñîñòàâëåííîå èç îáúåäèíåíèé

ðàññìàòðèâàåìûõ ìíîæåñòâ, èìååò ñâîå ñîáñòâåí-

íîå ýâåíòîëîãè÷åñêîå ðàñïðåäåëåíèå {p(N ∪ X//N ∪
X)|N ⊆ N, X ⊆ X}.
Îïðåäåëåíèå 7. Ñðåäíåâåðîÿòíûì ñîáûòèåì äëÿ

êîíå÷íîãî ìíîæåñòâà îäíîðîäíûõ ñîáûòèé N ⊂ F
ïðè óñëîâèè, ÷òî X −→ ter(X//X) íàçûâàåòñÿ òàêîå

âñåîáùåå ñîáûòèå ξ̂N|X−→ter(X//X) ∈ F , äëÿ êîòîðîãî

âûïîëíåíû âêëþ÷åíèÿ:

∑

|N |>m

ter(N ∪X//N ∪ X) ⊆

⊆ ξ̂N|X−→ter(X//X) ⊆

⊆ ∑

|N |≥m

ter(N ∪X//N ∪ X),

(17)

êîòîðîå íàñòóïàåò ñ âåðîÿòíîñòüþ

P(ξ̂N|X−→ter(X//X)) =
1

|N|
∑

ξ∈N

P(ξ|ter(X//X)), (18)

ãäå P(ξ|ter(X//X)) � ýòî óñëîâíàÿ âåðîÿòíîñòü

ñîáûòèÿ â êëàññè÷åñêîì åå ïîíèìàíèè. Ñîáûòèå

ξ̂N|X−→ter(X//X) íàñòóïàåò âñÿêèé ðàç, êîãäà ñðå-

äè ñîáûòèé èç ìíîæåñòâà {ξ ∩ ter(X//X)|ξ ∈ N}
íàñòóïàåò íå ìåíåå, ÷åì m ñîáûòèé, ãäå m ∈
{0, 1, . . . , |N|} è óäîâëåòâîðÿåò íåðàâåíñòâàì

∑

|N |>m

p(N ∪X//N ∪ X) ≤

≤ P(ξ̂N|X−→ter(X//X)) ≤

≤ ∑

|N |≥m

p(N ∪X//N ∪ X).

(19)

Êàê ðàíåå óæå áûëî ïîäìå÷åíî, â íåêîòîðûõ ñëó÷à-

ÿõ î÷åíü óäîáíî ñðåäíåâåðîÿòíîå ñîáûòèå �îðìóëè-

ðîâàòü íà ÿçûêå òåððàñíûõ m-ñëîåâ è òåððàñíûõ m-

ïëàñòîâ.
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Èòàê, îïðåäåëèì ìíîæåñòâåííûé óñëîâíûé m-ñëîé

Cm
N|X−→ter(X//X) ⊆ 2N∪X

è ìíîæåñòâåííûé óñëîâíûé

m-ïëàñò Cm
N|X−→ter(X//X) ⊆ 2N∪X

(îáà ïðè óñëîâèè òî-

ãî, ÷òî ìíîæåñòâî X ñëó÷èëîñü êàê ter(X//X)) êàê
ñîâîêóïíîñòü ïîäìíîæåñòâ ñîáûòèé

Cm
N|X−→ter(X//X) = {N ∪X : N ⊆ N, |N | = m} (20)

Cm+
N|X−→ter(X//X) = {N ∪X : N ⊆ N, |X | ≥ m} (21)

Äàëåå, îïðåäåëèì òåððàñíûå îïåðàöèè óñëîâíîãî ¾m-

ñëîé¿:

terop(Cm
N|X−→ter(X//X)//2

N∪X) =

=
∑

Y ∈Cm
N|X−→ter(X//X)

ter(Y//N ∪ X) ⊆ Ω
(22)

è óñëîâíîãî ¾m-ïëàñò¿:

terop(Cm+
N|X−→ter(X//X)//2

N∪X) =

=
∑

Y ∈Cm+
N|X−→ter(X//X)

ter(Y//N ∪ X) ⊆ Ω
(23)

Îïðåäåëåíèå 8. Ñðåäíåâåðîÿòíûì ñîáûòèåì äëÿ

êîíå÷íîãî îäíîðîäíîãî ìíîæåñòâà ñîáûòèé N ⊂ F
ïðè óñëîâèè, ÷òî X −→ ter(X//X) íàçûâàåòñÿ ëþ-

áîå òàêîå âñåîáùåå ñîáûòèå ξ̂N|X−→ter(X//X) ∈ F , êî-
òîðîå ñîäåðæèòñÿ â òåððàñíîì óñëîâíîìm-ïëàñòå,

ñîäåðæèò òåððàñíûé óñëîâíûé m+ 1-ïëàñò:

terop(C
(m+1)+
N|X−→ter(X//X)//2

N∪X) ⊆

ξ̂N|X−→ter(X//X) ⊆

⊆ terop(C
(m)+
N|X−→ter(X//X)//2

N∪X),

(24)

è íàñòóïàåò ñî ñðåäíåé âåðîÿòíîñòüþ

P(ξ̂N|X−→ter(X//X)) =
1

|N|
∑

ξ∈N

P(ξ|ter(X//X)), (25)

ãäå P(ξ|ter(X//X)) � ýòî óñëîâíàÿ âåðîÿòíîñòü

ñîáûòèÿ â êëàññè÷åñêîì åå ïîíèìàíèè. Ñîáûòèå

ξ̂N|X−→ter(X//X) íàñòóïàåò âñÿêèé ðàç, êîãäà ñðå-

äè ñîáûòèé èç ìíîæåñòâà {ξ ∩ ter(X//X)|ξ ∈ N}
íàñòóïàåò íå ìåíåå, ÷åì m ñîáûòèé, ãäå m ∈
{0, 1, . . . , |N|} è óäîâëåòâîðÿåò íåðàâåíñòâàì

P(terop(C
(m+1)+
N|X−→ter(X//X)//2

N∪X)) ≤

≤ P({ξ ∩ ter(X//X)|ξ ∈ N}) ≤

≤ P(terop(C
(m+1)+
N|X−→ter(X//X)//2

N∪X))

(26)

3 Ñðåäíå-ñîáûòèéíàÿ ðåãðåññèÿ

Ïóñòü ìíîæåñòâî N ⊂ F � ýòî ìíîæåñòâî ñîáûòèé-

ðåãðåññàíäîâ, à ìíîæåñòâî X ⊂ F � ýòî ìíîæåñòâî

ñîáûòèé-ðåãðåññîðîâ.

Îïðåäåëåíèå 9. Ôóíêöèÿ òåîðåòè÷åñêîé ñðåäíåñî-

áûòèéíîé ðåãðåññèè ìíîæåñòâà N ⊂ F ïðèíèìàåò

ñâîè çíà÷åíèÿ íà ter(X//X), X ⊆ X ðàâíûå óñëîâíî-

ìó ñðåäíåâåðîÿòíîìó ñîáûòèþ ìíîæåñòâà N ïðè

óñëîâèè íàñòóïëåíèÿ òåððàñíîãî ðåãðåññîðíîãî ñî-

áûòèÿ:

E(N|ter(X//X)) = ϕ(ter(X//X)) (27)

Èíûìè ñëîâàìè, �óíêöèÿ òåîðåòè÷åñêîé ðåãðåññèè

ýòî îòîáðàæåíèå:

ϕ : 2X −→ Ω. (28)

3.1 Ïðèìåð

�àññìîòðèì ýëåìåíòàðíûé ïðèìåð. Áóäåì íàáëþ-

äàòü çà ïîêóïêàìè îïðåäåëåííûõ ïðîäóêòîâ â ìàãà-

çèíå ïîêóïàòåëÿìè â çàâèñèìîñòè îò èõ åæåìåñÿ÷íî-

ãî äîõîäà. Äàííûé ïðèìåð ïîëíîñòüþ âçÿò èç ãîëîâû

àâòîðà, íî óâàæàåìûé ÷èòàòåëü íå ìîæåò íå ñîãëà-

ñèòüñÿ, ÷òî ïðèâåäåííûå äàííûå ïîëíîñòüþ ñîîòâåò-

ñòâóþò äåéñòâèòåëüíîñòè.

Èç îáùèõ ñîîáðàæåíèé ÿñíî, ÷òî áëàãîñîñòîÿíèå ÷å-

ëîâåêà íåïðåìåííî âëèÿåò íà åãî ðåøåíèå î ïîêóï-

êå òîãî èëè èíîãî ïðîäóêòà â ìàãàçèíå. Ïîýòîìó

áóäåì ñ÷èòàòü, ÷òî ìíîæåñòâî ñîáûòèé-ðåãðåññîðîâ

Y = {ξ, η}, ãäå

ξ = {ïîêóïàòåëü ñ åæåìåñÿ÷íûì äîõîäîì äî 50 ò.ð.},
η = {ïîêóïàòåëü ñ åæåìåñÿ÷íûì äîõîäîì îò 50 ò.ð.},

à ìíîæåñòâî ñîáûòèé-ðåãðåññàíòîâ X = {x, y, z}, ãäå

x = {ïîêóïàòåëåì ïðèîáðåòåí õëåá},
y = {ïîêóïàòåëåì ïðèîáðåòåíî ìîëîêî},
z = {ïîêóïàòåëåì ïðèîáðåòåíà èêðà êðàñíàÿ}.

Ïðåäïîëîæèì,òî ìû íàáëþäàåì çà ïåðâûìè 110 ïî-

êóïàòåëÿìè è îêàçûâàåòñÿ, ÷òî èç íèõ 30 èìåþò äî-

õîä åæåìåñÿ÷íûé äîõîä áîëåå 50 ò.ð., à 80 èìåþò åæå-

ìåñÿ÷íûé äîõîä íèæå äàííîãî óðîâíÿ. Îñíîâûâàÿñü

íà ýòèõ äàííûõ äåëàåì âûâîä î òîì, ÷òî P(ξ) = 8
11 , à

P(η) = 3
11 . Ïðè ýòîì, ξ∩η = ∅, ïîýòîìó ter({ξ}//Y) =

ξ, à ter({η}//Y) = η, âñå îñòàëüíûå òåððàñêè ïóñòûå.

�åçóëüòàòîì íàøèõ íàáëþäåíèé î õàðàêòåðå ïîêóïîê

îêàçàëèñü äàííûå, èçîáðàæåííûå íà ðèñóíêå 3, îòêó-

äà ìîæíî ñäåëàòü âûâîä îá çíà÷åíèÿõ óñëîâíûõ âå-

ðîÿòíîñòåé:
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ξ = {äîõîä äî 50 ò.ð.}

✫✪
✬✩

✫✪
✬✩

✫✪
✬✩

x = {¾õëåá¿}
y = {¾ìîëîêî¿}

z = {¾èêðà¿}

19 38 20

2

0

0

1

η = {äîõîä îò 50 ò.ð.}

✫✪
✬✩

✫✪
✬✩

✫✪
✬✩

x = {¾õëåá¿}
y = {¾ìîëîêî¿}

z = {¾èêðà¿}

7 7 6

2

3

1

4

�èñóíîê 3: Äàííûå î õàðàêòåðå ïîêóïîê ëþäåé ñ ðàçíûì åæåìå-

ñÿ÷íûì äîõîäîì.

p({x}|ξ) = 19

80
p({x}|η) = 7

30

p({y}|ξ) = 20

80
p({y}|η) = 6

30

p({z}|ξ) = 1

80
p({z}|η) = 4

30

p({x, y}|ξ) = 38

80
p({x, y}|η) = 7

30

p({x, z}|ξ) = 2

80
p({x, z}|η) = 2

30

p({y, z}|ξ) = 0 p({y, z}|η) = 1
30

p({x, y, z}|ξ) = 0 p({x, y, z}|η) = 3

30

Íå òðóäíî âû÷èñëèòü âåðîÿòíîñòü óñëîâíîãî ñðåäíå-

âåðîÿòíîãî ñîáûòèÿ:

P(E(X|ξ)) = 120
240 = 0, 5;

P(E(X|η)) = 46
90 ≈ 0, 51

è îïðåäåëèòü, ÷òî

E(X|ξ) = terop(C2+
X|Y−→ξ//2

Y∪X),

à òàêæå, ÷òî E(X|η) áóäåò âêëþ÷àòü óñëîâíûé 2-

ïëàñò è âêëþ÷àòüñÿ â óñëîâíûé 1-ïëàñò:

terop(C3+
X|Y−→η//2

Y∪X) ⊂

⊂ E(X|η) ⊂

⊂ terop(C2+
X|Y−→η//2

Y∪X).
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Àííîòàöèÿ. �àññìàòðèâàåòñÿ ýâåíòîëîãè÷åñêàÿ

ïîðò�åëüíàÿ çàäà÷à Ìàðêîâèöà. Ôîðìóëèðóåò-

ñÿ ñðåäíå-�åíîìåííàÿ ïîñòàíîâêà. �àññ÷èòàíû

ïðèìåðû ðåøåíèÿ ïîðò�åëüíûõ çàäà÷ â ñðåäíå-

�åíîìåííîé ïîñòàíîâêå äëÿ äâóõ, òðåõ è ÷åòûðåõ

ñîáûòèéíûõ ïîðò�åëåé.

Êëþ÷åâûå ñëîâà. Ýâåíòîëîãèÿ, òåîðèÿ âåðîÿòíî-

ñòåé, ñîáûòèå, âåðîÿòíîñòü, ïîðò�åëüíûé àíàëèç,

ïîðò�åëüíûé àíàëèç ñîáûòèé, ñðåäíå-�åíîìåííàÿ,

Ìàðêîâèö

1 Ïðÿìàÿ ýâåíòîëîãè÷åñêàÿ çàäà÷à

Ìàðêîâèöà

�àññìîòðèì ïðÿìóþ ýâåíòîëîãè÷åñêóþ çàäà÷ó Ìàð-

êîâèöà, èíûìè ñëîâàìè, ïðÿìóþ ýâåíòîëîãè÷åñêóþ

ïîðò�åëüíóþ çàäà÷ó, â êîòîðîé íåîáõîäèìî íàéòè

íåèçâåñòíûå äîëè ñîáûòèé â ïîðò�åëå ïðè èçâåñòíîì

âåðîÿòíîñòíîì ðàñïðåäåëåíèè ìíîæåñòâà ýòèõ ïîðò-

�åëüíûõ ñîáûòèé .

Ïóñòü {X(p), a} � ïîðò�åëü ñîáûòèé, ãäå X � ìíî-

æåñòâî ïîðò�åëüíûõ ñîáûòèé ñ èçâåñòíûì âåðîÿò-

íîñòíûì ðàñïðåäåëåíèåì

p = {p(X) : X ⊆ X},

à

a =

{

ax : ax ≥ 0, x ∈ X,
∑

x∈X

ax = 1

}

� ìíîæåñòâî íåèçâåñòíûõ äîëåé ýòèõ ñîáûòèé â

ïîðò�åëå.

Ïðåäïîëàãàåòñÿ, ÷òî äîõîäíîñòè ïîðò�åëüíûõ ñîáû-

òèé x ∈ X îïðåäåëÿþòñÿ èõ èíäèêàòîðàìè:

Υx = 1x.

Òîãäà ñðåäíÿÿ äîõîäíîñòü êàæäîãî ïîðò�åëüíîãî ñî-

áûòèÿ x ∈ X ÿâëÿåòñÿ âåðîÿòíîñòüþ ýòîãî ñîáûòèÿ:

EΥx = E1x = px,

äèñïåðñèÿ äîõîäíîñòè ïîðò�åëüíîãî ñîáûòèÿ ðàâíà

DΥx = D1x = px(1− px) = σ2
x,
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ãäå σ2
x = D1x � äèñïåðñèÿ èíäèêàòîðà ïîðò�åëüíîãî

ñîáûòèÿ x ∈ X.

Äîõîäíîñòü âñåãî ïîðò�åëÿ ñîáûòèé ïîëàãàåòñÿ ðàâ-

íîé ëèíåéíîé êîìáèíàöèè äîõîäíîñòåé åãî ñîáûòèé ñ

äîëÿìè èç a:

ΥX =
∑

x∈X

ax1x.

Òîãäà ñðåäíÿÿ äîõîäíîñòü ïîðò�åëÿ ñîáûòèé îïðåäå-

ëÿåòñÿ âåðîÿòíîñòÿìè åãî ñîáûòèé � ýòî âûïóêëàÿ

êîìáèíàöèÿ âåðîÿòíîñòåé ñîáûòèé ñ êîý��èöèåíòà-

ìè, ðàâíûìè äîëÿì ýòèõ ñîáûòèé â ïîðò�åëå:

E (ΥX) =
∑

x∈X

axpx,

à äèñïåðñèÿ � ýòî êâàäðàòè÷íàÿ �îðìà îò a:

D (ΥX) =
∑

x∈X

∑

y∈X

axayKovxy

ñ êîý��èöèåíòàìè, ðàâíûìè Kovxy = pxy − pxpy �

ïàðíîé êîâàðèàöèè ñîáûòèé x è y.

Ïîñòàíîâêà ïðÿìîé ýâåíòîëîãè÷åñêîé ïîðò�åëüíîé

çàäà÷è âûãëÿäèò ñòàíäàðòíûì îáðàçîì: íàéòè òà-

êîå ìíîæåñòâî äîëåé a ñîáûòèé â äàííîì ïîðò�åëå

ñ èçâåñòíûì âåðîÿòíîñòíûì ðàñïðåäåëåíèåì p, êî-

òîðîå îáåñïå÷èâàåò äàííîå �èêñèðîâàííîå çíà÷åíèå

ñðåäíåé äîõîäíîñòè ïîðò�åëÿ ïðè åãî ìèíèìàëüíîì

ðèñêå (äèñïåðñèè ïîðò�åëÿ):

E (ΥX) = 〈a〉,

D (ΥX)→ min
a
.

1.1 Ïðèìåðû

Äëÿ ïîñòðîåíèÿ ãðà�èêà çàäàþòñÿ âåðîÿòíîñòè ñî-

áûòèé è âñå ñîáûòèéíûå êîâàðèàöèè. �åíåðèðóþòñÿ

ñëó÷àéíûå ìíîæåñòâà äîëåé äëÿ àêòèâîâ è ðàññ÷è-

òûâàþòñÿ ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèÿ ïî

èñõîäíûì äàííûì. Ïîëó÷åííûå âåëè÷èíû ðàñïîëàãà-

þòñÿ íà ïëîñêîñòè: ïî îñè àáñöèññ - êîðåíü èç äèñïåð-

ñèè, à ïî îñè îðäèíàò - ìàòåìàòè÷åñêîå îæèäàíèå.

Â ðåçóëüòàòå ïîëó÷àåòñÿ ãðà�èê çàâèñèìîñòè ðèñêà

è äîõîäíîñòè. Èçîáðàæåííàÿ �èãóðà, îõâàòûâàþùàÿ

âñå ïîñòðîåííûå òî÷êè, íàçûâàåòñÿ "ïóëÿ Ìàðêîâè-

öà".
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�èñóíîê 1: Ïðèìåð ïóëè Ìàðêîâèöà äëÿ äâóõ ñîáûòèé

�èñóíîê 2: Ïðèìåð ïóëè Ìàðêîâèöà äëÿ òðåõ ñîáûòèé

�èñóíîê 3: Ïðèìåð ïóëè Ìàðêîâèöà äëÿ ÷åòûðåõ ñîáûòèé

Íàñ èíòåðåñóåò òîëüêî ý��åêòèâíàÿ ãðàíèöà ïóëè

Ìàðêîâèöà - "Ñåâåðî-çàïàäíàÿ"÷àñòü ïóëè. Îñîáåí-

íîñòü ý��åêòèâíîé ãðàíèöû ïóëè â òîì, ÷òî íà ýòîé

ãðàíèöå ëåæàò òî÷êè ñ ìàêñèìàëüíîé äîõîäíîñòüþ

è â òîæå âðåìÿ ðèñê ïðè äàííîé äîõîäíîñòè ìèíè-

ìàëåí. "Íîãè"ïóëè - òî÷êè ëåæàùèå íà ïîëóîêðóæ-

íîñòè ðàäèóñà 0.5 è ñ öåíòðîì â [0, 0.5]. Åñëè ïîðò-

�åëü ñîñòîèò òîëüêî èç îäíîãî âèäà àêòèâîâ, òî çíà-

÷åíèå äîõîäíîñòè è ðèñêà, êàê ðàç ðàñïîëàãàåòñÿ â

"íîãàõ"ïóëè.

2 Îáîáùåííàÿ ïîñòàíîâêà:

äîõîäíîñòü ñîáûòèÿ êàê ëèíåéíàÿ

�óíêöèÿ åãî èíäèêàòîðà

Â ðàññìîòðåííîé ñòàíäàðòíîé ïîñòàíîâêå ïðèñóò-

ñòâóåò íåäîñòàòîê: Â ðåàëüíûõ óñëîâèÿõ ñëîæíî ïî-

ëó÷èòü ðàñïðåäåëåíèÿ â êîòîðûõ äîõîäíîñòè è ðèñê

ðàñïîëàãàþòñÿ â îäèíàêîâûõ èíòåðâàëàõ äëÿ âñåõ

ïîðò�åëüíûõ àêòèâîâ. Äëÿ ðåøåíèÿ çàäà÷ ñ ðàñïðå-

äåëåíèÿìè, â êîòîðûõ äîõîäíîñòü è/èëè ðèñê ïîðò-

�åëüíûõ àêòèâîâ íå ïðèíàäëåæàò îäíèì èíòåðâà-

ëàì, ïðèìåíÿåòñÿ ìàñøòàáèðîâàíèå è ïðèâåäåíèå äî-

õîäíîñòè è ðèñêà ê îäèíàêîâûì èíòåðâàëàì äëÿ âñåõ

àêòèâîâ. Â äàííîì ïîäõîäå òåðÿåòñÿ ñâÿçü ðåçóëüòà-

òîâ ñ ðåàëüíîñòüþ. Äëÿ ðåøåíèÿ ýòîé ïðîáëåìû áû-

ëà ñ�îðìóëèðîâàíà îáîáùåííàÿ ïîñòàíîâêà çàäà÷è

Ìàðêîâèöà.

�àññìîòðèì ëèíåéíîå îáîáùåíèå ïðÿìîé ýâåíòîëîãè-

÷åñêîé ïîðò�åëüíîé çàäà÷è, êîãäà äîõîäíîñòü ñîáû-

òèÿ îïðåäåëÿåòñÿ êàê ëèíåéíàÿ �óíêöèÿ åãî èíäèêà-

òîðà.

Ïóñòü (X, a)� ïîðò�åëü ñîáûòèé, ãäå X� ìíîæåñòâî

ïîðò�åëüíûõ ñîáûòèé ñ âåðîÿòíîñòíûì ðàñïðåäåëå-

íèåì

p = {p(X) : X ⊆ X},
à

a =

{

ax : ax ≥ 0, x ∈ X,
∑

x∈X

ax = 1

}

� ìíîæåñòâî äîëåé ýòèõ ñîáûòèé â ïîðò�åëå.

Ïðåäïîëàãàåòñÿ, ÷òî äîõîäíîñòè ïîðò�åëüíûõ ñîáû-

òèé x ∈ X îïðåäåëÿþòñÿ ëèíåéíûìè �óíêöèÿìè èõ

èíäèêàòîðà:

Υx = bx1x + dx.

Òîãäà ñðåäíÿÿ äîõîäíîñòü êàæäîãî ïîðò�åëüíîãî ñî-

áûòèÿ x ∈ X ÿâëÿåòñÿ ëèíåéíîé �óíêöèåé âåðîÿòíî-

ñòè ñîáûòèÿ:

EΥx = bxE1x + dx = bxpx + dx,

äèñïåðñèÿ äîõîäíîñòè ïîðò�åëüíîãî ñîáûòèÿ ðàâíà

DΥx = b2xD1x = b2xpx(1− px) = b2xσ
2
x,

ãäå σ2
x = D1x � äèñïåðñèÿ èíäèêàòîðà ïîðò�åëüíîãî

ñîáûòèÿ x ∈ X.

Äîõîäíîñòü âñåãî ïîðò�åëÿ ñîáûòèé ïîëàãàåòñÿ ðàâ-

íîé âûïóêëîé êîìáèíàöèè äîõîäíîñòåé åãî ñîáûòèé

ñ äîëÿìè èç a:

ΥX =
∑

x∈X

ax(bx1x + dx).

Òîãäà ñðåäíÿÿ äîõîäíîñòü ïîðò�åëÿ ñîáûòèé îïðåäå-

ëÿåòñÿ âåðîÿòíîñòÿìè åãî ñîáûòèé ïî �îðìóëå:

E (ΥX) =
∑

x∈X

axbxpx +
∑

x∈X

axdx,
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à äèñïåðñèÿ � �îðìóëîé:

D (rX) =
∑

x∈X

∑

y∈X

axbxaybyKovxy,

ãäå Kovxy = pxy−pxpy � ïàðíàÿ êîâàðèàöèÿ ñîáûòèé

x è y.

Ëèíåéíî îáîáùåííàÿ ïîñòàíîâêà ïðÿìîé ýâåíòîëîãè-

÷åñêîé çàäà÷è âûãëÿäèò ñòàíäàðòíûì îáðàçîì: íàé-

òè òàêîå ìíîæåñòâî äîëåé a ñîáûòèé â äàííîì ïîðò-

�åëå ñ èçâåñòíûì �èêñèðîâàííûì âåðîÿòíîñòíûì

ðàñïðåäåëåíèåì p, êîòîðîå îáåñïå÷èâàåò äàííîå �èê-

ñèðîâàííîå çíà÷åíèå ñðåäíåé äîõîäíîñòè ïîðò�åëÿ

ïðè åãî ìèíèìàëüíîì ðèñêå (äèñïåðñèè ïîðò�åëÿ):

E (ΥX) = 〈a〉,

D (ΥX)→ min
a
.

2.1 Ïðèìåðû

�èñóíîê 4: Ïðèìåð ïóëè Ìàðêîâèöà äëÿ äâóõ ñîáûòèé

�èñóíîê 5: Ïðèìåð ïóëè Ìàðêîâèöà äëÿ òðåõ ñîáûòèé

Â äàííîé ïîñòàíîâêå êàæäàÿ "íîãà"ïóëè ðàñïîëîæå-

íà íà ñâîåé ïîëóîêðóæíîñòè ðàäèóñà bx/2 è öåíòð

ñìåùåí â òî÷êó [0, bx/2 + dx].
Ó ïóëè òàêæå, êàê è â îáû÷íîé ïîñòàíîâêå, îïðåäåëÿ-

åòñÿ ý��åêòèâíàÿ ãðàíèöà. Ïîñòðîåííàÿ ïóëÿ, ïîëó-

÷àåòñÿ ðàñòÿãèâàíèåì ïóëè èç ñòàíäàðòíîé ïîñòàíîâ-

êè íà ïîëóîêðóæíîñòè, õàðàêòåðèçóþùèå àêòèâû.

�èñóíîê 6: Ïðèìåð ïóëè Ìàðêîâèöà äëÿ ÷åòûðåõ ñîáûòèé

3 Ñðåäíå-�åíîìåííàÿ ïîñòàíîâêà

Êàæäûé �åíîìåí ýòî òîëüêî îäèí èç 2N âñåâîçìîæ-

íûõ âçãëÿäîâ íà ðàññìàòðèâàåìûé ïîðò�åëü. Èñ-

ïîëüçóÿ ñðåäíå-�åíîìåííóþ ïîñòàíîâêó, ìû ñìîæåì

îöåíèâàòü ïîðò�åëü ñî ñâåõ òî÷åê çðåíèÿ îäíîâðå-

ìåííî. Â ðåçóëüòàòå ïîëó÷èì ïîðò�åëü, êîòîðûé

îäèíàêîâî ý��åêòèâåí âî âñåõ �åíîìåíàõ.

3.1 Ñðåäíå-�åíîìåíàÿ îáîáùåííàÿ çàäà÷à

Ìàðêîâèöà

�àññìîòðèì ñðåäíå-�åíîìåííóþ âåðñèþ îáîáùåííîé

ïîñòàíîâêè çàäà÷è Ìàðêîâèöà. Â çàäà÷å îöåíèâàåòñÿ

ñðåäíÿÿ äîõîäíîñòü è ñðåäíèé ðèñê ïî âñåâîçìîæíûì

ñåò-�åíîìåíàì ñîáûòèé.

Ïóñòü {X(p), a} � ïîðò�åëü ñîáûòèé, ãäå X � ìíî-

æåñòâî ïîðò�åëüíûõ ñîáûòèé ñ èçâåñòíûì âåðîÿò-

íîñòíûì ðàñïðåäåëåíèåì äëÿ X-�åíîìåíà

p = {p(X) : X ⊆ X},

à

a =

{

ax : ax ≥ 0, x ∈ X,
∑

x∈X

ax = 1

}

� ìíîæåñòâî íåèçâåñòíûõ äîëåé ýòèõ ñîáûòèé â

ïîðò�åëå.

X-�åíîìåí ñòàíäàðòíîãî ïîðò�åëüíîãî ìíîæåñòâà

ñîáûòèé îïðåäåëÿåòñÿ ïî �îðìóëå

X(c|X) = X + (X−X)(c).

Ìîùíîñòíîé èíäèêàòîð ïîðò�åëüíîãî ìíîæåñòâà ñî-

áûòèé - âûïóêëàÿ êîìáèíàöèÿ ëèíåéíûõ èíäèêàòî-

ðîâ ñîáûòèé èç X âû÷èñëÿåòñÿ ïî �îðìóëå:

Υ̌X =
∑

x∈X

ax(bx1x + dx).

Èç ñâîéñòâ ìîùíîñòíîãî èíäèêàòîðà è ñåò-�åíîìåíà

ñëåäóåò, ÷òî

Υ̌X(c|X) = Υ̌X + Υ̌(X−X)(c) =
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=
∑

x∈X

ax(bx1x + dx) +
∑

x∈X−X

ax(1− (bx1x + dx)).

Ñðåäíÿÿ äîõîäíîñòü ïîðò�åëÿ ñîáûòèé îïðåäåëÿåòñÿ

ïî �îðìóëå

〈EΥ̌X(c|X)〉X⊆X = |X|a(b+d) − 2
∑

x∈X

a2xb
2
xσ

2
x,

ãäå

|X|a(b+d) =
∑

x∈X

ax(bx + dx)

〈DΥ̌X(c|X)〉X⊆X =

=
∑

x∈X

a2xb
2
xσ

2
x + 2

∑

{x,y}⊆X

axaybxby〈Kov{x,y}(c|X)〉X⊆{x,y}

σ2
x = px(1− px)

è

Kovxy = pxy − pxpy.

Ïîñòàíîâêà ïðÿìîé ñðåäíå-�åíîìåííîé ýâåíòîëîãè-

÷åñêîé ïîðò�åëüíîé çàäà÷è âûãëÿäèò ñòàíäàðòíûì

îáðàçîì: íàéòè òàêîå ìíîæåñòâî äîëåé a ñîáûòèé â

äàííîì ïîðò�åëå ñ èçâåñòíûì âåðîÿòíîñòíûì ðàñ-

ïðåäåëåíèåì p, êîòîðîå îáåñïå÷èâàåò äàííîå �èêñè-

ðîâàííîå çíà÷åíèå ñðåäíåé äîõîäíîñòè ïîðò�åëÿ ïðè

åãî ìèíèìàëüíîì ðèñêå (äèñïåðñèè ïîðò�åëÿ):

〈EΥ̌X(c|X)〉X⊆X = 〈a〉,

〈DΥ̌X(c|X)〉X⊆X =→ min
a
.

3.2 Ïðèìåðû

Òàêæå êàê è â ñòàíäàðòíîé ïîñòàíîâêå, â ñðåäíå-

�åíîìåííîé îïðåäåëÿåòñÿ ý��åêòèâíàÿ ãðàíèöà.

Íàçîâåì ýòó ãðàíèöó ñðåäíå-�åíîìåííîé ý��åêòèâ-

íîé ãðàíèöåé ïóëè Ìàðêîâèöà. �àñïðåäåëåíèÿ ìíî-

æåñòâà äîëåé ïîðò�åëÿ, êîòîðûå �îðìèðóþò ñðåäíå-

�åíîìåííóþ ý��åêòèâíóþ ãðàíèöó, ñîçäàþò îäèíà-

êîâî ðåçóëüòàòèâíûå ïîðò�åëè äëÿ âñåõ �åíîìåíîâ.

Â ñðåäíå-�åíîìåííîé ïîñòàíîâêå "íîãè"ó ïóëè ëå-

æàò íà ïåðåâåðíóòûõ ïàðàáîëàõ öåíòðû, êîòîðûõ íà-

õîäèòñÿ â òî÷êàõ [0, bx+dx], à âåòâè ðàñòÿíóòû â äâà

ðàçà âäîëü îñè àáñöèññ.

4 Ñðàâíåíèå ðåçóëüòàòîâ ñòàíäàðòíîé

è ñðåäíå-�åíîìåííîé ïîñòàíîâîê

Äëÿ ñðàâíåíèÿ ðåçóëüòàòîâ ðåøàåì òðè çàäà÷è ñ

ðàçíûìè ðàñïðåäåëåíèÿìè. Äëÿ óïðîùåíèÿ àíàëèçà

ñðàâíèâàòü áóäåì ïîñòàíîâêè ñ âåñàìè ó âñåõ ñîáû-

òèé ðàâíûìè bx = 1 è dx = 0.
Ôåíîìåí, âåðîÿòíîñòè, êîòîðîãî çàäàþòñÿ ïðè �îð-

ìóëèðîâêå çàäà÷è, áóäåì íàçûâàòü îñíîâíûì �åíî-

ìåíîì.

�èñóíîê 7: Ïðèìåð ñðåäíå-�åíîìåííîé ïóëè Ìàðêîâèöà äëÿ

äâóõ ñîáûòèé

�èñóíîê 8: Ïðèìåð ñðåäíå-�åíîìåííîé ïóëè Ìàðêîâèöà äëÿ

òðåõ ñîáûòèé

�èñóíîê 9: Ïðèìåð ñðåäíå-�åíîìåííîé ïóëè Ìàðêîâèöà äëÿ

÷åòûðåõ ñîáûòèé

4.1 Äâà ñîáûòèÿ

�åøèì ñðåäíå-�åíîìåííóþ çàäà÷ó Ìàðêîâèöà äëÿ

äâóõ ñîáûòèé ñ âåðîÿòíîñòÿìè [0.9, 0.2]. Ïîñòðîèì
ãðà�èê ïóëè è ñðàçó îïðåäåëèì ñîîòíîøåíèÿ àêòè-

âîâ â äâóõ òî÷êàõ: ìèíèìàëüíûé ðèñê è ìàêñèìàëü-

íàÿ äîõîäíîñòü. Ýòè òî÷êè íà ãðà�èêå îòìå÷åíû çå-

ëåíûì è êðàñíûì ñîîòâåòñòâåííî.

Óâåëè÷èâ îáëàñòü, îòìå÷åííóþ êðàñíûì êâàäðàòîì,

óâèäèì ñðåäíå-�åíîìåííóþ ý��åêòèâíóþ ãðàíèöó

Ìàðêîâèöà.
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�èñóíîê 10: Ñðåäíå-�åíîìåííàÿ ïóëÿ Ìàðêîâèöà äëÿ äâóõ ñî-

áûòèé

�èñóíîê 11: Ñðåäíå-�åíîìåííàÿ ý��åêòèâíàÿ ãðàíèöà Ìàðêî-

âèöà äëÿ äâóõ ñîáûòèé.

Ñ ïîëó÷åííûìè çíà÷åíèÿìè àêòèâîâ ðåøàåì ñòàí-

äàðòíóþ ïîñòàíîâêó äëÿ îñíîâíîãî �åíîìåíà. Îò-

ðåçîê ìåæäó òî÷êàìè, ñ�îðìèðîâàííûìè ïðè ðåøå-

íèè ñðåäíå-�åíîìåííîé çàäà÷è, ðàñïîëîæåí íà ÷à-

ñòè ý��åêòèâíîé ãðàíèöû. Ýòî îçíà÷àåò, ÷òî ìíîæå-

ñòâî ðåøåíèé ñðåäíå-�åíîìåííîé ïîñòàíîâêè ÿâëÿ-

åòñÿ ïîäìíîæåñòâîì ìíîæåñòâà ðåøåíèé ñòàíäàðò-

íîé ïîñòàíîâêè äëÿ äâóõ ñîáûòèé. Òî÷êè êðàñíîãî

öâåòà îáîçíà÷àþò çíà÷åíèÿ ïîñòðîåííûå äëÿ ïîðò-

�åëÿ ñî ñðåäíå-�åíîìåííîé ìàêñèìàëüíîé äîõîäíî-

ñòüþ, à çåëåíûå - ñî ñðåäíå-�åíîìåííûì ìèíèìàëü-

íûì ðèñêîì.

�èñóíîê 12: Ñòàíäàðòíàÿ ïóëÿ Ìàðêîâèöà äëÿ äâóõ ñîáûòèé.

È ñòðîèì äëÿ âñåõ �åíîìåíîâ ïóëè, âîçìîæíûå ïðè

äàííîì ðàñïðåäåëåíèè, íà îäíîì ãðà�èêå è ðàñïîëà-

ãàåì çíà÷åíèÿ ïîëó÷åííûå ïðè íàéäåííûõ àêòèâàõ.

�èñóíîê 13: Ñòàíäàðòíûå ïóëè Ìàðêîâèöà âñåâîçìîæíûõ �å-

íîìåíîâ äëÿ äâóõ ñîáûòèé.

4.2 Òðè ñîáûòèÿ

�åøèì ñðåäíå-�åíîìåííóþ çàäà÷ó Ìàðêîâèöà äëÿ

òðåõ ñîáûòèé ñ âåðîÿòíîñòÿìè [0.9, 0.4, 0.2]. Ïîñòðîèì
ãðà�èê ïóëè è ñðàçó îïðåäåëèì ñîîòíîøåíèÿ àêòè-

âîâ â äâóõ òî÷êàõ: ìèíèìàëüíûé ðèñê è ìàêñèìàëü-

íàÿ äîõîäíîñòü. Ýòè òî÷êè íà ãðà�èêå îòìå÷åíû çå-

ëåíûì è êðàñíûì ñîîòâåòñòâåííî.

�èñóíîê 14: Ñðåäíå-�åíîìåííàÿ ïóëÿ Ìàðêîâèöà äëÿ òðåõ ñî-

áûòèé

Óâåëè÷èâ îáëàñòü, îòìå÷åííóþ êðàñíûì êâàäðàòîì,

óâèäèì ñðåäíå-�åíîìåííóþ ý��åêòèâíóþ ãðàíèöó

Ìàðêîâèöà.

Ñ ïîëó÷åííûìè çíà÷åíèÿìè àêòèâîâ ðåøàåì ñòàí-

äàðòíóþ ïîñòàíîâêó äëÿ îñíîâíîãî �åíîìåíà.

È ñòðîèì äëÿ âñåõ �åíîìåíîâ ïóëè, âîçìîæíûå ïðè

äàííîì ðàñïðåäåëåíèè, íà îäíîì ãðà�èêå è ðàñïîëà-

ãàåì çíà÷åíèÿ ïîëó÷åííûå ïðè íàéäåííûõ àêòèâàõ.

Çíà÷åíèÿ ïîëó÷åííûå äëÿ ñðåäíå-�åíîìåííîãî ý�-

�åêòèâíîãî ïîðò�åëÿ ðàñïîëàãàþòñÿ âáëèçè ý��åê-

òèâíîé ãðàíèöû ïóëè Ìàðêîâèöà.
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�èñóíîê 15: Ñðåäíå-�åíîìåííàÿ ý��åêòèâíàÿ ãðàíèöà Ìàðêî-

âèöà äëÿ òðåõ ñîáûòèé.

�èñóíîê 16: Ñòàíäàðòíàÿ ïóëÿ Ìàðêîâèöà äëÿ òðåõ ñîáûòèé.

�èñóíîê 17: Ñòàíäàðòíûå ïóëè Ìàðêîâèöà âñåâîçìîæíûõ �å-

íîìåíîâ äëÿ òðåõ ñîáûòèé.

4.3 ×åòûðå ñîáûòèÿ

�åøèì ñðåäíå-�åíîìåííóþ çàäà÷ó Ìàðêîâèöà äëÿ

÷åòûðåõ ñîáûòèé ñ âåðîÿòíîñòÿìè [0.9, 0.7, 0.4, 0.2].
Ïîñòðîèì ãðà�èê ïóëè è ñðàçó îïðåäåëèì ñîîòíî-

øåíèÿ àêòèâîâ â äâóõ òî÷êàõ: ìèíèìàëüíûé ðèñê è

ìàêñèìàëüíàÿ äîõîäíîñòü. Ýòè òî÷êè íà ãðà�èêå îò-

ìå÷åíû çåëåíûì è êðàñíûì ñîîòâåòñòâåííî.

Óâåëè÷èâ îáëàñòü, îòìå÷åííóþ êðàñíûì êâàäðàòîì,

óâèäèì ñðåäíå-�åíîìåííóþ ý��åêòèâíóþ ãðàíèöó

Ìàðêîâèöà.

Ñ ïîëó÷åííûìè çíà÷åíèÿìè àêòèâîâ ðåøàåì ñòàí-

�èñóíîê 18: Ñðåäíå-�åíîìåííàÿ ïóëÿ Ìàðêîâèöà äëÿ ÷åòûðåõ

ñîáûòèé

�èñóíîê 19: Ñðåäíå-�åíîìåííàÿ ý��åêòèâíàÿ ãðàíèöà Ìàðêî-

âèöà äëÿ ÷åòûðåõ ñîáûòèé.

äàðòíóþ ïîñòàíîâêó äëÿ îñíîâíîãî �åíîìåíà.

�èñóíîê 20: Ñòàíäàðòíàÿ ïóëÿ Ìàðêîâèöà äëÿ ÷åòûðåõ ñîáû-

òèé.

È ñòðîèì äëÿ âñåõ �åíîìåíîâ ïóëè, âîçìîæíûå ïðè

äàííîì ðàñïðåäåëåíèè, íà îäíîì ãðà�èêå è ðàñïîëà-

ãàåì çíà÷åíèÿ ïîëó÷åííûå ïðè íàéäåííûõ àêòèâàõ.

4.4 Âûâîä

Ñðåäíå-�åíîìåííàÿ ïîñòàíîâêà ìîæåò ïðèìåíÿòüñÿ

íàðàâíå ñî ñòàíäàðòíîé ïîñòàíîâêîé, íî ïðè óâåëè-

÷åíèè êîëè÷åñòâà àêòèâîâ â ïîðò�åëå, ðåçóëüòàò îò-
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�èñóíîê 21: Ñòàíäàðòíûå ïóëè Ìàðêîâèöà âñåâîçìîæíûõ �å-

íîìåíîâ äëÿ ÷åòûðåõ ñîáûòèé.

äàëÿåòñÿ îò êðàÿ ý��åêòèâíîé ãðàíèöû ñòàíäàðòíîé

ïóëè ê öåíòðó ïóëè.

Â ñâîþ î÷åðåäü ñðåäíå-�åíîìåííàÿ ïîñòàíîâêà îöå-

íèâàåò ïîðò�åëü ñî âñåõ ñòîðîí, è â ðåçóëüòàòå

ïðèìåíåíèÿ ñðåäíå-�åíîìåííîé òåîðèè ïîëó÷àåòñÿ

ïîðò�åëü, êîòîðûé íàèáîëåå îïòèìàëåí ïî âñåì �å-

íîìåíàì.

5 Ñìûñë ñðåäíå-�åíîìåííîé

ïîñòàíîâêè

Èãðà íà �îíäîâûõ ðûíêàõ - ýòî ñðàæåíèå îäíîãî

ïðîòèâ âñåõ, ò.å. êàæäûé èíâåñòîð ñòðåìèòñÿ ïåðåèã-

ðàòü îñòàëüíûõ èíâåñòîðîâ, êàê ñîâîêóïíîñòü, à íå

êàæäîãî ïî îòäåëüíîñòè. Êàæäûé �åíîìåí îòîáðà-

æàåò âçãëÿä íà àêòèâû îäíîãî èç èíâåñòîðîâ. Ïóòåì

ïåðåáîðà âñåõ �åíîìåíîâ ìû îöåíèì â êàêèõ äîëÿõ

âêëàäûâàòü àêòèâû â �åíîìåíû, çàòåì ïðèìåíÿÿ ïî-

ëó÷åííîå ðàñïðåäåëåíèå àêòèâîâ, âûáåðåì �åíîìåí

ñ ìàêñèìàëüíîé äîõîäíîñòüþ. Â ðåçóëüòàòå ïîëó÷èì

ïîðò�åëü, êîòîðûé â ñðåäíåì ý��åêòèâíåå äðóãèõ.

6 Äàëüíåéøåå ðàçâèòèå

Ëîãè÷íûì ðàçâèòèåì ñðåäíå-�åíîìåííîé ïîðò�åëü-

íîé òåîðèè áóäåò ÿâëÿòüñÿ ïðèìåíåíèå ìåòîäèêè íà

ðàçëè÷íûõ �îíäîâûõ ðûíêàõ. Òàê æå, ìíå êàæåòñÿ,

ïîëó÷èòñÿ îïèñàòü ðàçëè÷íûå ñòðàòåãèè èíâåñòèðî-

âàíèÿ ïóòåì ïðèìåíåíèÿ ñðåäíå-�åíîìåííîé ïîñòà-

íîâêè.
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Ñèáèðñêèé �åäåðàëüíûé óíèâåðñèòåò
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Àííîòàöèÿ. Â ðàáîòå îïèñàí ìåòîä ñòðåññ-

òåñòèðîâàíèÿ ðèñê-ìîäåëåé è óêàçàíà îäíà ïðîáëå-

ìà, ñ êîòîðîé ìîæíî ñòîëêíóòüñÿ ïðè ïîñòðîåíèè

ñòðåññîâûõ ñöåíàðèåâ îïèñàííûì ìåòîäîì. Ïðåäëà-

ãàåòñÿ ñïîñîá ðåøåíèÿ óêàçàííîé ïðîáëåìû.

Êëþ÷åâûå ñëîâà. �èñê, ìîäåëü, óñëîâíîå ðàñïðåäå-

ëåíèå, ñòðåññ-òåñò, ñöåíàðèé.

1 Ââåäåíèå

Óïðàâëåíèå �èíàíñîâûì ðèñêîì èìååò äàâíþþ èñ-

òîðèþ, è íà èíòóèòèâíîì óðîâíå ïðèìåíÿëîñü, ïî-

âèäèìîìó, åùå â äðåâíåì ìèðå, âî âðåìåíà çàðîæäå-

íèÿ òîðãîâûõ îòíîøåíèé. Â äâàäöàòîì âåêå ýòà äå-

ÿòåëüíîñòü ñòàëà ïðèîáðåòàòü �îðìàëèçîâàííûé õà-

ðàêòåð, àêòèâíî ïðèâëåêàÿ ìàòåìàòè÷åñêèå ìåòîäû.

Òàê âîçíèêëà òåîðèÿ ïîðò�åëüíîãî óïðàâëåíèÿ Ìàð-

êîâèöà, ñíà÷àëà â âèäå ñòàòüè [6℄, à ïîòîì - è â âèäå

ñèñòåìàòè÷åñêîãî èçëîæåíèÿ â êíèãå [7℄. Äàëåå ýòî

òåîðèÿ áûëà ðàçâèòà â ÷àñòè âêëþ÷åíèÿ â ïîðò�åëü

áåçðèñêîâûõ èíñòðóìåíòîâ Òîáèíûì [11℄, è äîâåäåíà

Øàðïîì äî òåîðèè âçàèìîäåéñòâèÿ ñ ðûíêîì â öåëîì

â [10℄.

Ñ ïîâûøåíèåì èçìåí÷èâîñòè ïîâåäåíèÿ èíñòðóìåí-

òîâ �èíàíñîâîãî ðûíêà ðîñëà è ïîòðåáíîñòü â ñïå-

öèàëèçèðîâàííûõ èíñòðóìåíòàõ óïðàâëåíèÿ ðèñêîì.

Òàê, â 1970-õ ãîäàõ øèðîêîå èñïîëüçîâàíèå òàê íà-

çûâàåìûå ïðîèçâîäíûå èíñòðóìåíòû: îïöèîíû, �üþ-

÷åðñû, �îðâàðäû, à òàêæå ìíîãèå äðóãèå. Ìàòåìà-

òè÷åñêàÿ òåîðèÿ òàêèõ èíñòðóìåíòîâ áûëà çàëîæåíà

Áëýêîì, Øîóëçîì ì Ìåðòîíîì â ðàáîòàõ [2, 8℄, è ñ

òåõ ïîð ñòðåìèòåëüíî ðàçâèâàëàñü, ñì. íàïðèìåð ïî-

ñëåäíåå èçäàíèå êíèãè Õàëëà [3℄.

Â ïîñëåäíèå äåñÿòèëåòèÿ �èíàíñîâûå êðèçèñû ïðè-

îáðåëè áîëåå âûðàæåííóþ �îðìó. Òàê â 1997-1998

ãîäàõ ïðîèçîøëè àçèàòñêèé êðèçèñ è ðîññèéñêèé

äå�îëò, â 2000-2001 ãîäàõ íàáëþäàëîñü ëîïàíèå

èíòåðíåò-ïóçûðÿ, â 2008-2009 ãîäó èìåë ìåñòî ìè-

ðîâîé �èíàíñîâûé êðèçèñ. Îáåñïå÷åíèå óñòîé÷è-

âîñòè �èíàíñîâîé ñèñòåìû �èðìû, êîìïàíèè èëè

õåäæ-�îíäà â òàêèõ óñëîâèÿõ òðåáóåò ïðîâåäåíèÿ

ñïåöèàëüíûõ ìåðîïðèÿòèé. Îäíèì èç òàêèõ êîì-

ïëåêñîâ ìåðîïðèÿòèé ñòàëà ìåòîäîëîãèÿ ñòðåññ-

òåñòèðîâàíèÿ, îñíîâíûå ïðèíöèïû êîòîðîé áûëè
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ñ�îðìóëèðîâàíû â 1998 ãîäó â ðàáîòå [5℄, è ïîëó÷èëè

ðàçâèòèå äàëåå â ñòàòüÿõ [9, 1, 4℄ è ìíîãèõ äðóãèõ.

2 �àñïðåäåëåíèå �àêòîðîâ è

ðàçáèåíèå

�àññìîòðèì ìåòîäîëîãèþ ñòðåññ-òåñòèðîâàíèÿ, ïðåä-

ëîæåííóþ â [5℄. Îáîçíà÷èì X = (X1, . . . , Xn)
′
âåê-

òîð �àêòîðîâ, èìåþùèõ íîðìàëüíîå ðàñïðåäåëåíèå

ñ íóëåâûì ñðåäíèì è êîâàðèàöèîííîé ìàòðèöåé C =
E(XX ′), à w = (w1, . . . , wn)

′
� âåêòîð âåñîâ. Èç

ýòèõ îáúåêòîâ îáðàçóåòñÿ ïîðò�åëü ïî ïðàâèëó U =
w′X . Âåêòîð âåñîâ ïðåäïîëàãàåòñÿ íåíóëåâûì, äðó-

ãèõ îãðàíè÷åíèé íå íàêëàäûâàåòñÿ. Äðóãèìè ñëîâà-

ìè, â ïîðò�åëü ìîãóò âõîäèòü êàê äëèííûå (ïîëîæè-

òåëüíûå âåñà), òàê è êîðîòêèå (îòðèöàòåëüíûå âåñà)

ïîçèöèè. Äîõîäíîñòü ïîðò�åëÿ, î÷åâèäíî, ðàâíà íó-

ëþ, äèñïåðñèÿ è ñòàíäàðòíîå îòêëîíåíèå çàäàþòñÿ

âûðàæåíèÿìè w′Cw, σ(X) =
√
w′Cw.

Ìíîæåñòâî èíäåêñîâ {1, . . . , n} ðàçáèâàåòñÿ íà äâà

ïîäìíîæäåñòâà I,K òàêèì îáðàçîì, ÷òîáû â ìíîæå-

ñòâî èíäåêñîâ I ïîïàäàëè íîìåðà �àêòîðîâ, ïîäâåð-

ãàåìûõ ñòðåññó, à â ìíîæåñòâî K � íîìåðà �àêòî-

ðîâ, êîòîðûå èçìåíÿþòñÿ â ñîîòâåòñòâèè ñî ñâÿçÿ-

ìè, çàäàâàåìûìè èñõîäíûì ðàñïðåäåëåíèåì ñëó÷àé-

íîãî âåêòîðà X . Äëÿ óäîáñòâà çàïèñè áëîêîâ âåê-

òîðîâ è ìàòðèö áóäåì ñ÷èòàòü, ÷òî ïðè íåêîòîðîì

m ýòè ïîäìíîæåñòâà èìåþò âèä

1 I = {1, . . . ,m}
è K = {m + 1, . . . , n}. Òîãäà âåêòîð X ðàçáèâà-

åòñÿ íà X = (X ′
I , X

′
K)′ ñ XI = (X1, . . . , Xm)′ è

XK = (Xm+1, . . . , Xn)
′
, à êîâàðèàöèîííàÿ ìàòðèöà

ïðåäñòàâëÿåòñÿ â áëî÷íîì âèäå

C =

(
CII CIK

CKI CKK

)

,

ñ î÷åâèäíûì ñîñòàâîì áëîêîâ, ïðè÷åì CIK = C′
KI .

3 Óñëîâíîå ðàñïðåäåëåíèå

Çà�èêñèðóåì çíà÷åíèÿ êîìïîíåíò ïîäâåêòîðà XI =
a = (a1, . . . , am). Èçâåñòíî [5℄, ÷òî óñëîâíîå ðàñïðå-

äåëåíèå îñòàâøèõñÿ �àêòîðîâ XK ïðè ýòîì óñëîâèè

1

Äëÿ ðåàëèçàöèè ðàñ÷åòíîãî àëãîðèòìà òàêîå óïîðÿäî÷å-

íèå íåñóùåñòâåííî, �àêòîðû ìîæíî îñòàâëÿòü íà ñâîèõ ìå-

ñòàõ.
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ÿâëÿåòñÿ íîðìàëüíûì, ñî ñðåäíèì

µ(a) = E(XK |XI = a) = CKIC
−1
II a (1)

è êîâàðèàöèîííîé ìàòðèöåé

C(a) = CKK − CKIC
−1
II CIK . (2)

Îòìåòèì, ÷òî êîððåëÿöèîííàÿ ñòðóêòóðà óñëîâíîãî

ðàñïðåäåëåíèÿ íå çàâèñèò îò ðàçìåðà ñòðåññà a, à çà-
âèñèò ëèøü îò ñïîñîáà ðàçáèåíèÿ �àêòîðîâ íà �èê-

ñèðîâàííûå (âîçìóùàåìûå) I è "ñâîáîäíûå" K.

�åçóëüòàò ñòðåññà ìîæåò áûòü çàïèñàí äëÿ îæèäà-

åìûõ çíà÷åíèé �àêòîðîâ â âèäå

(
a

µ(a)

)

, à òàêæå

â âèäå äîâåðèòåëüíûõ èíòåðâàëîâ óðîâíÿ α, øèðèíà
êîòîðûõ ðàâíà íóëÿ äëÿ �àêòîðîâ ñ íîìåðàìè èç I;
äëÿ �àêòîðîâ ñ íîìåðàìè èç K ñòàíäàðòíûå îòêëî-

íåíèÿ τk, k = 1, . . . , n−m ðàâíû êâàäðàòíûì êîðíÿì

èç äèàãîíàëüíûõ ýëåìåíòîâ ìàòðèöû C(a), à äîâåðè-
òåëüíûå èíòåðâàëû óðîâíÿ äîâåðèÿ α èìåþò ãðàíè-

öû µk(a)± q(1+α)/2τk, k = 1, . . . , n−m, ãäå êâàíòèëü

q çàäàííîãî óðîâíÿ îïðåäåëåí â (??).

4 Èíòóèòèâíîå ïðåäñòàâëåíèå î

ðåàêöèè íà ñòðåññ

Èíòóèòèâíî ÿñíî, ÷òî ïðè ïîëîæèòåëüíîé êîððåëÿ-

öèè äâóõ �àêòîðîâ ïîëîæèòåëüíûé ñòðåññ îäíîãî èç

íèõ âûçîâåò ïîëîæèòåëüíóþ ñðåäíþþ ðåàêöèþ äðó-

ãîãî, à ïðè îòðèöàòåëüíîé êîððåëÿöèè çíàê ñðåäíåé

ðåàêöèè áóäåò ïðîòèâîïîëîæåí çíàêó ñòðåññà. Ýòà

ñâÿçü ïðîèëëþñòðèðîâàíà íà ðèñóíêàõ 1 è 2.

�èñóíîê 1: Äèàãðàììà ðàññåÿíèÿ äâóìåðíîãî íîðìàëüíîãî ðàñ-

ïðåäåëåíèÿ ïðè êîý��èöèåíòå êîððåëÿöèè 0.6 è ðàâíûõ ñòàí-

äàðòíûõ îòêëîíåíèÿõ; ëèíèÿ ðåãðåññèè âòîðîãî �àêòîðà íà

ïåðâûé x2 = 0.6 · x1.

Íà ðèñóíêå 1 ïîêàçàíà äèàãðàììà ðàññåÿíèÿ äâóìåð-

íîãî íîðìàëüíîãî ðàñïðåäåëåíèÿ ñ êîý��èöèåíòîì

êîððåëÿöèè êîìïîíåíò (�àêòîðîâ) 0.6, à òàêæå ëè-

íèÿ ðåãðåññèè âòîðîãî �àêòîðà íà ïåðâûé, êîòîðàÿ

èìååò â äàííîì ñëó÷àå óðàâíåíèå x2 = 0.6 ·x1. Øîêó

ïåðâîãî �àêòîðà âåëè÷èíû a ñîîòâåòñòâóåò â ñðåäíåì
øîê âòîðîãî �àêòîðà âåëè÷èíû 0.6 · a.
Íà ðèñóíêå 2 ïðåäñòàâëåíà àíàëîãè÷íàÿ êàðòèíà äëÿ

ñëó÷àÿ îòðèöàòåëüíîé êîððåëÿöèè ìåæäó �àêòîðà-

ìè. Âèäíî, ÷òî â äàííîì ñëó÷àå øîê ïåðâîãî �àêòî-

ðà âåëè÷èíû a âûçûâàåò ñðåäíþþ ðåàêöèþ âòîðîãî

�àêòîðà, ïî âåëè÷èíå ðàâíóþ −0.8 · a.

�èñóíîê 2: Äèàãðàììà ðàññåÿíèÿ äâóìåðíîãî íîðìàëüíîãî ðàñ-

ïðåäåëåíèÿ ïðè êîý��èöèåíòå êîððåëÿöèè -0.8 è ðàâíûõ ñòàí-

äàðòíûõ îòêëîíåíèÿõ; ëèíèÿ ðåãðåññèè âòîðîãî �àêòîðà íà

ïåðâûé x2 = −0.8 · x1.

5 Ïðèìåðû êîíòðèíòóèòèâíîãî

ïîâåäåíèÿ

�àññìîòðèì òðåõ�àêòîðíóþ ìîäåëü (n = 3) ñ êîâà-
ðèàöèîííîé ìàòðèöåé

C =





170 −50 −6
−50 25 5
−6 5 1.5





è ñîîòâåòñòâóþùåé êîððåëÿöèîííîé ìàòðèöåé

R =





1 −0.77 −0.38
−0.77 1 0.82
−0.38 0.82 1





è ìàòðèöåé ñòàíäàðòíûõ îòêëîíåíèé

Λ =





13.0 0 0
0 5 0
0 0 1.22



 ,

òàê ÷òî, â ÷àñòíîñòè, C = ΛKΛ. Äëÿ óäîáñòâà îïè-

ñàíèÿ ñíàáäèì �àêòîðû �èêòèâíûìè íàèìåíîâàíè-

ÿìè, íàïðèìåð, "ýíåðãåòèêà", "ìåäèà" è "çîëîòî".
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Ïîäâåðãíåì ñòðåññó �àêòîð "çîëîòî", çàäàâ åìó çíà-

÷åíèå -2. Ñðåäíåå çíà÷åíèå ðåàêöèè ïåðâûõ äâóõ

�àêòîðîâ, â ñîîòâåòñòâèè ñ (1), ïðèâåäåíî â òàáë. 1.

Êàê è îæèäàëîñü, îòðèöàòåëüíî êîððåëèðîâàííûé ñ

"çîëîòîì" �àêòîð "ýíåðãåòèêà" ðåàãèðóåò â ñðåäíåì

â ïðîòèâîïîëîæíóþ (ïîëîæèòåëüíóþ) ñòîðîíó, à ïî-

ëîæèòåëüíî êîððåëèðîâàííûé �àêòîð "ìåäèà" - â òó

æå (îòðèöàòåëüíóþ) ñòîðîíó.

Òàáëèöà 1: Ïðèìåð ñòðåññ-òåñòà ñ âîçìóùåíèåì �àêòîðà "çîëîòî"

Ôàêòîð Çíà÷åíèå

Ýíåðãåòèêà 8

Ìåäèà -6.67

Çîëîòî -2

Òåïåðü ïîäâåðãíåì ñòðåññó -2 �àêòîð "ìåäèà". �å-

çóëüòàò ïîêàçàí â òàáë. 2. Çäåñü çíàêè ðåàêöèè òàê-

æå ñîîòâåòñòâóþò îæèäàíèÿì, îñíîâàííûì íà çíàêå

êîððåëÿöèè.

Òàáëèöà 2: Ïðèìåð ñòðåññ-òåñòà ñ âîçìóùåíèåì �àêòîðà "ìåäèà"

Ôàêòîð Çíà÷åíèå

Ýíåðãåòèêà 4

Ìåäèà -2

Çîëîòî -0.4

Íàêîíåö, ïîäâåðãíåì îäíîâðåìåííî ñòðåññó -2 äâà

�àêòîðà, "ìåäèà" è "çîëîòî". Ñðåäíåå çíà÷åíèå ïåð-

âîãî �àêòîðà, ïðèâåäåííîå â òàáë., îêàçûâàåòñÿ òàê-

æå îòðèöàòåëüíûì, íåñìîòðÿ íà îòðèöàòåëüíîå çíà-

÷åíèå êîððåëÿöèè ýòîãî �àêòîðà ñ êàæäûì èç ñòðåñ-

ñîâûõ �àêòîðîâ.

Òàáëèöà 3: Ïðèìåð ñòðåññ-òåñòà ñ âîçìóùåíèåì �àêòîðîâ "ìå-

äèà"è "çîëîòî"

Ôàêòîð Çíà÷åíèå

Ýíåðãåòèêà -8.8

Ìåäèà -2

Çîëîòî -2

Ýòî íåîæèäàííîå ÿâëåíèå îáúÿñíÿåòñÿ ñëåäóþùèì

îáðàçîì. Ñðåäíÿÿ ðåàêöèÿ íà øîê ñîîòâåòñòâóåò

(â óñëîâèÿõ ñèììåòðè÷íûõ ðàñïðåäåëåíèé) íàèáî-

ëåå âåðîÿòíîé ñèòóàöèè (ìîäå ðàñïðåäåëåíèÿ). Çíà-

÷èòåëüíûå îòêëîíåíèÿ îò òàêîãî íàèáîëåå âåðîÿò-

íîãî ïîâåäåíèÿ âîçìîæíû, õîòÿ è äîâîëüíî ìàëî-

âåðîÿòíû. �àññìîòðåííûé øîê ïàðû �àêòîðîâ, êàê

âèäíî èç ðèñóíêà 3, ëåæèò äàëåêî îò îáëàñòè íàè-

áîëåå âåðîÿòíûõ çíà÷åíèé ýòîé ïàðû �àêòîðîâ; ïî-

âåäåíèå �àêòîðîâ â ýòîé îáëàñòè ïëîõî îïèñûâà-

åòñÿ ñðåäíèìè õàðàêòåðèñòèêàìè, ÷òî ìû è óâèäå-

ëè èç ïðèìåðà. Íàèáîëåå âåðîÿòíû çíà÷åíèÿ ýòîé

ïàðû �àêòîðîâ, â êîòîðûõ âåëè÷èíà �àêòîðà "ìå-

äèà" â÷åòâåðî ïðåâîñõîäèò âåëè÷èíó �àêòîðà "çîëî-

òî" (ñì. ìàòðèöó ñòàíäàðòíûõ îòêëîíåíèé �àêòîðîâ

Λ). Ñëîæíûå ìíîãî�àêòîðíûå ñòðåññîâûå ñöåíàðèè
èìååò ñìûñë ïîäáèðàòü ñ ó÷åòîì ðàññìîòðåííîãî îá-

ñòîÿòåëüñòâà, èëè ïîëüçîâàòüñÿ ñïåöèàëèçèðîâàííû-

ìè ìåòîäàìè, ðàçðàáàòûâàåìûìè â ðàìêàõ îáðàòíîãî

ñòðåññ-òåñòèðîâàíèÿ [4℄.

�èñóíîê 3: Äèàãðàììà ðàññåÿíèÿ ðàñïðåäåëåíèÿ ïàðû �àêòî-

ðîâ "ìåäèà-çîëîòî"; äâîéíîé øîê (ðîìá).
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Àííîòàöèÿ. Â ðàáîòå �îðìóëèðóåòñÿ çàäà-

÷à âû÷èñëåíèÿ ãðàíèö Ôðåøå äëÿ ïðîèçâîëüíîé

òåîðåòèêî-ìíîæåñòâåííîé îïåðàöèè, ââîäèòñÿ

ïîíÿòèå äâîéñòâåííûõ îïåðàöèé, èçó÷àåòñÿ ñâÿçü

ãðàíèö Ôðåøå äëÿ äâîéñòâåííûõ îïåðàöèé, ââîäèò-

ñÿ ïîíÿòèå (êî)âàëåíòíîñòè ñîáûòèé, âû÷èñëåíû

ãðàíèöû Ôðåøå äëÿ âñåõ îïåðàöèé íà äóïëåòå

ñîáûòèé.

Êëþ÷åâûå ñëîâà. Ñîáûòèå, �óíêöèÿ ðàñïðåäåëå-

íèÿ, ãðàíèöà Ôðåøå, òåððàñêà, âàëåíòíîñòü, äâîé-

ñòâåííîñòü, ãåíåðàòîð.

1 Ââåäåíèå

Ïåðâûå óïîìèíàíèÿ î íåðàâåíñòâàõ òèïà ãðàíèö

Ôðåøå ïîÿâèëèñü, ïî-âèäèìîìó, â ðàáîòàõ Áóëÿ [3℄, à

ñòðîãèå �îðìóëèðîâêè è äîêàçàòåëüñòâà áûëè äàíû

Ôðåøå â ðàáîòàõ [4, 5℄.

Â [6℄ îïèñàíî ïîíÿòèå êîïóëû è èñïîëüçîâàíû ãðàíè-

öû Ôðåøå äëÿ çíà÷åíèé êîïóëû (âåðîÿòíîñòè ïåðå-

ñå÷åíèÿ êîíå÷íîãî íàáîðà ñîáûòèé).

Àíàëîãè÷íîå ïîíÿòèå ìîæíî ââåñòè è äëÿ äðóãèõ

òåîðåòèêî-ìíîæåñòâåííûõ îïåðàöèé íàä n ìíîæå-

ñòâàìè.

Èçâåñòíî [1℄, ÷òî íàä n ìíîæåñòâàìè ìîæíî îïðåäå-

ëèòü 2(2
n)

ðàçëè÷íûõ òåîðåòèêî-ìíîæåñòâåííûõ îïå-

ðàöèé. Â íàñòîÿùåé ðàáîòå îáñóæäàåòñÿ ïðîáëåìû

âû÷èñëåíèÿ âåðõíåé è íèæíåé ãðàíèö Ôðåøå äëÿ

êàæäîé òàêîé îïåðàöèè.

Â [2℄ áûëà âûñêàçàíà èäåÿ î ðàñïðîñòðàíåíèè ïî-

íÿòèÿ ãðàíèö Ôðåøå íà ïðîèçâîëüíóþ òåîðåòèêî-

ìíîæåñòâåííóþ îïåðàöèþ (îáúåäèíåíèå ïðîèçâîëü-

íîãî íàáîðà òåððàñîê, ïîëó÷àåìûõ èç çàäàííîãî íà-

áîðà ñîáûòèé). Â íàñòîÿùåé ðàáîòå îïèñûâàåòñÿ çà-

äà÷à âû÷èñëåíèÿ ãðàíèö Ôðåøå äëÿ ïðîèçâîëüíîé

òåîðåòèêî-ìíîæåñòâåííîé îïåðàöèè íàä n ñîáûòèÿ-

ìè, ââîäèòñÿ ïîíÿòèå äâîéñòâåííûõ îïåðàöèé è èçó-

÷àåòñÿ ñâÿçü ãðàíèö Ôðåøå äëÿ òàêèõ îïåðàöèé, äàíî

èñ÷åðïûâàþùåå îïèñàíèå ãðàíèö Ôðåøå äëÿ îïåðà-

öèé íà äóïëåòå ñîáûòèé.
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2 Îñíîâíûå îïðåäåëåíèÿ

Ïóñòü (Ω,F ,P) � âåðîÿòíîñòíîå ïðîñòðàíñòâî, çà-

�èêñèðóåì öåëîå ïîëîæèòåëüíîå ÷èñëî n, îáîçíà÷èì
N = {1, . . . , n} è ðàññìîòðèì âåêòîð u ∈ [0, 1]n, êîì-
ïîíåíòû êîòîðîãî áóäåì èíòåðïðåòèðîâàòü, êàê âåðî-

ÿòíîñòè. Âûáåðåì n ñîáûòèé x1, . . . , xn èç σ-àëãåáðû
F òàêèì îáðàçîì, ÷òî P(xi) = ui, i ∈ N , à â îñòàëü-

íîì ïðîèçâîëüíûõ. Êàêîâà ìàêñèìàëüíàÿ è ìèíè-

ìàëüíàÿ âåðîÿòíîñòü ïåðåñå÷åíèÿ âñåõ ýòèõ ñîáûòèé

ïðè ñ�îðìóëèðîâàííûõ óñëîâèÿõ? Òî åñòü, ÷åìó ðàâ-

íû ýêñòðåìàëüíûå çíà÷åíèÿ

F−
∩ (u) = minP

(
⋂

i∈N

xi

)

, (1)

F+
∩ (u) = maxP

(
⋂

i∈N

xi

)

, (2)

ïðè óñëîâèè

P(xi) = ui, i ∈ N.
Îòâåò íà ýòîò âîïðîñ äàþò êëàññè÷åñêèå ãðàíèöû

Ôðåøå. Êîãäà âåêòîð (ux, x ∈ X) ïðîáåãàåò âåñü ãè-

ïåðêóá [0, 1]n, âûðàæåíèÿ (1), (2) çàäàþò íà ýòîì ãè-

ïåðêóáå �óíêöèè, íàçûâàåìûå, ñîîòâåòñòâåííî, íèæ-

íåé è âåðõíåé ãðàíèöàìè Ôðåøå äëÿ îïåðàöèè ïåðå-

ñå÷åíèÿ ìíîæåñòâ.

Òî÷íûå âûðàæåíèÿ ãðàíèö Ôðåøå äëÿ âåðîÿòíî-

ñòè ïåðåñå÷åíèÿ n ñîáûòèé òåñíî ñâÿçàíû ñ ïî-

íÿòèåì êîïóëû [6℄, ïîñêîëüêó çíà÷åíèå ñîâìåñòíîé

�óíêöèè ðàñïðåäåëåíèÿ ñëó÷àéíîãî âåêòîðà K =
(K1, . . . ,Kn) ñîâïàäàåò ñ âåðîÿòíîñòüþ ïåðåñå÷åíèÿ

ñîáûòèé {Ki ≤ ui}, i ∈ N :

FK(u) = P

(
⋂

i∈N

{Ki ≤ ui}
)

,

è âûðàæàåòñÿ ÷åðåç �óíêöèþ êîïóëû C : [0, 1]n →
[0, 1] è ìàðãèíàëüíûå �óíêöèè ðàñïðåäåëåíèÿ Fi, i ∈
N ïîñðåäñòâîì

FK(u) = C (F1(u1), . . . , Fn(un)) .

Òàêèì îáðàçîì, �óíêöèè (1), (2) ÿâëÿþòñÿ âåðõíèìè

è íèæíèìè ãðàíèöàìè çíà÷åíèé �óíêöèé êîïóëû C
íà ãèïåðêóáå [0, 1]n:

F−
∩ (u) = min

u∈[0,1]n
C(u),
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F+
∩ (u) = max

u∈[0,1]n
C(u).

�ðàíèöû äëÿ �óíêöèè êîïóëû èçâåñòíû è ðàâíû

F−
∩ (u) = max

(

0,
∑

i∈N

ui − (n− 1)

)

, (3)

F+
∩ (u) = min(ui, i ∈ N). (4)

Ñ ïîìîùüþ ïðèíöèïà äîïîëíèòåëüíîñòè ëåãêî ïîëó-

÷èòü ãðàíèöû Ôðåøå äëÿ îïåðàöèè îáúåäèíåíèÿ âñåõ

n ñîáûòèé. Äåéñòâèòåëüíî,

⋃

i∈N

xi =

(
⋂

i∈N

xci

)c

,

òàê ÷òî

P

(
⋃

i∈N

xi

)

=

(

1−P

(
⋂

i∈N

xci

))

= 1−P

(
⋂

i∈N

xci

)

≥ 1−min
i∈N

(1−P(xi))

= max
i∈N

P(xi),

îòêóäà íèæíÿÿ ãðàíèöà äëÿ îïåðàöèè îáúåäèíåíèÿ

âñåõ ñîáûòèé çàïèñûâàåòñÿ â âèäå �óíêöèè

F−
∪ (u) = max

i∈N
ui. (5)

Ñ äðóãîé ñòîðîíû,

P

(
⋃

i∈N

xi

)

= 1−P

(
⋂

i∈N

xci

)

≤ 1−max

(

0,
∑

i∈N

(1 −P(xi))− (n− 1)

)

= min

(

1,
∑

i∈N

P(xi)

)

,

ïîýòîìó âåðõíÿÿ ãðàíèöà Ôðåøå äëÿ îáúåäèíåíèÿ

èìååò âèä

F+
∪ (u) = min

(

1,
∑

i∈N

ui

)

. (6)

3 Äðóãèå îïåðàöèè: ïîäõîäû

3.1 Ïðåäñòàâëåíèå ïðîèçâîëüíîé îïåðàöèè

ãåíåðàòîðîì

Ìíîæåñòâî èç n ñîáûòèé ðàçáèâàåò Ω íà 2n òåððà-

ñîê, êàæäîé èç êîòîðûõ ìîæåò áûòü ïîñòàâëåíî â

ñîîòâåòñòâèå ìíîæåñòâî íàñòóïèâøèõ ñîáûòèé. Îáî-

çíà÷èì ìíîæåñòâî íîìåðîâ ýòèõ ñîáûòèé I ⊆ N , à

ñîîòâåòñòâóþùóþ òåððàñêó

ter(I) =

(
⋂

i∈I

xi

)
⋂
(
⋂

i∈N−I

xci

)

(7)

Òàê, íàïðèìåð, òåððàñêå ïåðåñå÷åíèÿ âñåõ ñîáûòèé

ñîîòâåòñòâóåò ìíîæåñòâî ñîáûòèé {x1, . . . , xn} èëè

ìíîæåñòâî èõ èíäåêñîâ N . Äðóãèì òåððàññêàì ñî-

îòâåòñòâóþò ïîäìíîæåñòâà èíäåêñîâ I ⊆ N . À ïðî-

èçâîëüíàÿ òåîðåòèêî-ìíîæåñòâåííàÿ îïåðàöèÿ íàä n
ñîáûòèÿìè ïðåäñòàâëÿåòñÿ â âèäå îáúåäèíåíèÿ íåêî-

òîðîãî ìíîæåñòâà òåððàñîê, êîòîðîìó ìîæíî ïîñòà-

âèòü â ñîîòâåòñòâèå íàáîð ïîäìíîæåñòâ èíäåêñîâ

A ⊆ 2N .

�àññìîòðèì ýòè ïîíÿòèÿ íà ïðèìåðàõ. Äóïëåò ñî-

áûòèé {x1, x2} ðàçáèâàåò Ω íà 4 òåððàñêè, êàæäàÿ

èç êîòîðûõ ñîîòâåòñòâóåò îäíîìó èõ ìíîæåñòâ ñîáû-

òèé ∅, {x1}, {x2}, {x1, x2}. Ïåðåñå÷åíèå âñåõ ìíîæåñòâ
ïðåäñòàâëÿåòñÿ òåððàñêîé ter({x1, x2}), à îáúåäèíå-

íèå âñåõ ìíîæåñòâ � ñóììîé òåððàñîê ter({x1}) +
ter({x2})+ter({x1, x2}). Îïåðàöèè îáúåäèíåíèÿ ñîîò-
âåòñòâóåò íàáîð òåððàñîê, çàäàâàåìûõ íàáîðîì ìíî-

æåñòâ èíäåêñîâ A = {{1}, {2}, {1, 2}} ⊆ 2N . Áóäåì
íàçûâàòü ìíîæåñòâî òåððàñîê A, ïîðîæäàþùåå îïå-
ðàöèþ, ãåíåðàòîðîì ýòîé òåîðåòèêî-ìíîæåñòâåííîé

îïåðàöèè.

Òàêèì îáðàçîì, äëÿ ïðîèçâîëüíîãî êîíå÷íîãî

ìíîæåñòâà ñîáûòèé ïðîèçâîëüíàÿ òåîðåòèêî-

ìíîæåñòâåííàÿ îïåðàöèÿ íàä ñîáûòèÿìè èç ýòîãî

ìíîæåñòâà �îðìàëüíî îïðåäåëÿåòñÿ ñâîèì ãåíåðà-

òîðîì A ⊆ 2N ïîñðåäñòâîì

OA =
∑

I∈A

ter(I). (8)

3.2 �ðàíèöû Ôðåøå äëÿ ïðîèçâîëüíîé

îïåðàöèè

Ôîðìàëèçóåì ïîíÿòèå ãðàíèö Ôðåøå äëÿ ïðîèçâîëü-

íîé òåîðåòèêî-ìíîæåñòâåííîé îïåðàöèè íàä ñîáû-

òèÿìè èç êîíå÷íîãî ìíîæåñòâà ñîáûòèé. Íèæíèå è

âåðõíèå ãðàíèöû Ôðåøå äëÿ îïåðàöèè OA áóäåì îáî-

çíà÷àòü, ñîîòâåòñòâåííî F−
A (u), F+

A (u), u ∈ [0, 1]n.

Çà�èêñèðóåì ÷èñëî ñîáûòèé n, à òàêæå ãåíåðàòîð

A, ïðåäñòàâëÿþùèé îïåðàöèþ. Äëÿ êàæäîé òî÷êè

u ∈ [0, 1]n è âñåâîçìîæíûõ íàáîðîâ n ñîáûòèé èç F ,
óäîâëåòâîðÿþùèõ óñëîâèÿì P(xi) = ui, i ∈ N âû÷èñ-

ëèì íàèìåíüøåå è íàèáîëüøåå çíà÷åíèå âåðîÿòíîñòè

ñîáûòèÿ P(OA(x1, . . . , xn)). Äðóãèìè ñëîâàìè, íèæ-

íÿÿ ãðàíèöà Ôðåøå ÿâëÿåòñÿ ðåøåíèåì ýêñòðåìàëü-

íîé çàäà÷è

F−
A (u) = min

x1,...,xn∈F
P(OA(x1, . . . , xn)) (9)

ïðè óñëîâèè

P(xi) = ui, i ∈ N, (10)

à âåðõíÿÿ ãðàíèöà Ôðåøå - ðåøåíèåì ýêñòðåìàëüíîé

çàäà÷è

F+
A (u) = max

x1,...,xn∈F
P(OA(x1, . . . , xn)) (11)

ïðè òîì æå óñëîâèè (10).
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Ìîùíîñòü ãåíåðàòîðà A áóäåì íàçûâàòü âàëåíòíî-

ñòüþ îïåðàöèè OA: v(OA) = |A|; âàëåíòíîñòü ìîæåò
ïðèíèìàòü çíà÷åíèÿ îò 0 äî 2n = 2|N |

. Äîïîëíåíèå

âàëåíòíîñòè äî 2n áóäåì íàçûâàòü êîâàëåíòíîñòüþ

îïåðàöèè OA: c(OA) = 2|N | − |A|.
Î÷åâèäíî, O∅ = ∅ è O2N = Ω, ïîýòîìó

F−
∅ (u) = F+

∅ (u) = 0, F−
2N (u) = F+

2N (u) = 1, (12)

÷òî èñ÷åðïûâàåò âîïðîñ î âû÷èñëåíèè ãðàíèö Ôðåøå

äëÿ îïåðàöèé íóëåâîé âàëåíòíîñòè è ïîëíîé âàëåíò-

íîñòè.

3.3 Äâîéñòâåííîñòü

Ýëåìåíòàðíî âûâîäÿòñÿ ñëåäóþùèå ñîîòíîøåíèÿ

äâîéñòâåííîñòè:

F−
A (u) + F+

2N−A(u) = 1, F+
A (u) + F−

2N−A(u) = 1. (13)

Âîîáùå, íàçîâåì îïåðàöèè, ñîîòâåòñòâóþùèå âçà-

èìíî äîïîëíèòåëüíûì ãåíåðàòîðàì A è 2N − A,
äâîéñòâåííûìè. Ââèäó ñîîòíîøåíèé äâîéñòâåííîñòè

(13) âû÷èñëåíèå ãðàíèö Ôðåøå äîñòàòî÷íî ïðîèçâå-

ñòè òîëüêî äëÿ ïîëîâèíû îïåðàöèé, íàïðèìåð, äëÿ

îïåðàöèé íåáîëüøîé âàëåíòíîñòè (íå ïðåâûøàþùåé

2n−1
).

4 �ðàíèöû Ôðåøå äëÿ îïåðàöèé

ìàëîé âàëåíòíîñòè

4.1 Îäíîâàëåíòíàÿ îïåðàöèÿ

Îäíîýëåìåíòíûé ãåíåðàòîð A = {I}, ãäå I ⊆ N �

íåêîòîðîå ïîäìíîæåñòâî èíäåêñîâ, ïîðîæäàåò îïåðà-

öèþ, çíà÷åíèåì êîòîðîé ÿâëÿåòñÿ òåððàñêà (7), ïî-

ýòîìó íèæíÿÿ ãðàíèöà Ôðåøå èìååò âèä

F−
{I}(u)

= max

(

0,
∑

i∈I

ui +
∑

i∈N−I

(1− ui)− (n− 1)

)

= max

(

0,
∑

i∈I

ui −
∑

i∈N−I

ui − |I|+ 1)

)

, (14)

à âåðõíÿÿ ãðàíèöà Ôðåøå �

F+
{I}(u) = min(min

i∈I
ui, min

i∈N−I
(1 − ui)). (15)

Èç ñîîòíîøåíèé äâîéñòâåííîñòè (13) ëåãêî âûâîäÿò-

ñÿ è ãðàíèöû Ôðåøå äëÿ îïåðàöèé A êîâàëåíòíîñòè

1. Â ýòîì ñëó÷àå äîïîëíåíèå ê A ÿâëÿåòñÿ îäíîýëå-

ìåíòíûì, è ãðàíèöû ïîëó÷àþòñÿ èç (14), (15) â âèäå

F−
2N−{I}(u) = 1− F+

{I}(u)

= max

(

max
i∈N

(1− ui), max
i∈N−I

ui

)

, (16)

F+
2N−{I}(u) = 1− F−

{I}(u)

= 1−max

(

0,
∑

i∈I

ui −
∑

i∈N−I

ui − |I|+ 1

)

= min

(

1,
∑

i∈I

(1− ui) +
∑

i∈N−I

ui

)

(17)

4.2 Äóïëåò

Äëÿ äóïëåòà ñîáûòèé n = 2, òàê ÷òî X = {x1, x2}.
Ïðè ýòîì âàëåíòíîñòü îïåðàöèè ìîæåò èçìåíÿòüñÿ

îò 0 äî 22 = 4. Ââèäó ñîîòíîøåíèé äâîéñòâåííîñòè

äîñòàòî÷íî âû÷èñëèòü ãðàíèöû Ôðåøå äëÿ îïåðàöèé

äî âàëåíòíîñòè 2 âêëþ÷èòåëüíî. Âñåãî èìååòñÿ îä-

íà íóëü-âàëåíòíàÿ îïåðàöèÿ, C1
4 = 4 îäíîâàëåíòíûõ

îïåðàöèé, C2
4 = 6 äâóõâàëåíòíûõ îïåðàöèé, à òàêæå

4 òðåõâàëåíòíûõ îïåðàöèè è îäíà ÷åòûðåõâàëåíòíàÿ.

x1

x2

ter({1})

ter({1, 2})

ter({2})
ter(∅)

�èñóíîê 1: Äèàãðàììà Âåííà äëÿ äóïëåòà ñîáûòèé {x1, x2}.

Äëÿ íóëü-âàëåíòíîé è äâîéñòâåííîé ê íåé ÷åòûðåõ-

âàëåíòíîé îïåðàöèè ãðàíèöû Ôðåøå óêàçàíû â (12).

Äëÿ îäíîâàëåíòíûõ îïåðàöèé ýòà ðàáîòà áûëà ïðîäå-

ëàíà â ïàðàãðà�å 4.1, à âûâîäû äëÿ òðåõâàëåíòíûõ

îïåðàöèé ïîëó÷àþòñÿ èç ñîîòíîøåíèé äâîéñòâåííî-

ñòè (13), ñì. (16), (17). Çäåñü ñðàçó ïåðåéäåì ê äâóõ-

âàëåíòíûì îïåðàöèÿì, |A| = 2.

Øåñòü äâóõâàëåíòíûõ îïåðàöèé ïðåäñòàâëåíû â

òàáë. 1 â âèäå äâóõ ãðóïï (îñíîâíûå è äâîéñòâåííûå)

A OA 2N −A O2N−A

{{1}, N} x1 {{2}, ∅} xc1
{{2}, N} x2 {{1}, ∅} xc2
{{1}, {2}} x1∆x2 {∅, N} ter(∅) + ter(N)

Òàáëèöà 1: Äâóõâàëåíòíûå îïåðàöèè íà äóïëåòå è èõ ðåçóëüòàò
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Èç òàáëèöû âèäíî, ÷òî ðåçóëüòàò îïåðàöèè äëÿ ãåíå-

ðàòîðà A = {{1}, N} íå çàâèñèò îò âçàèìíîãî ðàñïî-
ëîæåíèÿ ñîáûòèé x1, x2, è ðàâåí x1, ïîýòîìó âåðõíèå
è íèæíèå ãðàíèöû Ôðåøå ëåãêî âû÷èñëÿþòñÿ:

F−
{{1},N}(u) = F+

{{1},N}(u) = u1. (18)

Àíàëîãè÷íûé âûâîä ñïðàâåäëèâ äëÿ îïåðàöèè ñ ãå-

íåðàòîðîì {{2}, N}: åå ðåçóëüòàò îïåðàöèè âñåãäà ðà-
âåí x2, à ãðàíèöû Ôðåøå èìåþò âèä

F−
{{2},N}(u) = F+

{{2},N}(u) = u2. (19)

Èç ñîîòíîøåíèé äâîéñòâåííîñòè (13) íåïîñðåäñòâåí-

íî âûâîäèì

F−
{{2},∅}(u) = F+

{{2},∅}(u) = 1− u1 (20)

è

F−
{{1},∅}(u) = F+

{{1},∅}(u) = 1− u2. (21)

Äàëåå, äëÿ ãåíåðàòîðà {{1}, {2}} çíà÷åíèåì îïåðàöèè

ÿâëÿåòñÿ ñèììåòðè÷åñêàÿ ðàçíîñòü ñîáûòèé, ÷òî ïîç-

âîëÿåò ëåãêî âû÷èñëèòü ãðàíèöû Ôðåøå. Äåéñòâè-

òåëüíî, âåðîÿòíîñòü ñèììåòðè÷åñêîé ðàçíîñòè ñîáû-

òèé ñëóæèò ìåòðèêîé, íàèìåíüøåå çíà÷åíèå êîòî-

ðîé äîñòèãàåòñÿ ïðè âëîæåííîì ïîëîæåíèè ñîáûòèé;

ìåòðèêà ïðè ýòîì ðàâíà ìîäóëþ ðàçíîñòè âåðîÿòíî-

ñòåé ñîáûòèé, òàê ÷òî

F−
{{1},{2}}(u) = |u1 − u2|. (22)

Íàèáîëüøåå çíà÷åíèå ðàññòîÿíèÿ ìåæäó ñîáûòèÿìè

äîñòèãàåòñÿ ïðè ìàêñèìàëüíîì èõ ðàçäåëåíèè, êîãäà

îíè ëèáî íå ïåðåñåêàþòñÿ, ëèáî çàïîëíÿþò âñå Ω, ÷òî
äàåò âûðàæåíèå äëÿ âåðõíåé ãðàíèöû Ôðåøå

F+
{{1},{2}}(u) = min(u1 + u2, 2− (u1 + u2))

= 1− |u1 + u2 − 1|. (23)

�ðàíèöû Ôðåøå äëÿ ãåíåðàòîðà {∅, {N}} ïîëó÷àþòñÿ
èç (22), (23) ïîñðåäñòâîì ñîîòíîøåíèé äâîéñòâåííî-

ñòè (13):

F−
{∅,{N}}(u) = |u1 + u2 − 1|,
F+
{∅,{N}}(u) = 1− |u1 − u2|.

4.3 Òðèïëåò

Äëÿ îïåðàöèé íà òðèïëåòå ñîáûòèé ìàêñèìàëüíàÿ

âàëåíòíîñòü ñîñòàâëÿåò 8, è âû÷èñëåíèå ïðèäåòñÿ

ïðîâîäèòü äî îïåðàöèé âàëåíòíîñòè 4 âêëþ÷èòåëü-

íî. Ýòó ðàáîòó åùå ïðåäñòîèò ïðîäåëàòü â áóäóùåì.

5 Çàêëþ÷åíèå

Â ðàáîòå ïîñòàâëåíà çàäà÷à âû÷èñëåíèÿ ãðàíèö Ôðå-

øå äëÿ ïðîèçâîëüíîé òåîðåòèêî-ìíîæåñòâåííîé îïå-

ðàöèè. Äëÿ ðåøåíèÿ ýòîé çàäà÷è ïðåäëîæåíî ïðåä-

ñòàâëåíèå ïðîèçâîëüíîé òåîðåòèêî-ìíîæåñòâåííîé

îïåðàöèè ãåíåðàòîðîì, ââåäåíû ïîíÿòèÿ äâîéñòâåí-

íîé îïåðàöèè, âàëåíòíîñòè è êîâàëåíòíîñòè îïåðà-

öèè. Ïðîâåäåíî ïîëíîå âû÷èñëåíèå ãðàíèö Ôðåøå

äëÿ îïåðàöèé íà äóïëåòå ñîáûòèé.

Áëàãîäàðíîñòè

Àâòîð ïðèçíàòåëåí Îëåãó Þðüåâè÷ó Âîðîáüåâó çà

èäåþ îáîáùåíèÿ ïîíÿòèÿ ãðàíèöû Ôðåøå íà ïðîèç-

âîëüíûå òåîðåòèêî-ìíîæåñòâåííûå îïåðàöèè íàä n
ìíîæåñòâàìè (ñîáûòèÿìè).
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Èçìåðèìîñòü ñëó÷àéíîãî ìíîæåñòâà ñîáûòèé

Àðêàäèé Àðñåíüåâè÷ Íîâîñåëîâ

Ñèáèðñêèé �åäåðàëüíûé óíèâåðñèòåò

Èíñòèòóò ìàòåìàòèêè è �óíäàìåíòàëüíîé èí�îðìàòèêè

Êðàñíîÿðñê
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Àííîòàöèÿ. Â ðàáîòå äîêàçàíà áåçóñëîâíàÿ èç-

ìåðèìîñòü ñëó÷àéíîãî ìíîæåñòâà ñîáûòèé,

âûòåêàþùàÿ íåïîñðåäñòâåííî èç ñòðóêòóðû ýòîãî

ñëó÷àéíîãî ýëåìåíòà áåçî âñÿêèõ äîïîëíèòåëüíûõ

óñëîâèé è ïðåäïîëîæåíèé.

Êëþ÷åâûå ñëîâà. Ñîáûòèå, ìíîæåñòâî ñîáûòèé,

àëãåáðà, èçìåðèìîñòü, òåððàñêà.

1 Ââåäåíèå

Â ðàáîòàõ Î.Þ.Âîðîáüåâà [1, 2, 3℄ èçó÷àëñÿ ñëó÷àé-

íûé ýëåìåíò, íàçûâàåìûé ñëó÷àéíûì ìíîæåñòâîì. Â

äàëüíåéøåì âîçíèêëî ýâåíòîëîãè÷åñêîå íàïðàâëåíèå

[4℄, öåíòðàëüíûì îáúåêòîì â êîòîðîì ñòàëî ñïåöè�è-

÷åñêîå ñëó÷àéíîå ìíîæåñòâî, à èìåííî - ñëó÷àéíîå

ìíîæåñòâî ñîáûòèé.

È àáñòðàêòíîå ñëó÷àéíîå ìíîæåñòâî, è ñëó÷àéíîå

ìíîæåñòâî ñîáûòèé, áóäó÷è ñëó÷àéíûìè ýëåìåíòà-

ìè, îáÿçàíû îáëàäàòü ñâîéñòâîì èçìåðèìîñòè. Â íà-

ñòîÿùåé ðàáîòå ïîêàçàíî, ÷òî ñëó÷àéíîå ìíîæåñòâî

ñîáûòèé îáëàäàåò ñâîéñòâîì èçìåðèìîñòè "ïî ñòàòó-

ñó", áåçî âñÿêèõ äîïîëíèòåëüíûõ ïðåäïîëîæåíèé.

Âî âòîðîì ðàçäåëå ñòàòüè ââîäÿòñÿ îñíîâíûå ïîíÿ-

òèÿ è îïðåäåëåíèÿ, à â òðåòüåì ðàçäåëå äîêàçàíà îñ-

íîâíàÿ òåîðåìà.

2 Ñëó÷àéíûå ýëåìåíòû è

èçìåðèìîñòü

Ïóñòü (Ω,F ,P) � âåðîÿòíîñòíîå ïðîñòðàíñòâî, U �

ïðîèçâîëüíîå ìíîæåñòâî, A � íåêîòîðàÿ σ-àëãåáðà
åãî ïîäìíîæåñòâ (îòìåòèì, ÷òî â ñëó÷àå, êîãäà U �

êîíå÷íîå ìíîæåñòâî, ìîæíî îãðàíè÷èòüñÿ ïîíÿòèåì

àëãåáðû ïîäìíîæåñòâ). Ñëó÷àéíûì ýëåìåíòîì K íà

ýòîì âåðîÿòíîñòíîì ïðîñòðàíñòâå ñî çíà÷åíèÿìè â

U íàçûâàåòñÿ îòîáðàæåíèå K : Ω → U , èçìåðèìîå
îòíîñèòåëüíî ïàðû σ-àëãåáð (F ,A) â òîì ñìûñëå, ÷òî

äëÿ âñÿêîãî A ∈ A ñïðàâåäëèâî K−1(A) ∈ F .
Äëÿ äàëüíåéøåãî îòìåòèì, ÷òî èçìåðèìîñòü îòíî-

ñèòåëüíî σ-àëãåáðû íà ìíîæåñòâå çíà÷åíèé ÿâëÿåò-

ñÿ ìîíîòîííîé ïî âêëþ÷åíèþ, òî åñòü, åñëè äâå σ-
àëãåáðû A1,A2 íà U òàêîâû, ÷òî A1 ⊆ A2, òî èçìåðè-

ìîñòü K îòíîñèòåëüíî ïàðû σ-àëãåáð (F ,A2) âëå÷åò
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èçìåðèìîñòü îòíîñèòåëüíî ïàðû σ-àëãåáð (F ,A1). Â
÷àñòíîñòè, ñàìîé ñèëüíîé èçìåðèìîñòüþ ÿâëÿåòñÿ

èçìåðèìîñòü îòíîñèòåëüíî ïàðû σ-àëãåáð (F , 2U ).
Ñëó÷àéíûì êîíå÷íûì ìíîæåñòâîì íàçûâàåòñÿ ñëó-

÷àéíûé ýëåìåíò, çíà÷åíèÿ êîòîðîãî ÿâëÿþòñÿ ïîä-

ìíîæåñòâàìè íåêîòîðîãî êîíå÷íîãî ìíîæåñòâà X , òî
åñòü, ýëåìåíòû 2X . Èçìåðèìîñòü ñëó÷àéíîãî êîíå÷-

íîãî ìíîæåñòâà îáû÷íî òðåáóåòñÿ îòíîñèòåëüíî ïîë-

íîé àëãåáðû ïîäìíîæåñòâ 2X , êîòîðàÿ åñòåñòâåííî

îáîçíà÷àåòñÿ 2(2
X )
.

Ñëó÷àéíîå êîíå÷íîå ìíîæåñòâî ñîáûòèé ÿâëÿåò-

ñÿ ÷àñòíûì ñëó÷àåì ñëó÷àéíîãî êîíå÷íîãî ìíîæå-

ñòâà. Îíî çàäàåòñÿ ñëåäóþùèì îáðàçîì. Ôèêñèðóåò-

ñÿ íåêîòîðûé êîíå÷íûé íàáîð ñîáûòèé X ⊂ F , è ñëó-
÷àéíûé ýëåìåíò ïîðîæäàåòñÿ ñîîòíîøåíèåì

K(ω) = {x ∈ X : ω ∈ x}. (1)

Âûðàæåíèå (1) ìîæåò áûòü èñòîëêîâàíî, êàê "ñëó-

÷àéíîå ìíîæåñòâî íàñòóïèâøèõ ñîáûòèé", ïîñêîëüêó

ýëåìåíòàðíîìó èñõîäó ýêñïåðèìåíòà ω ∈ Ω ñòàâèò-

ñÿ â ñîîòâåòñòâèå íåêîòîðîå ïîäìíîæåñòâî ñîáûòèé

X ∈ X , òî÷íåå, ñîâîêóïíîñòü âñåõ ñîáûòèé, â êîòî-

ðûå âõîäèò äàííûé èñõîä ýêñïåðèìåíòà ω, äðóãèìè
ñëîâàìè, âñå òå (è òîëüêî òå) ñîáûòèÿ, êîòîðûå íà-

ñòóïèëè â äàííîì èñïûòàíèè (ýêñïåðèìåíòå).

3 Îñíîâíàÿ òåîðåìà

Íàì ïðèäåòñÿ ðàññìàòðèâàòü ñîáûòèÿ â äâóõ ðàçëè÷-

íûõ ïðîñòðàíñòâàõ ñîáûòèé: â σ-àëãåáðå F è â àëãåá-

ðå 22
X

. Äëÿ óäîáñòâà ðàçëè÷åíèÿ ýòèõ ïîíÿòèé áóäåì

ïîñëåäíèå íàçûâàòü ãèïåðñîáûòèÿìè.

Òåîðåìà 1. Ñëó÷àéíîå ìíîæåñòâî ñîáûòèé K ÿâ-

ëÿåòñÿ èçìåðèìûì îòîáðàæåíèåì èç Ω â 2X îò-

íîñèòåëüíî ïîëíîé àëãåáðû ãèïåðñîáûòèé 22
X

(è,

ñëåäîâàòåëüíî, îòíîñèòåëüíî ëþáîé àëãåáðû ïîä-

ìíîæåñòâ 2X , ñì. ìîíîòîííîñòü èçìåðèìîñòè ïî

âêëþ÷åíèþ).

Äîêàçàòåëüñòâî. Òðåáóåòñÿ ïîêàçàòü, ÷òî ïðîîáðàç

ëþáîãî ýëåìåíòà àëãåáðû ãèïåðñîáûòèé 22
X

ÿâëÿåòñÿ

ýëåìåíòîì F . Ïîñêîëüêó àëãåáðà 22X êîíå÷íà, ëþáîé

åå ýëåìåíò A ÿâëÿåòñÿ êîíå÷íûì îáúåäèíåíèåì ìî-

íîïëåòîâ èç 22
X

,

A =
∑

X∈Λ

X, (2)



Íîâîñåëîâ 201

ãäå Λ � ìíîæåñòâî èíäåêñîâ, õàðàêòåðèçóþùåå ãè-

ïåðñîáûòèå A. Íàïðèìåð, ãèïåðñîáûòèå

A0 = {{a}, {a, b}}

ïðåäñòàâèìî â âèäå ñóììû äâóõ ìîíîïëåòîâ

{{a}, {a, b}} = {{a}}+ {{a, b}};

çäåñü a, b ∈ F � ñîáûòèÿ â èñõîäíîì âåðîÿòíîñòíîì

ïðîñòðàíñòâå. Ïðîîáðàç ãèïåðñîáûòèÿ A ïî îïðåäå-

ëåíèþ ÿâëÿåòñÿ îáúåäèíåíèåì ïðîîáðàçîâ ñâîèõ ýëå-

ìåíòîâ

K−1(A) =
∑

X∈Λ

K−1({X}) =
∑

X∈Λ

K−1(X),

íàïðèìåð, äëÿ ãèïåðñîáûòèÿ A0 ïîëó÷àåì

K−1(A0) = K−1({{a}}) +K−1({{a, b}})
= K−1({a}) +K−1({a, b}).

Îñòàëîñü îòìåòèòü, ÷òî êàæäîå âûðàæåíèå âèäà

K−1(X) äëÿ X ⊆ X ïðåäñòàâëÿåò ñîáîé òåððàñêó

ter(X//X ), çàäàâàåìóþ ïîäìíîæåñòâîì ñîáûòèé X

ïîä X , à îáúåäèíåíèå òàêèõ òåððàñîê ñ íåîáõîäèìî-

ñòüþ ÿâëÿåòñÿ ýëåìåíòîì F , ÷òî è òðåáîâàëîñü.

4 Çàêëþ÷åíèå

Â ðàáîòå ïîêàçàíî, ÷òî ñëó÷àéíîå ìíîæåñòâî ñîáû-

òèé ÿâëÿåòñÿ èçìåðèìûì îòîáðàæåíèåì èç ïðîñòðàí-

ñòâà ýëåìåíòàðíûõ èñõîäîâ â ìíîæåñòâî ñâîèõ çíà-

÷åíèé, ïîýòîìó íåîáõîäèìîñòü â âûñêàçûâàíèè ïðåä-

ïîëîæåíèÿ èçìåðèìîñòè ýòîãî ñëó÷àéíîãî ýëåìåíòà

ïðè åãî îïðåäåëåíèè îòïàäàåò.

Áëàãîäàðíîñòè

Àâòîð ïðèçíàòåëåí Îëåãó Þðüåâè÷ó Âîðîáüåâó çà

ìíîãî÷èñëåííûå îáñóæäåíèÿ ïðîáëåì ñëó÷àéíûõ

ìíîæåñòâ ñîáûòèé, à òàêæå Ëþäìèëå Þðüåâíå Øàí-

ãàðååâîé çà âîïðîñû, ñòèìóëèðîâàâøèå ðàçìûøëå-

íèÿ íàä ïðîáëåìîé èçìåðèìîñòè ñëó÷àéíûõ ìíî-

æåñòâ ñîáûòèé.

Ñïèñîê ëèòåðàòóðû
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Ñêîðîñòü ñõîäèìîñòè â ïîñëåäîâàòåëüíîì îöåíèâàíèè

èíòåðâàëàìè �èêñèðîâàííîé øèðèíû àñèìïòîòè÷åñêîé äèñïåðñèè

ðàíãîâûõ îöåíîê ïàðàìåòðà ñäâèãà

�óëíîçà �à�óðîâíà �àõèìîâà

Íàöèîíàëüíûé Óíèâåðñèòåò Óçáåêèñòàíà

Òàøêåíò

Êàëìóðçà Ñàïàðáàåâè÷

Ñàãèäóëëàåâ

Íàöèîíàëüíûé Óíèâåðñèòåò Óçáåêèñòàíà

Òàøêåíò, khalmurza�mail.ru

�à�óðæàí Òîèðîâè÷ Òóðñóíîâ

Âûñøàÿ òåõíè÷åñêàÿ øêîëà ïîæàðíîé

áåçîïàñíîñòè ÌÂÄ �Óç

Òàøêåíò

Àííîòàöèÿ. Â ðàáîòå èññëåäîâàíà ñêîðîñòü

ñõîäèìîñòè äëÿ ïîñëåäîâàòåëüíîñòè ìîìåíòîâ

îñòàíîâêè è øèðèíû äîâåðèòåëüíûõ èíòåðâàëîâ.

Êëþ÷åâûå ñëîâà. �àíãîâàÿ îöåíêà, àñèìïòîòè÷å-

ñêàÿ íîðìàëüíîñòü, ìîìåíò îñòàíîâêè, èíòåðâàëû

�èêñèðîâàííîé øèðèíû .

1 Ââåäåíèå

�àññìîòðèì ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ, îäè-

íàêîâî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí

ξ1, ξ2, . . . , ξn, . . .

ñ íåèçâåñòíîé �óíêöèåé ðàñïðåäåëåíèÿ F (x), x ∈ R1

è ïëîòíîñòüþ âåðîÿòíîñòè f(x) = F ′(x), x ∈ R1

ñèììåòðè÷íîé îòíîñèòåëüíî ïàðàìåòðà ñäâèãà θ. Åñ-
ëè θn = θn(ξ1, ξ2,...,ξn) ðàíãîâàÿ îöåíêà Õîäæåñà-

Ëåìàíà [5℄, òî èçâåñòíî (ñì. íàïðèìåð [8℄), ÷òî√
n (θn − θ) àñèìïòîòè÷åñêè íîðìàëüíî ñî ñðåäíèì 0

è äèñïåðñèåé σ2 = 1
3A2 , ãäå A =

∞∫

−∞
f2(x)dx. Â äàëü-

íåéøåì åñëè íå óêàçàíû ïðåäåëû èíòåãðàëîâ, òî èí-

òåãðèðîâàíèå îñóùåñòâëÿåòñÿ îò −∞ äî +∞. Ñòàòè-

ñòè÷åñêèå îöåíêè äèñïåðñèè σ2
, à ñëåäîâàòåëüíî è

A èìåþò áîëüøîå çíà÷åíèå â èçó÷åíèè àñèìïòîòè-

÷åñêîé ý��åêòèâíîñòè ðàíãîâûõ êðèòåðèåâ è â äðó-

ãèõ çàäà÷àõ íåïàðàìåòðè÷åñêîãî àíàëèçà. Ñòàòèñòè-

÷åñêèå îöåíêè A, îñíîâàííûå íà îöåíêå ïëîòíîñòè

âåðîÿòíîñòè f(x) èçó÷åíû àâòîðàìè [8, 4, 6, 2℄. Ïóñòü

Fn(x) =
1

n

n∑

i=1

I(ξi < x)

ýìïèðè÷åñêàÿ �óíêöèÿ ðàñïðåäåëåíèÿ, ãäå I(A) �

èíäèêàòîð ñîáûòèÿ ,

fn(x) =

+∞∫

−∞

Kn(x, y)dFn(x) =
1

n

n∑

i=1

1

an
K

(
x− ξi
an

)

� ÿäåðíàÿ îöåíêà �îçåíáëàòòà-Ïàðçåíà äëÿ ïëîòíî-

ñòè âåðîÿòíîñòè. Çäåñü

Kn(x, y) =
1

an
K

(
x− y
an

)
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è {an > 0, n ≥ 1} � ïîñëåäîâàòåëüíîñòü äåéñòâè-

òåëüíûõ ÷èñåë òàêàÿ, ÷òî lim
n→∞

an = 0 è K(x), x ∈ R1

� íåêîòîðàÿ îãðàíè÷åííàÿ ïëîòíîñòü âåðîÿòíîñòè.

Èñïîëüçóÿ ýìïèðè÷åñêóþ �óíêöèþ ðàñïðåäåëåíèÿ

Fn(x), è îöåíêó ïëîòíîñòè âåðîÿòíîñòè fn(x), ïîñòðî-
èì îöåíêó äëÿ

A =

∫

f2(x)dx =

∫

f(x)dF (x)

ñëåäóþùèì îáðàçîì

An =

∫

fn(x)dFn(x) =

∫∫

Kn(x, y)dFn(x)dFn(y).

Ýòà îöåíêà èçó÷åíà â ðàáîòàõ [8, 4, 6℄ è ïîëó÷å-

íû óñëîâèÿ àñèìïòîòè÷åñêîé íåñìåùåííîñòè, ñîñòî-

ÿòåëüíîñòè è íîðìàëüíîñòè. Ïóñòü ïëîòíîñòè âå-

ðîÿòíîñòè f(x) è K(x) óäîâëåòâîðÿþò ñëåäóþùèì

óñëîâèÿì: (K): lim
|t|→∞

|t|K(t) = 0, supK(t) < ∞,

∫
tK(t)dt < ∞,

∫
t2K(t)dt < ∞, varK(t) < ∞ (f):

sup f(t) <∞, sup |f ′(t)| <∞, sup |f ′′(t)| <∞. Â äàëü-

íåéøåì åñëè íå óêàçàíà îáëàñòü, òî sup âû÷èñëÿåòñÿ

ïî âñåé ïðÿìîé R = (−∞; ∞).

Òåîðåìà 1. [8℄ Ïóñòü

√
nan → ∞ ïðè n → ∞

è âûïîëíåíû óñëîâèÿ (K) è (f). Òîãäà
√
n (An −A)

àñèìïòîòè÷åñêè íîðìàëüíà ñî ñðåäíèì 0 è äèñïåð-

ñèåé

σ2 = 4

∫

f3(x)dx − 4

(∫

f2(x)dx

)2

.

Â ðàáîòå [2℄ ýòîò ðåçóëüòàò îáîáùåí íà âûáîðêè ñî

ñëó÷àéíûì îáúåìîì Nn.

Òåîðåìà 2. [2℄ Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû

1 è b(n), n > 1 ïîñëåäîâàòåëüíîñòü íåñëó÷àéíûõ ÷è-

ñåë òàêàÿ, ÷òî b(n) = O(n) ïðè n→∞ è (N):

Nn

b(n)

p−→ N

ïðè n → ∞, ãäå N > 0 ñëó÷àéíàÿ âåëè÷èíà. Òîãäà√
Nn (ANn −A) àñèìïòîòè÷åñêè íîðìàëüíà ñî ñðåä-

íèì 0 è äèñïåðñèåé σ2
.

Èç ýòîé òåîðåìû âèäíî, ÷òîáû ïîñòðîèòü äîâåðèòåëü-

íûé èíòåðâàë �èêñèðîâàííîé øèðèíû äëÿ íåîá-

õîäèìî îöåíèòü äèñïåðñèþ σ2
. Â êà÷åñòâå îöåíêè
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äèñïåðñèè σ2
âîçüìåì ñëåäóþùóþ ñòàòèñòèêó Vn =

4
(
Tn −A2

n

)
, ãäå Tn =

∫
f2
n(x)dFn(x). Ïóñòü 0 < γ < 1,

c = Φ−1

(
1 + γ

2

)

,

Φ(x) =
1√
2π

x∫

−∞

e−
u2

2 du.

Â ðàáîòå [2℄ èçó÷åíû ñâîéñòâà ìîìåíòà îñòàíîâêè

Nε = min

(

n ≥ 1 : n ≥ c2

ε2
Vn

)

,

ε > 0 è äîâåðèòåëüíîãî èíòåðâàëà �èêñèðîâàííîé

øèðèíû

Iε,γ (ANε) = (ANε − ε, ANε + ε) .

Òåîðåìà 3. [2℄ Åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 1,

òîãäà âûïîëíÿåòñÿ (N) äëÿ

bε =
c2σ2

ε2

è N = 1, à òàêæå

lim
ε→0

P (A ∈ Iε,γ (ANε)) = γ. (1)

Â äàííîé ðàáîòå èçó÷àåòñÿ ñêîðîñòü ñõîäèìîñòè â

ïðåäåëüíûõ ñîîòíîøåíèÿõ (N) è (1).

2 Îñíîâíûå ðåçóëüòàòû

Ïðåäïîëîæèì, ÷òî an = n−p
, p > 0.

Òåîðåìà 4. Ïóñòü âûïîëíåíû óñëîâèÿ (K), (f) è 0 <
p < 2/3. Òîãäà

P

(∣
∣
∣
∣

Nε

bε
− 1

∣
∣
∣
∣
≥ ε2p

)

= O (εp) ïðè ε→ 0.

Òåîðåìà 5. Ïóñòü âûïîëíåíû óñëîâèÿ (K), ( f ) è

0 < p < 1/3, à òàêæå �óíêöèè f4(x) è K4(x) èíòå-

ãðèðóåìû. Òîãäà

P (A ∈ Iε,γ (ANε)) = γ +O (εp) ïðè ε→ 0.
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Ïðàâèëà ×àðãà��à è ñóïåð-ñèììåòðèÿ â ãåíîìàõ
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Ñèáèðñêèé �åäåðàëüíûé óíèâåðñèòåò, ÈÔÁèÁò
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Àííîòàöèÿ. Â ðàáîòå ïðåäñòàâëåíû ïðåäâà-

ðèòåëüíûå ðåçóëüòàòû èññëåäîâàíèÿ ñóïåð-

ñèììåòðèè ãåíîìîâ ðàçëè÷íûõ îðãàíèçìîâ. Ïîä

ñóïåð-ñèììåòðèåé ïîíèìàåòñÿ ðàâåíñòâî ÷àñòîò

ñëîâà è åãî êîìïëèìåíòàðíîãî ïàëèíäðîìà (âòîðîå

ïðàâèëî ×àðãà��à), íàáëþäàåìîå â ïðåäåëàõ îäíîãî

ñòðýíäà ÄÍÊ. �àññìîòðåíû ïðîñòåéøèå ìîäåëè

ÄÍÊ, ïîðîæäàþùèå òàêóþ ñóïåð-ñèììåòðèþ è å�å

íàðóøåíèÿ. Äàííàÿ ìîäåëü ñðàâíåíà ñ ðåàëüíûìè

äàííûìè, ïîëó÷åííûìè äëÿ ìèòîõîíäðèé, õëîðî-

ïëàñòîâ, ãåíîìîâ äðîææåé è íåêîòîðûõ äðóãèõ

ãåíîìîâ âûñøèõ æèâîòíûõ.

Êëþ÷åâûå ñëîâà. ÄÍÊ, ñëîâî, ÷àñòîòà, ïà-

ëèíäðîì, êîìïëèìåíòàðíîñòü, ñëó÷àéíûé ïðîöåññ,

Ìàðêîâñêèé ïðîöåññ, óïîðÿäî÷åííîñòü.

1 Ââåäåíèå

Ïåðâîå ïðàâèëî ×àðãà��à ãëàñèò, ÷òî â ëþáîé

1

ïî-

ñëåäîâàòåëüíîñòè ÄÍÊ ÷èñëî ñèìâîëîâ A ðàâíî ÷èñ-

ëó ñèìâîëîâ T; àíàëîãè÷íî, ðàâíû ÷èñëà ñèìâîëîâ C

è G. Ýòî ïðàâèëî áûëî ïåðâîíà÷àëüíî ñ�îðìóëèðî-

âàíî äëÿ äâóõöåïî÷å÷íîé ñïèðàëè ÄÍÊ, ÷òî âî ìíî-

ãîì ïîñïîñîáñòâàâàëî îòêðûòèþ ñàìîé äâîéíîé ñïè-

ðàëè. Ïîçäíåå âûÿñíèëîñü, ÷òî äàííîå ïðàâèëî òàê-

æå âûïîëíÿåòñÿ � ñ òîé òî÷íîñòüþ, êîòîðóþ íåëüçÿ

íå ïðèçíàòü âàæíîé äëÿ áèîëîãèè � è â ïðåäåëàõ

îäíîãî ñòðýíäà äâîéíîé ñïèðàëè.

Ïîçæå áûëî ñ�îðìóëèðîâàíî óòâåðæäåíèå, ïîëó÷èâ-

øåå íàçâàíèå âòîðîãî ïðàâèëà ×àðãà��à:

Áèîëîãè÷åñêàÿ ¾òåîðåìà¿ 1. �àññìîòðèì ïàðû

ñëîâ (öåïî÷åê ñèìâîëîâ) äëèíû q, êîòîðûå ÿâëÿþò-
ñÿ êîìïëèìåíòàðíûìè ïàëèíäðîìàìè, ò. å. ÷èòà-

þòñÿ îäèíàêîâî â ïðîòèâîïîëîæíûõ íàïðàâëåíèÿõ

ñ ó÷�åòîì çàìåíû ñèìâîëîâ â îäíîì èç ñëîâ ïî ïðà-

âèëó êîìïëèìåíòàðíîñòè, íàïðèìåð,

TTTACGACTAAACGCG⇐⇒ CGCGTTTAGTCGTAAA .

×àñòîòû òàêèõ ñëîâ òàêæå áëèçêè, ëèáî ðàâíû ñ

âûñîêîé òî÷íîñòüþ.

Äàííàÿ ¾òåîðåìà¿ ñòàíîâèòñÿ àáñîëþòíî âåðíîé è

òî÷íîé äëÿ äâîéíîé ñïèðàëè ÄÍÊ: ïðè÷èíà ïðîñòà �
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1

Ñ òî÷íîñòüþ äî îøèáîê, êîòîðûìè ìîæíî ñìåëî ïðåíå-

áðå÷ü.

äâîéíàÿ ñïèðàëü ïî ïîñòðîåíèþ ñîäåðæèò àáñîëþò-

íî îäèíàêîâûå êîëè÷åñòâà (ëþáûõ äîïóñòèìûõ) ñëîâ

è èõ êîìïëèìåíòàðíûõ ïàð. Òåì óäèâèòåëüíåå áûëî

îòêðûòèå òîãî, ÷òî òàêèå ïàðû ñëîâ èìåþò áëèçêèå

÷àñòîòû è äëÿ ñëó÷àÿ, êîãäà ñëîâà ïîäñ÷èòûâàþòñÿ

òîëüêî ïî îäíîìó ñòðýíäó.

Óïîìÿíóòàÿ âûøå ¾Áèîëîãè÷åñêàÿ òåîðåìà � 1¿ äëÿ

ðåàëüíûõ ãåíåòè÷åñêèõ ïîñëåäîâàòåëüíîñòåé âûïîë-

íÿåòñÿ íå òî÷íî, íî ñ íåêîòîðîé ïîãðåøíîñòüþ. Ïðè-

ðîäà òàêîé ïîãðåøíîñòè ìîæåò áûòü äâîÿêîé: âî-

ïåðâûõ, ýòî ìîæåò áûòü ìàòåìàòè÷åñêèé àðòå�àêò �

òàêîå íàðóøåíèå ÿâëÿåòñÿ ñëåäñòâèåì êîìáèíàòîð-

íûõ ñâîéñòâ ðàññìàòðèâàåìîé ñèìâîëüíîé ïîñëåäî-

âàòåëüíîñòè; âî-âòîðûõ, ìîãóò áûòü ÷èñòî áèîëîãè-

÷åñêèå ïðè÷èíû òàêîãî ðîäà íàðóøåíèé � âîçìîæíî,

ïðîöåññû îòáîðà ïðèâåëè ê òîìó, ÷òî îòîáðàëèñü ãå-

íåòè÷åñêèå òåêñòû ñ ðîâíî òàêèì (êîìáèíàòîðíûì)

íàðóøåíèåì.

Îñíîâíàÿ öåëü íàøåé ðàáîòû � îöåíèòü ñòåïåíü

¾áèîëîãè÷íîñòè¿ â íàðóøåíèÿõ ñóïåð-ñèììåòðèè,

íàáëþäàåìûõ äëÿ ðåàëüíûõ ïîñëåäîâàòåëüíîñòåé.

Çäåñü âîçìîæíû äâà ïîäõîäà � ïîïóëÿöèîííûé:

ìîæíî ñðàâíèâàòü ðåàëüíûå ïîñëåäîâàòåëüíîñòè

ðàçíûõ âèäîâ; âíóòðèãåíîìíûé: ìîæíî ñðàâíè-

âàòü îòäåëüíûå �ðàãìåíòû îäíîé è òîé æå ïîñëåäî-

âàòåëüíîñòè. Â ðàìêàõ íàñòîÿùåé ñòàòüè ìû áóäåì

ñëåäîâàòü ïåðâîìó ïîäõîäó.

Êðîìå òîãî, âîçìîæåí (è âàæåí) åù�å îäèí ïîä-

õîä ê ïðîáëåìå: ìîäåëèðîâàíèå ïðîèñõîæäåíèÿ òàêî-

ãî ñâîéñòâà íóêëåîòèäíûõ ïîñëåäîâàòåëüíîñòåé, êàê

ñóïåð-ñèììåòðè÷íîñòü. Îäíà èç âîçìîæíûõ ìîäåëåé

çäåñü � óäâîåíèå (è âîîáùå, êîïèðîâàíèå) âåñüìà

áîëüøèõ �ðàãìåíòîâ â ïîñëåäîâàòåëüíîñòè ñ ïîñëå-

äóþùèì ðàçðóøåíèåì òî÷íîñòè êîïèðîâàíèÿ; çàìå-

òèì, ÷òî ýòà ìîäåëü íå ÿâëÿåòñÿ åäèíñòâåííî âîçìîæ-

íîé.

2 Ñóïåð-ñèììåòðèÿ è å�å íàðóøåíèÿ

Êàê óæå áûëî ñêàçàíî âûøå, ñóïåð-ñèììåòðèåé â

ãåíîìàõ (è âîîáùå � â ñèìâîëüíûõ ïîñëåäîâàòåëü-

íîñòÿõ) ìû áóäåì ñ÷èòàòü òî÷íîå âûïîëíåíèå âòî-

ðîãî ïðàâèëà ×àðãà��à äëÿ ÷àñòîòíîãî ñëîâàðÿ,

îïðåäåë�åííîãî ïî îäíîìó ñòðýíäó (îäíîé ïîñëåäîâà-

òåëüíîñòè). Îòêëîíåíèÿ îò ýòîãî òî÷íîãî âûïîëíå-

íèÿ âòîðîãî ïðàâèëà ìû áóäåì ñ÷èòàòü íàðóøåíèÿ-
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ìè ñóïåð-ñèììåòðèè. Äëÿ äàëüíåéøåãî íàì ïîíàäî-

áèòñÿ ìåðà òàêîãî îòêëîíåíèÿ. Ýòó ìåðó ìîæíî ââå-

ñòè ìíîãèìè ðàçëè÷íûìè ñïîñîáàìè (ñì. íàïð., [2℄);

â ðàìêàõ íàñòîÿùåé ðàáîòû ìû áóäåì ïîëüçîâàòüñÿ

ñëåäóþùåé âåëè÷èíîé, îïðåäåëÿþùåé ìåðó íàðóøå-

íèÿ ñóïåð-ñèììåòðèè:

µ(q) =

√

2

4q

∑

ω∈Ω⋆

(

fω − fω
)2

; (1)

çäåñü Ω⋆
� ïîëóíîñèòåëü äàííîãî ÷àñòîòíîãî ñëîâàðÿ

(ò. å. ìíîæåñòâî âñåõ ñëîâ, ÿâëÿþùèõñÿ ëèøü ¾ïðÿ-

ìûìè¿).

2.1 Ïðàâèëà ×àðãà��à è ìîäåëüíûå

ïîñëåäîâàòåëüíîñòè

�àññìîòðèì ñëó÷àéíóþ íåñêîððåëèðîâàííóþ ñèì-

âîëüíóþ ïîñëåäîâàòåëüíîñòü èç ÷åòûð�åõáóêâåííîãî

àë�àâèòà ℵ = {A,C,G,T}. Òðàäèöèîííî áóäåì ñ÷è-

òàòü, ÷òî èíûõ ñèìâîëîâ, à òàêæå ïðîáåëîâ è ò. ï.

â íåé íåò; äëÿ ðåàëüíûõ ïîñëåäîâàòåëüíîñòåé, ðàñ-

ñìàòðèâàåìûõ íèæå, ýòî ïðåäïîëîæåíèå íå âûïîëíÿ-

åòñÿ, îäíàêî ìû âñåãäà ìîæåì âûáðàòü òàêîé êëàññ

ïîñëåäîâàòåëüíîñòåé, äëÿ êîòîðûõ âëèÿíèå òàêèõ

ëèøíèõ ñèìâîëîâ ìîæåò áûòü ñäåëàíî ñêîëü óãîäíî

ìàëûì.

2.1.1 Ñëó÷àéíûå íåçàâèñèìûå ïîñëåäîâàòåëüíîñòè

Èòàê, áóäåì ðàññìàòðèâàòü ñëó÷àéíóþ íåñêîððåëè-

ðîâàííóþ ñèìâîëüíóþ ïîñëåäîâàòåëüíîñòü èç ÷å-

òûð�åõáóêâåííîãî àë�àâèòà ℵ = {A,C,G,T}, ïðè÷�åì
áóäåì ïîëàãàòü, ÷òî äëÿ íå�å òî÷íî âûïîëíÿåòñÿ ïåð-

âîå ïðàâèëî ×àðãà��à:

p(A) = p(T) è p(C) = p(G) . (2)

Î÷åâèäíî, ÷òî èç ýòîãî íåìåäëåííî ñëåäóåò ïðîñòåé-

øàÿ

Òåîðåìà 1. Äëÿ ïîñëåäîâàòåëüíîñòè ñî ñâîéñòâà-

ìè, óêàçàííûìè âûøå, âûïîëíÿåòñÿ âòîðîå ïðàâèëî

×àðãà��à ñ àáñîëþòíîé òî÷íîñòüþ.

Äîêàçàòåëüñòâî ýòîé òåîðåìû ýëåìåíòàðíî. Â ñèëó

ñëó÷àéíîñòè è íåçàâèñèìîñòè ïîÿâëåíèÿ ñèìâîëîâ â

ïîñëåäîâàòåëüíîñòè âåðîÿòíîñòü âñÿêîãî ñëîâà äëè-

íû q îïðåäåëÿåòñÿ âûðàæåíèåì

p(A)lA · p(C)lC · p(G)lG · p(T)lT ,

ãäå ìóëüòèèíäåêñ lA + lC + lG + lN = q îïðåäåëÿåò-

ñÿ ñòðóêòóðîé ñëîâà. Îäíàêî â ñèëó ðàâåíñòâà (2)

÷àñòîòà ñëîâà è åãî êîìïëèìåíòàðíîãî ïàëèíäðîìà

îêàçûâàþòñÿ ðàâíûìè. �

Ïóñòü òåïåðü ñîîòíîøåíèå (2) íå âûïîëíÿåòñÿ è pw =
1
2 [p(A) + p(T)], ps =

1
2 [p(C) + p(G)]. Òîãäà (äëÿ îïðå-

äåë�åííîñòè) p(A) = pw−δ, p(T) = pw+δ, p(C) = ps−ε,

p(G) = ps+ε. Òîãäà ÷àñòîòà (âåðîÿòíîñòü) ¾ïðÿìîãî¿
ñëîâà fω áóäåò ðàâíà

(pw − δ)lA · (ps − ε)lC · (ps + ε)lG · (pw + δ)lT , (3)

à ÷àñòîòà fω (âåðîÿòíîñòü) êîìïëèìåíòàðíîãî åìó

ïàëèíäðîìà

(pw + δ)lA · (ps + ε)lC · (ps − ε)lG · (pw − δ)lT . (4)

Òðåáóåòñÿ îöåíèòü âåëè÷èíó íåâÿçêè µ (ñì. (1)) äëÿ

÷àñòîòíîãî ñëîâàðÿ òîëùèíû q = lA + lC + lG + lT.
Çàìåòèì, ÷òî pw è ps íå ÿâëÿþòñÿ íåçàâèñèìûìè; îíè
ñâÿçàíû ïðîñòûì è î÷åâèäíûì ñîîòíîøåíèåì pw +
ps = 1/2.

�àññìîòðèì äëÿ íà÷àëà ÷àñòíûé ñëó÷àé lA = lT
è lC = lG; çàìåòèì, ÷òî ýòî îãðàíè÷èâàåò íàñ ðàññìîò-
ðåíèåì ñëîâ ÷�åòíîé äëèíû, îäíàêî â äàëüíåéøåì ìû

îòêàæåìñÿ îò ýòîãî îãðàíè÷åíèÿ. Åñëè δ = ε, òî ÷à-

ñòîòû ¾ïðÿìîãî¿ ñëîâà è êîìïëèìåíòàðíîãî ïàëèí-

äðîìà áóäóò ðàâíû äðóã äðóãó. Åñëè δ 6= ε, òî îöåíêó
ìîæíî ïîëó÷èòü, ðàçëàãàÿ (3, 4) â ðÿä ïî ñòåïåíÿì δ
è ε; åñòåñòâåííî, äëÿ ýòîãî ñëåäóåò ñ÷èòàòü ýòè âåëè-

÷èíû ìàëûìè. Ïðàêòèêà ïîêàçûâàåò (ñì. ðàçäåë 4),

÷òî òàêîå ïðåäïîëîæåíèå âïîëíå ïðèåìëåìî.

�àçëàãàÿ êàæäûé ñîìíîæèòåëü â (3, 4) â ðÿä ïî ñòå-

ïåíÿì δ è ε è îòáðàñûâàÿ âñå ÷ëåíû, ñîäåðæàùèå ñòå-
ïåíè δ2 (ε2, ñîîòâåòñòâåííî) è âûøå, ïîëó÷àåì

plA+lT
w · plC+lG

s + δplC+lG
s · plA+lT−1

w (lT − lA)+
+ εplA+lT

w
· plC+lG−1

s
(lG − lC) (5)

è

plA+lT
w

· plC+lG
s

+ δplC+lG
s

· plA+lT−1
w

(lA − lT)+
+ εplA+lT

w
· plC+lG−1

s
(lC − lG) . (6)

Îêîí÷àòåëüíî, ðàçíèöà (5) è (6) äà�åò

λ = 2plC+lG−1
s · plA+lT−1

w

[

δps(lT − lA) + εpw(lC − lG)
]

,

÷òî ñ ó÷�åòîì óêàçàííîé âûøå ñâÿçè ïðèâîäèò ê

µ ∼
√
λ2 · n = λ · √n , (7)

ãäå n � ìîùíîñòü ÷àñòîòíîãî ñëîâàðÿ. Ïîä÷åðêí�åì,

÷òî �îðìóëà (7) äà�åò îöåíêó íåâÿçêè, íå çàâèñÿ-

ùóþ îò äëèíû ñëîâ, äëÿ êîòîðûõ îíà îïðåäåëÿåòñÿ.

Ýòî îçíà÷àåò, ÷òî äàííàÿ ìîäåëü ãåíåòè÷åñêîãî òåê-

ñòà (ñëó÷àéíàÿ íåñêîððåëèðîâàííàÿ ïîñëåäîâàòåëü-

íîñòü) ÿâëÿåòñÿ âåñüìà ãðóáûì ïðèáëèæåíèåì.

Äàëåå, çàìåòèì, ÷òî ps 6
1
4 è pw 6 1

4 . Èç ýòîãî ñëåäó-

åò, ÷òî äëÿ âûðàæåíèÿ (7) ñïðàâåäëèâà ñëåäóþùàÿ

îöåíêà ñâåðõó:

λ <
2 ·max{δ, ε}

4(q−1)
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Òàáëèöà 1: Çíà÷åíèÿ íåâÿçêè (1) äëÿ äåâÿòíàäöàòè âèäîâ (è

øòàììîâ) äðîææåé; N � ÷èñëî èññëåäîâàííûõ ïîñëåäîâàòåëü-

íîñòåé â ãåíîìå.

Îðãàíèçì N 〈µ(1)〉 σ
A. gossypii 7 0,00248 0,00252

A. fumigatus 8 0,00073 0,00044

A. niger 19 0,00164 0,00125

A. nudilans 8 0,00089 0,00055

C. albians 9 0,00148 0,00076

C. dublinesis 8 0,00085 0,00067

C. glabrata 13 0,07335 0,00094

C. neoformans 14 0,00124 0,00089

F. oxysporum 15 0,00096 0,00072

G.moniliformis 11 0,00082 0,00044

G. zeae 4 0,00056 0,00008

K. latis 6 0,00178 0,00087

L. kluyveri 8 0,00228 0,00127

L. thermotolerns 8 0,00106 0,00060

P. stipitis 8 0,00120 0,00067

S. pombe 1 3 0,00093 0,00042

S. pombe (2) 3 0,00085 0,00048

Y. lipolitia 6 0,00070 0,00040

Z. rouxii 7 0,00176 0,00065

è òàêèõ ñëàãàåìûõ â ñóììå äëÿ íåâÿçêè (1) íå áî-

ëåå

4q

2 . Çàìåòèì, ÷òî ïðåäïîëîæåíèå î òîì, ÷òî pw ∼
ps ∼ 1

4 îçíà÷àåò, ÷òî lA ∼ lT è lC ∼ lG. Îòñþäà íåìåä-
ëåííî ñëåäóåò, ÷òî λω ∼ 4−q ·max{δ, ε}.
Ïîëó÷åííàÿ îöåíêà ñëèøêîì ãðóáà: ïðåäïîëîæåíèå

î òîì, ÷òî ps ∼= 1
4 è pw ∼= 1

4 îçíà÷àþò, ÷òî â ðàñ-

ñìàòðèâàåìîé ïîñëåäîâàòåëüíîñòè àáñîëþòíî òî÷íî

âûïîëíÿåòñÿ ïåðâîå ïðàâèëî ×àðãà��à è, êðîìå òî-

ãî, âñå íóêëåîòèäû ïðåäñòàâëåíû â ðàâíûõ äîëÿõ.

Íà ïðàêòèêå òàêîãî ðîäà ïðåäïîëîæåíèé íå âûïîë-

íÿåòñÿ íèêîãäà. Áîëåå ý��åêòèâíîé îöåíêîé ÿâëÿ-

åòñÿ òàêàÿ, äëÿ êîòîðîé

2

÷àñòîòà êîìïëèìåíòàðíîãî

ïàëèíäðîìà èìååò ïîðÿäîê A · N−1
, ãäå N � äëèíà

ðàññìàòðèâàåìîé ïîñëåäîâàòåëüíîñòè, à êîíñòàíòà A
îïðåäåëÿåòñÿ ñòðóêòóðîé ÷àñòîòíîãî ñëîâàðÿ è â õóä-

øåì ñëó÷àå èìååò ïîðÿäîê A ∼ 4q, ãäå q � äëèíà ðàñ-

ñìàòðèâàåìîãî ñëîâà. Èíûìè ñëîâàìè, äëÿ ñêîëüêî-

íèáóäü ðåàëèñòè÷íûõ ñëó÷àåâ A≪ N .

3 Ìàòåðèàëû è ìåòîäû

Â íàñòîÿùåé ðàáîòå èññëåäîâàëîñü ïîâåäåíèå íåâÿç-

êè (1) äëÿ ðàçëè÷íûõ ðåàëüíûõ ãåíåòè÷åñêèõ òåê-

ñòîâ. Âñå ãåíåòè÷åñêèå ïîñëåäîâàòåëüíîñòè áûëè âçÿ-

òû èç EMBL�áàíêà. Èññëåäîâàëèñü ãåíîìû äðîææåé

(19 âèäîâ è øòàììîâ), ïî îäíîé õðîìîñîìå ÷åëîâå-

êà (÷åòûðíàäöàòàÿ õðîìîñîìà), ìàêàêè è øèìïàíçå

(ïåðâàÿ õðîìîñîìà). Äëÿ êàæäîé ïîñëåäîâàòåëüíî-

ñòè îïðåäåëÿëàñü íåâÿçêà (1) äëÿ 1 6 q 6 8.

2

Äëÿ äîñòàòî÷íî äëèííûõ ñëîâ; íî íàñ, ñîáñòâåííî, è èíòå-

ðåñóþò îöåíêè ïîâåäåíèÿ íåâÿçêè (1) äëÿ äëèííûõ ñëîâ.

Òàáëèöà 2: Çíà÷åíèÿ íåâÿçêè (1) äëÿ ðàçëè÷íûõ ãðóïï îðãàíèç-

ìîâ; N � ÷èñëî èññëåäîâàííûõ ïîñëåäîâàòåëüíîñòåé â ãåíîìå

(â ñåìåéñòâå ãåíîìîâ).

Îðãàíèçì N 〈µ(1)〉 σ
A. gambiae 5 0,00037 0,00014

B. taurus 30 0,00082 0,00065

H. sapiene, h.XIV 1 0,00062 �

M.mulatta h. 1 1 0,00057 �

Áàêòåðèè 752 0,00234 0,00298

A. thaliana 6 0,00103 0,00036

D.melanogaster 6 0,00159 0,00224

P. traoglodites 1 0,00166 �

Ìèòîõîíäðèè 2004 0,08281 0,04066

Õëîðîïëàñòû 463 0,00654 0,00504

Â ñëó÷àå, åñëè èñõîäíàÿ ïîñëåäîâàòåëüíîñòü ñîäåð-

æàëà èíûå, ÷åì A, C, G è T ñèìâîëû, îíè èãíîðèðî-

âàëèñü ïðè ñîñòàâëåíèè ÷àñòîòíûõ ñëîâàðåé, ïî êî-

òîðûì îïðåäåëÿëàñü íåâÿçêà (1).

4 �åçóëüòàòû è îáñóæäåíèå

Â Òàáëèöàõ 1 è 2 ïðåäñòàâëåíû ðåçóëüòàòû îïðåäåëå-

íèÿ íåâÿçêè (1) äëÿ ðàçëè÷íûõ âèäîâ. Â Òàáëèöå 1

ïðåäñòàâëåíû ðåçóëüòàòû îïðåäåëåíèÿ íåâÿçêè äëÿ

äåâÿòíàäöàòè âèäîâ äðîææåé. Ñëåäóåò ïîä÷åðêíóòü,

÷òî äðîææè ÿâëÿþòñÿ ïî-ñâîåìó ñïåöè�è÷åñêèì ãå-

íåòè÷åñêèì îáúåêòîì: äëÿ íèõ õàðàêòåðíà âåñüìà

âûñîêàÿ ñòåïåíü ñëîæíîñòè õðàíåíèÿ íàñëåäñòâåí-

íîé èí�îðìàöèè. Ïîä ñëîæíîñòüþ çäåñü ïîíèìàåò-

ñÿ òî îáñòîÿòåëüñòâî, ÷òî ó ìíîãèõ âèäîâ äðîææåé

êîäèðóþùèìè ÿâëÿþòñÿ îáà ñòðýíäà ÄÍÊ, à ãåíû â

êîìïëèìåíòàðíûõ ñòðýíäàõ ÷àñòî ïåðåñåêàþòñÿ.

Â ýòîé òàáëèöå ïðåäñòàâëåíû çíà÷åíèÿ ñðåäíåé ïî

ãåíîìó íåâÿçêè; ïðàâàÿ êîëîíêà ñîäåðæèò çíà÷å-

íèÿ ñòàíäàðòíîãî îòêëîíåíèÿ íåâÿçîê, îïðåäåëÿå-

ìûõ äëÿ êàæäîé õðîìîñîìû â ãðóïïå ëèáî â ãåíîìå.

Â Òàáëèöå 2 ïðåäñòàâëåíû ðåçóëüòàòû îïðåäåëåíèÿ

íåâÿçêè (1) äëÿ áàêòåðèé, õëîðîïëàñòîâ, ìèòîõîí-

äðèé, à òàêæå äëÿ íåêîòîðûõ ãåíîìîâ ëèáî îòäåëü-

íûõ õðîìîñîì ãåíîìîâ âûñøèõ îðãàíèçìîâ.

Ìèòîõîíäðèè çíàìåíèòû òåì, ÷òî äëÿ íèõ íåâÿç-

êà (1) ïðèíèìàåò ñàìûå áîëüøèå � ñðåäè ïîñëåäî-

âàòåëüíîñòåé èíûõ ãðóïï � çíà÷åíèÿ. Îíè ÿâëÿþòñÿ

ñâîåãî ðîäà ¾ëèäåðàìè¿ ïî íàðóøåíèþ ïåðâîãî ïðà-

âèëà ×àðãà��à. Áîëåå òîãî, äëÿ íèõ õàðàêòåðåí è

î÷åíü áîëüøîé ðàçáðîñ çíà÷åíèé íåâÿçêè; çíà÷åíèÿ

ñòàíäàðòíîãî îòêëîíåíèÿ ÿñíî ãîâîðÿò î çíà÷èòåëü-

íîì ðàçáðîñå. Äàííîå îáñòîÿòåëüñòâî õîðîøî èëëþ-

ñòðèðóåò ðèñóíîê 1, íà êîòîðîì ïîêàçàíî ñîâìåñò-

íîå ðàñïðåäåëåíèå ãåíîìîâ ìèòîõîíäðèé è áàêòåðèé

ïî çíà÷åíèÿì íåâÿçêè. Âî-ïåðâûõ, ñëåäóåò îáðàòèòü

âíèìàíèå íà ãèñòîãðàììó äëÿ áàêòåðèé; îíà èìååò

âèä, õàðàêòåðíûé äëÿ Ïóàññîíîâñêîãî ðàñïðåäåëå-
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�èñóíîê 1: �àñïðåäåëåíèå ãåíîìîâ ìèòîõîíäðèé (÷�åðíûå ñòîëáöû) è áàêòåðèé (êîñàÿ øòðèõîâêà) ïî çíà÷åíèÿì íåâÿçêè (1). Ïî

îñè àáñöèññ îòëîæåíû çíà÷åíèÿ íåâÿçêè, ïî îñè îðäèíàò � ÷èñëî ãåíîìîâ ñ íåâÿçêîé, ïîïàäàþùåé â äàííûé äèàïàçîí.
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�èñóíîê 2: Èçìåíåíèå íåâÿçêè (1) äëÿ ãåíîìà êîìàðà. Ïî îñè

àáñöèññ îòëîæåíû çíà÷åíèÿ äëèíû ñëîâ, ïî îñè îðäèíàò � çíà-

÷åíèÿ íåâÿçêè.

íèÿ. Áîëåå òîãî, òàêîé âèä ãèñòîãðàììû õàðàêòåðåí

äëÿ ëþáûõ (â äèàïàçîíå 1 6 q 6 8) çíà÷åíèé äëè-

íû ñëîâ, äëÿ êîòîðûõ îïðåäåëÿåòñÿ íåâÿçêà. Åäèí-

ñòâåííûì ñóùåñòâåííûì èñêëþ÷åíèåì èç ýòîãî ïðà-

âèëà ÿâëÿþòñÿ ìèòîõîíäðèè. Àíàëîãè÷íàÿ çàâèñè-

ìîñòü îïèñàíà â ðàáîòå [3℄, â êîòîðîé ðàññìàòðèâà-

ëèñü äðóãèå êîìáèíàöèè ãåíîìîâ è âèäîâ.

Ïîâåäåíèå íåâÿçêè (1) äëÿ ñëîâàðåé ðàçëè÷íîé òîë-

ùèíû ïîêàçûâàåò, ÷òî îíà ïàäàåò ñ ðîñòîì q òîë-

ùèíû ñëîâàðÿ, ïðè÷�åì õàðàêòåð áëèçêî ê ýêñïîíåí-

öèàëüíîìó ïàäåíèþ (ñì. ðèñóíîê 2). Äàííîå íàáëþ-

äåíèå ïîçâîëÿåò óòâåðæäàòü, ÷òî ïðåäëîæåííàÿ ðà-

íåå ìîäåëü [1, 2℄ îáðàçîâàíèÿ ñòðóêòóð, ïðîÿâëÿþ-

ùèõñÿ â �îðìå âòîðîãî ïðàâèëà ×àðãà��à, íå ÿâ-

ëÿåòñÿ àäåêâàòíîé: ñëó÷àéíûå ïîñëåäîâàòåëüíîñòè,

äëÿ êîòîðûõ âûïîëíÿåòñÿ ïåðâîå ïðàâèëî ×àðãà�-

�à, ñ íåîáõîäèìîñòüþ îáåñïå÷èâàþò âûïîëíåíèå è

âòîðîãî ïðàâèëà. Òåì ñàìûì, âîïðîñ î âîçíèêíîâå-

íèè ñòðóêòóðèðîâàííîñòè â ãåíîìàõ ðàçëè÷íûõ îð-

ãàíèçìîâ, ïðîÿâëÿþùåéñÿ â âèäå îïèñàííîé âûøå

ñóïåð-ñèììåòðèè, òðåáóåò îòäåëüíîãî ñïåöèàëüíîãî

èññëåäîâàíèÿ.
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ñëåäîâàòåëüíîñòåé. VI Âñåñèáèðñêèé êîíãðåññ æåíùèí-

ìàòåìàòèêîâ, 15 - 17 ÿíâàðÿ 2010. Ìàòåðèàëû êîí�.,
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Àííîòàöèÿ. Â ðàáîòå ïðåäñòàâëåí íîâûé ïîäõîä

ê âûÿâëåíèþ ñòðóêòóðèðîâàííîñòè â ñèìâîëü-

íûõ ïîñëåäîâàòåëüíîñòÿõ, òàêèõ êàê, íàïðèìåð,

ïîñëåäîâàòåëüíîñòü ÄÍÊ. Ïðåäìåòîì èññëåäîâà-

íèÿ ÿâëÿåòñÿ õàðàêòåð ðàñïðåäåëåíèÿ ðàññòîÿíèé

ìåæäó êîðîòêèìè ïîäïîñëåäîâàòåëüíîñòÿìè (ñëî-

âàìè). Ïîêàçàíî, ÷òî ðåàëüíàÿ ïîñëåäîâàòåëüíîñòü

ÄÍÊ îòëè÷àåòñÿ îò òåîðåòè÷åñêîé ñëó÷àéíîé

ïîñëåäîâàòåëüíîñòè.

Êëþ÷åâûå ñëîâà. Ïîðÿäîê, òðèïëåò, ÷àñòîòíûé

ñëîâàðü, Ìàðêîâñêèé ïðîöåññ, ðàñïðåäåëåíèå ðàññòî-

ÿíèé, áëèæàéøèé ñîñåä.

1 Ââåäåíèå

Ïðîáëåìà ïîèñêà, âûÿâëåíèÿ è ïîñëåäóþùåãî àíà-

ëèçà ðàçëè÷íûõ âèäîâ ñòðóêòóð â ñèìâîëüíûõ ïî-

ñëåäîâàòåëüíîñòÿõ ÿâëÿåòñÿ óíèâåðñàëüíîé äëÿ øè-

ðîêîãî êðóãà çàäà÷, êàê ÷èñòî òåîðåòè÷åñêèõ, òàê è

ïðèêëàäíûõ. Ïðèêëàäíîé àñïåêò ýòî ïðîáëåìû èìå-

åò ñâîèìè ïðèëîæåíèÿìè ðàçëè÷íûå çàäà÷è â òàêèõ

îáëàñòÿõ, êàê êðèïòîãðà�èÿ, ñòåãàíîãðà�èÿ, òåîðå-

òè÷åñêîå ïðîãðàììèðîâàíèå, ðàçëè÷íûå îïòèìèçàöè-

îííûå çàäà÷è. Ñ ¾ïðîòèâîïîëîæíîãî¿ êîíöà ðàñïî-

ëàãàþòñÿ òàêèå íàóêè, êàê �èëîëîãèÿ, ëèíãâèñòèêà,

áèîèí�îðìàòèêà, áèî�èçèêà è ìíîãèå äðóãèå.

Ïîèñê ñòðóêòóðû â ñèìâîëüíîé ïîñëåäîâàòåëüíîñòè

ìîæåò áûòü ïðîâåä�åí â ðàìêàõ äâóõ ïîäõîäîâ:

� äëÿ íà÷àëà âûäåëÿþòñÿ ëèáî èíûì îáðàçîì

îïðåäåëÿþòñÿ òå èëè èíûå îáðàçöû (íàáîð îá-

ðàçöîâ), îïðåäåëÿåòñÿ êàêèì-òî îáðàçîì ìåðà

äîïóñòèìîãî îòêëîíåíèÿ îò òàêîãî îáðàçöà, à çà-

òåì â ñèìâîëüíîé ïîñëåäîâàòåëüíîñòè èùóòñÿ

âñå òàêèå ïîäïîñëåäîâàòåëüíîñòè, êîòîðûå óäî-

âëåòâîðÿþò êðèòåðèþ áëèçîñòè ê çàðàíåå çàäàí-

íûì îáðàçöàì;

� â èññëåäóåìîé ïîñëåäîâàòåëüíîñòè èùóòñÿ òà-

êèå �ðàãìåíòû (ïîäïîñëåäîâàòåëüíîñòè), êîòî-

ðûå ÿâëÿþòñÿ ñëèøêîì ¾íåîæèäàííûìè¿ äëÿ

íå�å. Ïîíÿòíî, ÷òî ìåðà òàêîé íåîæèäàííîñòè ìî-

æåò ñóùåñòâåííî ïîâëèÿòü íà ðåçóëüòàòû ïîèñêà

òîé èëè èíîé ñòðóêòóðû â èçó÷àåìîé ñèìâîëü-

íîé ïîñëåäîâàòåëüíîñòè.
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Âîçìîæåí, íàêîíåö, è â êàêîì-òî ñìûñëå ïðîìåæó-

òî÷íûé âàðèàíò: â ïîñëåäîâàòåëüíîñòè çàðàíåå âûäå-

ëÿþòñÿ êàêèå-òî çíà÷èìûå �ðàãìåíòû (ñðàâíèòåëü-

íî ìàëîé äëèíû) è çàòåì èçó÷àåòñÿ âçàèìíîå ðàñïî-

ëîæåíèå òàêèõ �ðàãìåíòîâ. Èìåííî â ðàìêàõ òàêîãî

ïîäõîäà âûïîëíåíà íàñòîÿùàÿ ðàáîòà.

Ìû èçó÷àëè ðàñïðåäåëåíèå òðèïëåòîâ � ïîäïîñëåäî-

âàòåëüíîñòåé äëèíû 3 � â áîëüøèõ ñèìâîëüíûõ ïî-

ñëåäîâàòåëüíîñòÿõ. Èçó÷àëèñü êàê ðåàëüíûå ïîñëå-

äîâàòåëüíîñòè (ãåíåòè÷åñêèå òåêñòû), òàê è ñëó÷àé-

íûå ñèìâîëüíûå ïîñëåäîâàòåëüíîñòè, ïîäîáíûå èñ-

õîäíûì ãåíåòè÷åñêèì òåêñòàì. Âûáîð òðèïëåòîâ â

êà÷åñòâå òåõ �ðàãìåíòîâ, âçàèìíîå ðàñïîëîæåíèå êî-

òîðûõ îïðåäåëÿåò ñòðóêòóðó â ñèìâîëüíîé ïîñëåäî-

âàòåëüíîñòè, íå ñëó÷àåí: èìåííî òðèïëåòû ÿâëÿþòñÿ

áàçîâûì ýëåìåíòîì ïîäàâëÿþùåãî áîëüøèíñòâà ãå-

íåòè÷åñêèõ ñèñòåì. Âîçìîæíî, ðàçëè÷íûå ãåíåòè÷å-

ñêèå òåêñòû îáëàäàþò è ñòðóêòóðàìè, îïðåäåëÿåìû-

ìè èíûìè, áîëåå äëèííûìè ïîäïîñëåäîâàòåëüíîñòÿ-

ìè, îäíàêî èõ ïîèñê è âûäåëåíèå ñëåäóåò âåñòè ïî-

ñëå òîãî, êàê áóäóò âûÿâëåíû è îïèñàíû ñòðóêòóðû

â ãåíåòè÷åñêèõ òåêñòàõ, ïîðîæäàåìûå èìåííî òðè-

ïëåòàìè, ïîñêîëüêó èõ ðîëü âåëèêà, à âëèÿíèå, èìè

îêàçûâàåìîå, ñàìîå ñóùåñòâåííîå.

2 Îñíîâíûå ïîíÿòèÿ

�àññìîòðèì áåñêîíå÷íóþ ñèìâîëüíóþ ïîñëåäîâà-

òåëüíîñòü èç àë�àâèòà ℵ = {A,C,G, T } ìîùíîñòè

m = 4, çàäàííóþ Ìàðêîâñêèì ïðîöåññîì ïîðÿäêà t.
Â íåé âåðîÿòíîñòü ïîÿâëåíèÿ òîãî èëè èíîãî ñèìâî-

ëà àë�àâèòà ℵ â îïðåäåëåííîì ìåñòå ýòîé ïîñëåäî-

âàòåëüíîñòè çàâèñèò îò òîãî, êàêèå ñèìâîëû áûëè íà

ïðåäûäóùèõ t ìåñòàõ (ðàññìàòðèâàþòñÿ îáà âàðèàí-

òà t 6 k è t > k). Ñëîâîì íàçîâåì ëþáóþ êîíå÷-

íóþ ïîäïîñëåäîâàòåëüíîñòü, ñîäåðæàùóþñÿ â èñõîä-

íîé ïîñëåäîâàòåëüíîñòè.

Çà�èêñèðóåì äâà ñëîâà ω1 è ω2, êàæäîå íåêîòîðîé

äëèíû k. Íàéä�åì ïåðâîå ïîïàâøååñÿ âõîæäåíèå ñëî-

âà ω1 â ðàññìàòðèâàåìóþ ïîñëåäîâàòåëüíîñòü è íåêî-

òîðîå âõîæäåíèå ñëîâà ω2, ðàñïîëîæåííîå ïðàâåå ω1.

Êîëè÷åñòâî ñèìâîëîâ îò íà÷àëà ω1 äî íà÷àëà ω2 áó-

äåì íàçûâàòü ðàññòîÿíèåì n ìåæäó ñëîâàìè ω1 è

ω2. Åñëè íèãäå áëèæå n ñëîâî ω2 íå âñòðåòèëîñü, òî

â òàêîì ñëó÷àå ω2 íàçîâåì áëèæàéøèì ñîñåäîì ê
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ω1. Íàïðèìåð,

k = 3, ω1 = ACC, ω2 = AAA

. . . TAACCACTGTAAATG . . .

n = 8

�àññìîòðèì ñëåäóþùèå �óíêöèè ðàñïðåäåëåíèÿ ðàñ-

ñòîÿíèé ìåæäó ñëîâàìè:

⋄ fω1,ω2(n) � âåðîÿòíîñòü âñòðåòèòü ñëîâî ω2 íà

�èêñèðîâàííîì ðàññòîÿíèè n ñïðàâà îò ω1;

⋄ f∗
ω1,ω2

(n) � âåðîÿòíîñòü âñòðåòèòü ñëîâî ω2 íà

ðàññòîÿíèè n ñïðàâà îò ω1 è íå ðàíüøå, òî åñòü

âåðîÿòíîñòü òîãî, ÷òî ω2 áóäåò ÿâëÿòüñÿ áëèæàé-

øèì ñîñåäîì ω1 íà ðàññòîÿíèè n.

�èñóíîê 1: Òåîðåòè÷åñêèå fω1,ω2 (n) è ýêñïåðèìåíòàëüíûå

f̃ω1,ω2(n) çíà÷åíèÿ �óíêöèè ðàñïðåäåëåíèÿ �èêñèðîâàíííûõ

ðàññòîÿíèé ìåæäó ñëîâàìè ω1 = ACT è ω2 = AGT äëÿ ÷åòûðåõ

ïîñëåäîâàòåëüíîñòåé, êîäèðóþùèõ ðàçíûå ó÷àñòêè õðîìîñîì

ãåíîìà ìóõè Drosophila melanogaster. Ïî îñè àáñöèññ îòëîæåíî

ðàññòîÿíèå ìåæäó ñëîâàìè n.

Äàëåå ïîäðîáíåå ðàññìîòðèì ñëó÷àé k = t = 3. Äëÿ
íåãî ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ. Îáîçíà-

÷èì ìàòðèöó ïåðåõîäà äàííîãî Ìàðêîâñêîãî ïðîöåñ-

ñà:

P =







p11 p12 . . . p1r
p21 p22 . . . p2r
. . . . . . . . . . . . . . . . . .
pr1 pr2 . . . prr







Çäåñü i-òîé ñòðîêå ñîîòâåòñòâóþò âåðîÿòíîñòè ïåðå-

õîäà èç ñëîâà ïîä íîìåðîì i â ëþáîå äðóãîå, à j-òîìó
ñòîëáöó � âåðîÿòíîñòè ïåðåõîäà â ñëîâî ïîä íîìåðîì

j èç ëþáîãî äðóãîãî ñëîâà. Èíäåêñû i è j ìåíÿþòñÿ îò
1 äî r, ãäå r � êîëè÷åñòâî âñåâîçìîæíûõ ñëîâ äëèíû

k � ðàâíî ìîùíîñòè àë�àâèòà â ñòåïåíè äëèíû ñëîâ:

r = mk = 43 = 64. Òî åñòü ìàòðèöà P � êâàäðàòíàÿ,

ðàçìåðà r×r = 64×64, pij � âåðîÿòíîñòü ïåðåõîäà èç

ñëîâà i â ñëîâî j. Ïðè÷�åì äëÿ Ìàðêîâñêîãî ïðîöåññà

ñóììà ýëåìåíòîâ êàæäîé ñòðîêè ìàòðèöû ïåðåõîäà

áóäåò ðàâíà åäèíèöå:

∀i = 1, 2, . . . , r

r∑

j=1

pij = 1

Êîìïëåìåíòàðíûå ïàëèíäðîìû

ω1 − ω2 fω1,ω2 < f̃ω1,ω2 >
CCC-GGG 545 577

ACT-AGT 3812 3852

AAA-TTT 74123 76940

Íå êîìïëåìåíòàðíûå ïàëèíäðîìû

ω1 − ω2 fω1,ω2 < f̃ω1,ω2 >
GGT-CGG 916 941

TGC-GTG 1912 1934

ATT-TAT 14037 14127

Òàáëèöà 1: Òåîðåòè÷åñêàÿ ÷àñòîòà âñòðå÷àåìîñòè ïàðû ñëîâ ω1

è ω2 â ïîñëåäîâàòåëüíîñòè fω1,ω2 , âû÷èñëåííàÿ ïî �îðìóëå (3),

è ñðåäíåå çíà÷åíèå �óíêöèè f̃ω1,ω2(n) äëÿ n ∈ {5, 6, . . . , 2000},
ïîëó÷åííîå â õîäå âû÷èñëåíèé íàä ïîñëåäîâàòåëüíîñòüþ ãåíîìà

Caenorhabditis elegans.

Ñòîèò çàìåòèòü, ÷òî èç ëþáîãî çàðàíåå âûáðàííîãî

ñëîâà çà îäèí øàã ìîæíî ïåðåéòè äàëåêî íå âî âñå

âîçìîæíûå ñëîâà. Íàïðèìåð, èç AAA çà îäèí øàã

ìîæíî ïåðåéòè â AAA,AAC,AAG,AAT , íî íå â

ACA. Àíàëîãè÷íî, â AAA ìîæíî ïåðåéòè òîëüêî èç

AAA, CAA, GAA, TAA. Òåì ñàìûì, êàæäàÿ ñòðîêà

(è, àíàëîãè÷íî, êàæäûé ñòîëáåö) ñîäåðæèò m = 4 èç
mk = 64 íåíóëåâûõ ýëåìåíòîâ.

Ñîâïàäåíèå ïî áëèæàéøèì nmax
ω1,ω2

�åíîì Ch M N α
Shizosaharomyes pombe 3 12 141 0.085

Drosophila melanogaster 5 18 232 0.078

Caenorhabditis elegans 5 43 200 0.215

Random 3 16 135 0.119

Ñîâïàäåíèå ïî ñàìûì äàëüíèì nmax
ω1,ω2

�åíîì Ch M N α
Shizosaharomyes pombe 3 41 109 0.376

Drosophila melanogaster 5 38 208 0.183

Caenorhabditis elegans 5 85 146 0.582

Random 3 0 150 0

Òàáëèöà 2: Êîý��èöèåíò âíóòðèâèäîâîãî ñîâïàäåíèÿ ïî ñàìûì

áëèæíèì è ñàìûì äàëüíèì ìàêñèìàëüíûì ðàññòîÿíèÿì nmax
ω1,ω2

.

Çäåñü Ch � ÷èñëî ñðàâíèâàåìûõ ïîñëåäîâàòåëüíîñòåé (õðîìîñîì

èëè èõ ÷àñòåé); Random � äàííûå äëÿ ïîñëåäîâàòåëüíîñòåé, íå

ïðèíàäëåæàùèõ îäíîìó è òîìó æå ãåíîìó.

Âîçâîäÿ òàêóþ ìàòðèöó â ñòåïåíü n, ïîëó÷àåì ðàñ-

ïðåäåëåíèå âåðîÿòíîñòåé âñòðå÷è ñëîâà j íà ðàññòî-
ÿíèè n îò ñëîâà i. Îáîçíà÷èì ÷åðåç aω1 ñòðîêó ïåðå-

õîäà èç ñëîâà ω1, âûïèñàííóþ èç ìàòðèöû P , à ÷åðåç
bω2 � ñòîëáåö ïåðåõîäà â ñëîâî ω2. Òîãäà âåðîÿòíîñòü

âñòðåòèòü ñëîâî ω2 íà ðàññòîÿíèè n ñïðàâà îò ñëîâà

ω1 âûðàæàåòñÿ �îðìóëîé:

fω1,ω2(n) = aω1 · Pn−2 · bω2 . (1)

Åñëè æå íåîáõîäèìî íàéòè âåðîÿòíîñòü òîãî, ÷òî íà

ðàññòîÿíèè n îò ω1 ñëîâî ω2 âñòðå÷àåòñÿ âïåðâûå, òî

�îðìóëà (1) ïðèìåò ñëåäóþùèé âèä:

f∗
ω1,ω2

(n) = aω1 · Pn−2
ω2
· bω2 , (2)
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f̃∗
ω1,ω2

(n) f∗
ω1,ω2

(n)

ω1 − ω2 A λ A λ
AAA-TTT 13000 0,0192 10407 0,0273

ATT-TAT 7360 0,0157 7519 0,0198

ACT-AGT 4333 0,0143 6007 0,0152

TGC-GTG 4382 0,0121 7497 0,0133

CCC-GGG 1600 0,0078 2267 0,0077

GGT-CGG 1783 0,0091 1820 0,0091

Òàáëèöà 3: Çíà÷åíèÿ êîý��èöèåíòîâ â ïðèáëèæåííîé �îðìóëå

f∗
ω1,ω2

(n) ≈ A · e−λn
äëÿ 6 âûáðàííûõ ïàð ñëîâ ðàçíîé ÷àñòî-

òû âñòðå÷àåìîñòè â ïîñëåäîâàòåëüíîñòè ãåíîìà ìóõè Drosophila

melanogaster.

çäåñü Pω2 � ýòî ìàòðèöà ïåðåõîäà P , â êîòîðîé âåñü

ñòîëáåö ïåðåõîäà â ñëîâî ω2 îáíóë�åí. Îáðàùåíèå âñåõ

âåðîÿòíîñòåé ïåðåõîäà â ñëîâî ω2 â íîëü çàïðåùàåò

ïåðåõîä â íåãî, òî åñòü îáåñïå÷èâàåò òî, ÷òî íèãäå

ðàíüøå ðàññòîÿíèÿ n ñëîâî ω2 íå âñòðåòèòñÿ.

Ïîíÿòíî, ÷òî ïðè n ≫ t òåîðåòè÷åñêèå çíà÷åíèÿ

�óíêöèè fω1,ω2(n) ïðàêòè÷åñêè íå çàâèñÿò îò ðàñ-

ñòîÿíèÿ n ìåæäó ñëîâàìè, à çàâèñÿò òîëüêî îò ñà-

ìèõ ñëîâ ω1 è ω2. �ðà�èê ýòîé �óíêöèè íà÷èíàÿ ñ

íåêîòîðîãî n áóäåò ïðåäñòàâëÿòü ñîáîé ïðÿìóþ, ïà-

ðàëëåëüíóþ îñè n. Òåîðåòè÷åñêèå çíà÷åíèÿ âòîðîé

�óíêöèè f∗
ω1,ω2

(n) ïðè áîëüøèõ ðàññòîÿíèÿõ ìåæäó

ñëîâàìè çàâèñÿò îò n ýêñïîíåíöèàëüíî. Òî åñòü ãðà-

�èê òàêîé �óíêöèè íà÷èíàÿ ñ íåêîòîðîãî n õîðîøî

àïïðîêñèìèðóåòñÿ �óíêöèåé âèäà A · e−λn
. Äàííàÿ

çàâèñèìîñòü ïîäðîáíî èññëåäîâàëàñü â ðàáîòå [3℄.

3 Ìàòåðèàëû è ìåòîäû

Â äàííîé ðàáîòå áûë ïðîèçâåäåí ñðàâíèòåëüíûé

àíàëèç òåîðåòè÷åñêèõ çíà÷åíèé �óíêöèé fω1,ω2(n)
è f∗

ω1,ω2
(n) ñ äàííûìè âû÷èñëèòåëüíîãî ýêïåðè-

ìåíòà, ïðîâåäåííîãî íà êîíå÷íûõ ïîñëåäîâàòåëüíî-

ñòÿõ ãåíîìîâ Drosophila melanogaster, Homo sapiens,

Caenorhabditis elegans è Shizosaharomyes pombe.

�åíîìû ïðåäñòàâëÿþò ñîáîé êîíå÷íûå, õîòÿ è äî-

âîëüíî äëèííûå, ñèìâîëüíûå ïîñëåäîâàòåëüíîñòè èç

òîãî æå 4-ñèìâîëüíîãî àë�àâèòà ℵ = {A,C,G, T }, çà-
äàííûå îäíàêî ïðîöåññîì î÷åâèäíî áîëåå ñëîæíûì,

÷åì Ìàðêîâñêèé ïðîöåññ ïîðÿäêà t = 3.

Òåîðåòè÷åñêèå çíà÷åíèÿ �óíêöèè fω1,ω2(n) ïðè ïî-

ðÿäêå Ìàðêîâñêîãî ïðîöåññà t = k = 3 äëÿ n ≫ t
ìîæíî ïðèáëèæ�åííî âû÷èñëèòü ïî �îðìóëå:

fω1,ω2(n) = fω1,ω2 = pω1 · pω2 , (3)

ïðè óñëîâèè, ÷òî èçâåñòíû âåðîÿòíîñòè ïîÿâëåíèÿ

pω1 è pω2 ñëîâ â ïîñëåäîâàòåëüíîñòè; èõ â ñâîþ î÷å-

ðåäü ëåãêî âû÷èñëèòü ïî ïðàâèëó pω = Fω

N , çíàÿ ÷à-

ñòîòó Fω ïîÿâëåíèÿ ñëîâà ω äëèíû k = 3 è êîëè÷å-

ñòâî ñèìâîëîâ N â èññëåäóåìîé ïîñëåäîâàòåëüíîñòè.

Äëÿ âû÷èñëåíèÿ òåîðåòè÷åñêèõ çíà÷åíèé �óíê-

öèè (2) ñîñòàâëÿëàñü ìàòðèöà ïåðåõîäà P äëÿ ñëîâ

äëèíû k = 3 ïî ÷àñòîòíîìó ñëîâàðþ ñëîâ äëèíû

k + 1 = 4 äëÿ êàæäîé èññëåäóåìîé ïîñëåäîâàòåëü-

íîñòè ïî ñëåäóþùåìó ïðàâèëó:

pω1ω2 =
Fν1ν2ν3ν4
∑

x∈{A,C,G,T}
Fxν1ν2ν3

, (4)

ãäå ñëîâî ω1 = ν1ν2ν3, ω2 = ν2ν3ν4 (ñëîâà ïåðåñåêà-

þòñÿ ïî ñèìâîëàì ν2 è ν3, èíà÷å èç ω1 íåâîçìîæíî

ïåðåéòè â ω2, òî åñòü pω1ω2 = 0). Äàëüíåéøèå âû÷èñ-
ëåíèÿ òåîðåòè÷åñêèõ çíà÷åíèé f∗

ω1,ω2
(n) ïðîèçâîäè-

ëèñü â ñîîòâåòñòâèè ñ �îðìóëîé (2).

�èñóíîê 2: Çíà÷åíèÿ �óíêöèè f̃ω1,ω2 (n) è f̃∗
ω1,ω2

(n), ïîëó÷åííûå

â õîäå âû÷èñëèòåëüíîãî ýêñïåðèìåíòà äëÿ ïîñëåäîâàòåëüíîñòè 14

õðîìîñîìû ãåíîìà ÷åëîâåêà. �ðà�èêè ñîîòâåòñòâóþò âûáðàííûì

ïàðàì ñëîâ ω1 = CCC, ω2 = GGG. Ïî îñè àáñöèññ îòêëàäûâàåòñÿ

ðàññòîÿíèå n ìåæäó ñëîâàìè.

Â õîäå ýêñïåðèìåíòà ïðèøëîñü íàëîæèòü îãðàíè÷å-

íèÿ íà ðàññòîÿíèå n ìåæäó ñëîâàìè, âûáðàííûìè â

êà÷åñòâå ñîñåäåé, â ñâÿçè ñ îãðàíè÷åííûìè âû÷èñëè-

òåëüíûìè âîçìîæíîñòÿìè. Èññëåäîâàëèñü çíà÷åíèÿ

�óíêöèè ðàñïðåäåëåíèÿ ðàññòîÿíèé ìåæäó áëèæàé-

øèìè ñîñåäÿìè äëÿ n 6 2000.

Òàêæå äëÿ óïðîùåíèÿ àíàëèçà ïîëó÷åííîãî ìàññè-

âà äàííûõ, èç m2k = 46 = 4096 âñåâîçìîæíûõ ïàð

ñëîâ áûëè âûáðàíû 6 ïðåäñòàâèòåëåé ïî ñëåäóþùåìó

ïðèíöèïó. Èçâåñòíî [4, 6, 5℄, ÷òî ãåíîìû áîëüøèíñòâà

îðãàíèçìîâ ðàçëè÷àþòñÿ ÷àñòîòîé íóêëåîòèäîâ C è G

â ñðàâíåíèè ñ íóêëåîòèäàìè A è T. Ïîýòîìó íà îñíî-

âå ÷àñòîòíûõ ñëîâàðåé òðèïëåòîâ (k = 3) âñåõ èññëå-
äóåìûõ ïîñëåäîâàòåëüíîñòåé áûëè âûáðàíû 2 ïàðû,

ñîñòîÿùèå èç ñëîâ ñ îòíîñèòåëüíî íèçêîé (âî âñåõ èñ-

ñëåäóåìûõ ïîñëåäîâàòåëüíîñòÿõ) ÷àñòîòîé âñòðå÷à-

åìîñòè, 2 � ñî ñðåäíåé è 2 � ñ âûñîêîé ÷àñòîòîé.

Ê òîìó æå îäíà èç êàæäûõ äâóõ ïàð ïðåäñòàâëÿ-

åò ñîáîé êîìïëèìåíòàðíûé ïàëèíäðîì, à âòîðàÿ �

íåò. Êîìïëèìåíòàðíûì ïàëèíäðîìîì íàçûâàåòñÿ ïà-

ðà ñëîâ, êîòîðûå ÷èòàþòñÿ îäèíàêîâî â ïðîòèâîïî-

ëîæíûõ íàïðàâëåíèÿõ ñ ó÷åòîì çàìåíû íóêëåîòèäîâ

ïî ïðàâèëó ×àðãà��à (íàïðèìåð, AGT ⇔ ACT). Èç-

âåñòíî [2, 3, 1℄, ÷òî âåðîÿòíîñòè ïîÿâëåíèÿ ñëîâ èç

òàêîé ïàðû â èñõîäíîé ïîñëåäîâàòåëüíîñòè ïðèìåð-

íî ðàâíû.

Âûáðàííûå ïàðû, à òàêæå ÷àñòîòû ñîîòâåòñòâóþùèõ

ñëîâ äëÿ ïîñëåäîâàòåëüíîñòè ãåíîìà 14 õðîìîñîìû
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Êîìïëåìåíòàðíûå ïàëèíäðîìû

ω1 − ω2 Pω1 Pω2 fω1,ω2

ðåäêèå CCC-GGG 1147011 1150132 15130

ñðåäíèå ACT-AGT 1403803 1414052 22767

÷àñòûå AAA-TTT 3323405 3392944 129326

Íå êîìïëåìåíòàðíûå ïàëèíäðîìû

ω1 − ω2 Pω1 Pω2 fω1,ω2

ðåäêèå GGT-CGG 1020734 237639 2782

ñðåäíèå TGC-GTG 1253556 1307919 18804

÷àñòûå ATT-TAT 2183691 1804494 45193

Òàáëèöà 4: Âûáðàííûå äëÿ àíàëèçà 6 ïàð ñëîâ ω1−ω2 è èõ ÷àñòîòû

â ïîñëåäîâàòåëüíîñòè Homo sapiens 14, äëèíà êîòîðîé ñîñòàâëÿåò

87191216 íóêëåîòèäîâ. ×àñòîòà âñòðå÷àåìîñòè ïàðû â ïîñëåäîâà-

òåëüíîñòè fω1,ω2 âû÷èñëåíà ïî �îðìóëå (3)

÷åëîâåêà, ïðåäñòàâëåíû â òàáëèöå 4.

×òîáû âû÷èñëèòü ýêñïåðèìåíòàëüíûå çíà÷åíèÿ

f̃ω1,ω2(n) è f̃∗
ω1,ω2

(n) íà êîíêðåòíûõ ïîñëåäîâàòåëü-

íîñòÿõ áûëà íàïèñàíà ïðîãðàììà, îñóùåñòâëÿþùàÿ

àâòîìàòèçèðîâàííûé ïåðåáîð âñåõ âñòðå÷åííûõ ïàð

ñëîâ íà ðàññòîÿíèè n äðóã îò äðóãà.

Êðîìå òîãî, èçó÷àëîñü ðàñïðåäåëåíèå nmax
ω1,ω2

ìàê-

ñèìàëüíûõ ðàññòîÿíèé, íà êîòîðûõ ìîæíî âïåðâûå

âñòðåòèòü ñëîâî ω2 ñïðàâà îò ω1. Ïîêàçàíî, ÷òî ñòà-

òèñòè÷åñêè äîñòîâåðíî ýòà âåëè÷èíà çàìåòíî áîëüøå

îæèäàåìîé è äîñòèãàåò çíà÷åíèÿ ∼ 104 ÷ 105.

4 �åçóëüòàòû è îáñóæäåíèå

Ôóíêöèè ðàñïðåäåëåíèÿ fω1,ω2(n) è f∗
ω1,ω2

(n) ñèëü-

íî çàâèñÿò îò ÷àñòîò òåõ ñëîâ ω1 è ω2, êîòîðûå âû-

áðàíû â êà÷åñòâå ñîñåäåé. Èç ðèñóíêà 3 âèäíî, ÷òî,

åñëè ïðèáëèçèòü çíà÷åíèÿ �óíêöèè ðàñïðåäåëåíèÿ

ðàññòîÿíèé äî áëèæàéøåãî ñîñåäà ýêñïîíåíòîé âèäà

f̃∗
ω1,ω2

(n) ≈ A · e−λn
, òî êîý��èöèåíò çàòóõàíèÿ λ òà-

êîé ýêñïîíåíòû òåì âûøå, ÷åì áîëüøå ÷àñòîòà ñëîâ

ω1 è ω2 â ïîñëåäîâàòåëüíîñòè (ñì. òàá. 3).

Íà ðèñóíêå 2 ÿâíî âèäíà êîððåëÿöèÿ ýêñïåðèìåí-

òàëüíûõ çíà÷åíèé �óíêöèé f̃ω1,ω2(n) è f̃
∗
ω1,ω2

(n). Ñòî-
èò çàìåòèòü, ÷òî èçó÷åíèå ýòèõ îòêëîíåíèé òåîðèè îò

ïðàêòèêè óäîáíåå ïðîèçâîäèòü íà îñíîâå f̃ω1,ω2(n),
ïîñêîëüêó àëãîðèòì âû÷èñëåíèÿ òåîðåòè÷åñêèõ è

ýêñïåðèìåíòàëüíûõ çíà÷åíèé �óíêöèè (1) ïðîùå,

÷åì äëÿ �óíêöèè (2).

Ñóäÿ ïî ðèñóíêó 1, âåðîÿòíîñòü âñòðåòèòü ñëîâî ω2

íà ðàññòîÿíèè n ñïðàâà îò ω1 äåéñòâèòåëüíî õîðîøî

ïðèáëèæàåòñÿ �îðìóëîé (3), òî åñòü ïðàêòè÷åñêè íå

çàâèñèò îò ðàññòîÿíèÿ n ìåæäó ñëîâàìè. Ýòî íàáëþ-

äåíèå òàêæå ïîäòâåðæäàåòñÿ òàáëèöåé 1.

Êðîìå òîãî, â ðàáîòå èçó÷àëîñü ïîâåäåíèå âòîðîãî

ðàñïðåäåëåíèÿ äëÿ ñàìûõ äàëüíèõ ñðåäè áëèæàé-

øèõ ñîñåäåé. Ïîêàçàíî, ÷òî íà áîëüøèõ ðàññòîÿíèÿõ

n > 1000 ýòî ðàñïðåäåëåíèå óæå íå íîñèò ïåðâîíà-

÷àëüíîãî ýêñïîíåíöèàëüíîãî õàðàêòåðà: âåðîÿòíîñòü

�èñóíîê 4: Çàâèñèìîñòü ìàêñèìàëüíîãî ðàññòîÿíèÿ äî áëèæàéøå-

ãî ñîñåäà nmax
ω1,ω2

îò äëèíû èñõîäíîé ïîñëåäîâàòåëüíîñòè. Ïî îñè

àáñöèññ îòìå÷åíû äîëè äëèíû èñõîäíîé ïîñëåäîâàòåëüíîñòè ãåíî-

ìà Homo sapiens 14 õðîìîñîìà l = 87191216 � ïîëíàÿ äëèíà. Íà

îñè îðäèíàò îòìå÷åíû ìàêñèìàëüíîå âñòðå÷åííîå ðàññòîÿíèå äî

áëèæàéøèå ñîñåäà äëÿ äàííîé ïàðû ñëîâ â òàêîì ó÷àñòêå ïîñëå-

äîâàòåëüíîñòè.

ñóùåñòâîâàíèÿ áëèæàéøåãî ñîñåäà íà áîëüøîì ðàñ-

ñòîÿíèè ñóùåñòâåííî îòëè÷àåòñÿ îò îæèäàåìîé, îöå-

íèâàåìîé ïî ýêñïîíåíöèàëüíîìó ðàñïðåäåëåíèþ (ò. í.

�Long Tails�).

Àíàëèç nmax
ω1,ω2

ïîçâîëÿåò îöåíèòü âíóòðèâèäîâîå

ñõîäñòâî ðàçëè÷íûõ ïîñëåäîâàòåëüíîñòåé. Äëÿ ðàç-

íûõ õðîìîñîì îäíîãî è òîãî æå ãåíîìà âûäåëèì ñà-

ìûå äàëüíèå è ñàìûå áëèæíèå ìàêñèìàëüíûå ðàñ-

ñòîÿíèÿ nmax
ω1,ω2

ñðåäè âñåõ ïàð ñëîâ ω1 è ω2. Ââå-

äåì êîý��èöèåíò α, ïîêàçûâàþùèé, íàñêîëüêî ýòè

ìíîæåñòâà ïàð ñàìûõ äàëüíèõ nmax
ω1,ω2

ïåðåñåêàþò-

ñÿ äëÿ ðàçíûõ õðîìîñîì îäíîãî ãåíîìà. Â ðàáîòå

áûë ïðèíÿò ñëåäóþùèé ñïîñîá îïðåäåëåíèÿ α: íà-
ïðèìåð, ðàññìàòðèâàÿ 3 õðîìîñîìû ãåíîìà äðîææåé

Shizosaharomyes pombe, îòáèðàåì äëÿ êàæäîé èç

3 ïîñëåäîâàòåëüíîñòåé ïî 50 ñàìûõ äàëüíèõ ïàð; à çà-

òåì ïîäñ÷èòûâàåì, ñêîëüêî èç ýòèõ ïàð âñòðåòèëèñü â

äâóõ èëè òð�åõ îòîáðàííûõ ìíîæåñòâàõ � îáîçíà÷èì

èõ ÷èñëî çà M , à êàêèå òîëüêî â îäíîì � N . Òîãäà

α = M
M+N . Â òàáëèöå (2) ïðåäñòàâëåíû ïîëó÷åííûå

ðåçóëüòàòû. Ìîæíî ñäåëàòü âûâîä, ÷òî ñàìûå äàëü-

íèå ìàêñèìàëüíûå ðàññòîÿíèÿ äåéñòâèòåëüíî ìîæíî

èñïîëüçîâàòü äëÿ âûÿâëåíèÿ âíóòðèâèäîâîãî ñõîä-

ñòâà; â òî âðåìÿ êàê äàííûå î ñàìûõ áëèæíèõ nmax
ω1,ω2

íå ñëèøêîì èí�îðìàòèâíû.

Îäíîé èç âàæíûõ çàäà÷ çäåñü ÿâëÿåòñÿ îïðåäåëå-

íèå õàðàêòåðà çàâèñèìîñòè íàèáîëüøåãî ðàññòîÿíèÿ

äî áëèæàéøåãî ñîñåäà â çàâèñèìîñòè îò äëèíû ñà-

ìîé ïîñëåäîâàòåëüíîñòè. Äëÿ âûÿâëåíèÿ òàêîãî ðî-
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�èñóíîê 3: Âû÷èñëåííûå çíà÷åíèÿ �óíêöèè f̃∗
ω1,ω2

(n) äëÿ 6 âûáðàííûõ ïàð ñëîâ ðàçíîé ÷àñòîòû âñòðå÷àåìîñòè â ïîñëåäîâàòåëüíîñòè

ãåíîìà ìóõè Drosophila melanogaster.

äà çàâèñèìîñòè áûë ïðîâåä�åí ñëåäóþùèé âû÷èñëè-

òåëüíûé ýêñïåðèìåíò. Çíà÷åíèÿ nmax
ω1,ω2

îïðåäåëÿëèñü

ñïåðâà äëÿ öåëîé ïîñëåäîâàòåëüíîñòè, çàòåì äëÿ å�å

�ðàãìåíòîâ äëèíîé â ïîëîâèíó îò èñõîäíîé, çàòåì

äëÿ ÷åòâåðòåé è òàê äàëåå. Íàèìåíüøèé ïî äëèíå

�ðàãìåíò èìåë äëèíó â

1
64 îò èñõîäíîé. Â êà÷åñòâå

èñõîäíîé ïîñëåäîâàòåëüíîñòè áðàëàñü 14 õðîìîñîìà

÷åëîâåêà.

Àíàëèç nmax
ω1,ω2

â öåëîé ïîñëåäîâàòåëüíîñòè Homo

sapiens 14 hromosome äëèíîé l è îòäåëüíî â å�å

ó÷àñòêàõ äëèíû

l
2 ,

l
4 ,

l
8 ,

l
16 , . . . (ñì. ðèñ. 4) ïîêàçàë,

÷òî çàâèñèìîñòü ñàìîãî äàëüíåãî áëèæàéøåãî ñîñå-

äà nmax
ω1,ω2

îò äëèíû ïîñëåäîâàòåëüíîñòè l ìîæíî ãðó-

áî îöåíèòü êàê ëîãàðè�ìè÷åñêóþ: nmax
ω1,ω2

∼ ln(l).
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Àííîòàöèÿ. Ïðåäëàãàåòñÿ íåïðåðûâíàÿ ñòîõà-

ñòè÷åñêàÿ äèíàìè÷åñêàÿ ìîäåëü ïîëèñåìè÷åñêîé è

îáúåìíî-ñìûñëîâîé ýâîëþöèè çíàêîâ åñòåñòâåííîãî

ÿçûêà. Ìîäåëü îñíîâûâàåòñÿ íà ïðåäïîëîæåíèè

î äèññèïàòèâíîì õàðàêòåðå ðàçâèòèÿ ïîëèñåìèè

ÿçûêîâîãî çíàêà. Íà îñíîâå ýòîé ìîäåëè âûâîäÿòñÿ

òåîðåòè÷åñêèå çàêîíû îäíîìîìåíòíûõ âîçðàñòíî-

ïîëèñåìè÷åñêèõ è ïîëèñåìè÷åñêèõ, âîçðàñòíî-

îáúåìíî-ñìûñëîâûõ è îáúåìíî-ñìûñëîâûõ, ÷à-

ñòîòíûõ è ÷àñòîòíî-ðàíãîâûõ âåðîÿòíîñòíûõ

ðàñïðåäåëåíèé çíàêîâûõ àíñàìáëåé. Ïðîâîäèòñÿ

ñðàâíåíèå òåîðåòè÷åñêèõ ðàñïðåäåëåíèé ñ ñîîò-

âåòñòâóþùèìè ýìïèðè÷åñêèìè ïîëèñåìè÷åñêèìè

è ÷àñòîòíûìè ðàñïðåäåëåíèÿìè, ïîëó÷åííûìè èç

ïðåäñòàâèòåëüíûõ òîëêîâûõ è ÷àñòîòíûõ ñëîâà-

ðåé ðóññêîãî è àíãëèéñêîãî ÿçûêîâ.

Êëþ÷åâûå ñëîâà. ßçûêîâîé çíàê, ïîëèñåìèÿ,

ñìûñëîâîé îáúåì, ýâîëþöèÿ, ñòîõàñòè÷åñêàÿ ìàòå-

ìàòè÷åñêàÿ ìîäåëü, òîëêîâûå è ÷àñòîòíûå ñëîâà-

ðè, èäåíòè�èêàöèÿ ìîäåëè, âåðîÿòíîñòíûå ðàñïðå-

äåëåíèÿ.

1 Ââåäåíèå

Ïðåäëàãàåìàÿ ìàòåìàòè÷åñêàÿ ìîäåëü îñíîâûâàåò-

ñÿ íà ïðåäïîëîæåíèè î äèññèïàòèâíîì õàðàêòåðå

ðàçâèòèÿ ïîëèñåìèè ÿçûêîâîãî çíàêà [1℄, [2℄, [3℄. Â

óïîìÿíóòûõ ðàáîòàõ èññëåäîâàëñÿ äèñêðåòíûé âàðè-

àíò ýòîé ìîäåëè ìåòîäàìè èìèòàöèîííîãî ìîäåëè-

ðîâàíèÿ. Â äàííîé ðàáîòå èññëåäóåòñÿ íåïðåðûâíûé

âàðèàíò ýòîé ìîäåëè àíàëèòè÷åñêèìè ìåòîäàìè è

ïðåäïðèíèìàåòñÿ ïîïûòêà òåîðåòè÷åñêîãî âûâîäà çà-

êîíîâ ïîëèñåìè÷åñêîãî, âîçðàñòíî-ïîëèñåìè÷åñêîãî,

÷àñòîòíîãî è ÷àñòîòíî-âîçðàñòíîãî ðàñïðåäåëåíèé

çíàêîâûõ àíñàìáëåé.

2 Îñíîâíûå ïðåäïîëîæåíèÿ ìîäåëè

Îñíîâíîå ïðåäïîëîæåíèå ìîäåëè ñîñòîèò â òîì,

÷òî êàæäûé ÿçûêîâîé çíàê â ìîìåíò ñâîåãî ðîæ-

äåíèÿ îáëàäàåò èíäèâèäóàëüíûì ïðåäåëîì G âîç-
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ìîæíîé ìíîãîçíà÷íîñòè, íàçûâàåìûì àññîöèàòèâíî-

ñåìàíòè÷åñêèì ïîòåíöèàëîì (ÀÑÏ), êîòîðûé ïîñòå-

ïåííî ðåàëèçóåòñÿ (ðàñòðà÷èâàåòñÿ) â ïðîöåññå ðàç-

âèòèÿ ïîëèñåìèè çíàêà. Ïðè ýòîì ñêîðîñòü îáðàçîâà-

íèÿ ó çíàêà íîâûõ çíà÷åíèé (êàê ïðàâèëî, âñå áîëåå

àáñòðàêòíûõ, ÷åì ïîçæå îíè îáðàçóþòñÿ) ïðèíèìà-

åòñÿ ïðîïîðöèîíàëüíîé åùå íåèçðàñõîäîâàííîé ÷à-

ñòè ÀÑÏ, âñëåäñòâèå ÷åãî ïðèðîñò íîâûõ çíà÷åíèé

ïîñòåïåííî çàìåäëÿåòñÿ. Îäíîâðåìåííî, íî ñ çàïàç-

äûâàíèåì íà âðåìÿ τ0, íà÷èíàåò ïðîòåêàòü àíàëîãè÷-
íûé è çíà÷èòåëüíî áîëåå ìåäëåííûé ïðîöåññ âûïàäå-

íèÿ èç óïîòðåáëåíèÿ ïåðâîíà÷àëüíûõ çíà÷åíèé çíàêà

(êîòîðûå, êàê ïðàâèëî, îòíîñèòåëüíî áîëåå êîíêðåò-

íû è ïîýòîìó � îòíîñèòåëüíî ìåíåå óñòîé÷èâû, ÷åì

ïîñëåäóþùèå çíà÷åíèÿ).

Àêòóàëüíàÿ ïîëèñåìèÿ çíàêà â ëþáîé ìîìåíò âðå-

ìåíè t åãî æèçíåííîãî öèêëà âûðàæàåòñÿ ðàçíîñòüþ
x(t) = x1(t)− x2(t) ïðîöåññîâ ïðèáàâêè íîâûõ çíà÷å-

íèé x1(t) è ïîòåðè çíàêîì ðàíåå ïðèîáðåòåííûõ çíà-

÷åíèé x2(t). Íåïðåðûâíàÿ ìîäåëü ïðåäïîëàãàåò, ÷òî

ýòè ïðîöåññû íåïðåðûâíû è ïîä÷èíÿþòñÿ ëèíåéíûì

äè��åðåíöèàëüíûì óðàâíåíèÿì âèäà:

dx1(t)

dt
=

1

τ1
(G− x1(t)), x1(t0) = 1, t ≥ t0; (1)

dx2(t)

dt
=

1

τ2
(G−x2(t)), x2(t0+τ0) = 0, t ≥ t0+τ0, (2)

ãäå τ1 = a1/G, τ2 = a2/G � îáðàòíî ïðîïîðöèîíàëü-

íûå ÀÑÏ ïîñòîÿííûå âðåìåíè ðîñòà è ñïàäà ïîëèñå-

ìèè ñ êîý��èöèåíòàìè ïðîïîðöèîíàëüíîñòè a1 è a2
ñîîòâåòñòâåííî, ïðè÷åì τ1 ≪ τ2. Íåðàâåíñòâî τ1 < τ2
òðåáóåòñÿ äëÿ îáåñïå÷åíèÿ íåîòðèöàòåëüíîñòè çíà-

÷åíèé ïîëèñåìèè x(t). Âåëè÷èíà x1(t) õàðàêòåðèçó-

åò ìàêñèìàëüíûé óðîâåíü ðåàëèçàöèè ÀÑÏ çíàêà,

äîñòèãíóòûé ê ìîìåíòó âðåìåíè t. Âåëè÷èíà x2(t)
õàðàêòåðèçóåò ñîîòâåòñòâåííî ìèíèìàëüíûé óðîâåíü

ÀÑÏ çíàêà, îñòàâøèéñÿ ê ìîìåíòó âðåìåíè t.

Ìîäåëü ïðåäïîëàãàåò äàëåå, ÷òî â çíàêîâîì àíñàì-

áëå èíäèâèäóàëüíûå çíà÷åíèÿ G è çàïàçäûâàíèÿ τ0
� íåçàâèñèìûå ýêñïîíåíöèàëüíî ðàñïðåäåëåííûå ñëó-

÷àéíûå âåëè÷èíû ñ ïàðàìåòðàìè (ìàòåìàòè÷åñêèìè

îæèäàíèÿìè) 〈G〉 è 〈τ0〉 ñîîòâåòñòâåííî.
Ïîòîê ðîæäåíèÿ çíàêîâ ïðåäïîëàãàåòñÿ ñòàöèîíàð-

íûì ïóàññîíîâñêèì ñ èíòåíñèâíîñòüþ λ = 1/〈τ〉, òàê
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�èñóíîê 1: Òèïè÷íàÿ èíäèâèäóàëüíàÿ êðèâàÿ ðàçâèòèÿ ïîëè-

ñåìèè (G = 7, τ0 = 20, a1 = 280, a2 = 1260), T � äëèòåëüíîñòü

æèçíè çíàêà.

÷òî èíòåðâàëû âðåìåíè ìåæäó ïîÿâëåíèÿìè â ïî-

òîêå ñîñåäíèõ çíàêîâ ïðåäïîëàãàþòñÿ íåçàâèñèìûìè

ýêñïîíåíöèàëüíî ðàñïðåäåëåííûìè ñëó÷àéíûìè âå-

ëè÷èíàìè ñ ïàðàìåòðîì (ìàòåìàòè÷åñêèì îæèäàíè-

åì) 〈τ〉. Ìîìåíòû ïîÿâëåíèÿ ñîáûòèé â ñòàöèîíàðíîì

ïóàññîíîâñêîì ïîòîêå èìåþò ðàâíîìåðíîå ðàñïðåäå-

ëåíèå.

Èíäèâèäóàëüíàÿ êðèâàÿ ðàçâèòèÿ ïîëèñåìèè x âî

âðåìåíè t (êðèâàÿ ïîëèñåìè÷åñêîãî æèçíåííîãî öèê-
ëà çíàêà), çàâèñÿùàÿ îò G è τ0, ïîëó÷àåòñÿ èç ðåøå-
íèÿ ïðèâåäåííûõ âûøå äè��åðåíöèàëüíûõ óðàâíå-

íèé (1)-(4):

x(t) = (G− (G− 1)e−G(t−t0)/a1) · 1(t ≥ t0)−
−G(1− e−G(t−t0−τ0)/a2) · 1(t ≥ t0 + τ0), x(t) ≤ G, (3)

ãäå 1(·) � èíäèêàòîð âûïîëíåíèÿ óñëîâèÿ, çàêëþ÷åí-
íîãî â ñêîáêàõ (ïðèíèìàåò çíà÷åíèå 1, åñëè óñëî-

âèå âûïîëíÿåòñÿ, è çíà÷åíèå 0, åñëè èíà÷å). Òèïè÷-

íûé õîä ýòîé êðèâîé äëÿ îòäåëüíîãî ÿçûêîâîãî çíàêà

ïðåäñòàâëåí íà ðèñ. 1. Ïðèáàâëÿåìûå çíà÷åíèÿ çíàêà

íà÷èíàþòñÿ ñ 1, òàê êàê êàæäûé çíàê ïîÿâëÿåòñÿ â

ÿçûêå â êàêîì-òî îäíîì îïðåäåëåííîì çíà÷åíèè. Âû-

ïàäàþùèå çíà÷åíèÿ íà÷èíàþòñÿ ñ 0, òàê êàê ðàññìàò-

ðèâàåòñÿ íåïðåðûâíàÿ ìîäåëü ðàçâèòèÿ ïîëèñåìèè, â

êîòîðîé ïîëèñåìèÿ èçìåíÿåòñÿ íåïðåðûâíî.

Êàê âèäíî, êðèâàÿ ðàçâèòèÿ ïîëèñåìèè çíàêà ÿâëÿ-

åòñÿ óíèìîäàëüíîé êðèâîé ñ ìàêñèìóìîì, ñìåùåí-

íûì ê íà÷àëó ïðîöåññà ýâîëþöèè çíàêà. Ïîëèñåìèÿ

çíàêà ñíà÷àëà ðàñòåò (ñ ïîñòîÿííûì çàìåäëåíèåì), à

çàòåì, ïîñëå âñòóïëåíèÿ â äåéñòâèå ïðîöåññà âûïà-

äåíèÿ èç óïîòðåáëåíèÿ íà÷àëüíûõ ñìûñëîâûõ çíà÷å-

íèé, äîñòèãàåò ìàêñèìóìà è â äàëüíåéøåì óáûâàåò,

ïîêà íå äîñòèãíåò ñíîâà çíà÷åíèÿ 1. Ñíèæåíèå ïî-

ëèñåìèè äî óðîâíÿ, ìåíüøåãî 1, îçíà÷àåò, ÷òî çíàê

òåðÿåò ñâîå åäèíñòâåííîå ñìûñëîâîå çíà÷åíèå è âûõî-

äèò èç óïîòðåáëåíèÿ. Ýòî ïðîèñõîäèò â ìîìåíò âðå-

ìåíè t = t0 + T , ãäå T � äëèòåëüíîñòü æèçíè çíàêà

(T ≥ τ0). Åñëè t ≤ t0+T , òî ðàçíîñòü t−t0 îïðåäåëÿåò
âîçðàñò çíàêà íà ìîìåíò âðåìåíè t. Íàéòè àíàëèòè-

÷åñêè äëèòåëüíîñòü æèçíè T èíäèâèäóàëüíîãî ÿçû-

êîâîãî çíàêà çàòðóäíèòåëüíî. Îíà ïîä÷èíÿåòñÿ àíà-

ëèòè÷åñêè íåðàçðåøèìîìó òðàíñöåíäåíòíîìó óðàâ-

íåíèþ:

(G− 1) exp(−GT/a1)−G exp(−G(T − τ0)/a2) = 1.

Â íåïðåðûâíîé ìîäåëè ìîæíî ïðåäïîëîæèòü, ÷òî

ÿçûêîâûå çíàêè ïðè äîñòèæåíèè èìè çíà÷åíèé ïî-

ëèñåìèè íèæå 1 íå âûõîäÿò èç óïîòðåáëåíèÿ, à îñòà-

þòñÿ â ÿçûêå è æèâóò ñ ýêñïîíåíöèàëüíî óìåíüøà-

þùåéñÿ äî 0 ïîëèñåìèåé ïðè óâåëè÷åíèè âîçðàñòà

çà ïðåäåëàìè T . Òàêîå ïðåäïîëîæåíèå íå îêàçûâà-

åò çàìåòíîãî âëèÿíèÿ íà ïîëó÷àåìûå ðåçóëüòàòû, íî

ñóùåñòâåííî óïðîùàåò âûâîä òåîðåòè÷åñêèõ ïîëè-

ñåìè÷åñêèõ è âîçðàñòíî-ïîëèñåìè÷åñêèõ ðàñïðåäåëå-

íèé. Ïîýòîìó â äàëüíåéøåì èçëîæåíèè ìû íå áóäåì

íàêëàäûâàòü æåñòêèõ îãðàíè÷åíèé íà äëèòåëüíîñòü

æèçíè çíàêà.

Çà íà÷àëî îòñ÷åòà âðåìåíè óäîáíî ïðèíÿòü òî÷êó íà-

áëþäåíèÿ, ïîëîæèâ t = 0. Òîãäà ïðèäåòñÿ îòñ÷èòû-

âàòü ìîìåíòû âðåìåíè ïîÿâëåíèÿ ÿçûêîâûõ çíàêîâ â

ïîòîêå â îáðàòíîì íàïðàâëåíèè. Â ðåçóëüòàòå áóäåì

èìåòü t ≤ 0, à âîçðàñò çíàêà ñòàíåò ðàâíûì −t0 ≥ 0.
Îáîçíà÷èì òåïåðü ÷åðåç t âîçðàñò çíàêà. Ôîðìóëà (1)
ïðèíèìàåò áîëåå ïðîñòîé âèä, âûðàæàþùèé çàâèñè-

ìîñòü âåëè÷èíû ïîëèñåìèè çíàêà âîçðàñòà t îò îïðå-
äåëÿþùèõ åå âåëè÷èí G è τ0:

x(t) = (G− (G− 1)e−Gt/a1) · 1(t ≥ 0)−
−G(1− e−G(t−τ0)/a2) · 1(t ≥ τ0) = x(t, G, τ0) ≤ G. (4)

Ïîñêîëüêó òå çíà÷åíèÿ çíàêà, êîòîðûå ñîîòâåòñòâó-

þò áîëåå âûñîêîìó óðîâíþ ðåàëèçàöèè ÀÑÏ, ÿâëÿ-

þòñÿ îòíîñèòåëüíî áîëåå àáñòðàêòíûìè, òî îíè ïåðå-

êðûâàþò áîëåå øèðîêóþ ñìûñëîâóþ îáëàñòü, èìåþò

áîëüøèé ñìûñëîâîé îáúåì ïî ñðàâíåíèþ ñî çíàêà-

ìè áîëåå íèçêîãî óðîâíÿ ðåàëèçàöèè ÀÑÏ. À çíàêè,

îáëàäàþùèå áîëüøèì ñìûñëîâûì îáúåìîì, äîëæíû

÷àùå óïîòðåáëÿòüñÿ â ÿçûêîâîé êîììóíèêàöèè. Ïðè-

÷åì, ìîæíî ïðåäïîëîæèòü, ÷òî ðîñò ÷àñòîòû óïî-

òðåáëåíèÿ çíàêà äîëæåí áûòü ïðÿìî ïðîïîðöèîíà-

ëåí åãî ñìûñëîâîìó îáúåìó. Ýòî, â ÷àñòíîñòè, äîëæ-

íî ïðîÿâëÿòüñÿ è â òîì, ÷òî ñìûñëîâîé îáúåì ÿçû-

êîâîãî çíàêà äîëæåí áûòü ñâÿçàí ñ ðàíãîì çíàêà â

÷àñòîòíî-ðàíãîâîì ðàñïðåäåëåíèè çíàêîâîãî àíñàì-

áëÿ.

Åñòåñòâåííî ïðåäïîëîæèòü, ÷òî ñìûñëîâîé îáúåì

êàæäîãî èç íîâûõ çíà÷åíèé êàæäîãî èç ïîñëåäóþ-

ùèõ óðîâíåé ðåàëèçàöèè ÀÑÏ ðàñòåò ìîíîòîííî ñ

ðîñòîì óðîâíÿ ðåàëèçàöèè ÀÑÏ. Òàêóþ çàâèñèìîñòü

ìîæíî ïðåäñòàâèòü ñòåïåííîé �óíêöèåé ýòîãî óðîâ-

íÿ ñ ïîêàçàòåëåì ñòåïåíè µ−1 > 0. Òîãäà ñóììàðíûé
ñìûñëîâîé îáúåì v èíòåðâàëà óðîâíåé ðåàëèçàöèè
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ÀÑÏ îò x1 äî x2 âûðàæàåòñÿ â íåïðåðûâíîé ìîäå-

ëè èíòåãðàëîì:

v = µ

∫ x2

x1

xµ−1dx = xµ2 − xµ1 , µ > 1.

Ñëåäîâàòåëüíî, ñ ó÷åòîì âûðàæåíèÿ (2), ÿçûêîâîé

çíàê âîçðàñòà t  àêòóàëüíîé ïîëèñåìèåé, îïðåäå-

ëÿåìîé ðàçíîñòüþ óðîâíåé ñåìàíòè÷åñêîé äåðèâàöèè

x1(t) è x2(t), õàðàêòåðèçóåòñÿ ñìûñëîâûì îáúåìîì

v(t) = (G− (G− 1)e−Gt/a1)µ · 1(t ≥ 0)−
−(G(1− e−G(t−τ0)/a2))µ · 1(t ≥ τ0) =

= v(t, G, τ0) ≤ Gµ, µ > 1. (5)

Ïðè µ = 1 ýòà �îðìóëà ñîâïàäàåò ñ �îðìóëîé (2) äëÿ
ïîëèñåìèè x(t). Ïîýòîìó �îðìóëó (3) ìîæíî èñïîëü-
çîâàòü êàê óíèâåðñàëüíóþ �îðìóëó, îïèñûâàþùóþ è

ïîëèñåìèþ çíàêà (ïðè µ = 1), è åãî ñìûñëîâîé îáú-

åì (ïðè µ > 1). À, ñëåäîâàòåëüíî, �îðìóëîé (3) ìîæ-
íî îïèñûâàòü è ÷àñòîòíûå õàðàêòåðèñòèêè ÿçûêîâîãî

çíàêà � ïðè ó÷åòå òîãî, ÷òî ñìûñëîâîé åãî îáúåì äîë-

æåí áûòü íàïðÿìóþ ñâÿçàí ñ ÷àñòîòîé óïîòðåáëåíèÿ

çíàêà â ïðîöåññå ÿçûêîâîé êîììóíèêàöèè.

3 Âûâîä âîçðàñòíî-ïîëèñåìè÷åñêèõ,

ïîëèñåìè÷åñêèõ,

âîçðàñòíî-îáúåìíî-ñìûñëîâûõ,

âîçðàñòíî-÷àñòîòíûõ, ÷àñòîòíûõ è

÷àñòîòíî-ðàíãîâûõ ðàñïðåäåëåíèé

çíàêîâûõ àíñàìáëåé

Óñëîâíàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ âåëè÷èíû v èí-

äèâèäóàëüíîãî çíàêà â çàâèñèìîñòè îò âðåìåíè t,
àññîöèàòèâíî-ñåìàíòè÷åñêîãî ïîòåíöèàëà G è çàïàç-

äûâàíèÿ τ0 ïðåäñòàâëÿåòñÿ äåëüòà-�óíêöèåé Äèðà-

êà:

p(v|t, G, τ0) = δ(v − v(t, G, τ0)) · 1(v ≤ G). (6)

Ñ ó÷åòîì (3) âûðàæåíèå (6) ïðèíèìàåò âèä:

p(v|t, G, τ0) = 1(v ≤ G)·
·δ(v − (G− (G− 1)e−Gt/a1)µ · 1(t ≥ 0)+

+(G−Ge−G(t−τ0)/a2)µ · 1(t ≥ τ0)). (7)

Óñðåäíÿÿ ýòî ðàñïðåäåëåíèå ïî ðàñïðåäåëåíèÿì τ0 è
G, ìîæíî ïîëó÷èòü óñëîâíóþ ïëîòíîñòü ðàñïðåäå-

ëåíèÿ p(v|t) ñìûñëîâîãî îáúåìà (è ïîëèñåìèè) çíà-

êîâ îäíîãî âîçðàñòà. Èíòåãðèðóÿ åå ïî v â ïðåäåëàõ

îò k äî k + 1, ìîæíî ïîëó÷èòü ðàñïðåäåëåíèå âåðî-

ÿòíîñòåé P (k|t) öåëî÷èñëåííûõ çíà÷åíèé ñìûñëîâî-

ãî îáúåìà (è ïîëèñåìèè) k = 1, 2, . . . çíàêîâ îäíîãî

âîçðàñòà. Óäîáíåå, îäíàêî, âû÷èñëÿòü íå ïëîòíîñòü

ðàñïðåäåëåíèÿ, à èíòåãðàëüíóþ �óíêöèþ ðàñïðåäå-

ëåíèÿ F (v|t), èñïîëüçóÿ åå çàòåì äëÿ âû÷èñëåíèÿ

P (k|t). Óñðåäíåíèå p(v|t, G, τ0) ïî ýêñïîíåíöèàëüíîìó
ðàñïðåäåëåíèþ p(τ0) = exp(−τ0/〈τ0〉 çàïàçäûâàíèÿ τ0
íà èíòåðâàëå 0 ≤ τ0 <∞ ïðîâîäèòñÿ áåç çàòðóäíåíèé

è ïðèâîäèò ê �îðìóëå:

p(v|t, G) = e−t/〈τ0〉δ(v − v1) +
a2e

−t/〈τ0〉

G2〈τ0〉µ
·

· 1(v1 − v2 ≤ v ≤ v1)
(v1 − v)1−1/µ(1− (v1 − v)1/µ/G)

a2
G〈τ0〉

+1
, (8)

ãäå îáîçíà÷åíî:

v1 = (G− (G− 1)e−Gt/a1)µ,

v2 = (G−Ge−Gt/a2)µ. (9)

Óñëîâíàÿ èíòåãðàëüíàÿ �óíêöèÿ ðàñïðåäåëåíèÿ

F (v|t, G) òàêæå âû÷èñëÿåòñÿ áåç òðóäà:

F (v|t, G) =
∫ v

0

p(θ|t, G)dθ = 1(v ≥ v1 − v2)−

−e−t/〈τ0〉 1(v1 − v2 ≤ v ≤ v1)
(1− (v1 − v)1/µ/G)

a2
G〈τ0〉

, (10)

Íåòðóäíî âèäåòü, ÷òî F (v|t, G) = 0 ïðè v < v1 − v2 è
F (v|t, G) = 1 ïðè v > v1, à â èíòåðâàëå ìåæäó ýòèìè

çíà÷åíèÿìè F (v|t, G) ìîíîòîííî âîçðàñòàåò îò 0 äî 1
ñ ðîñòîì v.

Ôîðìóëà (10) èìååò ñðàâíèòåëüíî ïðîñòîé âèä áëàãî-

äàðÿ òîìó, ÷òî èíòåãðèðîâàíèå âåäåòñÿ îò 0, à íå îò 1,

òî åñòü â ïðåäïîëîæåíèè, ÷òî çíàê ìîæåò èìåòü ïî-

ëèñåìèþ, ìåíüøóþ åäèíèöû, íî ïðè ýòîì �îðìàëü-

íî íå âûõîäèòü èç óïîòðåáëåíèÿ. Îäíàêî ïðè èíòåð-

ïðåòàöèè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ïîëèñåìèè àí-

ñàìáëÿ çíàêîâ íåîáõîäèìî ó÷èòûâàòü, ÷òî ñíèæåíèå

óðîâíÿ ïîëèñåìèè äî âåëè÷èíû, ìåíüøåé åäèíèöû,

�àêòè÷åñêè îçíà÷àåò âûõîä çíàêà èç óïîòðåáëåíèÿ.

Ê ñîæàëåíèþ, óñðåäíåíèå ïî G ýòîé óñëîâíîé �óíê-

öèè ðàñïðåäåëåíèÿ ïðîâåñòè àíàëèòè÷åñêè íå óäàåò-

ñÿ. Ôóíêöèÿ ðàñïðåäåëåíèÿ F (v|t) îñòàåòñÿ â èíòå-

ãðàëüíîé �îðìå:

F (v|t) = 1−
∫ ∞

1

1(v ≥ v1 − v2)e−(G−1)/〈G〉dG/〈G〉−

−e−t/〈τ0〉
∫ ∞

1

1(v1 − v2 ≤ v ≤ v1)e−(G−1)/〈G〉dG/〈G〉
(1− (v1 − v)1/µ/G)

a2
G〈τ0〉

,

(11)

è ìîæåò áûòü âû÷èñëåíà òîëüêî ÷èñëåííî. �àçíîñòü

P (k|t) = F (k + 1|t)− F (k|t), k = 1, 2, . . . , ïðè µ = 1
îïðåäåëÿåò òåîðåòè÷åñêîå âîçðàñòíî-ïîëèñåìè÷åñêîå

ðàñïðåäåëåíèå, à ïðè µ > 1 � âîçðàñòíî-îáúåìíî-

ñìûñëîâîå ðàñïðåäåëåíèå çíàêîâ â ÿçûêîâîì àíñàì-

áëå.

Ìû ïðåäïîëàãàåì ïóàññîíîâñêèé õàðàêòåð ïîòîêà

ðîæäåíèÿ ñëîâ â ÿçûêå. Èíòåðâàëû âðåìåíè τi
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ìåæäó ñîñåäíèìè çíàêàìè â ïîòîêå ÿâëÿþòñÿ ïðè

ýòîì ñòàòèñòè÷åñêè íåçàâèñèìûìè ýêñïîíåíöèàëü-

íî ðàñïðåäåëåííûìè ñëó÷àéíûìè âåëè÷èíàìè ñ ìà-

òåìàòè÷åñêèì îæèäàíèåì 〈τ〉. Ìîìåíò ïîÿâëåíèÿ

t0i =
∑i

j=1 τj i-ãî çíàêà îïðåäåëÿåòñÿ ðàñïðåäåëåíè-

åì Ýðëàíãà, ñîîòâåòñòâóþùèì íîìåðó çíàêà â ïî-

òîêå. Ìîæíî ïîêàçàòü, ÷òî ñðåäíåå àðè�ìåòè÷åñêîå

ðàñïðåäåëåíèé Ýðëàíãà ïðè íåîãðàíè÷åííîì óâåëè-

÷åíèè ÷èñëà ñëîâ â ÿçûêå ñòðåìèòñÿ ê ðàâíîìåðíîìó

ðàñïðåäåëåíèþ íà êàæäîì èíòåðâàëå âðåìåíè äëè-

íîé 〈τ〉. Òàêèì îáðàçîì, ìîìåíòû t0i ïîÿâëåíèÿ ÿçû-

êîâûõ çíàêîâ ìîæíî ñ÷èòàòü ðåàëèçàöèÿìè ðàâíî-

ìåðíî ðàñïðåäåëåííîé ñëó÷àéíîé âåëè÷èíû íà êàêîì

óãîäíî êîíå÷íîì èíòåðâàëå âðåìåíè.

Ïëîòíîñòü ðàñïðåäåëåíèÿ ïîëèñåìèè, à, ñëåäîâàòåëü-

íî, è ñìûñëîâîãî îáúåìà â ëþáîé ìîìåíò âðåìåíè â

àíñàìáëå n çíàêîâ âûðàæàåòñÿ ñðåäíèì àðè�ìåòè÷å-

ñêèì ïëîòíîñòåé ðàñïðåäåëåíèÿ ñëàãàåìûõ, ó÷àñòâó-

þùèõ â óñðåäíåíèè, ÷òî ïðè n→∞ è äëÿ ïðèíÿòîãî

íóëåâîãî ìîìåíòà âðåìåíè íàáëþäåíèÿ ýêâèâàëåíòíî

óñðåäíåíèþ ðàñïðåäåëåíèÿ F (v|t) ïî ðàâíîìåðíîìó

ðàñïðåäåëåíèþ t íà âñåé ïîëóîñè âîçðàñòîâ:

F (v) = lim
T→∞

∫ T

0

F (v|t)dt. (12)

�àçíîñòü P (k) = F (k + 1)− F (k), k = 1, 2, . . . , ïðè

µ = 1 îïðåäåëÿåò òåîðåòè÷åñêîå ðàñïðåäåëåíèå ïî-

ëèñåìèè àíñàìáëÿ ÿçûêîâûõ çíàêîâ, à ïðè µ > 1 �

òåîðåòè÷åñêîå ðàñïðåäåëåíèå èõ ñìûñëîâûõ îáúåìîâ.

�àñïðåäåëåíèå (12) ÿâëÿåòñÿ ñðåäíåâîçðàñòíûì ðàñ-

ïðåäåëåíèåì, áåçóñëîâíûì ïî îòíîøåíèþ ê âîçðàñòó.

Â ïðèíÿòîì çäåñü ïðåäïîëîæåíèè ÷àñòîòû óïîòðåá-

ëåíèÿ çíàêîâ â àêòàõ êîììóíèêàöèè (â òîì ÷èñëå,

íàïðèìåð, â îïðåäåëåííîì íàáîðå òåêñòîâ) ïðîïîðöè-

îíàëüíû èõ ñìûñëîâûì îáúåìàì. Ïðè ýòîì öåëî÷èñ-

ëåííûå çíà÷åíèÿ ñìûñëîâûõ îáúåìîâ çíàêîâ ìîæ-

íî ïðîñòî îòîæäåñòâèòü ñ àáñîëþòíûìè ÷àñòîòàìè

óïîòðåáëåíèÿ çíàêîâ â íåêîòîðîì êîììóíèêàöèîí-

íîì ïîëå, ïðèíÿâ êîý��èöèåíò ïðîïîðöèîíàëüíîñòè

ðàâíûì 1. Òîãäà òåîðåòè÷åñêîå ðàñïðåäåëåíèå P (k)
öåëî÷èñëåííûõ çíà÷åíèé k ñìûñëîâîãî îáúåìà çíà-

êîâ (ïðè µ > 1) âûðàçèò äîëþ çíàêîâ â ñëîâàðå ÿçû-

êà ñ àáñîëþòíîé ÷àñòîòîé k èõ óïîòðåáëåíèÿ â àê-

òàõ êîììóíèêàöèè. Òàêèì îáðàçîì, P (k) (ïðè µ > 1)
ñòàíîâèòñÿ òåîðåòè÷åñêèì ÷àñòîòíûì ðàñïðåäåëåíè-

åì àíñàìáëÿ çíàêîâ (äîëåé çíàêîâ ñ ÷àñòîòîé óïî-

òðåáëåíèÿ k).

4 Èäåíòè�èêàöèÿ ìîäåëè

Äëÿ ñîïîñòàâëåíèÿ òåîðåòè÷åñêèõ ðàñïðåäåëåíèé,

ïîëó÷åííûõ íà îñíîâå ïðåäëîæåííîé íåïðåðûâíîé

äèññèïàòèâíîé ñòîõàñòè÷åñêîé äèíàìè÷åñêîé ìîäåëè

ýâîëþöèè àíñàìáëÿ ÿçûêîâûõ çíàêîâ, ñ ðåàëüíûìè

ðàñïðåäåëåíèÿìè íåîáõîäèìî èäåíòè�èöèðîâàòü ìà-

òåìàòè÷åñêóþ ìîäåëü ñ ðåàëüíûìè ýìïèðè÷åñêèìè

äàííûìè, ïîëó÷åííûìè èç ïðåäñòàâèòåëüíûõ òîëêî-

âûõ, ÷àñòîòíûõ è èñòîðè÷åñêèõ ñëîâàðåé èññëåäóå-

ìîãî ÿçûêà. Ïðåäëàãàåìàÿ ìîäåëü õàðàêòåðèçóåòñÿ

øåñòüþ ïàðàìåòðàìè: 〈G〉, 〈τ〉, 〈τ0〉, a1, a2, µ. Îäíàêî
ïàðàìåòð 〈τ〉 â ÿâíîì âèäå íå âõîäèò â ïîëó÷åííûå

òåîðåòè÷åñêèå ðàñïðåäåëåíèÿ, à ïàðàìåòð 〈τ0〉 ìîæ-
íî ïîëîæèòü ðàâíûì 1, âûáðàâ åãî â êà÷åñòâå åäè-

íèöû èçìåðåíèÿ âðåìåíè è, ñëåäîâàòåëüíî, âîçðàñòà.

Îñòàþòñÿ òðè ïàðàìåòðà, îïðåäåëÿþùèå �îðìó âå-

ðîÿòíîñòíîãî ðàñïðåäåëåíèÿ ïîëèñåìèè: 〈G〉, a1, a2.
Ýòè ïàðàìåòðû ìîæíî îïðåäåëèòü ïî äàííûì òîëêî-

âûõ ñëîâàðåé èññëåäóåìîãî ÿçûêà, èñïîëüçóÿ ìåòîä

íàèìåíüøèõ êâàäðàòîâ äëÿ ïîäõîäÿùèì îáðàçîì âû-

áðàííîãî êðèòåðèÿ. Ïàðàìåòð µ ìîæíî îïðåäåëèòü

çàòåì òàêæå ìåòîäîì íàèìåíüøèõ êâàäðàòîâ èç ñîïî-

ñòàâëåíèÿ ðàñïðåäåëåíèÿ ñìûñëîâîãî îáúåìà çíàêîâ

(òåîðåòè÷åñêîãî ÷àñòîòíîãî ðàñïðåäåëåíèÿ) è ýìïè-

ðè÷åñêîãî ðàñïðåäåëåíèÿ ÷àñòîò óïîòðåáëåíèÿ çíà-

êîâ ÿçûêà ïî äàííûì ÷àñòîòíûõ ñëîâàðåé. Íî ìîæ-

íî îïðåäåëèòü ñðàçó âñþ ÷åòâåðêó ïàðàìåòðîâ 〈G〉,
a1, a2, µ ìåòîäîì íàèìåíüøèõ êâàäðàòîâ, ñîïîñòàâ-

ëÿÿ òåîðåòè÷åñêîå è ýìïèðè÷åñêîå ÷àñòîòíûå ðàñ-

ïðåäåëåíèÿ. Â ýòîì ñëó÷àå èäåíòè�èêàöèÿ ìîäåëè

ïðîèçâîäèòñÿ ñ èñïîëüçîâàíèåì òîëüêî îáúåêòèâíî-

ãî ýìïèðè÷åñêîãî ÷àñòîòíîãî ðàñïðåäåëåíèÿ. Ìîæ-

íî èñïîëüçîâàòü òàêæå âçâåøåííûé êðèòåðèé, ñîïî-

ñòàâëÿþùèé âñå äîñòóïíûå òåîðåòè÷åñêèå è ýìïèðè-

÷åñêèå ðàñïðåäåëåíèÿ, êàê ÷àñòîòíûå, òàê è ïîëè-

ñåìè÷åñêèå. Íàêîíåö, â ñëó÷àå íåîáõîäèìîñòè, ìîæ-

íî ñâÿçàòü ìîäåëüíóþ åäèíèöó èçìåðåíèÿ âðåìåíè

ñ ðåàëüíûì ìàñøòàáîì âðåìåíè, èñïîëüçóÿ ýìïèðè-

÷åñêèå äàííûå î âîçðàñòíîì ðàñïðåäåëåíèè çíàêîâ

ÿçûêà.

Äëÿ ñîïîñòàâëåíèÿ òåîðåòè÷åñêèõ è ýìïèðè÷åñêèõ

ïîëèñåìè÷åñêèõ è ÷àñòîòíûõ ðàñïðåäåëåíèé, èçìå-

íÿþùèõñÿ â î÷åíü øèðîêèõ ïðåäåëàõ (íåñêîëüêî ïî-

ðÿäêîâ), óäîáíî âûáðàòü â êà÷åñòâå êðèòåðèÿ áëèçî-

ñòè ðàñïðåäåëåíèé ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå

îòíîøåíèÿ èõ ëîãàðè�ìîâ îò åäèíèöû:

ǫ2(q) =

kmax∑

k=1

(
lnPe(k)

lnP (k|q) − 1)2, q∗ = argmin
q
ǫ2(q), (13)

ãäå q∗ � îöåíêà âåêòîðà ïàðàìåòðîâ q = (〈G〉, a1, a2),
q = µ èëè q = (〈G〉, a1, a2, µ), ïîëó÷åííàÿ ïî ìåòîäó

íàèìåíüøèõ êâàäðàòîâ (13), P (k|q) � òåîðåòè÷åñêîå

ðàñïðåäåëåíèå, çàâèñÿùåå îò âåêòîðà ïàðàìåòðîâ q,
Pe(k) � ýìïèðè÷åñêîå ðàñïðåäåëåíèå, ïîëó÷åííîå èç

ñîîòâåòñòâóþùåãî ñëîâàðÿ.

Äëÿ èäåíòè�èêàöèè ìîäåëè è ñðàâíåíèÿ òåîðåòè-

÷åñêèõ ðàñïðåäåëåíèé ñ ýìïèðè÷åñêèìè èñïîëüçîâà-

ëèñü ïðåäñòàâèòåëüíûå ñëîâàðè ðóññêîãî è àíãëèé-

ñêîãî ÿçûêîâ. Äëÿ òîëêîâîãî è ÷àñòîòíîãî ñëîâàðÿ

ÿçûêà À.Ñ. Ïóøêèíà (1958-1961) è òîëêîâîãî ñëî-

âàðÿ Óýáñòåðà (Webster's Collegiate 9th ed.) ïîñëå

èäåíòè�èêàöèè ìîäåëè ïîëó÷åíû çíà÷åíèÿ ïàðàìåò-

ðîâ, ïðåäñòàâëåííûå â òàáë. 1 (ïðèíÿòî çíà÷åíèå
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Ñëîâàðè 〈G〉 a1 a2 µ (äëÿ x) µ (äëÿ v)
Ïóøêèí 2.18 0.122 36.5 1 2.86

Óýáñòåð 3.28 6.12 183 1 �

Òàáëèöà 1: Ïàðàìåòðû ìîäåëè.
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�èñóíîê 2: Òåîðåòè÷åñêîå âîçðàñòíî-ïîëèñåìè÷åñêîå ðàñïðåäå-

ëåíèå ñ ïàðàìåòðàìè ñëîâàðÿ Ïóøêèíà.

〈τ0〉 = 1). Èñïîëüçîâàëàñü ïîñëåäîâàòåëüíàÿ èäåíòè-

�èêàöèÿ � ñíà÷àëà ïî ïàðàìåòðàì 〈G〉, a1, a2, à çàòåì
ïî ïàðàìåòðó µ.

5 Ñðàâíèòåëüíûé àíàëèç

òåîðåòè÷åñêèõ è ýìïèðè÷åñêèõ

ðàñïðåäåëåíèé

Íà ðèñ. 2�3 ïðåäñòàâëåíû äèàãðàììû âû÷èñëåííûõ ñ

èñïîëüçîâàíèåì �îðìóëû (11) óñëîâíûõ ðàñïðåäåëå-

íèé P (k|t) ïîëèñåìèè (ðèñ. 2) è ñìûñëîâîãî îáúåìà

(ðèñ. 3) àíñàìáëÿ çíàêîâ â çàâèñèìîñòè îò èõ âîçðàñ-

òà ïðè ïàðàìåòðàõ, ñîîòâåòñòâóþùèõ ñëîâàðþ ÿçûêà

Ïóøêèíà (âîçðàñò t çíàêîâ ïðåäñòàâëÿåòñÿ â åäèíè-

öàõ 〈τ0〉). Çàìåòèì, ÷òî àíàëîãè÷íûé âèä èìåþò è

äèàãðàììû ðàñïðåäåëåíèé, âû÷èñëåííûõ ïðè ïàðà-

ìåòðàõ, ñîîòâåòñòâóþùèõ ñëîâàðþ Óýáñòåðà.

Èç ðèñ. 2 âèäíî, ÷òî òåîðåòè÷åñêè áîëüøàÿ ÷àñòü

çíàêîâ íåïîëèñåìè÷íà (èìååò ïîëèñåìèþ 1 � �äàëü-

íÿÿ ÷åðíàÿ ñòåíêà� íà äèàãðàììå). Ê ýòîé ãðóïïå

îòíîñèòñÿ è áîëüøèíñòâî çíàêîâ-äîëãîæèòåëåé. Âè-

äåí âûõîä çíàêîâ ïðåêëîííîãî âîçðàñòà èç óïîòðåá-

ëåíèÿ (çíàêè âîçðàñòà, ïðåâûøàþùåãî 40 åäèíèö â

ïðèíÿòîé ñèñòåìå èçìåðåíèÿ âðåìåíè, ïðàêòè÷åñêè

îòñóòñòâóþò, èõ âåðîÿòíîñòü áëèçêà ê íóëþ). Çàìåò-

íî ìåíüøå äëèòåëüíîñòü æèçíè çíàêîâ ñ ïîëèñåìè-

åé 2. Áîëåå âûñîêàÿ ïîëèñåìèÿ ïðèñóùà çíàêàì íå

ñëèøêîì ìîëîäûì è íå ñëèøêîì ñòàðûì. Ìàêñèìóì

ïîëèñåìèè ïðèõîäèòñÿ íà çíàêè íåêîòîðîãî �çðåëîãî

âîçðàñòà� � â ðàéîíå íåñêîëüêèõ åäèíèö ìîäåëüíîãî

âðåìåíè.

�èñóíîê 3: Òåîðåòè÷åñêîå ðàñïðåäåëåíèå ñìûñëîâîãî îáúåìà

àíñàìáëÿ ÿçûêîâûõ çíàêîâ â çàâèñèìîñòè îò èõ âîçðàñòà ñ ïà-

ðàìåòðàìè ñëîâàðÿ Ïóøêèíà.

Íà ðèñ. 3 âèäíî äîâîëüíî ëþáîïûòíîå òåîðåòè÷åñêîå

�äâóõðåáòîâîå� ïîâåäåíèå ðàñïðåäåëåíèÿ ñìûñëîâî-

ãî îáúåìà çíàêîâ â çàâèñèìîñòè îò âîçðàñòà. Ìî-

ëîäûå çíàêè (âîçðàñòà ïðèìåðíî äî 10 åäèíèö ìî-

äåëüíîãî âðåìåíè) èìåþò ðàñïðåäåëåíèå, ìåäëåííî

óáûâàþùåå ñ ðîñòîì ñìûñëîâîãî îáúåìà îò �ïðÿìî-

ëèíåéíîãî õðåáòà� ñ v = 1. Çíàêè ñðåäíåãî âîçðàñ-

òà (îò 10 äî 40 åäèíèö ìîäåëüíîãî âðåìåíè) èìåþò

äâóìîäàëüíîå ðàñïðåäåëåíèå ñìûñëîâîãî îáúåìà (ñ

ìàêñèìóìàìè íà �ïðÿìîëèíåéíîì õðåáòå� ïðè v = 1
è íà �êðèâîëèíåéíîì õðåáòå� ïðè íåêîòîðîì v > 1,
ñâîåì äëÿ êàæäîãî âîçðàñòà, íî òåì ìåíüøåì, ÷åì

áîëüøå âîçðàñò). Çíàêè ïðåêëîííîãî âîçðàñòà (áî-

ëåå 40 åäèíèö ìîäåëüíîãî âðåìåíè) èìåþò ðàñïðå-

äåëåíèå ñìûñëîâîãî îáúåìà, ïðàêòè÷åñêè ñîñðåäîòî-

÷åííîå íà çíà÷åíèè v = 1). Òàêèì îáðàçîì, ìàëûé

ñìûñëîâîé îáúåì òåîðåòè÷åñêè ïðèñóù â îñíîâíîì

çíàêàì-äîëãîæèòåëÿì, òîãäà êàê íàèáîëüøèì ðàçíî-

îáðàçèåì ñìûñëîâîãî îáúåìà òåîðåòè÷åñêè îáëàäàþò

çíàêè ñðàâíèòåëüíî ìîëîäîãî è �çðåëîãî� âîçðàñòà.

Íà ðèñ. 4�5 â áèëîãàðè�ìè÷åñêîì ìàñøòàáå ïðåä-

ñòàâëåíû òåîðåòè÷åñêèå è ýìïèðè÷åñêèå ïîëèñåìè-

÷åñêèå ðàñïðåäåëåíèÿ ñ ïàðàìåòðàìè ñëîâàðåé Ïóø-

êèíà è Óýáñòåðà.

Âèäíî õîðîøåå ñîãëàñèå ðàñ÷åòíûõ òåîðåòè÷åñêèõ

ïîëèñåìè÷åñêèõ ðàñïðåäåëåíèé ñ ýìïèðè÷åñêèìè

ðàñïðåäåëåíèÿìè.

Íà ðèñ. 6�7 â áèëîãàðè�ìè÷åñêîì ìàñøòàáå ïðåä-

ñòàâëåíû òåîðåòè÷åñêîå ðàñïðåäåëåíèå ñìûñëîâîãî

îáúåìà (îíî æå � ÷àñòîòíîå ðàñïðåäåëåíèå çíàêîâ)

è ýìïèðè÷åñêèå ÷àñòîòíîå è ÷àñòîòíî-ðàíãîâîå ðàñ-

ïðåäåëåíèÿ ñëîâ ÿçûêà Ïóøêèíà.

Âèäíî, ÷òî ðàñïðåäåëåíèå ñìûñëîâîãî îáúåìà õî-

ðîøî ñîãëàñóåòñÿ ñ ýìïèðè÷åñêèìè ÷àñòîòíûì è

÷àñòîòíî-ðàíãîâûì ðàñïðåäåëåíèÿìè. Íî ðàñïðåäå-



218 XIII ÔÀÌÝÌÑ'2014 êîí�åðåíöèÿ

10
0

10
1

10
2

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

Polysemy

D
is

tr
ib

ut
io

n

 

 

Pushkin
Theory

�èñóíîê 4: Òåîðåòè÷åñêîå è ýìïèðè÷åñêîå ïîëèñåìè÷åñêèå ðàñ-

ïðåäåëåíèÿ ñ ïàðàìåòðàìè ñëîâàðÿ Ïóøêèíà.
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�èñóíîê 5: Òåîðåòè÷åñêîå è ýìïèðè÷åñêîå ïîëèñåìè÷åñêèå ðàñ-

ïðåäåëåíèÿ ñ ïàðàìåòðàìè ñëîâàðÿ Óýáñòåðà.
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�èñóíîê 6: Òåîðåòè÷åñêîå ÷àñòîòíîå ðàñïðåäåëåíèå àíñàìáëÿ

çíàêîâ è ýìïèðè÷åñêîå ÷àñòîòíîå ðàñïðåäåëåíèå ñëîâ ÿçûêà

Ïóøêèíà.
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�èñóíîê 7: Òåîðåòè÷åñêîå ÷àñòîòíîå ðàñïðåäåëåíèå àíñàìáëÿ

çíàêîâ è ýìïèðè÷åñêîå ÷àñòîòíî-ðàíãîâîå ðàñïðåäåëåíèå ñëîâ

ÿçûêà Ïóøêèíà.

ëåíèå öåëî÷èñëåííûõ çíà÷åíèé ñìûñëîâîãî îáúåìà

ïðåäñòàâëÿåò ñîáîé òåîðåòè÷åñêîå ÷àñòîòíîå ðàñïðå-

äåëåíèå, ñîâïàäàþùåå ñ òåîðåòè÷åñêèì ÷àñòîòíî-

ðàíãîâûì ðàñïðåäåëåíèåì. Ýòî ïîçâîëÿåò íà îñíî-

âå âûâåäåííîãî ðàñïðåäåëåíèÿ öåëî÷èñëåííûõ çíà÷å-

íèé ñìûñëîâîãî îáúåìà òåîðåòè÷åñêè ðàññ÷èòûâàòü è

èññëåäîâàòü ÷àñòîòíûå è ÷àñòîòíî-ðàíãîâûå ðàñïðå-

äåëåíèÿ çíàêîâûõ àíñàìáëåé.
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Àííîòàöèÿ. Èññëåäóþòñÿ íîâûå âîçìîæíîñòè,

âîçíèêàþùèå ïðè îáúåäèíåíèè ïîðò�åëåé èíâå-

ñòîðîâ â îäèí îáùèé ïîðò�åëü è åãî ïîñëåäóþùåé

îïòèìèçàöèè. Â êà÷åñòâå ïðèìåðà ðàññìîòðåíî

îáúåäèíåíèå ïîðò�åëåé â çàäà÷å Ìàðêîâèöà. Ñ�îð-

ìóëèðîâàíû îãðàíè÷åíèÿ íà êðèòåðèè ðèñêà, ïðè

êîòîðûõ îáúåäèíåíèå öåëåñîîáðàçíî.

Êëþ÷åâûå ñëîâà. Èíâåñòèöèîííûé ïîðò�åëü, äî-

âåðèòåëüíîå óïðàâëåíèå, ïóë èíâåñòîðîâ.

1 Ââåäåíèå

Ìíîæåñòâî, êàê êëàññè÷åñêèõ [3℄, òàê è ñîâðåìåííûõ

ðàáîò ïî óïðàâëåíèþ èíâåñòèöèîííûìè ïîðò�åëÿ-

ìè, ïîñâÿùåíî îïòèìèçàöèè èíâåñòèöèîííîãî ïîðò-

�åëÿ îòäåëüíîãî èíâåñòîðà ñ ó÷åòîì åãî ïðåäïî÷òå-

íèé îòíîñèòåëüíî äîõîäíîñòè è ðèñêà. Ïðè �îðìè-

ðîâàíèè ïîðò�åëÿ îáúåäèíåíèÿ (ïóëà) èíâåñòîðîâ

îáû÷íî ñòàðàþòñÿ ïîäîáðàòü èíâåñòîðîâ ñ îäèíàêî-

âûìè èëè áëèçêèìè ïðåäïî÷òåíèÿìè. �ëàâíûì àð-

ãóìåíòîì â ïîëüçó òàêîãî ïîäõîäà ÿâëÿåòñÿ âîçìîæ-

íîñòü ìàêñèìàëüíî óäîâëåòâîðèòü ïîòðåáíîñòè âñåõ

èíâåñòîðîâ ïóëà îäíîâðåìåííî. Ìàòåìàòè÷åñêèé àï-

ïàðàò ïðè ýòîì ïîëíîñòüþ àíàëîãè÷åí èñïîëüçóå-

ìîìó ïðè �îðìèðîâàíèè èíâåñòèöèîííîãî ïîðò�åëÿ

åäèíè÷íîãî èíâåñòîðà.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ âîçìîæíîñòü

îáúåäèíåíèÿ â îäèí ïóë èíâåñòîðîâ ñ ðàçëè÷íûìè

ïðåäïî÷òåíèÿìè è �îðìèðîâàíèÿ äëÿ íèõ îäíîãî îá-

ùåãî ïîðò�åëÿ. Íà ïåðâûé âçãëÿä, íåâîçìîæíî ñî-

çäàòü ïîðò�åëü, óäîâëåòâîðÿþùèé ïîòðåáíîñòè âñåõ

èíâåñòîðîâ îäíîâðåìåííî. Äåéñòâèòåëüíî, äëÿ êàæ-

äîãî (èëè ïî÷òè êàæäîãî) îòäåëüíîãî èíâåñòîðà ëþ-

áîé îáúåäèíåííûé ïîðò�åëü îêàæåòñÿ íåîïòèìàëü-

íûì. Îäíàêî, äëÿ óäîâëåòâîðåíèÿ ïîòðåáíîñòåé âñåõ

èíâåñòîðîâ ñîâåðøåííî íåò íåîáõîäèìîñòè ñîçäàâàòü

ïîðò�åëü, îïòèìàëüíûé îäíîâðåìåííî äëÿ êàæäî-

ãî èç íèõ. Äîñòàòî÷íî ñ�îðìèðîâàòü ïîðò�åëü, êî-

òîðûé ïî äîõîäíîñòè è ðèñêó íå õóæå, ÷åì ïîðò-

�åëü, ïîëó÷åííûé ïðîñòûì îáúåäèíåíèåì îïòèìàëü-

íûõ ïîðò�åëåé âñåõ èíâåñòîðîâ ïóëà.

© 2014 Â.�.Ñàðêèñîâ
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2 Îñíîâíûå ïîíÿòèÿ è îïðåäåëåíèÿ

Îáîçíà÷èì ìíîæåñòâî ïîðò�åëåé ÷åðåç I, à ìíî-

æåñòâî äîïóñòèìûõ ñòðóêòóð ïîðò�åëåé xi � ÷å-

ðåç X (xi ∈ X, ∀i ∈ I). Ñòðóêòóðó èíâåñòèöèîí-

íîãî ïîðò�åëÿ, ñîñòîÿùåãî èç N èíâåñòèöèîííûõ

èíñòðóìåíòîâ, áóäåì îïèñûâàòü âåêòîðîì-ñòîëáöîì

xi = (xi,1, xi,2, ..., xi,N )T .

Ìíîæåñòâî äîïóñòèìûõ ñòðóêòóð ïîðò�åëåé X îïè-

ñûâàåòñÿ ñèñòåìîé îãðàíè÷åíèé âèäà ðàâåíñòâ è

íåðàâåíñòâ (1):

{

vk(xi) = 0, k = 1,K

wl(xi) ≥ 0, l = 1, L,
(1)

ãäå vk è wl � ëèíåéíûå �óíêöèè îòíîñèòåëüíî äîëåé

èíñòðóìåíòîâ â ïîðò�åëå:

vk(xi) = φk,0 +
n∑

j=1

φk,jxi,j = φk,0 + φTk xi, (2)

wl(xi) = ψk,0 +
n∑

j=1

ψk,jxi,j = ψl,0 + ψT
l xi, (3)

ãäå φTk = (φk,1, φk,2, ..., φk,N ) è

ψT
l = (ψl,1, ψl,2, ..., ψl,N ) � âåêòîðà ÷èñëîâûõ

êîý��èöèåíòîâ ëèíåéíûõ �óíêöèé (φk,1, ψl,j ∈ R).
Îãðàíè÷åíèÿ (1) ñ ó÷åòîì (2) è (3) çàäàþò âûïóêëûé

ìíîãîãðàííèê â (N −K)�ìåðíîì ïðîñòðàíñòâå.

Êàæäûé èç ïîðò�åëåé áóäåì îöåíèâàòü ïî äâóì êðè-

òåðèÿì � ñðåäíåé äîõîäíîñòè è ðèñêó. Äîõîäíîñòè

èíñòðóìåíòîâ îáîçíà÷èì îáðàçóþò âåêòîð-ñòîëáåö

r = (r1, r2, ..., rN )T . Äîõîäíîñòü rp ïîðò�åëÿ xi:

rp(xi) =

n∑

j=1

rjxi,j = rTxi. (4)

Áóäåì ïîëàãàòü, ÷òî íàì èçâåñòíà �óíêöèÿ ðàñ-

ïðåäåëåíèÿ âåêòîðà r. Îáîçíà÷èì âåêòîð-ñòîëáåö

ìàòåìàòè÷åñêèõ îæèäàíèé äîõîäíîñòåé ÷åðåç

m = (m1,m2, ...,mn)
T
. Ñðåäíÿÿ äîõîäíîñòü Ep ïîðò-

�åëÿ xi îïðåäåëÿåòñÿ ìàòåìàòè÷åñêèì îæèäàíèåì

äîõîäíîñòè:

Ep(xi) =
n∑

j=1

mjxi,j = mTxi. (5)
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Äëÿ îöåíêè ðèñêà Vp ñóùåñòâóåò ìíîæåñòâî êðèòåðè-
åâ (îáîçíà÷èì ìíîæåñòâî âîçìîæíûõ êðèòåðèåâ ÷å-

ðåç V), áîëüøèíñòâî èç êîòîðûõ ÿâëÿþòñÿ �óíêöèî-

íàëàìè îò �óíêöèè ðàñïðåäåëåíèÿ äîõîäíîñòè ïîðò-

�åëÿ. ×àùå âñåãî â êà÷åñòâå êðèòåðèÿ ðèñêà ðàñ-

ñìàòðèâàåòñÿ äèñïåðñèÿ èëè êâàíòèëü äîõîäíîñòè.

Íåäîìèíèðóåìûì áóäåì íàçûâàòü òàêîé ïîðò�åëü,

÷òî íå ñóùåñòâóåò äðóãîãî ïîðò�åëÿ, êîòîðûé áûë

ëó÷øå íåãî ïî îäíîìó èç êðèòåðèåâ è íå õóæå ïî äðó-

ãîìó. Ìíîæåñòâî íåäîìèíèðóåìûõ ïîðò�åëåé îáî-

çíà÷èì X∗(X∗ ⊂ X). Ìíîæåñòâî X∗
ìîæíî ñ�îðìè-

ðîâàòü, íàõîäÿ ïîðò�åëü x∗ = (x∗1, x
∗
2, ..., x

∗
N )  ìèíè-

ìàëüíûì ðèñêîì äëÿ êàæäîãî çíà÷åíèÿ äîõîäíîñòè

E0 ñ ó÷åòîì (5), (2) è (3):







x∗ : Vp(x
∗)→ min

x∗∈X

mTx∗ = E0

φk,0 + φTk x
∗ = 0, k = 1,K

ψl,0 + ψT
l x

∗ ≥ 0, l = 1, L.

(6)

Ïîñòàíîâêà çàäà÷è (6) ÿâëÿåòñÿ îáîáùåíèåì ïîñòà-

íîâêè êëàññè÷åñêîé çàäà÷è Ìàðêîâèöà íà ñëó÷àé

ïðîèçâîëüíûõ ëèíåéíûõ îãðàíè÷åíèé íà äîëè èí-

ñòðóìåíòîâ â ïîðò�åëå è ïðîèçâîëüíîé ìåðû ðèñêà.

3 Ñðåäíÿÿ äîõîäíîñòü è ðèñê

îáúåäèíåííîãî ïîðò�åëÿ ïóëà

èíâåñòîðîâ

�àññìîòðèì îáúåäèíåíèå îïòèìàëüíûõ ïîðò�åëåé

x1 ∈ X∗
è x2 ∈ X∗

äâóõ èíâåñòîðîâ. Îáîçíà÷èì

äîëþ ïåðâîãî èíâåñòîðà â îáùåì ïîðò�åëå ÷åðåç

a(a ∈ [0; 1]), òîãäà äîëÿ âòîðîãî èíâåñòîðà ñîñòàâèò

1− a. Ñòðóêòóðà îáúåäèíåííîãî ïîðò�åëÿ x12:

x12 = ax1 + (1− a)x2 =

= (ax1,1 + (1− a)x2,1, ..., ax1,N + (1 − a)x2,N ).
(7)

Òàê êàê ïîðò�åëè x1 è x2 ÿâëÿþòñÿ äîïóñòèìûìè

(óäîâëåòâîðÿþùèìè îãðàíè÷åíèþ (1)), òî â ñèëó ëè-

íåéíîñòè (2) è (3) ïîðò�åëü x12 òàêæå ÿâëÿåòñÿ äî-

ïóñòèìûì. Ñ ïðàêòè÷åñêîé òî÷êè çðåíèÿ ýòî îçíà÷à-

åò, ÷òî �îðìèðîâàíèå îáúåäèíåííîãî ïîðò�åëÿ x12
ïàðû èíâåñòîðîâ äàåò äëÿ êàæäîãî èç íèõ ðèñê è äî-

õîäíîñòü íå õóæå, ÷åì ïðè �îðìèðîâàíèè ïîðò�åëåé

Ñðåäíÿÿ äîõîäíîñòü îáúåäèíåííîãî ïîðò�åëÿ ÿâëÿ-

åòñÿ âçâåøåííûì ñðåäíèì:

Ep(x12) = aEp(x1) + (1− a)Ep(x2). (8)

Â çàâèñèìîñòè îò ñòðóêòóð ïîðò�åëåé x1 è x2 è

âûáðàííîãî êðèòåðèÿ ðèñêà V ïîðò�åëü x12 ìîæåò

áûòü íåîïòèìàëüíûì (x12 /∈ X∗
). Â ýòîì ñëó÷àå ñó-

ùåñòâóåò îïòèìàëüíûé ïîðò�åëü x∗12 ∈ X∗
, êîòîðûé

ÿâëÿåòñÿ áîëåå ïðåäïî÷òèòåëüíûì, ÷åì x12. Ôîðìè-
ðîâàíèå ïîðò�åëÿ x∗12 âìåñòî x12 (èëè âìåñòî ïà-

ðû îòäåëüíûõ ïîðò�åëåé x1 è x2) äàåò âîçìîæíîñòü

èíâåñòîðàì ïîëó÷èòü ëó÷øèå çíà÷åíèÿ ïîêàçàòåëåé

ðèñêà è äîõîäíîñòè, ÷åì îíè ìîãëè áû ïîëó÷èòü áåç

îáúåäèíåíèÿ.

Èíòåðåñ ïðåäñòàâëÿåò íàõîæäåíèå ïîäìíîæåñòâà

V+ ⊂ V òàêèõ êðèòåðèåâ ðèñêà, ïðè êîòîðûõ

âîçìîæíî ïîëó÷åíèå ïðåèìóùåñòâà îò îáúåäèíåíèÿ

ïîðò�åëåé:

[Vp ∈ V+]⇔[∃x1, x2 ∈ X∗ :

Vp(x12) > min
x∈X

Vp(x)|Ep(x)=Ep(x12)]
(9)

Áîëåå ïðîñòîé ïðåäñòàâëÿåòñÿ çàäà÷à ïîèñêà ìíî-

æåñòâà V−
, ÿâëÿþùåãîñÿ äîïîëíåíèåì äëÿ V+

(V− = V \V+
):

[Vp ∈ V−]⇔[∀x1, x2 ∈ X∗ :

Vp(x12) = min
x∈X

Vp(x)|Ep(x)=Ep(x12)]
(10)

4 Íåîáõîäèìîå óñëîâèå

ñóùåñòâîâàíèÿ âîçìîæíîñòè

ïîëó÷åíèÿ ïðåèìóùåñòâà îò

îáúåäèíåíèÿ ïîðò�åëåé

Òåîðåìà 1. Äëÿ íåîïòèìàëüíîñòè â ñìûñëå (6)

îáúåäèíåííîãî ïîðò�åëÿ x12 ïàðû èíâåñòîðîâ íåîá-

õîäèìî, ÷òîáû çàâèñèìîñòü õîòÿ áû îäíîé êîîðäè-

íàòû âåêòîðà x∗ îò E0 áûëà íåëèíåéíîé.

Äîêàçàòåëüñòâî. Èñõîäÿ èç îïðåäåëåíèÿ ìíîæåñòâà

íåäîìèíèðóåìûõ ïîðò�åëåé X∗
, ïîðò�åëü x12 îïòè-

ìàëåí òîëüêî ïðè x12 ∈ X∗
. Òàê êàê ñðåäíÿÿ äîõîä-

íîñòü Ep(x12) ëèíåéíî çàâèñèò îò äîëåé èíñòðóìåí-

òîâ â ïîðò�åëå x12, òî îíà òàêæå ëèíåéíî çàâèñèò

è îò äîëåé èíâåñòîðîâ (a è (1 − a)) â îáúåäèíåí-

íîì ïîðò�åëå x12. Ñëåäîâàòåëüíî, äîëè èíâåñòîðîâ â
ïîðò�åëå x12 ëèíåéíî çàâèñÿò îò Ep(x12). Åñëè ïðè-

íÿòü E0 = Ep(x12) è ðåøèòü çàäà÷ó (6), òî ïîëó÷åí-

íûé ïîðò�åëü x∗ áóäåò îòëè÷àòüñÿ îò x12 òîëüêî â

òîì ñëó÷àå, åñëè õîòÿ áû îäíà èç êîîðäèíàò âåêòî-

ðà x∗ çàâèñèò îò E0 íåëèíåéíî (â ïðîòèâíîì ñëó÷àå

ïðèøëîñü áû ïðåäïîëîæèòü ñóùåñòâîâàíèå äâóõ ðàç-

ëè÷íûõ ïðÿìûõ, ñîåäèíÿþùèõ òî÷êè x1 è x2).

Êàê áóäåò ïîêàçàíî äàëåå, â îïðåäåëåííûõ óñëîâèÿõ

íåîáõîäèìîå óñëîâèå îäíîâðåìåííî ÿâëÿåòñÿ è äîñòà-

òî÷íûì.

5 Îáúåäèíåíèå ïîðò�åëåé â çàäà÷å

Ìàðêîâèöà

Çàäà÷à Ìàðêîâèöà ïðåäñòàâëÿåò ñîáîé ÷àñòíûé ñëó-

÷àé çàäà÷è (6), ãäå â êà÷åñòâå êðèòåðèÿ ðèñêà Vp âû-
áðàíà äèñïåðñèÿ äîõîäíîñòè (äëÿ âû÷èñëåíèÿ êîòî-

ðîé íåîáõîäèìà ìàòðèöà êîâàðèàöèé äîõîäíîñòåé C),
äîëè âñåõ èíñòðóìåíòîâ â ïîðò�åëå íåîòðèöàòåëüíû,

à èõ ñóììà ðàâíà åäèíèöå (îòñóòñòâóåò âîçìîæíîñòü
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êðåäèòîâàíèÿ):







x∗ : Vp(x
∗) = x∗TCx∗ → min

x∗∈X

mTx∗ = E0

N∑

j=1

x∗j = 1

x∗j ≥ 0, j = 1, N.

(11)

Èñêëþ÷èì èç ïîñòàíîâêè çàäà÷è (11) îãðàíè÷åíèÿ

âèäà íåðàâåíñòâ (ñíèìåì îãðàíè÷åíèå íà íåîòðèöà-

òåëüíîñòü äîëåé èíñòðóìåíòîâ â ïîðò�åëå):







x∗ : Vp(x
∗) = x∗TCx∗ → min

x∗∈X

mTx∗ = E0

N∑

j=1

x∗j = 1.

(12)

Çàäà÷à (12) ñîäåðæèò îãðàíè÷åíèÿ òîëüêî âèäà ðà-

âåíñòâ è ìîæåò áûòü ðåøåíà [1℄ ïðè ïîìîùè ìåòî-

äà ìíîæèòåëåé Ëàãðàíæà. Ïîëó÷åííîå ïðè ýòîì ðå-

øåíèå îïèñûâàåò ëèíåéíûå çàâèñèìîñòè äîëåé ïîðò-

�åëÿ x∗ îò ñðåäíåé äîõîäíîñòè E0. Ñ�îðìóëèðîâàí-

íîå â Òåîðåìå 1 íåîáõîäèìîå óñëîâèå ñóùåñòâîâàíèÿ

âîçìîæíîñòè ïîëó÷åíèÿ ïðåèìóùåñòâà íå âûïîëíÿ-

åòñÿ. Ñëåäîâàòåëüíî, îáúåäèíåíèå ëþáûõ äâóõ ïîðò-

�åëåé x1 è x2 ïðè îãðàíè÷åíèÿõ ïîñòàíîâêè çàäà÷è

(12) äàåò íåäîìèíèðóåìûé (îïòèìàëüíûé) ïîðò�åëü

x12 = x∗ ∈ X∗
.

Ââåäåíèå îãðàíè÷åíèé x∗j ≥ 0, j = 1, N â ïîñòàíîâêó

çàäà÷è (11) ïðèâîäèò ê òîìó, ÷òî çàâèñèìîñòü x∗ îò

E0 èç ëèíåéíîé ïðåâðàùàåòñÿ â êóñî÷íî-ëèíåéíóþ.

Åñëè ïîðò�åëè x1 è x2 ïðèíàäëåæàò îäíîìó ëèíåé-

íîìó ó÷àñòêó, òî ïîðò�åëü x12 âíîâü îêàæåòñÿ îï-

òèìàëüíûì è äîïîëíèòåëüíîå ïðåèìóùåñòâî îò îáú-

åäèíåíèÿ íå âîçíèêíåò. Åñëè æå x1 è x2 ïðèíàäëåæàò
ðàçíûì ëèíåéíûì ó÷àñòêàì, òî ìîæíî ñòðîãî äîêà-

çàòü [2℄, ÷òî x12 /∈ X∗
. Ôîðìèðîâàíèå îïòèìèçèðî-

âàííîãî îáúåäèíåííîãî ïîðò�åëÿ x∗ ∈ X∗
ïîçâîëèò

îáîèì èíâåñòîðàì ïðè ñîõðàíåíèè äîõîäíîñòåé ïîðò-

�åëåé x1 è x2 ïîëó÷èòü óðîâåíü ðèñêà áîëåå íèçêèé,
÷åì ìèíèìàëüíî âîçìîæíûé ïðè îòäåëüíîì �îðìè-

ðîâàíèè èíäèâèäóàëüíûõ ïîðò�åëåé x1 è x2.

6 Ïðèìåíèìîñòü ðåçóëüòàòîâ äëÿ

ïðîèçâîëüíîãî ìíîæåñòâà

èíâåñòîðîâ

Âûøå ðàññìàòðèâàëîñü îáúåäèíåíèå ïîðò�åëåé äâóõ

èíâåñòîðîâ ñ ðàçëè÷íûìè ïðåäïî÷òåíèÿìè. �ðóïïû,

ñîñòîÿùèå èç áîëüøåãî ÷èñëà èíâåñòîðîâ ñ ðàçëè÷-

íûìè ïðåäïî÷òåíèÿìè, òàêæå ìîãóò âîñïîëüçîâàòüñÿ

ïðåèìóùåñòâàìè îïòèìèçàöèè îáúåäèíåííûõ ïîðò-

�åëåé. Äëÿ ïîäòâåðæäåíèÿ ýòîãî �àêòà ìîæíî ïðî-

âåñòè ñëåäóþùèå ðàññóæäåíèÿ:

Èç ãðóïïû èíâåñòîðîâ âûáèðàåòñÿ òàêàÿ ïàðà (ñ

ïîðò�åëÿìè x1 è x2), äëÿ êîòîðîé îáúåäèíåííûé

ïîðò�åëü íåîïòèìàëåí (x12 /∈ X∗
). Ïîëó÷åííûé

ïîðò�åëü x12 îáúåäèíÿåòñÿ ñî ñëåäóþùèì ïîðò�å-

ëåì x3. Ïîñëåäîâàòåëüíîå ïðèñîåäèíåíèå î÷åðåäíûõ
ïîðò�åëåé ïðîäîëæàåòñÿ äî òåõ ïîð, ïîêà âñå ïîðò-

�åëè ãðóïïû íå îáúåäèíÿòñÿ â îäèí îáùèé ïîðò-

�åëü. Ïðåèìóùåñòâî, ïîëó÷åííîå ïðè îïòèìèçàöèè

ýòîãî ïîðò�åëÿ, ìîæåò áûòü ðàñïðåäåëåíî ìåæäó

âñåìè èíâåñòîðàìè ãðóïïû.

Â îáùåì ñëó÷àå ðàñïðåäåëåíèå ïðåèìóùåñòâà ÿâëÿ-

åòñÿ âîïðîñîì äîãîâîðåííîñòè ó÷àñòíèêîâ ãðóïïû.

Ïðè �îðìèðîâàíèè ýòîé äîãîâîðåííîñòè öåëåñîîá-

ðàçíî ó÷èòûâàòü, ÷òî íàèáîëüøèé âêëàä â âîçíèê-

íîâåíèå ïðåèìóùåñòâà âíîñÿò èíâåñòîðû ñ íàèáîëåå

îòëè÷àþùèìèñÿ îò îñòàëüíûõ ïðåäïî÷òåíèÿìè.

7 Çàêëþ÷åíèå

Ïðîâåäåííûé àíàëèç ïîêàçàë, ÷òî:

• Ñóùåñòâóþò êðèòåðèè ðèñêà, ïðè êîòîðûõ îï-

òèìàëüíûé äëÿ îòäåëüíîãî èíâåñòîðà ïîðò�åëü

x1 ∈ X∗
ìîæåò áûòü óëó÷øåí ïóòåì îáúåäèíå-

íèÿ åãî ñ îïòèìàëüíûì ïîðò�åëåì äðóãîãî èí-

âåñòîðà x2 ∈ X∗
è ïîñëåäóþùåé îïòèìèçàöèè

ñóììàðíîãî ïîðò�åëÿ. Ê òàêèì êðèòåðèÿì îòíî-

ñèòñÿ è äèñïåðñèÿ äîõîäíîñòè (íàèáîëåå øèðîêî

èñïîëüçóåìàÿ ìåðà ðèñêà).

• Äîïîëíèòåëüíàÿ ïîëåçíîñòü ìîæåò âîçíèêàòü

òîëüêî ïðè íåëèíåéíîì õàðàêòåðå çàâèñèìîñòè

äîëåé îïòèìàëüíîãî èíâåñòèöèîííîãî ïîðò�åëÿ

îò ìàòåìàòè÷åñêîãî îæèäàíèÿ äîõîäíîñòè.

• Êëàññè÷åñêèé ïîäõîä, ïðè êîòîðîì â ïóë îáúåäè-

íÿþòñÿ èíâåñòîðû ñ áëèçêèìè ïðåäïî÷òåíèÿìè,

ìåíåå ý��åêòèâåí, ÷åì îáúåäèíåíèå èíâåñòîðîâ

ñ ñóùåñòâåííî ðàçëè÷àþùèìèñÿ ïðåäïî÷òåíèÿ-

ìè.

Â òî æå âðåìÿ íåðàçðåøåííûì îñòàëñÿ âîïðîñ îïðå-

äåëåíèÿ ìíîæåñòâà V+
êðèòåðèåâ ðèñêà Vp, äëÿ êî-

òîðûõ âîçìîæíî âîçíèêíîâåíèå ïðåèìóùåñòâà îò îï-

òèìèçàöèè îáúåäèíåííîãî ïîðò�åëÿ.

Èíòåðåñ òàêæå ïðåäñòàâëÿåò âîçìîæíîñòü ðàñïðî-

ñòðàíåíèÿ ïîëó÷åííûõ ðåçóëüòàòîâ ñ äâóõêðèòåðè-

àëüíîé íà ìíîãîêðèòåðèàëüíóþ çàäà÷ó áîëåå îáùåãî

âèäà.
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Àííîòàöèÿ. Â ðàáîòå ïðîâåäåíî ïîñòðîåíèå,

èññëåäîâàíèå è ñðàâíèòåëüíûé àíàëèç íå÷åòêî-

ìíîæåñòâåííîé ìîäåëè È. Ëåóíãà è ìîäåëè íà

îñíîâå ñëó÷àéíî-ìíîæåñòâåííîé ðåãðåññèè íà

ïðèìåðå çàäà÷è ðàñïðåäåëåíèÿ ïîòðåáèòåëüñêèõ

ïðåäïî÷òåíèé ìåæäó �èðìàìè, âûïóñêàþùèìè

êîñìåòè÷åñêóþ ïðîäóêöèþ.

Êëþ÷åâûå ñëîâà. Íå÷åòêîå áèíàðíîå îòíîøåíèå,

ñëó÷àéíîå ìíîæåñòâî ñîáûòèé, ñåò-ðåãðåññèÿ, ñåã-

ìåíòàöèÿ ðûíêà.

Ââåäåíèå

Êàæäàÿ �èðìà çíàåò, ÷òî ïîêóïàòåëü äîëæåí ïîëó-

÷àòü âûãîäó îò ïðèîáðåòåíèÿ òîâàðà. Òîãäà îí áóäåò

ïðèîáðåòàòü òîâàð åùå è åùå. Óñèëèÿ ïðÿìîãî ìàð-

êåòèíãà íàïðàâëåíû íà òî, ÷òîáû óâåëè÷èòü çíàíèÿ

ïîêóïàòåëÿ îá ýòèõ âûãîäàõ. Íî êàêèå âûãîäû èùóò

ïîêóïàòåëè â òîâàðå? Êàê ïîíÿòü ïîòðåáíîñòè ïî-

êóïàòåëåé? È êàê ìíîãî ïîêóïàòåëåé ñî ñõîæèìè ïî-

òðåáíîñòÿìè ïðèñóòñòâóåò íà ðûíêå? Íà ýòè è ìíîãèå

äðóãèå âîïðîñû î ïîòðåáíîñòÿõ è æåëàíèÿõ ïîêóïà-

òåëåé äàåò îòâåòû ñåãìåíòèðîâàíèå.

Ïðîáëåìû ñåãìåíòèðîâàíèÿ ðûíêà (âûäåëåíèå çîí

ïîòðåáèòåëüñêèõ ïðåäïî÷òåíèé) ÿâëÿþòñÿ êëþ÷åâû-

ìè ïðè îðãàíèçàöèè ìàðêåòèíãîâîé ðàáîòû. Äëÿ òî-

ãî, ÷òîáû äîáèòüñÿ óñïåõà �èðìå íåäîñòàòî÷íî ïðî-

èçâîäèòü ïðîäóêöèþ âûñîêîãî êà÷åñòâà: íåîáõîäèìî

çíàòü è ó÷èòûâàòü ïîòðåáíîñòè ïîêóïàòåëåé, èõ æå-

ëàíèÿ, âîçìîæíîñòè. Ïîýòîìó ïðîáëåìà ñåãìåíòàöèè

ðûíêà ÿâëÿåòñÿ àêòóàëüíîé â ñîâðåìåííîì ìèðå.

Òðàäèöèîííûå èññëåäîâàíèÿ òîðãîâîé çîíû ÷àñòî

îïèðàþòñÿ íà ïîíÿòèå èí�îðìàöèè è ðÿä ïðåäïîëî-

æåíèé îá îäíîðîäíîñòè ðûíêà. Ïîâåäåí÷åñêèå ïîñòó-

ëàòû ÷àñòî îêàçûâàþòñÿ èëè ñëèøêîì óïðîùåííûìè

èëè íåñîãëàñîâàííûìè. Ïîñòðîåííûå ìîäåëè îáû÷íî

íåàäåêâàòíû ðàññìàòðèâàåìûì ðåàëüíûì ñèòóàöè-

ÿì, õàðàêòåðèçóåìûì íåòî÷íîé èí�îðìàöèåé, íå÷åò-

êèìè ïðîöåññàìè ïðèíÿòèÿ ðåøåíèé. Â ðàáîòå ïðîâî-

äèòñÿ ïîñòðîåíèå è ñðàâíèòåëüíûé àíàëèç äâóõ ìàòå-

ìàòè÷åñêèõ ìîäåëåé ñåãìåíòàöèè ðûíêà êîñìåòè÷å-

ñêîé ïðîäóêöèè: íå÷åòêî-ìíîæåñòâåííîé ìîäåëè È.
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Ëåóíãà è ìîäåëè íà îñíîâå ñëó÷àéíî-ìíîæåñòâåííîé

ðåãðåññèè.

1 Íå÷åòêàÿ ìîäåëü ðàñïðåäåëåíèÿ

ïîòðåáèòåëüñêèõ ïðåäïî÷òåíèé

ìåæäó �èðìàìè

1.1 Ìîäåëü È.Ëåóíãà

Â ìîäåëè È. Ëåóíãà [5, 6℄ ïðèíÿòû ñëåäóþùèå äî-

ïóùåíèÿ: ñóùåñòâîâàíèå ðûíêà; ïðîèçâîëüíàÿ ñõåìà

ïðåäïî÷òåíèé íàñåëåíèÿ; ðàçìåùåíèå êîíêóðèðóþ-

ùèõ òîâàðîâ; �èðìà ïðîèçâîäèòåëü îäíîãî òèïà; òî-

âàðû õàðàêòåðèçóþòñÿ ïðèçíàêàìè; ñòåïåíè âàæíî-

ñòè ïðèçíàêîâ ïðè ïðèíÿòèè ðåøåíèÿ î ïîêóïêå âà-

ðüèðóþòñÿ ìåæäó èíäèâèäóóìàìè; îäèí òîâàð ïðåä-

ïî÷èòàåòñÿ äðóãîìó, åñëè åãî ïðèçíàêè ïî ñâîåé ñòå-

ïåíè âàæíîñòè áîëåå áëèçêè ê îöåíêå ïîòðåáèòåëÿ.

Ïóñòü X = {x1, x2, . . . , xn}� ìíîæåñòâî ïîêóïàòåëåé;

Y = {y1, y2, . . . , yp} � ìíîæåñòâî ïðèçíàêîâ òîâàðîâ

è Z = {z1, z2, . . . , zm} � ìíîæåñòâî âèäîâ òîâàðîâ.

Ïóñòü Θ : X × Y → [0, 1] åñòü �óíêöèÿ ïðèíàäëåæ-

íîñòè íå÷åòêîãî áèíàðíîãî îòíîøåíèÿ R [1, 6℄. Äëÿ

ëþáîãî x ∈ X, ∀y ∈ Y �óíêöèÿ ΘR(x, y) îòðàæàåò
ñòåïåíü âàæíîñòè ïðèçíàêà y ïî îöåíêå ïîêóïàòåëÿ

x ïðè îïðåäåëåíèè èì ïðåäïî÷òåíèÿ. Áèíàðíîå îòíî-

øåíèå R ìîæíî ïðåäñòàâèòü â ñëåäóþùåì âèäå:

R =

y1 . . . yp
x1 νR(x1, y1) . . . νR(x1, yp)
x2 νR(x2, y1) . . . νR(x2, yp)
.

.

. . . . . . . . . .
xn νR(xn, y1) . . . νR(xn, yp)

. (1)

Ïóñòü ΦS : Y×Z→ [0, 1] åñòü �óíêöèÿ ïðèíàäëåæíî-
ñòè íå÷åòêîãî áèíàðíîãî îòíîøåíèÿ S. ∀y ∈ Y, ∀z ∈ Z

�óíêöèÿ ΦS(y, z) îòðàæàåò ñòåïåíè ñîâìåñòèìîñòè

�èðìû z ñ ïðèçíàêîì y. Áèíàðíîå îòíîøåíèå S èìå-

åò âèä:

S =

z1 . . . zm
y1 νS(y1, z1) . . . νS(y1, zm)
y2 νS(y2, z1) . . . νS(y2, zm)
.

.

. . . . . . . . . .
yp νS(yp, z1) . . . νS(yp, zm)

. (2)
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Ïîñòðîèì áèíàðíîå îòíîøåíèå T :

T =

z1 . . . zm
x1 µA1(x1, z1) . . . µAm(x1, zm)
x2 µA1(x2, z1) . . . µAm(x2, zm)
.

.

. . . . . . . . . .
xn µA1(xn, z1) . . . µAm(xn, zm)

, (3)

ýëåìåíòû êîòîðîãî îïðåäåëÿþòñÿ �óíêöèåé ïðèíàä-

ëåæíîñòè

µAi(x, zi) =

∑

y
νR(x, y) · νS(y, zi)
∑

y
νR(x, y)

, (4)

äëÿ ∀x ∈ X, y ∈ Y, z ∈ Z, i = 1,m. Ñóììà
∑

y
νR(x, y) ðàâíà ñòåïåíè íå÷åòêîãî ïîäìíîæåñòâà,

óêàçûâàþùåé ÷èñëî âàæíåéøèõ ïðèçíàêîâ y, êîòî-
ðîå ïîòðåáèòåëü x èñïîëüçóåò äëÿ îöåíêè âèäà òî-

âàðà, à µAi(x, zi) ìîæíî èíòåðïðåòèðîâàòü êàê âçâå-

øåííóþ ñòåïåíü ïðåäïî÷òåíèÿ òîâàðà âèäà zi èíäè-
âèäóóìîì x. Ôóíêöèÿ ïðåäïî÷òåíèÿ, îïèñûâàåìàÿ

óðàâíåíèåì (4), óäîâëåòâîðÿåò îïðåäåëåíèþ âûïóê-

ëîãî íå÷åòêîãî ïîäìíîæåñòâà [1, 5℄:

µAi [λ(x1, zi) + (1− λ)(x2, zi)] ≥

≥ min[µAi(x1, zi), µAi(x2, zi)],

∀x1, x2 ∈ V, ∀zi ∈ Z, ∀λ ∈ [0, 1].

Äîïóùåíèå âûïóêëîñòè îïðàâäàíî â òîì ñìûñëå,

÷òî ïðè íåì äîëæíî ïðåäïîëàãàòüñÿ ìîíîòîííîå

óâåëè÷åíèå çíà÷åíèÿ �óíêöèè ïðèíàäëåæíîñòè ñ

óìåíüøåíèåì ðàññòîÿíèÿ äî �èðìû. Ïîñêîëüêó âñå

µAi(x, zi) âûïóêëûå, èõ ïåðåñå÷åíèÿ òàêæå âûïóêëûå
�óíêöèè. Òàêèì îáðàçîì, ìîæíî ïîñòðîèòü ìàòðèöó

D, ýëåìåíòû êîòîðîé

dij = µAj (xi, zj)∧µAj+1(xi, zj+1), i = 1, n, j = 1,m− 1

îáîçíà÷àþò ìèíèìàëüíîå ïåðåêðûòèå òîðãîâûõ çîí

�èðì.

Îïðåäåëèì ñïîñîá, ñ ïîìîùüþ êîòîðîãî ðûíîê ìîæ-

íî ðàçäåëèòü ìåæäó �èðìàìè. Ïîñêîëüêó íå÷åòêèå

ïîäìíîæåñòâà Ai, i = 1,m îãðàíè÷åíû ìàêñèìàëü-

íûìè ñòåïåíÿìè sup
x
µAi (x), i = 1,m, òî è èõ ïåðåñå-

÷åíèå Ai ∩ Aj , i, j = 1,m òàêæå îãðàíè÷åíî âûïóê-

ëûì íå÷åòêèì ïîäìíîæåñòâîì è îïðåäåëÿåòñÿ �óíê-

öèåé ïðèíàäëåæíîñòè, ïðèíèìàþùåé ìàêñèìàëüíîå

çíà÷åíèå sup
x
µAi∩Aj (x) . Ïðèìåíÿÿ òåîðåìó îá îòäå-

ëèìîñòè [5℄, ïîëó÷àåì, ÷òî íàèâûñøàÿ ñòåïåíü ðàç-

äåëåíèÿ òîðãîâîé çîíû, ðàâíà 1− sup
x
µAi∩Aj (x) .

Â êëàññè÷åñêîé ìîäåëè �èðìà ìîíîïîëèçèðóåò ðû-

íîê. Îäíàêî, ìîäåëü ñáûòà ñ äîìèíèðîâàíèåì áîëåå

àäåêâàòíà äëÿ îïèñàíèÿ òîðãîâûõ çîí ðåàëüíîãî ìè-

ðà. Èç ýòîé èäåè ñëåäóåò, ÷òî ïåðåêðûòèå òîðãîâîé

çîíû ñêîðåå îáùèé �åíîìåí, ÷åì èñêëþ÷åíèå. Äëÿ

ïåðåêðûòèÿ òîðãîâûõ çîí �èðì ìîæíî èñïîëüçîâàòü

ïîíÿòèå ïîðîãà ðàçäåëèìîñòè. Â äàííîé ìîäåëå ïî-

ðîã ðàçäåëåíèÿ òîðãîâîé çîíû ìîæåò áûòü îãðàíè÷åí

óñëîâèåì[5℄

l < min
ij

max
x

min[µAi(x, zi), µAj (x, zj)] = sup
x
µAi∩Aj (x),

ãäå x ∈ X, z ∈ Z, i, j = 1,m.

Òàêèì îáðàçîì, äëÿ âûáðàííîãî ïîðîãà l òîðãî-

âàÿ çîíà Mi �èðìû îïðåäåëÿåòñÿ íå÷åòêèì ïîä-

ìíîæåñòâîì óðîâíÿ l. Âûáèðàÿ ðàçëè÷íûå çíà÷å-

íèÿ äëÿ l, ìîæíî ïîëó÷èòü ðàçëè÷íûå òîðãîâûå

çîíû. Îáùåå ïðàâèëî ñîñòîèò â òîì, ÷òîáû âû-

áðàòü íàèáîëüøåå âîçìîæíîå çíà÷åíèå [5℄ l, ìåíüøåå
max
x

min[µAi(x, zi), µAj (x, zj)] :

Mi = {x|µAi(x) ≥ min
ij

max
x

min[µAi(x, zi), µAj (x, zj)]}.

1.2 Íå÷åòêàÿ ìîäåëü ïîòðåáèòåëüñêèõ

ïðåäïî÷òåíèé ìåæäó �èðìàìè

Íà îñíîâå ìîäåëè Ëåóíãà ïîñòðîåíà ìîäåëü ïîòðåáè-

òåëüñêèõ ïðåäïî÷òåíèé ìåæäó �èðìàìè [4℄, âûïóñ-

êàþùèìè êîñìåòè÷åñêóþ ïðîäóêöèþ ¾Òóøü äëÿ ðåñ-

íèö¿. Â òàáëèöå 1 ïðåäñòàâëåíû ïðèçíàêè ïîòðåáè-

òåëåé, ó÷àñòâîâàâøèõ â îïðîñå.

Òàáëèöà 1: Ïðèçíàêè ïîòðåáèòåëåé

ïîêóïêà òóøè âîçðàñò ïîêó-

ïàòåëÿ

äîõîä

1 ðàç â ìåñÿö

(a1)

îò 18 äî 25 ëåò

(b1)

Âûñîêèé: ñâ. 25000

(c1)

ðàç â 3 ìåñÿöà

(a2)

îò 26 äî 38 ëåò

(b2)

Âûøå ñðåäíåãî:

15000-25000 (c2)

ðàç â ïîëãîäà

(a3)

îò 39 äî 45 ëåò

(b3)

Íèçêèé: 6000-10000

(c3)

Î÷åíü íèçêèé: 2000-

6000 (c4)

Èç âñåãî ìíîæåñòâà ïîêóïàòåëåé â ðåçóëüòàòå îïðîñà

âûäåëåíî ñëåäóþùèå 12 ãðóïï:

x1 = (a1, b3, c1); x2 = (a1, b1, c3);
x3 = (a2, b1, c1); x4 = (a2, b3, c1);
x5 = (a2, b1, c2); x6 = (a2, b2, c2);
x7 = (a2, b3, c2); x8 = (a2, b1, c4);
x9 = (a2, b3, c4); x10 = (a3, b1, c1);
x11 = (a3, b2, c3); x12 = (a3, b2, c4).

(5)

Â ðàáîòå ðàññìîòðåíû ñëåäóþùåå ìíîæåñòâî ïðèçíà-

êîâ �èðì: äîñòóïíîñòü; âûñîêîå êà÷åñòâî; íèçêàÿ öå-

íà; èçâåñòíîñòü ïðîèçâîäèòåëÿ.

Äëÿ àíàëèçà âçÿòû �èðìû: ¾Loreal¿, ¾Max Fator¿,

¾Bourjois¿, ¾Maybelline¿.
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Ïîñëå îáðàáîòêè äàííûõ ïîëó÷åíû ñëåäóþùèå ðå-

çóëüòàòû:

R =

y1 y2 y3 y4
x1 0.053 0.027 0.04 0.067

x2 0.047 0.04 0.047 0.047

x3 0.04 0.04 0.04 0.047

x4 0.047 0.04 0.027 0.047

x5 0.047 0.04 0.04 0.047

x6 0.02 0.027 0.02 0.013

x7 0.033 0.04 0.02 0.027

x8 0.06 0.033 0.067 0.06

x9 0.013 0.033 0.027 0.02

x10 0.04 0.02 0.027 0.027

x11 0.047 0.067 0.053 0.04

x12 0.013 0.02 0.027 0.027

Â ìàòðèöå R ýëåìåíòû êàæäîé ñòðîêè âûðàæàþò îò-

íîñèòåëüíûå ñòåïåíè âàæíîñòè ïðèçíàêîâ â ïðèíÿ-

òèè ïîêóïàòåëåì ðåøåíèÿ î ïîåçäêè. ×åì âûøå çíà-

÷åíèå, òåì áîëåå âàæåí ïðèçíàê.

Ýëåìåíòû êàæäîãî ñòîëáöà ìàòðèöû S ïðåäñòàâëÿ-

þò ñòåïåíü ïðèíàäëåæíîñòè èëè ñîâìåñòèìîñòè âè-

äà òóøè ñ ñîîòâåòñòâóþùèì ïðèçíàêàìè, òî åñòü îíè

âûðàæàþò ñîîòíîøåíèå êà÷åñòâà ïðèçíàêà ê êàæäî-

ìó òîâàðó.

S =

z1 z2 z3 z4
y1 0.233 0.233 0.28 0.213

y2 0.193 0.233 0.207 0.213

y3 0.213 0.24 0.22 0.193

y4 0.213 0.233 0.233 0.213

Èç íå÷åòêèõ áèíàðíûõ îòíîøåíèé R è S ïîëó÷àåì

íå÷åòêîå áèíàðíîå îòíîøåíèå T :

T =

z1 z2 z3 z4
x1 0.216 0.234 0.24 0.209

x2 0.214 0.235 0.236 0.208

x3 0.213 0.235 0.235 0.208

x4 0.214 0.234 0.238 0.21

x5 0.214 0.235 0.237 0.208

x6 0.211 0.235 0.233 0.208

x7 0.212 0.234 0.235 0.21

x8 0.215 0.235 0.238 0.207

x9 0.209 0.235 0.227 0.207

x10 0.217 0.235 0.242 0.208

x11 0.211 0.235 0.232 0.208

x12 0.211 0.235 0.23 0.207

Ýëåìåíòû ìàòðèöû D îáîçíà÷àþò ìèíèìàëüíîå ïå-

ðåêðûòèå òîðãîâûõ çîí �èðì ìåæäó âñåìè ðàññìàò-

ðèâàåìûìè �èðìàìè.

D =

0.216 0.216 0.209 0.234 0.209 0.209
0.214 0.214 0.208 0.235 0.208 0.208
0.213 0.213 0.208 0.235 0.208 0.208
0.214 0.214 0.21 0.234 0.21 0.21
0.214 0.214 0.208 0.235 0.208 0.208
0.211 0.211 0.208 0.233 0.208 0.208
0.212 0.212 0.21 0.234 0.21 0.21
0.215 0.215 0.207 0.235 0.207 0.207
0.209 0.209 0.207 0.227 0.207 0.207
0.217 0.217 0.208 0.235 0.208 0.208
0.211 0.211 0.208 0.232 0.208 0.208
0.211 0.211 0.207 0.23 0.207 0.207

Íàéäåì ïîðîã ðàçäåëåíèÿ.

max
x

min[µA1(x, z1), µA2(x, z2)] = 0.217;

max
x

min[µA1(x, z1), µA3(x, z3)] = 0.217;

max
x

min[µA1(x, z1), µA4(x, z4)] = 0.21;

max
x

min[µA2(x, z2), µA3(x, z3)] = 0.235;

max
x

min[µA2(x, z2), µA4(x, z4)] = 0.21;

max
x

min[µA3(x, z3), µA4(x, z4)] = 0.21;

Èòàê, 0.21� ìèíèìàëüíàÿ èç ïîäñ÷èòàííûõ âåëè÷èí.

Òåïåðü èç ìàòðèöû T âûáèðàåì äëÿ l, íàèáîëüøåå
âîçìîæíîå çíà÷åíèå, êîòîðîå áûëî áû ìåíüøå 0.21,
ïîëó÷àåì l = 0.209. Ïðèìåíÿÿ ýòî çíà÷åíèå â êà÷å-

ñòâå ïîðîãà ðàçäåëåíèÿ, îïðåäåëÿåì ñëåäóþùèå òîð-

ãîâûå çîíû

M1 = {x1, x2, x3, x4, x5, x6, x7, x8, x10, x11, x12} ;
M2 = {x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11, x12} ;
M3 = {x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11, x12} ;
M4 = {x4, x7} .

Èç ïîëó÷åííûõ ðåçóëüòàòîâ âèäíî, íàïðèìåð, ÷òî

x1

x2

x3

x4

x5

x6

x7

x8

x9

x10

x11

x12

L

o

r

e

a

l

M

a

x

F

a
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�èñóíîê 1: �ðà�è÷åñêîå ïðåäñòàâëåíèå ïîëó÷åííûõ òîðãîâûõ çîí:

ïî ãîðèçîíòàëè � íàçâàíèÿ �èðì, ïî âåðòèêàëè � ãðóïïû ïîêó-

ïàòåëåé, êðàñíûì öâåòîì âûäåëåíû ïîêóïàòåëè, îòäàþùèå ïðåä-

ïî÷òåíèå òîé èëè èíîé �èðìå

�èðìû ¾Max Fator¿ è ¾Bourjois¿ ñõîæè ïî ñâîèì

òîðãîâûì çîíàì. Ôèðìà ¾Maybelline¿ ïîäõîäèò ãðóï-

ïå ïîêóïàòåëÿì ñ äîõîäîì âûøå ñðåäíåãî.
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Â ðàññìîòðåííîé ìîäåëè òàêèå äîïóùåíèÿ, êàê îá

îäèíàêîâîì äîñòîèíñòâå �èðì, çàìåíÿþòñÿ íå÷åò-

êèì âîñïðèÿòèåì ïðèâëåêàòåëüíîñòè �èðì îòíîñè-

òåëüíî ðàçëè÷íûõ õàðàêòåðíûõ ñâîéñòâ. Ïðåäïî÷òå-

íèå, îòäàâàåìîå ïîòðåáèòåëÿìè òîé èëè èíîé �èðìå,

ïðåäñòàâëÿåòñÿ â âèäå âûïóêëîãî íå÷åòêîãî ïîäìíî-

æåñòâà äëÿ èññëåäîâàíèÿ ïåðåêðûòèÿ òîðãîâûõ çîí.

Óñòàíàâëèâàåòñÿ ïîðîã ðàçäåëåíèÿ.

Îòìåòèì, ÷òî â ñëó÷àå ìàêñèìàëüíîé íåîïðåäåëåííî-

ñòè (âñå îòíîøåíèÿ ðàâíîâîçìîæíû) ïîëó÷àåì ìàê-

ñèìàëüíî íåîïðåäåëåííûé îòâåò ìîäåëè. Ìîäåëü ÿâ-

ëÿåòñÿ ÷óâñòâèòåëüíîé ê íåïîëíîòå è ê øóìó â èñ-

õîäíûõ äàííûõ. Â [8℄ ïîêàçàíî, ÷òî àíàëèçèðóåìàÿ

ìîäåëü íå ïîçâîëÿåò ãàðàíòèðîâàòü êà÷åñòâî ðåçóëü-

òàòà êàê �óíêöèþ êà÷åñòâà èñõîäíûõ äàííûõ, ÷òî

òðåáóåò îñòîðîæíîñòè ïðè åå ïðàêòè÷åñêîì ïðèìå-

íåíèè.

2 Ñåò-ðåãðåññèîííàÿ ìîäåëü

ðàñïðåäåëåíèÿ ïîòðåáèòåëüñêèõ

ïðåäïî÷òåíèé ìåæäó �èðìàìè

Ñëó÷àéíîå ìíîæåñòâî ñîáûòèé [7℄ � ýòî ñëó÷àéíûé

ýëåìåíò ñî çíà÷åíèÿìè èç ìíîæåñòâà âñåõ ïîäìíî-

æåñòâ êîíå÷íîãî ìíîæåñòâà âûäåëåííûõ ñîáûòèé X.

Îñíîâíàÿ èäåÿ ñîâðåìåííîé òåîðèè ñëó÷àéíûõ ìíî-

æåñòâ ñîñòîèò â òîì, ÷òî ñòðóêòóðà ñòàòèñòè÷åñêèõ

âçàèìîçàâèñèìîñòåé ïîäìíîæåñòâà êîíå÷íîãî ìíî-

æåñòâà ïîëíîñòüþ îïðåäåëÿåòñÿ ðàñïðåäåëåíèåì ñëó-

÷àéíîãî ìíîæåñòâà, çàäàííîãî íà ìíîæåñòâå âñåõ åãî

ïîäìíîæåñòâ. �àñïðåäåëåíèå ñëó÷àéíîãî ìíîæåñòâà

[7℄ � ýòî óäîáíûé ìàòåìàòè÷åñêèé àïïàðàò äëÿ îïè-

ñàíèÿ âñåõ ñïîñîáîâ âçàèìîäåéñòâèÿ ýëåìåíòîâ ìåæ-

äó ñîáîé. Åñëè äàíî ñîâìåñòíîå ðàñïðåäåëåíèå äâóõ

ñëó÷àéíûõ ìíîæåñòâ ñîáûòèé K è L , çíà÷åíèÿ êîòî-

ðûõ ñîäåðæàòüñÿ â êîíå÷íûõ ìíîæåñòâàõ X è Y ñîîò-

âåòñòâåííî, òî ðåãðåññèåé K íà L íàçûâàåòñÿ ëþáîé

îïåðàòîð Ψ, ïðèáëèæåííî ïðåäñòàâëÿþùèé ñòàòè-

ñòè÷åñêóþ çàâèñèìîñòü K îò L [7, 2, 3℄ . Äëÿ îïðåäå-

ëåíèÿ çàâèñèìîñòè ìåæäó äâóìÿ ñëó÷àéíûìè ìíîæå-

ñòâàìè ñîáûòèé â [2, 3℄ áûëî ïðåäëîæåíî èñïîëüçî-

âàòü ñåò-ðåãðåññèþ, êîòîðàÿ óñòàíàâëèâàåò âèä ñðåä-

íåé ñåò �óíêöèîíàëüíîé çàâèñèìîñòè ìåæäó ýòèìè

äâóìÿ ñëó÷àéíûìè ìíîæåñòâàìè ñîáûòèé.

Çàäà÷à ñåò-ðåãðåññèè [2, 3℄.Ïóñòü çàäàíî ñëó÷àé-

íîå ìíîæåñòâî ñîáûòèé K ïîä X, ò.å.

K : (Ω,A,P)→ (2X, 22
X

),

è çàäàíî ñëó÷àéíîå ìíîæåñòâî ñîáûòèé L ïîä Y,

ò.å.

L : (Ω,A,P)→ (2Y, 22
Y

).

Èçâåñòíî ñîâìåñòíîå ðàñïðåäåëåíèå ñëó÷àéíûõ ìíî-

æåñòâ ñîáûòèé K è L ïîä Z = X+Y

P(S = Z) = P(K = X,L = Y ),

ãäå

S : (Ω,A,P)→ (2X+Y, 22
X+Y

).

Ïóñòü

ρ : 2Y → 2Y

� íåêîòîðàÿ ìåòðèêà â Y . Íåîáõîäèìî íàéòè ñåò-

�óíêöèþ

ϕ : 2X → 2Y ,

êîòîðàÿ äîñòàâëÿåò ìèíèìóì �óíêöèîíàëó

Eρ(L,ϕ(K)),

ãäå E îïåðàòîð ìàòåìàòè÷åñêîãî îæèäàíèÿ.

�åøåíèå çàäà÷è ñåò-ðåãðåññèè ìîæíî èñêàòü â âèäå

[2, 3℄

• óñëîâíîãî ñåò-êâàíòèëÿ ïîðÿäêà α

Qα (L = Y |K=X ) =
{
y : P

(
Y
∣
∣
ter(X)

)
≥ α

}
;

• óñëîâíîé ñåò-ìåäèàíû

Med (L = Y |K=X ) =

{

y : P
(
Y
∣
∣
ter(X)

)
≥ 1

2

}

;

• óñëîâíîé ñåò-ìîäû

Mod (L = Y |K=X ) = max
X⊆X

P (L = Y |K=X ) ,

ãäå ter(X) =

(
⋂

x∈X

)
⋂




⋂

x∈X\X
xc




.

2.1 Ïîñòàíîâêà çàäà÷è

Ïóñòü äàíî

• ìíîæåñòâî ïîêóïàòåëåé

X = {x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11, x12} ,

ãäå xi, i = 1, 12 îïðåäåëÿþòñÿ òàê æå êàê è â

íå÷åòêîé ìîäåëè (5)

• ìíîæåñòâî ¾Ïðèçíàêîâ òîâàðà¿

Y = {a, b, c, d} =

= {¾Äîñòóïíîñòü¿, ¾Âûñîêîå êà÷åñòâî¿,

¾Íèçêàÿ öåíà¿, ¾Èçâåñòíîñòü ïðîèçâîäèòåëÿ¿};

• Ìíîæåñòâî ¾Ôèðì¿ Z = {α, β, γ, η} = {¾Loreal¿,
¾Max Fator¿, ¾Bourjois¿, ¾Maybelline¿}
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È ïóñòü èçâåñòíû ñîâìåñòíîå ðàñïðåäåëåíèå

{p(X,Y ) = P(K = X,L = Y ), X ⊆ X, Y ⊆ Y}

äâóõ ñëó÷àéíûõ ìíîæåñòâ ñîáûòèé K è L, çíà÷åíèÿ
êîòîðûõ ñîäåðæàòüñÿ â êîíå÷íûõ ìíîæåñòâàõ X è Y

ñîîòâåòñòâåííî; ñîâìåñòíîå ðàñïðåäåëåíèå

{p(Y, Z) = P(L = Y,M = Z), Y ⊆ Y, Z ⊆ Z}

äâóõ ñëó÷àéíûõ ìíîæåñòâ ñîáûòèé L è M , çíà÷åíèÿ

êîòîðûõ ñîäåðæàòüñÿ â êîíå÷íûõ ìíîæåñòâàõ Y è Z

ñîîòâåòñòâåííî.

Òðåáóåòñÿ íàéòè íåêîòîðóþ �óíêöèþ ìíîæåñòâ Ψ :
2X −→ 2Z, îïèñûâàþùóþ ðàñïðåäåëåíèå ïîòðåáè-

òåëüñêèõ ïðåäïî÷òåíèé ìåæäó �èðìàìè, âûïóñêàþ-

ùèìè êîñìåòè÷åñêóþ ïðîäóêöèþ.

2.2 �åøåíèå çàäà÷è

�åøåíèå ñîñòîèò èç òðåõ ýòàïîâ:

1. Íà ïåðâîì ýòàïå íåîáõîäèìî íàéòè ðåøåíèå çà-

äà÷è ñåò-ðåãðåññèè äëÿ ìíîæåñòâ X è Y â âèäå

íåêîòîðîãî ñåò-ñðåäíåãî Θ(L = Y |K=X ) , X ⊆
X, Y ⊆ Y.

Íà ðèñ. 2 ïðåäñòàâëåíî ðåøåíèå çàäà÷è ñåò-

ðåãðåññèè ìíîæåñòâàY íà X â âèäå ñåò-êâàíòèëÿ

ñ óðîâíåì α = 2/5.

x
1

x
2

x
3

x
4

x
5

x
6

x
7

x
8

x
9

x
1
0

x
1
1

x
1
2

⊘
{a}
{b}
{c}
{d}
{a, b}
{a, c}
{a, d}
{b, c}
{b, d}
{c, d}
{a, b, c}
{a, b, d}
{a, c, d}
{b, c, d}
{a, b, c, d}

2Y

X

�èñóíîê 2: �åøåíèå çàäà÷è ñåò-ðåãðåññèè ìíîæåñòâàY íà X â âèäå

ñåò-êâàíòèëÿ ñ óðîâíåì α = 2/5.

2. Íà âòîðîì ýòàïå íåîáõîäèìî íàéòè ðåøåíèå çà-

äà÷è ñåò-ðåãðåññèè äëÿ ìíîæåñòâ Y è Z â âè-

äå íåêîòîðîãî ñåò-ñðåäíåãî Φ (M = Z |L=Y ) , Y ⊆
Y, Z ⊆ Z.

Íà ðèñ. 3 ïðåäñòàâëåíî ðåøåíèå çàäà÷è ñåò-

ðåãðåññèè ìíîæåñòâà Z íà Y â âèäå ñåò-êâàíòèëÿ

ñ óðîâíåì α = 2/5.

⊘
{α}
{β}
{γ}
{η}

{α, β}
{α, γ}
{α, η}
{β, γ}
{β, η}
{γ, η}

{α, β, γ}
{α, β, η}
{α, γ, η}
{β, γ, η}

{α, β, γ, η}

⊘ {a
}
{b
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}
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,b
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}
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,d
}

{b
,c
}

{b
,d
}

{c
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{a
,b
,c
}

{a
,b
,d
}

{a
,c
,d
}

{b
,c
,d
}

{a
,b
,c
,d
}

2Z

2Y

�èñóíîê 3: �åøåíèå çàäà÷è ñåò-ðåãðåññèè ìíîæåñòâà Z íà Y â âèäå

ñåò-êâàíòèëÿ ñ óðîâíåì α = 2/5.

3. �åøåíèå çàäà÷è îïðåäåëÿåòñÿ êàê ñóïåðïîçèöèÿ

Ψ(X) = Φ
(
M = Z

∣
∣
Θ(L=Y |K=X )

)
.

Íà ðèñ. 4 äàíî ãðà�è÷åñêîå ïðåäñòàâëåíèå ñó-

ïåðïîçèöèè ñåò-�óíêöèé. Íà ðèñ. 13 ïðåäñòàâëå-

íî ðåøåíèå çàäà÷è � ñåò-�óíêöèÿ Ψ(X), X ⊆ X.

Îêîí÷àòåëüíîå ðåøåíèå çàäà÷è ïðåäñòàâëåíî íà

ðèñ. 14

x 1 x 2 x 3 x 4 x 5 x 6 x 7 x 8 x 9
x 1

0
x 1

1
x 1

2

⊘
{a}
{b}
{c}
{d}

{a, b}

{a, c}

{a, d}

{b, c}

{b, d}

{c, d}

{a, b, c}

{a, b, d}

{a, c, d}

{b, c, d}

{a, b, c, d}

⊘
{α}
{β}
{γ}
{η}

{α, β}

{α, γ}

{α, η}

{β, γ}

{β, η}

{γ, η}

{α, β, γ}

{α, β, η}

{α, γ, η}

{β, γ, η}

{α, β, γ, η}

⊘
{a
}

{b
}

{c
}

{d
}

{a
,b
}

{a
,c
}

{a
,d
}

{b
,c
}

{b
,d
}

{c
,d
}

{a
,b
,c
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}

{a
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x 1 x 2 x 3 x 4 x 5 x 6 x 7 x 8 x 9
x 1

0
x 1

1
x 1

2

⊘
{α}
{β}
{γ}
{η}

{α, β}
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{α, β, γ, η}

�èñóíîê 4: Ñóïåðïîçèöèÿ ñåò-�óíêöèé.
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X

�èñóíîê 5: �ðà�èê ñåò-�óêöèè Ψ(X), X ⊆ X.
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�èñóíîê 6: �ðà�è÷åñêîå ïðåäñòàâëåíèå ïîëó÷åííûõ òîðãîâûõ çîí:

ïî ãîðèçîíòàëè � íàçâàíèÿ �èðì, ïî âåðòèêàëè � ãðóïïû ïîêó-

ïàòåëåé, êðàñíûì öâåòîì âûäåëåíû ïîêóïàòåëè, îòäàþùèå ïðåä-

ïî÷òåíèå òîé èëè èíîé �èðìå

Àíàëîãè÷íî ìîæíî ïîñòðîèòü ðåãðåññèîííûå îòîáðà-

æåíèÿ ñëó÷àéíûõ ìíîæåñòâ ñîáûòèé íà îñíîâå äðó-

ãèõ ñåò-ñðåäíèõ [7, 2, 3℄.

Äàííàÿ ìîäåëü ïîçâîëÿåò ó÷èòûâàòü ïîëíóþ ñòðóê-

òóðó âçàèìîñâÿçåé ñîáûòèé, â òî âðåìÿ êàê íå÷åòêàÿ

ìîäåëü ó÷èòûâàåò òîëüêî ëèøü ïàðíûå ñâÿçè.

Îñíîâíàÿ ñëîæíîñòü ïðèìåíåíèÿ ñåò-ðåãðåññèîííîé

ìîäåëè çàêëþ÷àåòñÿ â îöåíêå ñîâìåñòíûõ ðàñïðåäå-

ëåíèé ñëó÷àéíûõ ìíîæåñòâ, ò.ê. êàê â îáùåì ñëó÷àå

ñîâìåñòíîå ðàñïðåäåëåíèå ñëó÷àéíûõ ìíîæåñòâ ñî-

áûòèé îïðåäåëÿåòñÿ 2N×2Mïàðàìåòðàìè, ãäå N èM
� ìîùíîñòè ñîîòâåòñòâóþùèõ èçáðàííûõ ìíîæåñòâ

ñîáûòèé. Â ðàáîòå [2℄ èçëîæåíû ìåòîäû ïðåîäîëåíèÿ

ïðîáëåìû ðàçìåðíîñòè.

Áëàãîäàðíîñòè

Àâòîðû âûðàæàþò èñêðåííþþ ïðèçíàòåëüíîñòü

ïðî�. Î.Þ. Âîðîáü�åâó, ïëîäîòâîðíîå ñîòðóäíè÷å-

ñòâî ñ êîòîðûì ÿâèëîñü ïðè÷èíîé ïîÿâëåíèÿ îñíîâ-

íûõ ðåçóëüòàòîâ ýòîé ðàáîòû.
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Àííîòàöèÿ. Â äàííîé ðàáîòå ïîëó÷åíà �îðìóëà

êîððåëÿöèîííîãî îòíîøåíèÿ äëÿ èçìåðåíèÿ çàâè-

ñèìîñòè ìåæäó äâóìÿ ñëó÷àéíûìè ìíîæåñòâàìè

ñîáûòèé.

Êëþ÷åâûå ñëîâà. Êîððåëÿöèîííîå îòíîøåíèå,

ëó÷àéíîå ìíîæåñòâî ñîáûòèé, ìîùíîñòíîé èíäè-

êàòîð.

1 Ââåäåíèå

Ïîíÿòèå íåçàâèñèìîñòè ñëó÷àéíûõ âåëè÷èí � îäíî

èç âàæíûõ ïîíÿòèé òåîðèè âåðîÿòíîñòåé. Ñëó÷àé-

íàÿ âåëè÷èíà ξ íàçûâàåòñÿ íåçàâèñèìîé îò ñëó÷àé-

íîé âåëè÷èíû η, åñëè çàêîí ðàñïðåäåëåíèÿ âåëè÷èíû
ξ íå çàâèñèò îò òîãî, êàêîå çíà÷åíèå ïðèíÿëà âåëè-

÷èíà η. Â ïðîòèâíîì ñëó÷àå âåëè÷èíû ξ è η íàçû-

âàþòñÿ çàâèñèìûìè. Ïðè èçó÷åíèè ñèñòåì ñëó÷àé-

íûõ âåëè÷èí âñåãäà ñëåäóåò îáðàùàòü âíèìàíèå íà

ñòåïåíü è õàðàêòåð èõ çàâèñèìîñòè. Ýòà çàâèñèìîñòü

ìîæåò áûòü áîëåå èëè ìåíåå ÿðêî âûðàæåííîé, áî-

ëåå èëè ìåíåå òåñíîé. Â íåêîòîðûõ ñëó÷àÿõ çàâèñè-

ìîñòü ìåæäó ñëó÷àéíûìè âåëè÷èíàìè ìîæåò áûòü

íàñòîëüêî òåñíîé, ÷òî, çíàÿ çíà÷åíèå îäíîé ñëó÷àé-

íîé âåëè÷èíû, ìîæíî â òî÷íîñòè óêàçàòü çíà÷åíèå

äðóãîé. Â äðóãîì êðàéíåì ñëó÷àå çàâèñèìîñòü ìåæ-

äó ñëó÷àéíûìè âåëè÷èíàìè ÿâëÿåòñÿ íàñòîëüêî ñëà-

áîé è îòäàëåííîé, ÷òî èõ ìîæíî ïðàêòè÷åñêè ñ÷èòàòü

íåçàâèñèìûìè [4, 5℄.

Â òåîðèè âåðîÿòíîñòåé ñóùåñòâóþò äâà âèäà çàâè-

ñèìîñòè: �óíêöèîíàëüíàÿ è ñòîõàñòè÷åñêàÿ (âåðîÿò-

íîñòíàÿ) çàâèñèìîñòü. Ôóíêöèîíàëüíàÿ çàâèñèìîñòü

âåëè÷èí ðåàëèçóåòñÿ òîãäà, êîãäà êàæäîìó çíà÷åíèþ

îäíîé âåëè÷èíû ñîîòâåòñòâóåò îïðåäåëåííîå çíà÷å-

íèå äðóãîé âåëè÷èíû. Â áîëüøèíñòâå ñëó÷àåâ ìåæ-

äó ïåðåìåííûìè ñóùåñòâóþò çàâèñèìîñòè, ïðè êîòî-

ðûõ êàæäîìó çíà÷åíèþ îäíîé âåëè÷èíû ñîîòâåòñòâó-

åò íå êàêîå-òî îïðåäåëåííîå çíà÷åíèå äðóãîé âåëè÷è-

íû, à ìíîæåñòâî åå âîçìîæíûõ çíà÷åíèé. Òàêàÿ çàâè-

ñèìîñòü íàçûâàåòñÿ ñòîõàñòè÷åñêîé èëè âåðîÿòíîñò-

íîé. ×àñòíûì ñëó÷àåì âåðîÿòíîñòíîé çàâèñèìîñòè

ÿâëÿåòñÿ êîððåëÿöèîííàÿ çàâèñèìîñòü � ñòîõàñòè-

÷åñêàÿ çàâèñèìîñòü ìåæäó ñëó÷àéíûìè âåëè÷èíàìè,

ïðè êîòîðîé íàáëþäàåòñÿ �óíêöèîíàëüíàÿ çàâèñè-
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Êîý��èöèåíò

äåòåðìèíàöèè Kd

Ïîêàçàòåëè

ìíîæåñòâåííîé ñâÿçè

Ìíîæåñòâåííûé

êîý��èöèåíò

êîððåëÿöèè

Rξ1|{ξ2,...,ξn}

×àñòíûå

êîý��èöèåíòû

êîððåëÿöèè

rξiξj

Ïîêàçàòåëè

ïàðíîé ñâÿçè

Ïðîèçâîëüíàÿ

ñâÿçü

Êîððåëÿöèîííîå

îòíîøåíèå

R2
ξ|η

Ëèíåéíàÿ

ñâÿçü

Êîý��èöèåíò

êîððåëÿöèè

ρξη

�èñóíîê 1: Ïîêàçàòåëè òåñíîòû ñâÿçè

ìîñòü ìåæäó çíà÷åíèÿìè îäíîé âåëè÷èíû è ñðåäíè-

ìè çíà÷åíèÿìè äðóãîé âåëè÷èíû.

Â êëàññè÷åñêîé òåîðèè âåðîÿòíîñòåé ðàññìàòðèâà-

åòñÿ ñëåäóþùèå ïîêàçàòåëè òåñíîòû ñâÿçè, êîòîðûå

ïðåäñòàâëåíû íà ðèñ. 1. Íàñ èíòåðåñóþò ïîêàçàòåëü

ïðîèçâîëüíîé ïàðíîé ñâÿçè, à èìåííî êîððåëÿöèîí-

íîå îòíîøåíèå [5℄. Â äàííîé ðàáîòå ïðåäëàãàåòñÿ èñ-

ïîëüçîâàòü êîððåëÿöèîííîå îòíîøåíèå äëÿ èçìåðå-

íèÿ çàâèñèìîñòè ìåæäó äâóìÿ ñëó÷àéíûìè ìíîæå-

ñòâàìè ñîáûòèé.

1.1 Êîððåëÿöèîííîå îòíîøåíèå ìåæäó

ñëó÷àéíûìè âåëè÷èíàìè

Êîððåëÿöèîííûì îòíîøåíèåì ñëó÷àéíîé âåëè÷èíû

ξ îòíîñèòåëüíî η íàçûâàþò ÷èñëî R2
ξ|η, êîòîðîå çàäà-

þòñÿ âûðàæåíèåì [5℄

R2
ξ|η = 1− 1

Dξ
E[D(ξ | η)] (1)

ãäåD(ξ | η) óñëîâíàÿ äèñïåðñèÿ ñëó÷àéíîé âåëè÷èíû
ξ îòíîñèòåëüíî η.

Çàìåòèì, ÷òî, â îòëè÷èå îò êîý��èöèåíòà êîððåëÿ-

öèè ρ, êîððåëÿöèîííîå îòíîøåíèå çàâèñèò îò ïîðÿä-
êà ñëåäîâàíèÿ ñëó÷àéíûõ âåëè÷èí ξ è η, ò.å. R2

ξ|η,

âîîáùå ãîâîðÿ, íå ñîâïàäàåò ñ R2
η|ξ

Îòìåòèì îñíîâíûå ñâîéñòâà êîððåëÿöèîííîãî îòíî-

øåíèÿ [4, 5℄.
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1. Êîððåëÿöèîííîå îòíîøåíèå R2
ξ|η ìîæíî çàïè-

ñàòü â âèäå R2
ξ|η =

1

Dξ
E(E(ξ | η)−Eξ)2.

2. Êîððåëÿöèîííîå îòíîøåíèå R2
ξ|η óäîâëåòâîðÿåò

íåðàâåíñòâó 0 ≤ R2
ξ|η ≤ 1.

3. Êîððåëÿöèîííîå îòíîøåíèå R2
ξ|η = 1 òîãäà è

òîëüêî òîãäà, êîãäà E(ξ | η) ≡ C = Eξ, ò.å. ëèíèÿ
ðåãðåññèè ξ è η ïðåäñòàâëÿåò ñîáîé ãîðèçîíòàëü-
íóþ ïðÿìóþ.

4. Êîý��èöèåíò êîððåëÿöèè p è êîððåëÿöèîííîå

îòíîøåíèå R2
ξ|η ñâÿçàíû íåðàâåíñòâîì |ρ| ≤ Rξ|η.

5. Ìîäóëü |ρ| êîý��èöèåíòà êîððåëÿöèè ñîâïàäàåò

êîððåëÿöèîííûì îòíîøåíèåì R2
ξ|η òîãäà è òîëü-

êî òîãäà, êîãäà ëèíèÿ ðåãðåññèè ξ è η ÿâëÿåòñÿ

ïðÿìîé.

1.2 Ñëó÷àéíîå ìíîæåñòâî ñîáûòèé

�àññìîòðèì âåðîÿòíîñòíîå ïðîñòðàíñòâî (Ω,A,P).
Ïóñòü X ⊂ A � êîíå÷íîå ìíîæåñòâî ñîáûòèé, âû-

áðàííîå èç àëãåáðû A ýòîãî ïðîñòðàíñòâà.

Ñëó÷àéíîå ìíîæåñòâî ñîáûòèé ïîä ìíîæåñòâîì èç-

áðàííûõ ñîáûòèé X [2℄ îïðåäåëÿåòñÿ íà âåðîÿòíîñò-

íîì ïðîñòðàíñòâå êàê ñëó÷àéíûé ýëåìåíò

K : (Ω,A,P)→
(

2X, 22
X
)

ñî çíà÷åíèÿìè èç èçìåðèìîãî ïðîñòðàíñòâà(

2X, 22
X
)

, ãäå

• X ⊆ A � âûäåëåííîå êîíå÷íîå ìíîæåñòâî ñîáû-

òèé, ñîñòîÿùåå èç N = |X| ñîáûòèé;

• 2X � ìíîæåñòâî âñåõ ïîäìíîæåñòâ ìíîæåñòâà

èçáðàííûõ ñîáûòèé X;

• 22
X

� àëãåáðà âñåõ åãî ïîäìíîæåñòâ.

Âåðîÿòíîñòíûì ðàñïðåäåëåíèåì ñëó÷àéíîãî ìíîæå-

ñòâà ñîáûòèé K, îïðåäåëåííîãî ïîä ìíîæåñòâîì èç-

áðàííûõ ñîáûòèé X, íàçûâàåòñÿ êàæäàÿ èç ñåò-

�óíêöèé[2℄ íà 2X

• âåðîÿòíîñòíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé I-

ãî ðîäà {p(X//X), X ⊆ X}, ãäå

p(X//X) = P(K = X) = P

(
⋂

x∈X

x
⋂

x∈Xc

xc

)

;

• âåðîÿòíîñòíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé II-

ãî ðîäà {pX//X, X ⊆ X}, ãäå

pX//X = P(X ⊆ K) = P

(
⋂

x∈X

x

)

.

Âåðîÿòíîñòíûå ðàñïðåäåëåíèÿ I-ãî è II-ãî ðîäà ñâÿ-

çàíû �îðìóëàìè îáðàùåíèÿ Ì�åáèóñà [2℄

pX//X =
∑

X⊆Y

p(Y//X),

p(X//X) =
∑

X⊆Y

(−1)|Y |−|X|pY//X.

(2)

Êîâàðèàöèÿ äâóõ ñîáûòèé x, y ∈ X îïðåäåëÿåòñÿ êàê

âåëè÷èíà

Kovxy = P (x ∩ y)−P(x)P(y) = pxy − pxpy, (3)

êîòîðàÿ îáðàùàåòñÿ â íóëü, êîãäà ýòè ñîáûòèÿ íåçà-

âèñèìû; áîëüøå íóëÿ, êîãäà îíè íàñòóïàþò âìåñòå

÷àùå (ñòàòèñòè÷åñêè ïðèòÿãèâàþòñÿ), è ìåíüøå íó-

ëÿ êîãäà ðåæå (ñòàòèñòè÷åñêè îòòàëêèâàþòñÿ), ÷åì â

íåçàâèñèìîé ñèòóàöèè. Êîâàðèàöèÿ ñîáûòèé ñëóæèò

ìåðîé àääèòèâíîãî îòêëîíåíèÿ ñîáûòèé îò íåçàâèñè-

ìîé ñèòóàöèè [2℄.

1.2.1 Ìîùíîñòíîé èíäèêàòîð ìíîæåñòâà ñîáûòèé

Îïðåäåëåíèå è ñâîéñòâà ìîùíîñòíîãî èíäèêàòîðà

ââåäåíû â ðàáîòå [3℄.

Ñëó÷àéíàÿ âåëè÷èíà ΥX, ðàâíàÿ ìîùíîñòè |X | ïîä-
ìíîæåñòâà ñîáûòèé, êîòîðûå íàñòóïÿò ñðåäè N
� ìíîæåñòâî ñîáûòèé X, èìåþùåãî ðàñïðåäåëåíèå

{p(X//X), X ⊆ X}, íàçûâàåòñÿ ìîùíîñòíûì èíäèêà-

òîðîì ìíîæåñòâîì ñîáûòèé X, à åå âåðîÿòíîñòíîå

ðàñïðåäåëåíèå, ñîñòàâëåííîå èç âåðîÿòíîñòåé, îáðà-

çóþùèõ íàáîð {pN (k), k = 0, . . . , N} , ãäå

pN (k) = P(ΥX = k) =
∑

|X|=k

p(X//X), (4)

íàçûâàåòñÿ ìîùíîñòíûì ðàñïðåäåëåíèåì, ïîðîæäåí-

íûì ìíîæåñòâîì ñîáûòèé X.

Ìàòåìàòè÷åñêîå îæèäàíèå ìîùíîñòíîãî èíäèêàòîðà

ΥX N -ìíîæåñòâà ñîáûòèé X, èìåþùåãî ðàñïðåäåëå-

íèå {p(X), X ⊆ X}, âû÷èñëÿåòñÿ ïî �îðìóëå

EΥX =
∑

x∈X

P(x). (5)

Äèñïåðñèÿ ìîùíîñòíîãî èíäèêàòîðàΥX N -ìíîæåñò-

âà ñîáûòèé X, ñ ðàñïðåäåëåíèåì {p(X), X ⊆ X} ðàâíà

DΥX =
∑

x∈X

∑

y∈X

Kovxy =
∑

x∈X

σ2
x +

∑

{x,y}⊆X

Kovxy (6)

ãäå

• σ2
x = px(1− px) � äèñïåðñèÿ ñîáûòèÿ x ∈ X;

• Kovxy = pxy − pxpy � ïàðíàÿ êîâàðèàöèÿ ñîáû-

òèé {x, y} ∈ X.
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2 Ïîñòàíîâêà çàäà÷è

Ïóñòü (Ω,A,P) � âåðîÿòíîñòíîå ïðîñòðàíñòâî.

Ïóñòü X � ìíîæåñòâî èçáðàííûõ ñîáûòèé X ⊆ A è

Y � ìíîæåñòâî èçáðàííûõ ñîáûòèé Y ⊆ A. Ïóñòü
çàäàíî ñëó÷àéíîå ìíîæåñòâî ñîáûòèé K ïîä X, ò.å.

K : (Ω,A,P)→ (2X, 22
X

),

è çàäàíî ñëó÷àéíîå ìíîæåñòâî ñîáûòèé L ïîä Y, ò.å.

L : (Ω,A,P)→ (2Y, 22
Y

).

Èçâåñòíî ñîâìåñòíîå ðàñïðåäåëåíèå ñëó÷àéíûõ ìíî-

æåñòâ ñîáûòèé K è L ïîä Z = X ∪Y

P(S = Z) = P(K = X,L = Y ),

ãäå

S : (Ω,A,P)→ (2X∪Y, 22
X∪Y

).

Íàéòè êîððåëÿöèîííîå îòíîøåíèå ìåæäó ñëó÷àéíû-

ìè ìíîæåñòâàìè ñîáûòèé R2
L|K.

3 �åøåíèå çàäà÷è

3.1 Êîððåëÿöèîííîå îòíîøåíèå ìåæäó

äâóìÿ ñîáûòèÿìè

�àññìîòðèì ñëó÷àé X = {x} è Y = {y}. Òîãäà ñîâ-

ìåñòíîå ðàñïðåäåëåíèå ñëó÷àéíûõ ìíîæåñòâ ñîáûòèé

K è L ïîä Z = X+Y â âèäå òàáëèöû 1.

Òàáëèöà 1: Ñîâìåñòíîå ðàñïðåäåëåíèå ñëó÷àéíûõ ìíîæåñòâ ñî-

áûòèé K è L ïîä Z = X+Y äëÿ ñëó÷àÿ X = {x} è Y = {y}.

❍
❍
❍
❍
❍

K
L

yc y p(X//X)

xc p(∅//X+Y) p(y//X+Y) p(xc//X)
x p(x//X+Y) p(xy//X+Y) p(x//X)

p(Y//Y) p(yc//Y) p(y//Y) 1

Çàìåòèì, ÷òî p(x//X) = pxc//X, p(x//X) = px//X,
p(y//Y) = pyc//Y, p(y//Y) = py//Y, p(xy//X + Y) =
pxy//X+Y = pxy.

Ââåäåì îáîçíà÷åíèÿ

p(∅//X+Y) = p(∅), p(y//X+Y) = p(y),
p(x//X+Y) = p(x), p(xy//X+Y) = p(xy),

pxc//X = pxc , px//X = px,
py//Y = pyc , py//Y = py.

Ñîïîñòàâèì ñîáûòèþ x ñëó÷àéíóþ âåëè÷èíó 1x(ω) �
èíäèêàòîð ñîáûòèÿ x:

1x(ω) =

{

1, åñëè ω ∈ x;
0, åñëè ω /∈ x.

à ñîáûòèþ y ñëó÷àéíóþ âåëè÷èíó 1y(ω) � èíäèêàòîð

ñîáûòèÿ y:

1y(ω) =

{

1, åñëè ω ∈ y;
0, åñëè ω /∈ y.

Òîãäà ñîâìåñòíîå ðàñïðåäåëåíèå ñëó÷àéíîãî âåêòîðà

(1x,1y) ìîæíî ïðåäñòàâèòü â âèäå òàáëèöû 2. Èñõîäÿ

Òàáëèöà 2: Ñîâìåñòíîå ðàñïðåäåëåíèå ñëó÷àéíûõ âåëè÷èí 1x è

1y.

❍
❍
❍
❍
❍

1x

1y
0 1 P(1x)

0 p(∅) p(y) pxc

1 p(x) p(xy) px

P(1y) pyc py 1

èç äàííîé òàáëèöû íàéäåì âñå ÷èñëîâûå õàðàêòåðè-

ñòèêè ñëó÷àéíûõ âåëè÷èí:

� ìàòåìàòè÷åñêèå îæèäàíèÿ:

E1x = px, E1y = py;

� äèñïåðñèè:

D1x = pxpxc , D1y = pypyc ,

� êîâàðèàöèÿ:

Cov(1x,1y) = E1x1y −E1xE1y =

= pxy − pxpy = Kovxy.

Íàéäåì êîððåëÿöèîííîå îòíîøåíèå R2
1x|1y

ñëó÷àéíîé

âåëè÷èíû 1x îòíîñèòåëüíî 1y.

Óñëîâíûå ðàñïðåäåëåíèÿ èìåþò âèä

1x |1y=0 0 1

P
(
1x |1y=0

) p(∅)
p(∅) + p(x)

p(x)

p(∅) + p(x)

1x |1y=1 0 1

P
(
1x |1y=1

) p(y)

p(y) + p(xy)

p(xy)

p(y) + p(xy)

Óñëîâíûå ìàòåìàòè÷åñêèå îæèäàíèÿ:

E(1x | 1y = 0) =
p(x)

p(∅) + p(x)
=
p(x)

pyc

,

E(1x | 1y = 1) =
p(xy)

p(y) + p(xy)
=
p(xy)

py
.

Óñëîâíûå äèñïåðñèè

D(1x | 1y = 0) =
p(x)

pyc

(

1− p(x)

pyc

)

=
p(∅)p(x)
p2yc

,
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D(1x | 1y = 1) =
p(xy)

py

(

1− p(xy)

py

)

=
p(xy)p(y)

p2y
.

Óñëîâíóþ äèñïåðñèþ ìîæåì ðàññìàòðèâàòü êàê

ñëó÷àéíóþ âåëè÷èíó, êîòîðàÿ ïðèíèìàåò çíà÷åíèÿ

D(1x | 1y = 0) è D(1x | 1y = 1) ñî ñëåäóþùèìè

âåðîÿòíîñòÿìè

D(1x | 1y)
p(x)p(∅)
p2yc

p(xy)p(y)

p2y
P(D(1x | 1y)) pyc py

Òîãäà ìàòåìàòè÷åñêîå îæèäàíèå óñëîâíîé äèñïåðñèè

ED(1x | 1y) =
p(x)p(∅)
pyc

+
p(xy)p(y)

py
.

Íàéäåííûå çíà÷åíèÿ D1x è ED(1x | 1y) ïîäñòàâëÿåì
â �îðìóëó êîððåëÿöèîííîãî îòíîøåíèÿ (1) è ïîëó-

÷èì

R2
1x|1y

= 1− E[D(1x|1y)]

D(1x)
=

= 1−

p(x)p(∅)
pyc

+
p(xy)p(y)

py
px(1 − px)

.

(7)

Ñ ïîìîùüþ �îðìóëû îáðàùåíèÿ Ì�åáèóñà (2) èç èç-

âåñòíûõ ðàñïðåäåëåíèé ïåðâîãî ðîäà íàéäåì ðàñïðå-

äåëåíèè âòîðîãî ðîäà.

p(x) = px − pxy, p(y) = py − pxy, (8)

p(∅) = 1− px − py + pxy, p(xy) = pxy. (9)

Äàëåå â (7) ïîäñòàâëÿåì (8) è (9) è ïîëó÷èì

R2
1x|1y

=
1

pxcpxpycpy
[pxcpxpycpy−

−py(px − pxy)(1− px − py + pxy)−

−pycpxy(py − pxy)] .

(10)

Ôîðìóëû (8) � (9) ìîæíî ïðåäñòàâèòü â âèäå

p(x) = px − pxy = px(1− py)−Kovxy, (11)

p(y) = py − pxy = py(1− px)−Kovxy, (12)

p(∅) = 1−px−py+pxy = (1−px)(1−py)+Kovxy, (13)

p(xy) = pxy = pxpy +Kovxy. (14)

Â (10) ïîäñòàâëÿåì (11) � (14) è ïîëó÷àåì

R2
1x|1y

=
Kov2xy

pxpxcpypyc

.

Êîððåëÿöèîííûì îòíîøåíèåì ñîáûòèé x è y áóäåì
íàçûâàòü ÷èñëî ðàâíîå

R2
x|y =

Kov2xy
pxpxcpypyc

. (15)

Èç (15) âèäíî, ÷òî êîððåëÿöèîííîå îòíîøåíèå ñîáû-

òèé âåëè÷èíà ñèììåòðè÷íàÿ, ò.å. R2
x|y = R2

y|x.

�àññìîòðèì êîððåëÿöèîííîå îòíîøåíèå (15) ïðè ðàç-

ëè÷íûõ ñòðóêòóðàõ çàâèñèìîñòåé ñîáûòèé. Â òåîðèè

ñëó÷àéíûõ ìíîæåñòâ ñîáûòèé [2℄ ñðåäè âñåâîçìîæ-

íûõ ñòðóêòóð çàâèñèìîñòåé âûäåëÿåò òðè îñíîâíûå:

âëîæåííóþ, íåçàâèñèìóþ è íàèìåíåå ïåðåñåêàþùóþ-

ñÿ (íåïåðåñåêàþùóþñÿ). Âëîæåííûå ñîáûòèÿ � íàè-

áîëåå çàâèñèìûå ñîáûòèÿ, íàñòóïëåíèå îäíîãî, îáåñ-

ïå÷èâàåò íàñòóïëåíèå âñå îñòàëüíûõ. Íàèìåíåå ïå-

ðåñåêàþùèåñÿ ñîáûòèÿ � òàêæå ñèëüíî çàâèñèìûå

ñîáûòèÿ. Íåçàâèñèìûå ñîáûòèÿ èìåþò õàðàêòåðíîå

ñâîéñòâî: îíè âñåãäà ïåðåñåêàþòñÿ è âåðîÿòíîñòü èõ

ïåðåñå÷åíèÿ áîëüøå íóëÿ. Íåçàâèñèìûå ñîáûòèÿ çà-

íèìàþò ñðåäíåå ïîëîæåíèå ñðåäè âñåõ ñòðóêòóð çàâè-

ñèìîñòåé, îò âëîæåííûõ äî íàèìåíåå ïåðåñåêàþùèõ-

ñÿ, çàíèìàþùèõ êðàéíèå ïðîòèâîïîëîæíûå ìåñòà.

• Ïóñòü x è y íåçàâèñèìûå ñîáûòèÿ, òîãäà Kovxy =
0, è R2

x|y = 0.

• Åñëè ñëó÷àéíûå ñîáûòèÿ x è y íåñîâìåñòíûå ñî-
áûòèÿ (íåïåðåñåêàþùàÿñÿ ñòðóêòóðà çàâèñèìî-

ñòåé), òîãäà pxy = 0 è Kovxy = −pxpy. Îòñþäà
êîððåëÿöèîííîå îòíîøåíèå (15) ðàâíî

R2
x|y =

pxpy
pxcpyc

. (16)

Çàìåòèì, ÷òî â ýòîì ñëó÷àå (x) + p(y) + p(∅) =
px+ py + p(∅) = 1 . Åñëè ñîáûòèÿ x è y îáðàçóþò
ðàçáèåíèå Ω, ò.å. p(∅) = 0 èpx + py = 1, òî R2

x|y =

1. Åñëè p(∅) = const, 0 < const < 1, òî px +

py = 1 − const è R2
x|y =

px(1− px − const)

(1− px)(px + const)
. Íà

ðèñ. 2 ïðåäñòàâëåíû ãðà�èêè êîððåëÿöèîííîãî

îòíîøåíèÿ R2
x|y äëÿ íåñîâìåñòíûõ ñîáûòèé x è

y ïðè ðàçëè÷íûõ çíà÷åíèÿõ p(∅) = P(xc ∩ yc)
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�èñóíîê 2: �ðà�èêè êîððåëÿöèîííîãî îòíîøåíèÿ R2
x|y äëÿ íåñîâ-

ìåñòíûõ ñîáûòèé x è y ïðè ðàçëè÷íûõ çíà÷åíèÿõ p(∅) = P(xc∩yc).

• Ïóñòü x ⊆ y,òîãäà pxy = px è

Kovxy = px − pxpy = pxpyc .
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Îòñþäà êîððåëÿöèîííîå îòíîøåíèå ðàâíî

R2
x|y =

pxp
c
y

pxcpy
. (17)

Íà ðèñ. 3 ïðåäñòàâëåíû ãðà�èêè êîððåëÿöèîí-

íîãî îòíîøåíèÿ R2
x|y äëÿ âëîæåííûõ ñîáûòèé

x ⊆ y ïðè ðàçëè÷íûõ çíà÷åíèÿõ py = P(y).
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�èñóíîê 3: �ðà�èêè êîððåëÿöèîííîãî îòíîøåíèÿ R2
x|y äëÿ âëî-

æåííûõ ñîáûòèé x ⊆ y ïðè ðàçëè÷íûõ çíà÷åíèÿõ py = P(y).

Ïóñòü âåðîÿòíîñòè px è py �èêñèðîâàíû. Òîãäà âåðî-
ÿòíîñòü ïåðåñå÷åíèÿ ñîáûòèé pxy = P (x ∩ y) ìîæåò
ïðèíèìàòü ëþáûå çíà÷åíèÿ â ðàìêàõ ãðàíèö Ôðåøå

[2℄

max {px + py − 1, 0} ≤ pxy ≤ min {px, py} .

Íà ðèñóíêå 4 ïðåäñòàâëåíà çàâèñèìîñòü êîððåëÿöè-

îííîãî îòíîøåíèÿ îò pxy ïðè ðàçëè÷íûõ �èêñèðî-

âàííûõ âåðîÿòíîñòÿõ ñîáûòèé px è py.
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�èñóíîê 4: Çàâèñèìîñòü êîððåëÿöèîííîãî îòíîøåíèÿ R2
x|y îò pxy

ïðè ðàçëè÷íûõ �èêñèðîâàííûõ âåðîÿòíîñòÿõ ñîáûòèé px è py

3.2 Êîððåëÿöèîííîå îòíîøåíèå äâóõ

ìíîæåñòâ ñîáûòèé

Ñîïîñòàâèì ñëó÷àéíîìó ìíîæåñòâó ñîáûòèéK ïîä X

(|X| = N) ìîùíîñòíîé èíäèêàòîð ΥX, à ñëó÷àéíîìó

ìíîæåñòâó ñîáûòèé L ïîä Y (|X| = M) ñîïîñòàâèì

ìîùíîñòíîé èíäèêàòîð ΥY, ñîâìåñòíîå ðàñïðåäåëå-

íèå êîòîðûõ âûðàæàåòñÿ ÷åðåç ñîâìåñòíîå ðàñïðåäå-

ëåíèå ñëó÷àéíûõ ìíîæåñòâ ñîáûòèé K è L

P(ΥX = i,ΥY = j) =
∑

|X|=i

∑

|Y |=j

P(K = X,L = Y ).

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

P(ΥX = i,ΥY = j) = pij , i = 0, N, j = 0,M,

P(ΥX = i) = ri =
M∑

j=0

pij , i = 0, N,

P(ΥY = j) = qj =
N∑

i=0

pij , j = 0,M.

Íàéäåì êîððåëÿöèîííîå îòíîøåíèå R2
ΥY|ΥX

.

Ñ ó÷åòîì ââåäåííûõ âûøå îáîçíà÷åíèé ïîëó÷àåì

• EΥX =
N∑

i=0

i · ri =
N∑

i=0

M∑

j=0

i · pij ,

• EΥY =
M∑

j=0

j · qj =
M∑

j=0

N∑

i=0

j · pij ,

• DΥX =
N∑

i=0

i2ri −
N∑

i=0

N∑

k=0

i · k · rirk,

• DΥY =
M∑

j=0

j2qj −
M∑

j=0

N∑

k=0

j · k · qjqk,

• óñëîâíàÿ âåðîÿòíîñòü P(ΥY = j|ΥX=i) =
pij
ri
,

• óñëîâíîå ìàòåìàòè÷åñêîå îæèäàíèå

EΥY|ΥX=i =

M∑

j=0

j · pij
ri
,

• óñëîâíàÿ äèñïåðñèÿ

DΥY|ΥX=i =

M∑

j=0

j2 · pij

ri
−

M∑

j=0

M∑

k=0

j · k · pikpij

r2i
,

• ìàòåìàòè÷åñêîå îæèäàíèå óñëîâíîé äèñïåðñèè

E[D(ΥY|ΥX)] =

N∑

i=0

M∑

j=0

M∑

k=0

j(j − k)pijpik
ri

.

Òîãäà êîððåëÿöèîííîå îòíîøåíèå èìååò âèä

R2
ΥY|ΥX

=
H − (EΥY)2

DΥY

. (18)

ãäå

(EΥY)2 =
M∑

j=0

N∑

k=0

j · k · qjqk,
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H =

N∑

i=0

1

ri





M∑

j=0

j · pij





2

=

=

N∑

i=0

M∑

j=0

M∑

k=0

j · k · pij · pik
M∑

l=0

pil

.

(19)

Ïîëó÷èì êîððåëÿöèîííîå îòíîøåíèå ñëó÷àéíûõ

ìíîæåñòâR2
L|K , ïåðåõîäÿ îò ÷èñëåííîãî ñóììèðîâà-

íèå â �îðìóëå (18) ê ñåò-ñóììèðîâàíèþ [1℄.

Çàìåòèì, ÷òî âåðîÿòíîñòü òîãî, ÷òî ìîùíîñòíîé èí-

äèêàòîð ïðèìåò çíà÷åíèå ðàâíîå i ðàâíî ñóììå âåðî-
ÿòíîñòåé òåõ ïîäìíîæåñòâ ìíîæåñòâà X, ìîùíîñòè

êîòîðûõ ðàâíû i.

ri = P(ΥY = i) =

M∑

j=0

pij =

=

M∑

j=0

∑

|X|=i

∑

|Y |=j

p(X + Y//X+Y) =

=
∑

|X|=i

∑

Y⊆Y

p(X + Y//X+Y) =
∑

|X|=i

p(X//X).

Àíàëîãè÷íî ïîëó÷àåì, ÷òî âåðîÿòíîñòü òîãî, ÷òî

ìîùíîñòíîé èíäèêàòîð ΥY ïðèìåò çíà÷åíèå ðàâíîå

j ðàâíî ñóììå âåðîÿòíîñòåé òåõ ïîäìíîæåñòâ ìíîæå-
ñòâà Y, ìîùíîñòè êîòîðûõ ðàâíû j

qj = P(ΥY = j) =
∑

|Y |=j

p(Y//Y).

Ïðèìåíèì ê (19) ñåò-ñóììèðîâàíèå

M∑

j=0

j · pij =
∑

y∈Y⊆Y

|Y |
∑

|X|=i

∑

|Y |=j

p(X + Y//X+Y) =

=
∑

|X|=i

∑

Y ⊆Y

∑

y∈Y

1Y (y)p(X + Y//X+Y) =

=
∑

|X|=i

∑

y∈Y

∑

y∈Y⊆Y

p(X + Y//X+Y) =

=
∑

|X|=i

∑

y∈Y

py|Xp(X//X)

è

N∑

i=0

1

ri





M∑

j=0

j · pij





2

=

=

N∑

i=0

1
∑

|X|=i

p(X//X)




∑

|X|=i

∑

y∈Y

py|Xp(X//X)





2

,

ãäå

py|X =
p(X + Y//X+Y)

p(X//X)
.

Îáîçíà÷èì Ck
X = {X | X ⊆ X, |X | = k} � ñëîè-

ìíîæåñòâà, P(Ck
X) =

∑

|X|=k

p(X//X) � âåðîÿòíîñòü

ñëîÿ. Òîãäà

H =

N∑

i=0

1

P(Ci
X)




∑

X∈Ci
X

∑

y∈Y

py|Xp(X//X)





2

,

H − (EΥY)2 =
N∑

i=0

1

P(Ci
X)
·

·




∑

X∈Ci
X

∑

V ∈Ci
X

∑

y∈Y

∑

z∈Y

py|Xp(X//X)pz|V p(V//X)−

−
∑

y∈Y

∑

z∈Y

pypz



 .

Îòñþäà ïîëó÷èì �îðìóëó â îáùåì âèäå êîððåëÿöè-

îííîãî îòíîøåíèÿ äëÿ äâóõ ìíîæåñòâ ñîáûòèé, íå

èìåþùèõ îáùèõ ýëåìåíòîâ

R2
L|K =

1
∑

y∈Y

∑

z∈Y

Kovyz
·

·
∑

y,z∈Y





N∑

i=0

∑

X,V ∈Ci
X

ui(X,V )py|Xpz|V − pypz



 ,

(20)

ãäå

ui(X,V ) =
p(X//X)p(V//X)

P(Ci
X)

,

è äëÿ ñîêðàùåíèÿ çàïèñè èïîëüçóþòñÿ ñëåäóþùèå

îáîçíà÷åíèÿ

∑

X,V ∈Ci
X

=
∑

X∈Ci
X

∑

V ∈Ci
X

è

∑

y,z∈Y

=
∑

y∈Y

∑

z∈Y

.

Çàìåòèì, ÷òî åñëè |X| = N = 1 è |Y| = M = 1, òî
(20) ïðåîáðàçóåòñÿ ê âèäó (15).
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Àííîòàöèÿ. Â ðàáîòå ïðåäëàãàåòñÿ ìåòîä,

êîòîðûé ïîçâîëÿåò çàäàòü âåðîÿòíîñòíîå ðàñ-

ïðåäåëåíèå ìíîæåñòâà N ñîáûòèé, èñïîëüçóÿ N

âåðîÿòíîñòåé è âèä àññîöèàòèâíîé �óíêöèè.

Êëþ÷åâûå ñëîâà. Ñëó÷àéíîå ìíîæåñòâî ñîáû-

òèé, àññîöèàòèâíàÿ �óíêöèÿ, àññîöèàòèâíîå ñëó-

÷àéíîå ìíîæåñòâî ñîáûòèé Ôðàíêà.

1 Ââåäåíèå

Ñëó÷àéíîå ìíîæåñòâî ñîáûòèé K íà êîíå÷íîì ìíî-

æåñòâå ñîáûòèé X ⊂ F îïðåäåëÿåòñÿ êàê îòîáðà-

æåíèå K : Ω → 2X, èçìåðèìîå îòíîñèòåëüíî ïà-

ðû àëãåáð

(

F , 22X
)

â òîì ñìûñëå, ÷òî äëÿ âñÿêîãî

X ∈ 22
X

ñóùåñòâóåò ïðîîáðàç K−1(X) ∈ F , òàêîé
÷òî P(X) = P(K−1(X)).

Âåðîÿòíîñòíîå ðàñïðåäåëåíèå ñëó÷àéíîãî ìíîæå-

ñòâà ñîáûòèé ìîæíî ïðåäñòàâèòü íåñêîëüêèìè ýê-

âèâàëåíòíûìè ðàñïðåäåëåíèÿìè âåðîÿòíîñòåé, ïî-

ðîæä�åííûõ ýòèì ìíîæåñòâîì ñîáûòèé [1℄:

• âåðîÿòíîñòíîå ðàñïðåäåëåíèå I-ãî ðîäà � íàáîð

èç 2|X|
âåðîÿòíîñòåé âèäà {p(X), X ⊆ X} , ãäå

p(X) = P(K = X) = P

(
⋂

x∈X

x
⋂

x∈Xc

xc

)

;

• âåðîÿòíîñòíîå ðàñïðåäåëåíèå II-ãî ðîäà � íàáîð

èç 2|X|
âåðîÿòíîñòåé âèäà {pX , X ⊆ X}, ãäå

pX = P(X ⊆ K) = P

(
⋂

x∈X

x

)

.

Â òåîðèè ñëó÷àéíûõ ñîáûòèé [1℄ ñîáûòèå {K = ∅} =
⋂

x∈X

xc îçíà÷àåò, ÷òî íå íàñòóïèëî íè îäíî ñîáûòèå èç

X. Â âåðîÿòíîñòíîì ðàñïðåäåëåíèè II-ãî ðîäà âñåãäà

p∅ = P(Ω) = 1.

Òîëüêî ðàñïðåäåëåíèå I-ãî ðîäà îáëàäàåò ïðèâû÷-

íûì äëÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòè ñâîéñòâîì íîð-

ìèðîâêè, êîòîðîå î÷åâèäíî ñëåäóåò èç òîãî, ÷òî ñî-

© 2014 Ä.Â.Ñåìåíîâà, Í.À.Ëóêüÿíîâà, Ë.Þ.Øàíãàðååâà

Олег Воробьев (ред.), Труды XIII ФАМЭМС’2014, Красноярск: СФУ

îòâåòñòâóþùèå ñîáûòèÿ

(
⋂

x∈X

x

)
⋂
(
⋂

x∈Xc

xc
)

îáðà-

çóþò ðàçáèåíèå ïðîñòðàíñòâà ýëåìåíòàðíûõ ñîáûòèé

Ω. À ïîñêîëüêó ñîáûòèÿ

⋂

x∈X

x îáðàçóþò íå ðàçáèå-

íèå, à âñåãî ëèøü ïîêðûòèå Ω, òî ñîîòíîøåíèå íîð-

ìèðîâêè äëÿ âåðîÿòíîñòíîãî ðàñïðåäåëåíèÿ II-ãî ðî-

äà íå âûïîëíÿåòñÿ, à ñóììà âåðîÿòíîñòåé ýòèõ ñîáû-

òèé âñåãäà áîëüøå åäèíèöû.

Âåðîÿòíîñòíîå ðàñïðåäåëåíèå II-ãî ðîäà {pX , X ⊆ X}
ñëó÷àéíîãî ìíîæåñòâà ñîáûòèé K íà X óäîâëåòâîðÿ-

åò ñèñòåìå èç 2N íåðàâåíòâ Ôðåøå�Õ�å�äèíãà:

0 ≤ p−X ≤ pX ≤ p+X ≤ 1,

ãäå p−X = max

{

0, 1−
∑

x∈X

(1 − px)
}

� íèæíÿÿ ãðàíè-

öà Ôðåøå�Õ�å�äèíãà, p+X = min
x∈X

px � âåðõíÿÿ ãðà-

íèöà Ôðåøå�Õ�å�äèíãà.

Âåðîÿòíîñòíûå ðàñïðåäåëåíèÿ I-ãî è II-ãî ðîäà

ñâÿçàíû âçàèìíî-îáðàòíûìè �îðìóëàìè îáðàùåíèÿ

Ì�åáèóñà [1℄

pX =
∑

Y ∈2X: X⊆Y

p(Y ), (1)

p(X) =
∑

Y ∈2X: X⊆Y

(−1)|Y |−|X|pY , (2)

äëÿ âñåõ X ∈ 2X.

Åñëè çàäàíî âåðîÿòíîñòíîå ðàñïðåäåëåíèå I-ãî ðîäà

{p(X), X ⊆ X}, òî ïî �îðìóëå (1) ìû âñåãäà ïîëó÷èì

âåðîÿòíîñòíîå ðàñïðåäåëåíèå II-ãî ðîäà {pX , X ⊆ X}.
Îäíàêî ïðåîáðàçîâàíèå (2) çàäàííîãî íàáîðà èç 2N

÷èñåë {pX , X ⊆ X} , óäîâëåòâîðÿþùèõ ãðàíèöàì

Ôðåøå�Õ�å�äèíãà, ìîæåò ïðèâåñòè ê âåðîÿòíîñòíî-

ìó ðàñïðåäåëåíèþ I-ðîäà ñ îòðèöàòåëüíûìè çíà÷å-

íèÿìè.

Áóäåì ãîâîðèòü, ÷òî ñëó÷àéíîå ìíîæåñòâî ñîáûòèé

K îáëàäàåò ëåãèòèìíûì âåðîÿòíîñòíûì ðàñïðåäåëå-

íèåì, åñëè äëÿ âåðîÿòíîñòíîãî ðàñïðåäåëåíèÿ I-ãî

ðîäà âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

0 ≤ p(X) ≤ 1, X ⊆ X, (3)

∑

X⊆X

p(X) = 1. (4)
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Â ñîâðåìåííûõ òåîðèÿõ íåîïðåäåëåííîñòè øèðîêîå

ðàñïðîñòðàíåíèå ïîëó÷èëè êëàññû àññîöèàòèâíûõ

�óíêöèé, â ÷àñòíîñòè, òðåóãîëüíûå íîðìû è êîïóëû.

Àëãîðèòìû âû÷èñëåíèÿ êîïóë è òðåóãîëüíûõ íîðì

ïðèìåíèìû ê âåðîÿòíîñòíûì ðàñïðåäåëåíèÿì ñëó-

÷àéíûõ ìíîæåñòâ ñîáûòèé.

Àññîöèàòèâíàÿ �óíêöèÿ â òåîðèè ñëó÷àéíûõ ìíî-

æåñòâ ñîáûòèé (Assoiative Funtion � AF)

AF : [0, 1]2 → [0, 1]

îïðåäåëÿåòñÿ êàê äâóìåñòíàÿ �óíêöèÿ, óäîâëåòâîðÿ-

þùàÿ ñëåäóþùèì ñâîéñòâàì:

A1. �ðàíè÷íûå óñëîâèÿ

AF(a, 0) = AF(0, a) = 0,

AF(a, 1) = AF(1, a) = a,
(5)

a ∈ [0, 1].

A2. Ìîíîòîííîñòü

AF(a1, b1) ≤ AF(a2, b2), (6)

êîãäà a1 ≤ a2, b1 ≤ b2.

A3. Êîììóòàòèâíîñòü, ò.å. äëÿ âñåõ a, b íà [0, 1]

AF(a, b) = AF(b, a).

A4. Àññîöèàòèâíîñòü, ò.å. äëÿ âñåõ a, b, c ∈ [0, 1]

AF(AF(a, b), c) = AF(a,AF(b, c)). (7)

A5. Óñëîâèå Ëèïøèö-íåïðåðûâíîñòè

AF(c, b)−AF(a, b) ≤ c− a, a ≤ c. (8)

�åîìåòðè÷åñêè ãðà�èê àññîöèàòèâíîé �óíêöèè �

ýòî ïîâåðõíîñòü (ðèñ. 1), êîòîðàÿ ¾íàòÿíóòà¿ íà ÷å-

òûðåõóãîëüíèê ñ âåðøèíàìè (0, 0, 0), (0, 1, 0), (1, 0, 0)
è (1, 1, 1). Íà ðèñ. 1 ñòîðîíû ÷åòûðåõóãîëüíèêà âûäå-

ëåíû æèðíûìè ëèíèÿìè è ñîîòâåòñòâóþò ãðàíè÷íûì

óñëîâèÿì ( A1). Ñîãëàñíî ñâîéñòâó A2 àññîöèàòèâ-

íàÿ �óíêöèÿ âîçðàñòàåò ïî âåðòèêàëè è ïî ãîðèçîí-

òàëè [5℄, à ïî ñâîéñòâó A3 ñèììåòðè÷íà îòíîñèòåëüíî

ïëîñêîñòè a = b. Ñâîéñòâà A1 � A3, A5 ãàðàíòèðó-

þò, ÷òî çíà÷åíèå �óíêöèè AF(a, b) áóäåò îáëàäàòü

ñâîéñòâàìè âåðîÿòíîñòè. Ñâîéñòâî A4 ïîçâîëÿåò ðå-

êóððåíòíî ïåðåéòè ê n-ìåñòíîé �óíêöèè.

Çàìåòèì, ÷òî àêñèîìû A1-A4 ñîîòâåòñòâóåò îïðå-

äåëåíèþ t-íîðìû [4℄. Òàêèì îáðàçîì, ïîä àññîöèà-

òèâíîé �óíêöèåé ìû áóäåì ïîíèìàòü íåïðåðûâíóþ

t-íîðìó, óäîâëåòâîðÿþùóþ óñëîâèþ Ëèïøèöà, èëè,

÷òî ýêâèâàëåíòíî, àññîöèàòèâíóþ, êîììóòàòèâíóþ

êîïóëó [5℄ (�èñ. 1).

a
b

A
F
(a
,b
)

(0, 0, 0)

(0, 1, 0)

(1, 0, 0)

(1, 1, 1)

(0, 1, 1)

(1, 0, 1)
(0, 0, 1)

�èñóíîê 1: �ðà�èê ïðîèçâîëüíîé àññîöèàòèâíîé �óíêöèè

Â ðàáîòå [2℄ áûëî ââåäåíî îïðåäåëåíèå àññîöèàòèâíî-

ãî ñëó÷àéíîãî ìíîæåñòâà ñîáûòèé è åãî âåðîÿòíîñò-

íîãî ðàñïðåäåëåíèÿ.

Àññîöèàòèâíûì ñëó÷àéíûì ìíîæåñòâîì ñîáûòèé

íàçûâàåòñÿ ñëó÷àéíîå ìíîæåñòâî ñîáûòèé K íà êî-

íå÷íîì ìíîæåñòâå èçáðàííûõ ñîáûòèé X ñ âåðîÿò-

íîñòíûì ðàñïðåäåëåíèåì II-ãî ðîäà {pX , X ⊆ X}, ãäå
äëÿ âñåõ X ⊆ X, |X | > 1 âåðîÿòíîñòè ïåðåñå÷åíèÿ

ìíîæåñòâ ñîáûòèé pX îïðåäåëÿþòñÿ ðåêóððåíòíûì

ñîîòíîøåíèåì ïðè èçâåñòíûõ âåðîÿòíîñòÿõ ñîáûòèé

px = P(x), x ∈ X

pxy = P (x ∩ y) = AF (px, py) ,

pxyz = P (x ∩ y ∩ z) = AF (px,AF(py, pz)) =

= AF (px,P (y ∩ z)) ,

pX = P

(
⋂

x∈X

x

)

= AF



px,P




⋂

y∈X\{x}
y







 ,

ïðè óñëîâèè, ÷òî ñîîòâåòñòâóþùåå âåðîÿòíîñòíîå

ðàñïðåäåëåíèå I-ãî ðîäà áóäåò ëåãèòèìíûì.

2 Ìåòîä àññîöèàòèâíûõ �óíêöèé â

ïîñòðîåíèè ñåìåéñòâ ñëó÷àéíûõ

ìíîæåñòâ ñîáûòèé íà ïðèìåðå

ñåìåéñòâà Ôðàíêà

Ïðèìåíèì ïîíÿòèå àññîöèàòèâíîé �óíêöèè ê âåðî-

ÿòíîñòíûì ðàñïðåäåëåíèÿì ñëó÷àéíûõ ìíîæåñòâ ñî-

áûòèé. Â êà÷åñòâå àðãóìåíòîâ àññîöèàòèâíîé �óíê-

öèè ïðåäëàãàåòñÿ ðàññìàòðèâàòü âåðîÿòíîñòè ñîáû-

òèé, èõ ÷èñëî ñîâïàäàåò ñ ìîùíîñòüþ áàçîâîãî ìíî-

æåñòâà. Òàêèì îáðàçîì, àññîöèàòèâíûå �óíêöèè áó-

äóò ñâÿçûâàòü âåðîÿòíîñòè ïåðåñå÷åíèÿ ìíîæåñòâà

ñîáûòèé pX = P

(
⋂

x∈X

x

)

ñ âåðîÿòíîñòÿìè ñàìèõ ñî-

áûòèé px = P(x), x ∈ X , X ⊆ X.

�åêóððåíòíûé ìåòîä ïîñòðîåíèÿ àññîöèàòèâ-

íûõ ìíîæåñòâ ñîáûòèé

Âõîä:



236 XIII ÔÀÌÝÌÑ'2014 êîí�åðåíöèÿ

• ìíîæåñòâî ñîáûòèé X, |X| = N ;

• N âåðîÿòíîñòåé ñîáûòèé px, x ∈ X;

• àññîöèàòèâíàÿ �óíêöèÿ AF(a, b).

Âûõîä: âåðîÿòíîñòíîå ðàñïðåäåëåíèå II-ãî ðîäà

{pX , X ⊆ X} ñëó÷àéíîãî ìíîæåñòâà ñîáûòèé K íà

X.

Îñíîâíàÿ èäåÿ: èñõîäÿ èç èçâåñòíûõ âåðîÿòíî-

ñòåé ñîáûòèé px = P(x), x ∈ X, �îðìèðîâà-

íèå âåðîÿòíîñòåé ïåðåñå÷åíèÿ ìíîæåñòâ ñîáûòèé pX ,
X ⊆ X, |X | > 1 îñóùåñòâëÿòü ïîñëåäîâàòåëüíî ñî-

ãëàñíî ðåêóððåíòíîé �îðìóëå:

pX = P

(
⋂

x∈X

x

)

= AF



px,P




⋂

y∈X\{x}
y







 . (9)

Íàïðèìåð,

pxy = P (x ∩ y) = AF (px, py) ,
pxyz = P (x ∩ y ∩ z) = AF (px,AF(py, pz))

è äàëåå àíàëîãè÷íûì îáðàçîì.

Ôîðìóëà (9) ïîçâîëÿåò ïîñòðîèòü âåðîÿòíîñòíîå ðàñ-

ïðåäåëåíèå II-ãî ðîäà ñëó÷àéíîãî ìíîæåñòâà ñîáû-

òèé, ãäå â êà÷åñòâå âõîäíûõ ïàðàìåòðîâ âûñòóïà-

þò N âåðîÿòíîñòåé ñîáûòèé è âèä àññîöèàòèâíîé

�óíêöèè. Â ðåçóëüòàòå �îðìèðóþòñÿ 2N − N − 1
âåðîÿòíîñòåé II-ãî ðîäà, óäîâëåòâîðÿþùèõ ãðàíèöàì

Ôðåøå�Õ�å�äèíãà, êîòîðûõ íå õâàòàëî äî ïîëíîãî íà-

áîðà. Îäíàêî ïîëó÷åííûå ðàñïðåäåëåíèÿ ìîãóò áûòü

íåëèãèòèìíûìè â ñìûñëå îïðåäåëåíèÿ 3. Ñëåäîâà-

òåëüíî, äëÿ êàæäîãî ñåìåéñòâà àññîöèàòèâíûõ �óíê-

öèé íåîáõîäèìî îïðåäåëÿòü óñëîâèÿ ëåãèòèìíîñòè

ïîñòðîåííûõ ðàñïðåäåëåíèé.

Â [1℄ áûë ïðåäëîæåí óäîáíûé èíñòðóìåíò àíàëèçà

ñòðóêòóð âåðîÿòíîñòíîé çàâèñèìîñòè � |X |-àðíàÿ êî-
âàðèàöèÿ ïðîèçâîëüíîãî ìíîæåñòâà ñîáûòèé X ⊂ F ,
|X | > 1:

KovX = P

(
⋂

x∈X

x

)

−
∏

x∈X

P(x) = pX −
∏

x∈X

px. (10)

|X |-àðíàÿ êîâàðèàöèÿ KovX îáðàùàåòñÿ â íîëü, êî-

ãäà ñîáûòèÿ èç X íåçàâèñèìû; áîëüøå íóëÿ, êîãäà

ñîáûòèÿ èç ìíîæåñòâà X ñòàòèñòè÷åñêè ïðèòÿãèâà-

þòñÿ; è ìåíüøå íóëÿ, êîãäà ñîáûòèÿ èç ìíîæåñòâà X
ñòàòèñòè÷åñêè îòòàëêèâàþòñÿ. Èçâåñòíî [1℄, ÷òî äëÿ

ìíîæåñòâà X, ñîñòîÿùåãî èç N ñîáûòèé, ñóùåñòâóåò

íàáîð èç 2N−N−1 àðíûõ êîâàðèàöèé, êîòîðûå îïðå-
äåëÿþòñÿ âåðîÿòíîñòíûì ðàñïðåäåëåíèåì II-ãî ðîäà

ñëó÷àéíîãî ìíîæåñòâà ñîáûòèé íà X.

Ñ ó÷åòîì (9) �îðìóëà (10) ïðèìåò âèä

KovX = AF



px,P




⋂

y∈X\{x}
y







−
∏

x∈X

px. (11)

2.1 Ñåìåéñòâî Ôðàíêà

Ïðîèëëþñòðèðóåì ïðåäëîæåííûé ðåêóððåíòíûé

ïîäõîä íà ïðèìåðå t-íîðìû (êîïóëû) Ôðàíêà

(�èñ.2), êîòîðàÿ ÿâëÿåòñÿ àññîöèàòèâíîé �óíêöèåé

[3℄ ïðè α 6= 0:

AFα(a, b) = ln

(

1 +
(e−α·a − 1)(e−α·b − 1)

(e−α − 1)

)− 1
α

. (12)

a
b

A
F
(a
,b
)

(0, 0, 0)

(0, 1, 0)

(1, 0, 0)

(1, 1, 1)

(0, 1, 1)

(1, 0, 1)
(0, 0, 1)

�èñóíîê 2: �ðà�èê àññîöèàòèâíîé �óíêöèè Ôðàíêà ñ ïàðàìåòðîì

α = −5.

Ïðèìåð 1. Ïóñòü X = {x, y} è ïóñòü èçâåñòíû âåðîÿò-

íîñòè ñîáûòèé px = 1
6 è py = 2

3 . Òîãäà èç (9) è (12)

ïîëó÷àåì

pxy = ln

(

1 +
(e−α· 16 − 1)(e−α· 23 − 1)

(e−α − 1)

)− 1
α

.

Ïî �îðìóëàì îáðàùåíèÿ Ì�åáèóñà (2) ïåðåéäåì ê âå-

ðîÿòíîñòíîìó ðàñïðåäåëåíèþ I-ãî ðîäà (�èñ. 3 ):

p(∅) = ln



e
1
6 ·
(

1 +
(e−α· 16 − 1)(e−α· 23 − 1)

(e−α − 1)

)− 1
α



 ;

p(x) = ln



e
1
6 ·
(

1 +
(e−α· 16 − 1)(e−α· 23 − 1)

(e−α − 1)

) 1
α



 ;

p(y) = ln



e
2
3 ·
(

1 +
(e−α· 16 − 1)(e−α· 23 − 1)

(e−α − 1)

) 1
α



 ;

p(xy) = ln

(

1 +
(e−α· 16 − 1)(e−α· 23 − 1)

(e−α − 1)

)− 1
α

.
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Çàìåòèì, ÷òî

lim
α→−∞

p(∅) =
1

6
lim

α→∞
p(∅) =

1

3
;

lim
α→−∞

p(x) =
1

6
lim

α→∞
p(x) = 0;

lim
α→−∞

p(y) =
2

3
lim

α→∞
p(y) =

1

2
;

lim
α→−∞

p(xy) = 0 lim
α→∞

p(xy) =
1

6
.

Ïàðíàÿ êîâàðèàöèÿ áóäåò èìåòü âèä (�èñ. 4 )

−10 −5 5 10

0.2

0.4

0.6

0.8

α

p

p(∅)
p(x)

p(y)

p(xy)

�èñóíîê 3: Çàâèñèìîñòü âåðîÿòíîñòåé I-ãî ðîäà îò α, α 6= 0 ïðè

px = 1

6
è py = 2

3
.

Kovxy = ln

(

1 +
(e−α· 16 − 1)(e−α· 23 − 1)

(e−α − 1)

)− 1
α

− 1

9
.

−10 −8 −6 −4 −2 2 4 6 8 10

−0.1

−5 · 10−2

5 · 10−2

0.1

α

Kovxy

�èñóíîê 4: Çàâèñèìîñòü ïàðíîé êîâàðèàöèè ñåìåéñòâà

âåðîÿòíîñòíûõ ðàñïðåäåëåíèé Ôðàíêà îò ïàðàìåòðà

α ∈ [−10; 10] \ {0} ïðè px = 1

6
è py = 2

3
.

Ïðèìåð 2. Ïóñòü X = {x, y, z} è ïóñòü èçâåñòíû âåðî-

ÿòíîñòè ñîáûòèé px = 3
8 , py = 1

8 è pz = 5
8 . Òîãäà èç

(9) è (12) ïîëó÷àåì

pxy = ln

(

1 +
(e−α· 38 − 1)(e−α· 18 − 1)

(e−α − 1)

)− 1
α

;

pxz = ln

(

1 +
(e−α· 38 − 1)(e−α· 58 − 1)

(e−α − 1)

)− 1
α

;

pyz = ln

(

1 +
(e−α· 18 − 1)(e−α· 58 − 1)

(e−α − 1)

)− 1
α

;

pxyz = ln

(

1 +
(e−α· 38 − 1)(e−α· 18 − 1)(e−α· 58 − 1)

(e−α − 1)2

)− 1
α

.

Ïî �îðìóëàì îáðàùåíèÿ Ì�åáèóñà (2) ïåðåéäåì ê âå-

ðîÿòíîñòíîìó ðàñïðåäåëåíèþ I-ãî ðîäà (�èñ. 5 ):

p(x) = ln

(

eα
3
8 (E∅ + ExEy)(E∅ + ExEz)

(
E2

∅
+ ExEyEz

)

) 1
α

;

p(y) = ln

(

eα
1
8 (E∅ + ExEy)(E∅ + EyEz)

(
E2

∅
+ ExEyEz

)

) 1
α

;

p(z) = ln

(

eα
5
8 (E∅ + ExEz)(E∅ + EyEz)

(
E2

∅
+ ExEyEz

)

) 1
α

;

p(xy) = ln

(
E2

∅
+ E∅ExEy

E2
∅
+ ExEyEz

)− 1
α

;

p(xz) = ln

(
E2

∅
+ E∅ExEz

E2
∅
+ ExEyEz

)− 1
α

;

p(yz) = ln

(
E2

∅
+ E∅EyEz

E2
∅
+ ExEyEz

)− 1
α

;

p(xyz) = ln

(
E2

∅

E2
∅
+ ExEyEz

) 1
α

; p(∅) =

= ln

(

(E∅ + ExEy)(E∅ + ExEz)(E∅ + EyEz)

e−α 1
8E∅(E2

∅
+ ExEyEz)

)− 1
α

.

ãäå Ex = e−α·px − 1 äëÿ x ∈ X; E∅ = e−α − 1.
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−10 −5 5 10

0.2

0.4

0.6

α

p p(∅)

p(x)

p(y)

p(z)

p(xy)

p(xz)

p(yz)

p(xyz)

�èñóíîê 5: Çàâèñèìîñòü âåðîÿòíîñòåé I-ãî ðîäà îò α, α 6= 0 ïðè
px = 3

8
, py = 1

8
è pz = 5

8
.

Çàìåòèì, ÷òî ïðåäåëû

lim
α→−∞

p(∅) = −1

8
; lim

α→∞
p(∅) =

3

8
;

lim
α→−∞

p(x) =
3

8
; lim

α→∞
p(x) = 0;

lim
α→−∞

p(y) =
1

8
; lim

α→∞
p(y) = 0;

lim
α→−∞

p(z) =
5

8
; lim

α→∞
p(z) =

1

4
;

lim
α→−∞

p(xy) = 0; lim
α→∞

p(xy) = 0;

lim
α→−∞

p(xz) = 0; lim
α→∞

p(xz) =
1

4
;

lim
α→−∞

p(yz) = 0; lim
α→∞

p(yz) = 0;

lim
α→−∞

p(xyz) = 0; lim
α→∞

p(xyz) =
1

8
;

∑

X⊆X

lim
α→−∞

p(X) = 1;
∑

X⊆X

lim
α→∞

p(X) = 1.

Ïîñêîëüêó, lim
α→−∞

p(∅) = − 1
8 , òî ðåøèì íåðàâåí-

ñòâî p(∅) ≥ 0 îòíîñèòåëüíî ïàðàìåòðà α. Ïîëó÷àåì
α > −6.077558351. Òàêèì îáðàçîì, ïîëó÷èëè äèàïà-

çîí

1

äëÿ α ∈ [−6; 0) ∪ (0;+∞), ïðè êîòîðûõ ïîëó÷à-

þòñÿ ëåãèòèìíûå âåðîÿòíîñòíûå ðàñïðåäåëåíèÿ.

Ïî �îðìóëå (11) íàéäåì àðíûå êîâàðèàöèè, êîòîðûå

áóäóò èìåòü âèä (�èñ. 6).

Kovxy = pxy −
3

64
; Kovxz = pxz −

15

64
;

Kovyz = pyz −
5

64
; Kovxyz = pxyz −

15

64
.

Èòàê, äëÿ ñåìåéñòâà ñëó÷àéíûõ ìíîæåñòâ ñîáûòèé

Ôðàíêà îáùàÿ �îðìóëû âåðîÿòíîñòíûõ ðàñïðåäåëå-

íèé II-ãî ðîäà è I-ãî ðîäà èìåþò ñëåäóþùèé âèä:

pX = − 1

α
ln



1 +

∏

x∈X

(e−αpx − 1)

(e−α − 1)|X|−1



 , X ⊆ X,

p(X) = ln
∏

Y ⊇X



1 +

∏

x∈Y

(e−αpx − 1)

(e−α − 1)|Y |−1





(−1)|Y |−|X|+1

α

.

1

ñäåëàëè îêðóãëåíèå äî -6

−6 −4 −2 2 4 6 8 10

−0.2

−0.1

0.1

0.2

α

KovX

Kovxy
Kovxz
Kovyz
Kovxyz

�èñóíîê 6: Çàâèñèìîñòü àðíîé êîâàðèàöèè ñåìåéñòâà

âåðîÿòíîñòíûõ ðàñïðåäåëåíèé Ôðàíêà îò ïàðàìåòðà

α ∈ [−6; 10] \ {0} ïðè px = 3

8
, py = 1

8
è pz = 5

8
.

3 Çàêëþ÷åíèå

Â ðàáîòå ïðåäëîæåí ìåòîä ïîñòðîåíèÿ àññîöèàòèâ-

íûõ ìíîæåñòâ ñîáûòèé äëÿ ñåìåéñòâà Ôðàíêà, êîòî-

ðûé ïðîäåìîíñòðèðîâàí íà ïðèìåðàõ äóïëåòà è òðè-

ïëåòà ñîáûòèé. Â ýòèõ ïðèìåðàõ íàéäåíû àðíûå êî-

âàðèàöèè äëÿ àíàëèçà ñòðóêòóðû âåðîÿòíîñòíîé çà-

âèñèìîñòè, ïîëó÷åííûõ âåðîÿòíîñòíûõ ðàñïðåäåëå-

íèé.
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Àííîòàöèÿ. Â ñòàòüå ðàññìàòðèâàåòñÿ ìåòîä

íàèìåíüøèõ êâàäðàòîâ äëÿ íàõîæäåíèÿ ïàðàìåòðà

àññîöèàòèâíîé �óíêöèè ïðèìåíèòåëüíî ê ñåìåé-

ñòâàì Ôðàíêà è Àëè-Ìèõàýëÿ-Õàêà ñëó÷àéíûõ

ìíîæåñòâ ñîáûòèé, ïîñòðîåíèå ëåãèòèìíîãî âåðî-

ÿòíîñòíîãî ðàñïðåäåëåíèÿ äëÿ êàæäîãî íàéäåííîãî

ïàðàìåòðà.

Êëþ÷åâûå ñëîâà. Cëó÷àéíûå ìíîæåñòâà ñîáû-

òèé, ìåòîä íàèìåíüøèõ êâàäðàòîâ, àññîöèàòèâ-

íîå ñëó÷àéíîå ìíîæåñòâî ñîáûòèé Ôðàíêà, àññî-

öèàòèâíîå ñëó÷àéíîå ìíîæåñòâî ñîáûòèé Àëè-

Ìèõàýëÿ-Õàêà, âåðîÿòíîñòíîå ðàñïðåäåëåíèå.

1 Ââåäåíèå

×òîáû ñòàòèñòè÷åñêè îöåíèòü âåðîÿòíîñòíîå ðàñïðå-

äåëåíèå ñëó÷àéíîãî ìíîæåñòâà N ñîáûòèé íà îñíî-

âå íàáëþäåíèé ïðèõîäèòñÿ ñòàëêèâàòüñÿ ñ ïðîáëå-

ìîé õðîíè÷åñêîé íåäîñòàòî÷íîñòè èìåþùåãîñÿ êî-

ëè÷åñòâà íàáëþäåíèé äëÿ íàäëåæàùåé îöåíêè âñåõ

2N âåðîÿòíîñòåé p(X), îáðàçóþùèõ äàííîå âåðîÿò-

íîñòíîå ðàñïðåäåëåíèå. Â îáùåé ñèòóàöèè ïðåîäî-

ëåòü ýòó ïðîáëåìó ïðÿìûì óâåëè÷åíèåì ñòàòèñòèêè

íàáëþäåíèé íå ïðåäñòàâëÿåòñÿ âîçìîæíûì, ïîñêîëü-

êó äëÿ êà÷åñòâåííîé ñòàòèñòè÷åñêîé îöåíêè 2N âå-

ðîÿòíîñòåé òðåáóåòñÿ, ïî êðàéíåé ìåðå, íå ìåíüøåå

÷èñëî íàáëþäåíèé. Òèïè÷íàÿ îñîáåííîñòü ñòàòèñòè-

êèõ íàáëþäåíèé çà ìíîæåñòâàìè ñîáûòèé çàêëþ÷à-

åòñÿ â òîì, ÷òî äàæå ïðè íå î÷åíü áîëüøèõ N = |X|
÷èñëî îöåíèâàåìûõ âåðîÿòíîñòåé, ðàâíîå 2N , îêàçû-
âàåòñÿ áîëüøå, à ÷àñòî è ãîðàçäî áîëüøå ÷èñëà íà-

áëþäåíèé: n ≪ 2N . Îäíàêî, ñòàòèñòè÷åñêàÿ îöåíêà

N âåðîÿòíîñòåé ñîáûòèé P(x) èç ìíîæåñòâà X ìîæåò

áûòü ïðîâåäåíà ñ çàäàííûì óðîâíåì íàäåæíîñòè áåç

îñîáûõ ïðîáëåì [4℄. Â ðàáîòàõ [1, 3, 2, 4℄ áûëè ïðåä-

ëîæåíû ìåòîäû ïîëó÷åíèÿ âåðîÿòíîñòíûõ ðàñïðåäå-

ëåíèé, èìåÿ â ðàñïîðÿæåíèè òîëüêî N âåðîÿòíîñòåé

ñîáûòèé. Â äàííîé ðàáîòå äëÿ çàäàíèÿ âåðîÿòíîñò-

íûõ ðàñïðåäåëåíèé, èìåÿ íà ðóêàõ Nâåðîÿòíîñòåé

ñîáûòèé, ïðåäëàãàåòñÿ èñïîëüçîâàòü àññîöèàòèâíûå

© 2014 Ä.Â.Ñåìåíîâà, Í.À.Ëóêüÿíîâà, Ë.Þ.Øàíãàðååâà

Олег Воробьев (ред.), Труды XIII ФАМЭМС’2014, Красноярск: СФУ

�óíêöèè(t-íîðìû, êîïóëû). Â ñòàòüå ðàññìàòðèâà-

åòñÿ ìåòîä íàèìåíüøèõ êâàäðàòîâ äëÿ íàõîæäåíèÿ

ïàðàìåòðà àññîöèàòèâíîé �óíêöèè ïðèìåíèòåëüíî ê

ñåìåéñòâàì Ôðàíêà è Àëè-Ìèõàýëÿ-Õàêà ñëó÷àéíûõ

ìíîæåñòâ ñîáûòèé, ïîñòðîåíèå ëåãèòèìíîãî âåðîÿò-

íîñòíîãî ðàñïðåäåëåíèÿ äëÿ êàæäîãî íàéäåííîãî ïà-

ðàìåòðà.

2 Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ñëó÷àéíîå ìíîæåñòâî ñîáûòèé K íà êîíå÷íîì ìíî-

æåñòâå ñîáûòèé X ⊂ F îïðåäåëÿåòñÿ êàê îòîáðà-

æåíèå K : Ω → 2X, èçìåðèìîå îòíîñèòåëüíî ïà-

ðû àëãåáð

(

F , 22X
)

â òîì ñìûñëå, ÷òî äëÿ âñÿêîãî

X ∈ 22
X

ñóùåñòâóåò ïðîîáðàç K−1(X) ∈ F , òàêîé
÷òî P(X) = P(K−1(X)).

Âåðîÿòíîñòíîå ðàñïðåäåëåíèå ñëó÷àéíîãî ìíîæå-

ñòâà ñîáûòèé ìîæíî ïðåäñòàâèòü íåñêîëüêèìè ýê-

âèâàëåíòíûìè ðàñïðåäåëåíèÿìè âåðîÿòíîñòåé, ïî-

ðîæä�åííûõ ýòèì ìíîæåñòâîì ñîáûòèé [1℄:

• âåðîÿòíîñòíîå ðàñïðåäåëåíèå I-ãî ðîäà � íàáîð

èç 2|X|
âåðîÿòíîñòåé âèäà {p(X), X ⊆ X} , ãäå

p(X) = P(K = X) = P

(
⋂

x∈X

x
⋂

x∈Xc

xc

)

;

• âåðîÿòíîñòíîå ðàñïðåäåëåíèå II-ãî ðîäà � íàáîð

èç 2|X|
âåðîÿòíîñòåé âèäà {pX , X ⊆ X}, ãäå

pX = P(X ⊆ K) = P

(
⋂

x∈X

x

)

.

Â òåîðèè ñëó÷àéíûõ ñîáûòèé îáîçíà÷åíèå ∅ èñïîëü-
çóåòñÿ äëÿ Xc = Ω\X. Ñîáûòèå ∅ = ⋂

x∈X

xc îçíà÷àåò,

÷òî íå íàñòóïèëî íè îäíî ñîáûòèå èç X. Â âåðîÿò-

íîñòíîì ðàñïðåäåëåíèè II-ãî ðîäà âñåãäà p∅ = 1.

Òîëüêî ðàñïðåäåëåíèå I-ãî ðîäà îáëàäàåò ïðèâû÷-

íûì äëÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòè ñâîéñòâîì íîð-

ìèðîâêè, êîòîðîå î÷åâèäíî ñëåäóåò èç òîãî, ÷òî ñî-
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îòâåòñòâóþùèå ñîáûòèÿ

(
⋂

x∈X

x

)
⋂
(
⋂

x∈Xc

xc
)

îáðà-

çóþò ðàçáèåíèå ïðîñòðàíñòâà ýëåìåíòàðíûõ ñîáûòèé

Ω. À ïîñêîëüêó ñîáûòèÿ

⋂

x∈X

x îáðàçóþò íå ðàçáèå-

íèå, à âñåãî ëèøü ïîêðûòèå Ω, òî ñîîòíîøåíèå íîð-

ìèðîâêè äëÿ âåðîÿòíîñòíîãî ðàñïðåäåëåíèÿ II-ãî ðî-

äà íå âûïîëíÿåòñÿ, ñóììà âåðîÿòíîñòåé ýòèõ ñîáûòèé

âñåãäà áîëüøå åäèíèöû.

Âåðîÿòíîñòíîå ðàñïðåäåëåíèå II-ãî ðîäà {pX , X ⊆ X}
ñëó÷àéíîãî ìíîæåñòâà ñîáûòèé K íà X óäîâëåòâîðÿ-

åò ñèñòåìå èç 2N íåðàâåíòâ Ôðåøå�Õ�åâäèíãà:

0 ≤ p−X ≤ pX ≤ p+X ≤ 1,

ãäå p−X = max

{

0, 1−
∑

x∈X

(1− px)
}

� íèæíÿÿ ãðàíè-

öà Ôðåøå�Õ�åâäèíãà, p+X = min
x∈X

px � âåðõíÿÿ ãðàíè-

öà Ôðåøå�Õ�åâäèíãà.

Âåðîÿòíîñòíûå ðàñïðåäåëåíèÿ I-ãî è II-ãî ðîäà

ñâÿçàíû âçàèìíî-îáðàòíûìè �îðìóëàìè îáðàùåíèÿ

Ì�åáèóñà [1℄

pX =
∑

Y ∈2X: X⊆Y

p(Y ), (1)

p(X) =
∑

Y ∈2X: X⊆Y

(−1)|Y |−|X|pY , (2)

äëÿ âñåõ X ∈ 2X.

Åñëè çàäàíî âåðîÿòíîñòíîå ðàñïðåäåëåíèå I-ãî ðîäà

{p(X), X ⊆ X}, òî ïî �îðìóëå (1) ìû âñåãäà ïîëó÷èì

âåðîÿòíîñòíîå ðàñïðåäåëåíèå II-ãî ðîäà {pX , X ⊆ X}.
Îäíàêî ïðåîáðàçîâàíèå (2) çàäàííîãî íàáîðà èç 2N

÷èñåë {pX , X ⊆ X} , óäîâëåòâîðÿþùèõ ãðàíèöàì

Ôðåøå�Õ�åâäèíãà, ìîæåò ïðèâåñòè ê âåðîÿòíîñòíîìó

ðàñïðåäåëåíèþ I-ðîäà ñ îòðèöàòåëüíûìè çíà÷åíèÿ-

ìè.

Áóäåì ãîâîðèòü, ÷òî ñëó÷àéíîå ìíîæåñòâî ñîáûòèé

K îáëàäàåò ëåãèòèìíûì âåðîÿòíîñòíûì ðàñïðåäåëå-

íèåì, åñëè äëÿ âåðîÿòíîñòíîãî ðàñïðåäåëåíèÿ I-ãî

ðîäà âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

0 ≤ p(X) ≤ 1, X ⊆ X, (3)

∑

X⊆X

p(X) = 1. (4)

Â ñîâðåìåííûõ òåîðèÿõ íåîïðåäåëåííîñòè øèðîêîå

ðàñïðîñòðàíåíèå ïîëó÷èëè êëàññû àññîöèàòèâíûõ

�óíêöèé, â ÷àñòíîñòè, òðåóãîëüíûå íîðìû è êîïóëû.

Àëãîðèòìû âû÷èñëåíèÿ êîïóë è òðåóãîëüíûõ íîðì

ïðèìåíèìû ê âåðîÿòíîñòíûì ðàñïðåäåëåíèÿì ñëó-

÷àéíûõ ìíîæåñòâ ñîáûòèé.

Îïðåäåëåíèå 1. Àññîöèàòèâíàÿ �óíêöèÿ â òåîðèè

ñëó÷àéíûõ ìíîæåñòâ ñîáûòèé (Assoiative Funtion

� AF)

AF : [0, 1]2 → [0, 1]

îïðåäåëÿåòñÿ êàê äâóìåñòíàÿ �óíêöèÿ, óäîâëåòâî-

ðÿþùàÿ ñëåäóþùèì àêñèîìàì:

A1. �ðàíè÷íûå óñëîâèÿ, äëÿ a ∈ [0, 1]

AF(a, 0) = AF(0, a) = 0,

AF(a, 1) = AF(1, a) = a.
(5)

A2. Ìîíîòîííîñòü, êîãäà a1 ≤ a2, b1 ≤ b2

AF(a1, b1) ≤ AF(a2, b2). (6)

A3. Êîììóòàòèâíîñòü, ò.å. äëÿ âñåõ a, b íà [0, 1]

AF(a, b) = AF(b, a).

A4. Àññîöèàòèâíîñòü, ò.å. äëÿ âñåõ a, b, c ∈ [0, 1]

AF(AF(a, b), c) = AF(a,AF(b, c)). (7)

A5. Óñëîâèå Ëèïøèö-íåïðåðûâíîñòè

AF(c, b)−AF(a, b) ≤ c− a, a ≤ c. (8)

�åîìåòðè÷åñêè ãðà�èê àññîöèàòèâíîé �óíêöèè �

ýòî ïîâåðõíîñòü (ðèñ. 1), êîòîðàÿ ¾íàòÿíóòà¿ íà ÷å-

òûðåõóãîëüíèê ñ âåðøèíàìè (0, 0, 0), (0, 1, 0), (1, 0, 0)
è (1, 1, 1). Íà ðèñ. 1 ñòîðîíû ÷åòûðåõóãîëüíèêà âûäå-

ëåíû æèðíûìè ëèíèÿìè è ñîîòâåòñòâóþò ãðàíè÷íûì

óñëîâèÿì ( A1). Ñîãëàñíî ñâîéñòâó A2 àññîöèàòèâ-

íàÿ �óíêöèÿ âîçðàñòàåò ïî âåðòèêàëè è ïî ãîðèçîí-

òàëè [7℄, à ïî ñâîéñòâó A3 ñèììåòðè÷íà îòíîñèòåëüíî

ïëîñêîñòè a = b. Ñâîéñòâà A1 � A3, A5 ãàðàíòèðó-

þò, ÷òî çíà÷åíèå �óíêöèè AF(a, b) áóäåò îáëàäàòü

ñâîéñòâàìè âåðîÿòíîñòè. Ñâîéñòâî A4 ïîçâîëÿåò ðå-

êóððåíòíî ïåðåéòè ê n-ìåñòíîé �óíêöèè.

a
b

A
F
(a
,b
)

(0, 0, 0)

(0, 1, 0)

(1, 0, 0)

(1, 1, 1)

(0, 1, 1)

(1, 0, 1)
(0, 0, 1)

�èñóíîê 1: �ðà�èê ïðîèçâîëüíîé àññîöèàòèâíîé �óíêöèè

Çàìåòèì, ÷òî àêñèîìû A1-A4 ñîîòâåòñòâóåò îïðå-

äåëåíèþ t-íîðìû [6℄. Òàêèì îáðàçîì, ïîä àññîöèà-

òèâíîé �óíêöèåé ìû áóäåì ïîíèìàòü íåïðåðûâíóþ

t-íîðìó, óäîâëåòâîðÿþùóþ óñëîâèþ Ëèïøèöà, èëè,
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÷òî ýêâèâàëåíòíî, àññîöèàòèâíóþ, êîììóòàòèâíóþ

êîïóëó [7℄ (�èñ. 1).

Àññîöèàòèâíûì ñëó÷àéíûì ìíîæåñòâîì ñîáûòèé

íàçûâàåòñÿ ñëó÷àéíîå ìíîæåñòâî ñîáûòèé K ïîä êî-

íå÷íûì ìíîæåñòâîì èçáðàííûõ ñîáûòèé X ñ âåðîÿò-

íîñòíûì ðàñïðåäåëåíèåì II-ãî ðîäà {pX , X ⊆ X}, ãäå
äëÿ âñåõ X ⊆ X, |X | > 1 âåðîÿòíîñòè ïåðåñå÷åíèÿ

ìíîæåñòâ ñîáûòèé pX îïðåäåëÿþòñÿ ðåêóððåíòíûì

ñîîòíîøåíèåì ïðè èçâåñòíûõ âåðîÿòíîñòÿõ ñîáûòèé

px = P(x), x ∈ X

pxy = P
(

x
⋂

y
)

= AF (px, py) ,

pxyz = P
(

x
⋂

y
⋂

z
)

= AF (px,AF(py, pz)) =

= AF
(

px,P
(

y
⋂

z
))

,

pX = P

(
⋂

x∈X

x

)

= AF



px,P




⋂

y∈X\{x}
y







 ,

ïðè óñëîâèè, ÷òî ñîîòâåòñòâóþùåå âåðîÿòíîñòíîå

ðàñïðåäåëåíèå I-ãî ðîäà áóäåò ëåãèòèìíûì.

Òåîðåìà 1. Ïóñòü âåðîÿòíîñòè ñîáûòèé px =
P(x) > 0, x ∈ X, òîãäà àññîöèàòèâíàÿ �óíêöèÿ

AFα(a, b) = Frank(a, b, α) =

= − 1

α
ln

(

1 +
(e−α·a − 1)(e−α·b − 1)

(e−α − 1)

)

,

ãäå α ∈ (−∞;∞) \ {0}, îïðåäåëÿåò àññîöèàòèâ-

íîå ñëó÷àéíîå ìíîæåñòâî Ôðàíêà ñ âåðîÿòíîñòíûì

ðàñïðåäåëåíèåì II-ãî ðîäà:

pX = − 1

α
ln



1 +

∏

x∈X

(e−αpx − 1)

(e−α − 1)|X|−1



 , X ⊆ X, (9)

è ñ âåðîÿòíîñòíûì ðàñïðåäåëåíèåì I-ãî ðîäà:

p(X) = ln
∏

Y ⊇X



1 +

∏

x∈Y

(e−αpx − 1)

(e−α − 1)|Y |−1





(−1)|Y |−|X|+1

α

.

Àññîöèàòèâíîå ñëó÷àéíîå ìíîæåñòâî Ôðàíêà áó-

äåò èìåòü ëåãèòèìíîå âåðîÿòíîñòíîå ðàñïðåäåëå-

íèå, åñëè âñå px, x ∈ X è ïàðàìåòð α 6= 0 óäîâëå-

òâîðÿþò ñëåäóþùåé ñèñòåìå èç 2|X|
íåðàâåíñòâ äëÿ

âñåõ X ⊆ X

1 ≤
∏

Y⊇X



1 +

∏

x∈Y

(e−αpx − 1)

(e−α − 1)|Y |−1





(−1)|Y |−|X|+1

α

≤ e.

Òåîðåìà 2. Ïóñòü âåðîÿòíîñòè ñîáûòèé

px = P(x), x ∈ X óäîâëåòâîðÿþò íåðàâåíñòâàì

0 < px < 1. Òîãäà àññîöèàòèâíàÿ �óíêöèÿ

AFα(a, b) =
ab

1− α(1 − a)(1− b) , α ∈ [0, 1]

îïðåäåëÿåò ñåìåéñòâî RAMH àññîöèàòèâíûõ ñëó-

÷àéíûõ ìíîæåñòâ Àëè-Ìèõàýëÿ-Õàêà ñ âåðîÿò-

íîñòíûì ðàñïðåäåëåíèåì 2-ãî ðîäà äëÿ âñåõ X ⊆ X,

|X | > 1

pX =

∏

x∈X

px

(1− α)|X|−1 +
|X|−1∑

k=1

αk ·
[

S − ∏

x∈X

px

] , (10)

ãäå S =
∑

Y⊆Ck
X

[

(−1)k−|Y | · δk(Y ) · ∏
x∈Y

px

]

,

Ck
X = {Y : Y ⊆ X, |Y | = k},

δk(Y ) =

{
1, k = 1, èëè k = |X | − 1;
k − |Y |+ 1, 1 < k < |X | − 1.

3 Îöåíêà ïàðàìåòðà àññîöèàòèâíîé

�óíêöèè ìåòîäîì íàèìåíüøèõ

êâàäðàòîâ

Ìåòîä íàèìåíüøèõ êâàäðàòîâ (ÌÍÊ) � ìåòîä îöåí-

êè ïàðàìåòðîâ ìîäåëè íà îñíîâàíèè ýêñïåðèìåíòàëü-

íûõ äàííûõ, ñîäåðæàùèõ ñëó÷àéíûå îøèáêè. Â îñ-

íîâå ìåòîäà ëåæàò ñëåäóþùèå ðàññóæäåíèÿ: ïðè çà-

ìåíå òî÷íîãî (íåèçâåñòíîãî) ïàðàìåòðà ìîäåëè ïðè-

áëèçèòåëüíûì çíà÷åíèåì íåîáõîäèìî ìèíèìèçèðî-

âàòü ðàçíèöó ìåæäó ýêñïåðèìåíòàëüíûìè äàííûìè

è òåîðåòè÷åñêèìè (âû÷èñëåííûìè ïðè ïîìîùè ïðåä-

ëîæåííîé ìîäåëè). Ýòî ïîçâîëÿåò ðàññ÷èòàòü ïàðà-

ìåòðû ìîäåëè ñ ïîìîùüþ ÌÍÊ ñ ìèíèìàëüíîé ïî-

ãðåøíîñòüþ. Ìåðîé ðàçíèöû â ìåòîäå íàèìåíüøèõ

êâàäðàòîâ ñëóæèò ñóììà êâàäðàòîâ îòêëîíåíèé äåé-

ñòâèòåëüíûõ (ýêñïåðèìåíòàëüíûõ) çíà÷åíèé îò òåî-

ðåòè÷åñêèõ. Âûáèðàþòñÿ òàêèå çíà÷åíèÿ ïàðàìåòðîâ

ìîäåëè, ïðè êîòîðûõ ñóììà êâàäðàòîâ ðàçíîñòåé áó-

äåò íàèìåíüøåé.

�àññìîòðèì ñëåäóþùóþ çàäà÷ó. Ïóñòü (Ω,F ,P) �

âåðîÿòíîñòíîå ïðîñòðàíñòâî. �àññìîòðèì ìíîæåñòâî

ñîáûòèé X, âûáðàííûõ èç àëãåáðû ñîáûòèé F .
Ïóñòü K àññîöèàòèâíîå ñëó÷àéíîå ìíîæåñòâî ñîáû-

òèé, îïðåäåëÿåìîå îäíîïàðàìåòðè÷åñêîé �óíêöèåé

AFα(a, b), a, b ∈ [0; 1] è α ∈ D, ãäå D ⊆ R � îáëàñòü

äîïóñòèìûõ çíà÷åíèé α.

Ïóñòü èìååòñÿ ñòàòèñòèêà íàáëþäåíèé, ïî ðåçóëüòà-

òàì êîòîðîé ïîëó÷åíû

• îöåíêè âåðîÿòíîñòåé ñîáûòèé p̂x, x ∈ X;

• è îöåíêè äëÿ íåêîòîðûõ âåðîÿòíîñòåé ïåðåñå÷å-

íèé ñîáûòèé p̂X , ãäå X ∈ Y ⊆ 2X, |Y| ≪ 2|X|
.

Òàêèì îáðàçîì, ïî ñóùåñòâóþùèì ñòàòèñòè÷åñêèì

íàáëþäåíèÿì èç ìíîæåñòâà 2X ìû âûáèðàåì íåêîòî-

ðîå ïîäìíîæåñòâî Y, ýëåìåíòàìè êîòîðîãî ÿâëÿþòñÿ

íåêîòîðûå ïåðåñå÷åíèÿ ñîáûòèé

⋂

x∈X

x, âåðîÿòíîñòè

êîòîðûõ èçâåñòíû. Èñõîäÿ èç ýòèõ äàííûõ ïîëó÷èì
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îöåíêó ïàðàìåòðà α ïî ìåòîäó íàèìåíüøèõ êâàäðà-

òîâ.

Îöåíêà ïàðàìåòðà àññîöèàòèâíîé �óíêöèè ïî

ÌÍÊ.

Äàíî:

• ìíîæåñòâî ñîáûòèé X, âûáðàííûõ èç àëãåáðû ñî-

áûòèé F ;

• îöåíêà âåðîÿòíîñòåé ñîáûòèé p̂x, x ∈ X;

• âèä îäíîïàðàìåòðè÷åñêîé àññîöèàòèâíîé �óíê-

öèè AFα(a, b), a, b ∈ [0; 1] è α ∈ D, ãäå D ⊆ R �

îáëàñòü äîïóñòèìûõ çíà÷åíèé α;

• ìíîæåñòâî Y ⊆ 2X, äëÿ ýëåìåíòîâ êîòîðîãî ïî-

ëó÷åíû îöåíêè {p̂X , X ∈ Y, |X | > 1}, óäîâëå-
òâîðÿþùèå íåðàâåíñòâó Ôðåøå-Õ�åâäèíãà

0 ≤ p−X ≤ p̂X ≤ p+X ≤ 1,

ãäå p−X = max

{

0, 1−
∑

x∈X

(1 − p̂x)
}

� íèæíÿÿ

ãðàíèöà Ôðåøå�Õ�åâäèíãà, p+X = min
x∈X

p̂x � âåðõ-

íÿÿ ãðàíèöà Ôðåøå�Õ�åâäèíãà.

Íàéòè: çíà÷åíèÿ ïàðàìåòðà α ∈ D, äîñòàâëÿþùåãî
ìèíèìóì �óíêöèîíàëó

Φ(p̂x, x ∈ X ;α) =

= (AFα(p̂x, x ∈ X)− p̂X)2 −→ min
α∈D

, X ∈ Y, (11)

äëÿ êàæäîãî ýëåìåíòà ìíîæåñòâà Y Çàïèøåì äëÿ

(11) íåîáõîäèìîå óñëîâèå ýêñòðåìóìà

∂Φ(p̂x, x ∈ X ;α)

∂α
= 0, X ∈ Y

ò.å. íåîáõîäèìî íàéòè ðåøåíèå óðàâíåíèÿ

(AFα(p̂x, x ∈ X)− p̂X) · ∂AFα(p̂x, x ∈ X)

∂α
= 0

ïðè îãðàíè÷åíèÿõ α ∈ D.
�àññìîòðèì ðåøåíèå çàäà÷è íà ïðèìåðå îäíîïàðà-

ìåòðè÷åñêèõ ñåìåéñòâ Ôðàíêà è Àëè-Ìèõàýëÿ-Õàêà,

âçÿâ äëÿ àíàëèçà âõîäíûå äàííûå èç ïðèìåðà ðàñ-

ñìîòðåííîãî â [5℄.

Ïðèìåð 1.Îöåíêà ïàðàìåòðà äëÿ ñåìåéñòâà Ôðàí-

êà.

Äàíî:

• X = {x, y, z};

• p̂x =
3

8
, p̂y =

1

8
, p̂z =

5

8
;

• Àññîöèàòèâíàÿ �óíêöèÿ Ôðàíêà

AFα(a, b) = Frank(a, b, α) =

= − 1

α
ln

(

1 +
(e−α·a − 1)(e−α·b − 1)

(e−α − 1)

)

;

• Y = {{xy}, {xz}}, p̂xy = 0.1, p̂xz = 0.25, ãäå
îöåíêè âåðîÿòíîñòåé ïåðåñå÷åíèÿ ñîáûòèé óäî-

âëåòâîðÿþò íåðàâåíñòâó Ôðåøå-Õ�åâäèíãà

p−xy = max {0, 1− (1− p̂x)− (1− p̂y)} = 0,

p+xy = min{p̂x, p̂y} = 0.125, p−xy ≤ p̂xy ≤ p+xy,

p−xz = max {0, 1− (1 − p̂x)− (1− p̂z)} = 0,
p+xz = min{p̂x, p̂z} = 0.375, p−xz ≤ p̂xz ≤ p+xz.

Íàéòè:

• ïàðàìåòð α ∈ (−∞,+∞) \ {0}.

�åøåíèå:

Ïóñòü

AFα(p̂x, p̂y) = Frank(p̂x, p̂y, α) =

= − 1

α
ln

(

1 +
(e−α· 38 − 1)(e−α· 18 − 1)

(e−α − 1)

)

;

AFα(p̂x, p̂z) = Frank(p̂x, p̂z, α) =

= − 1

α
ln

(

1 +
(e−α· 38 − 1)(e−α· 58 − 1)

(e−α − 1)

)

;

Íàõîäèì çíà÷åíèÿ α îòäåëüíî äëÿ êàæäîãî ïåðåñå-

÷åíèÿ ñîáûòèé, äëÿ êîòîðûõ ïîëó÷åíû îöåíêè âåðî-

ÿòíîñòåé.

�åøàåì óðàâíåíèå:

[(

AFα(p̂x, p̂y)−
1

10

)2
]′

α

= 0.

Èñïîëüçóÿ èíñòðóìåíòàðèé Mathad, ïîëó÷àåì çíà-

÷åíèå α = 4.871143485.

Ïî �îðìóëå (9) è �îðìóëàì îáðàùåíèÿ Ì�åáèóñà ïî-

ëó÷àåì ëåãèòèìíîå ðàñïðåäåëåíèå I-ãî ðîäà äëÿ ýòîãî

òðèïëåòà:

{p(∅); p(x); p(y); p(z); p(xy); p(xz); p(yz); p(xyz)} =

= {0.334; 0.034; 0.002; 0.266; 0.005; 0.241; 0.023; 0.095}.

�åøàåì óðàâíåíèå:

[(

AFα(p̂x, p̂z)−
1

4

)2
]′

α

= 0.
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Èñïîëüçóÿ èíñòðóìåíòàðèé Mathad, ïîëó÷àåì çíà-

÷åíèå α ≈ 0.5745 (ñäåëàëè îêðóãëåíèå äî 10−4
).

Ïî �îðìóëå (9) è �îðìóëàì îáðàùåíèÿ Ì�åáèóñà ïî-

ëó÷àåì ëåãèòèìíîå ðàñïðåäåëåíèå I-ãî ðîäà äëÿ ýòîãî

òðèïëåòà:

{p(∅); p(x); p(y); p(z); p(xy); p(xz); p(yz); p(xyz)} =

= {0.227; 0.108; 0.023; 0.327; 0.017; 0.213; 0.048; 0.037}.

Â ïðèìåðå 2. [5℄ äëÿ òðèïëåòà ñîáûòèé X = {x, y, z} ñ
èçâåñòíûìè âåðîÿòíîñòÿìè ñîáûòèé p̂x =

3

8
, p̂y =

1

8
,

p̂z =
5

8
ñ ïîìîùüþ àññîöèàòèâíîé �óíêöèè Ôðàíêà

áûë ïîëó÷åí äèàïàçîí äëÿ α ∈ [−6; 0) ∪ (0;+∞),
ïðè êîòîðûõ ïîëó÷àþòñÿ ëåãèòèìíûå âåðîÿòíîñòíûå

ðàñïðåäåëåíèÿ. Èìåÿ äîïîëíèòåëüíûå îöåíêè âõîä-

íûõ äàííûõ p̂xy = 0.1, p̂xz = 0.25, ïîëó÷àåì ðàñïðå-

äåëåíèÿ äëÿ α = 0.5745; α = 4.871.

Ïðèìåð 2.Îöåíêà ïàðàìåòðà äëÿ ñåìåéñòâà Àëè-

Ìèõàýëÿ-Õàêà

Äàíî:

• X = {x, y, z};

• p̂x =
3

8
, p̂y =

1

8
, p̂z =

5

8
;

• Àññîöèàòèâíàÿ �óíêöèÿ Àëè-Ìèõàýëÿ-Õàêà

AFα(a, b) =
ab

1− α(1 − a)(1− b) ;

• Y = {{xy}, {xz}}, p̂xy = 0.1, p̂xz = 0.25.

Íàéòè:

• ïàðàìåòð α ∈ [0, 1].

�åøåíèå:

Ïóñòü

AFα(p̂x, p̂y) =
p̂x · p̂y

1− α(1 − p̂x)(1 − p̂y)
=

3

64− 35α
;

AFα(p̂x, p̂z) =
p̂x · p̂z

1− α(1 − p̂x)(1 − p̂z)
=

15

64− 15α
.

Íàõîäèì çíà÷åíèÿ α îòäåëüíî äëÿ êàæäîãî ïåðåñå-

÷åíèÿ ñîáûòèé, äëÿ êîòîðûõ ïîëó÷åíû îöåíêè âåðî-

ÿòíîñòåé.

�åøàåì óðàâíåíèå:

[(

AFα(p̂x, p̂y)−
1

10

)2
]′

α

= 0.

Èñïîëüçóÿ èíñòðóìåíòàðèé Mathad, ïîëó÷àåì çíà-

÷åíèå α ≈ 0.971 (ñäåëàëè îêðóãëåíèå äî 10−3
).

Ïî �îðìóëå (10) è �îðìóëàì îáðàùåíèÿ Ì�åáèóñà ïî-

ëó÷àåì ëåãèòèìíîå ðàñïðåäåëåíèå I-ãî ðîäà äëÿ ýòîãî

òðèïëåòà:

{p(∅); p(x); p(y); p(z); p(xy); p(xz); p(yz); p(xyz)} =

= {0.3; 0.064; 0.003; 0.3; 0.007; 0.21; 0.022; 0.093}.

�åøàåì óðàâíåíèå:

[(

AFα(p̂x, p̂z)−
1

4

)2
]′

α

= 0.

Èñïîëüçóÿ èíñòðóìåíòàðèé Mathad, ïîëó÷àåì çíà-

÷åíèå α ≈ 0.267 (ñäåëàëè îêðóãëåíèå äî 10−3
).

Ïî �îðìóëå (10) è �îðìóëàì îáðàùåíèÿ Ì�åáèóñà ïî-

ëó÷àåì ëåãèòèìíîå ðàñïðåäåëåíèå I-ãî ðîäà äëÿ ýòîãî

òðèïëåòà:

{p(∅); p(x); p(y); p(z); p(xy); p(xz); p(yz); p(xyz)} =

= {0.228; 0.108; 0.022; 0.327; 0.017; 0.212; 0.048; 0.038}.
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A b s t r a  t s

⋆ Èìîìîâ Àúçàì è Äèëüíîçà Àëìàíîâà (Êàðøè, Óç-

áåêèñòàí) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

Îá îöåíêå îñíîâíîãî ïàðàìåòðà äîëãîæèâóùåãî Ìàð-

êîâñêîãî âåòâÿùåãîñÿ ïðîöåññà

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îöåíêè

îñíîâíîãî ïàðàìåòðà Ìàðêîâñêîãî Q- ïðîöåññà. Ïðåäëàãàåò-

ñÿ íåñìåùåííàÿ îöåíêà, è èññëåäóþòñÿ àñèìïòîòè÷åñêèå

ñâîéñòâà åå äèñïåðñèé.

Êëþ÷åâûå ñëîâà.Ìàðêîâñêèå Q-ïðîöåññû, Ìàðêîâñêèå âåò-

âÿùèåñÿ ïðîöåññû, îöåíêà îñíîâíîãî ïàðàìåòðà.

⋆ Èìîìîâ Àúçàì (Êàðøè, Óçáåêèñòàí), Æóìàêóëîâ

Õóðøèä (Êîêàíä, Óçáåêèñòàí) è Ýðêèí Òóõòàåâ (Êàð-

øè, Óçáåêèñòàí) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .21

Îá îöåíêå îñíîâíîãî ïàðàìåòðà â Q-ïðîöåññå

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îöåíêè

îñíîâíîãî ïàðàìåòðà Q-ïðîöåññà. Ïðåäëàãàåòñÿ íåñìåùåí-

íàÿ îöåíêà, è èññëåäóþòñÿ àñèìïòîòè÷åñêèå ñâîéñòâà åå

äèñïåðñèé.

Êëþ÷åâûå ñëîâà. Q-ïðîöåññû, âåòâÿùèåñÿ ïðîöåññû, îöåí-

êà îñíîâíîãî ïàðàìåòðà.

⋆ Àáäóøóêóðîâ Àáäóðàõèì è Ëåéëà Êàêàäæàíîâà

(Òàøêåíò, Óçáåêèñòàí) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

Î ñïåöèàëüíîì ýìïèðè÷åñêîì ïðîöåññå è åãî ïðèìå-

íåíèè

Àííîòàöèÿ. Â ðàáîòå èññëåäîâàíû àñèìïòîòè÷åñêèå ñâîé-

ñòâà îäíîãî êëàññà ýìïèðè÷åñêèõ ïðîöåññîâ ïî îïðåäåëåííûì

êëàññàì èíòåãðèðóåìûõ �óíêöèé.

Êëþ÷åâûå ñëîâà. Ýìïèðè÷åñêèå ïðîöåññû, êëàññû

�ëèâåíêî-Êàíòåëëè, ìåòðè÷åñêàÿ ýíòðîïèÿ.

⋆ Abdushukurov Abdurahim and Rustamjon Muradov

(Tashkent, Uzbekistan) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .23

The asymptoti Gaussian properties of opula estimating

the survival funtion for dependent random ensoring

Abstrat. In this paper we onsider the problem of estimating the

survival funtion for dependent random ensoring observations

on the right. It is proved the asymptoti Gaussian properties of

estimates.

Keywords. Random ensoring, survival funtion, Arhimedean

opula

⋆ Abdushukurov Abdurahim and Khurshid Chuyanov

(Uzbekistan, Tashkent) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .13

Estimating of survival funtion in ox model under

ompeting risks

Abstrat. We propose three types of and orresponding

semiparametri estimators for survival funtions in Cox model

in presene of ompeting risks.

Keywords. Survival funtion, Cox model, Competing risks.

⋆ Baranova Irina (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . .27

Covariane analysis of polytypi data using the bipartite

sets of events method

Abstrat. In work are onsidered the notion of bipartite set

of events, onsisting of the sets of events, whose �rst part

orresponds to the random variables, and seond part - to

the sets, and also the set of bipartite sets. In work are given

the lassial approah to regression (inluding pair regression,

plural regression and others) and the eventologial approah to

regression developed by professor O.Ju. Vorob'ov. We study the

relationship between bipartite sets of events by orrelation.

Keywords. Event, probability, ovariane, bipartite set of events,

set of bipartite set of events

⋆ Baranova Irina and Dmitriy Bogodukhov

(Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

Appliation of geneti algorithms to solve the problem of

data lustering

Abstrat. The aim of paper is developing a geneti algorithm

for �nding solution to the problem of data lustering with a

given number of lusters. It is onsidered the basi onepts,

formulation of the problem of data lustering and popular methods

of data lustering. This paper desribes one of the most popular

method of data lustering: k-means method. The priniples

of geneti algorithms are desribed. A detailed desription of

the developed geneti algorithm to solve the problem desribed

lustering are shown. We ful�lled a omparison of the geneti

algorithm and k-means method.

Keywords. Cluster, data, lustering, metri, funtional, geneti

algorithm

⋆ Baranova Irina and Dimitriya Knyaz' (Krasnoyarsk,

Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

Clustering methods of multivariate statistial data

Abstrat. The artile disusses the basi onepts, algorithms

and methods of lustering. The purpose of luster analysis is the

hoie of the neessary tools and tehniques for data proessing

and analysis. In relation to spei� researh projet seleted, the

statistial proedures that are most relevant for the deision of

tasks in relation to spei� topis.

Keywords. Cluster analysis, objet, typology, luster, k�means,

shortest unloked path, Lane�Williams algorithm.

⋆ Demothkine Val (London, United Kingdom) . . . . . . .15

Hedge Fund Strategies, Finanial Instability, Fat Tails

and Leverage Cyles

Abstrat. The artile disusses hedge funds in onnetion

to the latest �nanial risis. Hedge funds will ontinue to use

leverage to enhane their alpha generation apabilities, and

while we do not believe that leverage is a requirement, we do

think that those funds that an obtain and use it appropriately

may have a ompetitive advantage going forward. Indeed, reent

market turbulene highlights the importane of fousing on high

quality hedge fund �rms that have developed well-strutured,

robust investment proesses to address both investment risk and

operational risks that an easily translate into investment risk,

all while ahieving their investment objetive through a variety

of market environments.

Keywords. Hedge Funds, Performane fees, Fat tails,

leverage, speulators, risk, volatility, �nanial markets,

Curreny speulations, Bank Run, Global Finanial Crisis,

eventology, Finanial Instability, Nash Equilibrium, Government

intervention.

⋆ Djamirzayev Abdusunnat (Tashkent, Uzbekistan) .142

About the limiting distribution sequenes of random

variables with random indies

Abstrat. In this paper we generalize a result of the limiting

distribution F.J.Anskombe sequenes of random variables with

random indies.

Keywords. Random variables, distribution funtion,

onvergene, mixing.

⋆ Dodonova Maria (Krasnoyarsk, Russia) . . . . . . . . . . . . 143

Researh of various formulations of the knapsak problem

and methods of problem solution

Abstrat. In paper we study di�erent variants of the knapsak

problem formulation. It is onsidered and implemented the four
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most popular algorithms of solving this problem: exhaustive

searh, greedy algorithm, geneti algorithm and branh and

bound method. We arried out the lassi�ation and omparison

of these methods in speed and auray of �nding solutions. Also

in artile pratial knapsak problem is onsidered.

Keywords. Knapsak problem, optimization, ombinatoris,

exhaustive searh, greedy algorithm, geneti algorithm, branh

and bound method.

⋆

Goldenok Ellen (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . .131

Assessment of an assoiation of onsumer segments for

hek market statistis

Abstrat. In this paper is an attempt to build ontingeny tables

known in mathematial statisti, based on a hek statisti for

eventologial analysis of the market, in partiular, to analyze the

interation of onsumer segments. Some indiators of assoiation

of these segments were alulated.

Keywords. Probability, set of events, probability distribution,

ontingeny tables, ategorial data.

Esin Roman (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . 147

Solve the inverse problem for the theory of risk measures

distorted probability

Abstrat. In this paper we desribe a method for solving

the inverse problem of risk measures distorted probability,

based on the alulation of the funtional distorted probability,

risk aversion and on the omparison of individual deisions

with deisions made using di�erent types of perturbing funtions.

Keywords. Theory of risk, oherent risk measures, risk aversion,

distorted probability funtional.

⋆ Grigoriev Yuri (St. Petersburg, Russia) . . . . . . . . . . . . 136

Polar equation and experimental φp-designs for

polynomial regression

Abstrat. In this paper riteria of D- E- and A-optimality as

elements of a set of Pukelshajm's φp-funtions are onsidered.

Modern approahes to onstrution of orresponding φp-designs

for polynomial regression are disussed.

Keywords. Polynomial regression, polar equation, φp-designs,

Pukelsheim's information funtion, elimination theory, Gr�obner's

basis.

⋆ Klokov Andrey and Vitaly Raspopov (Krasnoyarsk,

Russia)) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .155

Numerial identi�ation of the leading oe�ients of the

system of paraboli equations

Abstrat. In this paper, we onsider the inverse problem

for a system of paraboli equations. Inverse problems an be

assoiated with the interpretation and proessing of the results

of real thermal proesses. In fat, the rate of temperature

measurement in the remote interior points may be below the rate

of temperature measurement outer surfae. Thus violated the

ontinuous dependene of the results on the input temperature

data, so the inverse problems are usually inorret. A lot of

works are devoted to study inverse problems. The Cauhy inverse

problem for an equation in this paper is generalized to a system

of two equations.

Keywords. The inverse problem, paraboli equation, onditions

override, numerial identi�ation, Cauhy problem

⋆ Krupkina Tatiana, Mazharov Vladimir, Gornyi

Boris (Krasnoyarsk, Russia) and Babenyshev Sergey

(Zheleznogorsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .158

About various approahes to the onstrution of integral

indiators

Abstrat. We onsider three general types of problems of

establishing dependenies of various output indiators from

a set of features haraterizing the publi health onditions.

We de�ne methods for onstruting integral indiators for

eah type of problem. Results are based on a series of works

in whih health indiators were used as output indiators, and

the environment was haraterized by soio-eonomi onditions.

Keywords. Soio-eonomi indiators, integral indiators, fator

analysis, prinipal omponents.

⋆ Kustitskaya Tatyana (Krasnoyarsk, Russia) . . . . . . . . 163

Coherent risk measures. Examples, variations,

generalizations

Abstrat. The artile presents a review of the main examples,

variations and generalizations of oherent risk measures.

Properties of desribed risk measures are examined form the

viewpoint of the opportunities they a�ord to represent individual

preferenes.

Keywords. Coherent risk measures, onvex risk measures,

generalized risk measures, CVaR, measure of disturbed

probability.

⋆Maksimova Kristina and Irina Baranova (Krasnoyarsk,

Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .170

The problem of �nding the assoiation rules method in

Data Mining

Abstrat. In artile the notion and appliations of the Data

Mining are onsidered. The purpose of Data Mining is identify

the hidden rules and patterns in data sets. In work is desribed

an assoiation rules method. It is suggested the probabilisti

algorithm. It is solved the pratial problem of �nding the

assoiation rules in produts selling statistis.

Keywords. Data Mining, tasks, assoiation rules method,

produts selling statistis

⋆ Makhonin Igor and Vitaliy Demidenko (Krasnoyarsk,

Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .178

Problems of balane of sign graphs

Abstrat. We formulate the main objetives of the study of

signed graphs. The algorithm of hek of balane of sign graphs

is o�ered. The main formulations of a problem of sign balane

are provided.

Keywords. Signed graph, balane.

⋆ Nartov Yakov (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . 180

Regression as a Conditional Mean Probability Event

Abstrat. The artile are devoted event view on regression by

the onditional mean probability event onept.

Keywords. Probability, regression, eventology, mean probability

event, onditional mean probability event.

⋆ Nifontov Aleksander (Krasnoyarsk, Russia) . . . . . . . .186

Mean-phenomenon portfolio analysis

Abstrat. Considered eventologial Markowitz portfolio problem.

Mean-phenomenon formulation of the problem.

Keywords. Eventology, probability theory, event, probability,

portfolio analysis, portfolio analysis of events, Markowits, mean-

phenomenon.

⋆ Novosyolov Arady (Krasnoyarsk, Russia) . . . . . . . . . 193

Stress-testing of risk models: some pitfalls

Abstrat. The paper desribes a method of stress testing of risk

models, and a problem one an enounter when applying the

method. Approahes to dealing with the problem are disussed.
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Keywords. Risk, model, onditional distribution, stress testing,

senario.

⋆ Novosyolov Arady (Krasnoyarsk, Russia) . . . . . . . . . 196

A generalization of Frehet bounds onept

Abstrat. A problem of Frehet bounds alulation for an

arbitrary set theoreti operation is formulated and studied in

the urrent paper. We introdue the onept of dual operations,

study the relations between bounds for dual operations, de�ne the

valene (ovalene) of operations, and alulate Frehet bounds

for operations on two-element sets.

Keywords. Event, distribution funtion, Frehet bound, terrae,

valene, duality, generator.

⋆ Novosyolov Arady (Krasnoyarsk, Russia) . . . . . . . . . 200

Measurability of random set of events

Abstrat. The paper is devoted to establishing unonditional

measurability of a random set of events, whih follows diretly

from its struture without any additional requirements.

Keywords. Event, set of events, algebra, measurability, terrae.

⋆ Poddubny Vasily (Tomsk, Russia) and Anatoly

Polikarpov (Mosow, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

Continuous Stohasti Dynami Model for the Evolution

of Polysemy and Sense Volume of Signs Ensembles of

Natural Language

Abstrat. A ontinuous stohasti dynami model for the

evolution of polysemy and semanti volume of natural language

signs is o�ered. The model is based on the assumption of the

dissipative nature of the polysemy development of linguisti

signs. On the basis of this model theoretial laws for synhronous

(simultaneous) probability distributions for signs' ensembles are

derived (age-and-polysemy, polysemy, age-and-sense-volume,

sense-volume, frequeny and frequeny-rank distributions).

Theoretially derived onlusions are ompared with the

orresponding empirial polysemy and sense volume distributions

for lexial signs obtained from representative explanatory and

frequeny ditionaries of Russian and English.

Keywords. Evolution, linguisti sign, polysemy, semanti

volume of a sign, stohasti mathematial model, explanatory and

frequeny ditionaries, identi�ation of the model, the probability

distributions.

⋆ Rakhimova Gulnoza, Sagidullaev Kalmurza and

Gafurjon Tursunov (Tashkent, Uzbekistan) . . . . . . . . . . .202

The rate of onvergene in the sequential estimation

of �xed-width intervals of asymptoti variane of rank

estimators of shift

Abstrat. We studied the rate of onvergene of a sequene of

stopping time and the width of the on�dene intervals.

Keywords. Rank estimator, asymptoti normality, stopping

moment, �xed-width intervals.

⋆ Sadovsky Mihael and Yaroslav Grebnev

(Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204

Charga�'s rules and super-symmetry in genomes

Abstrat. Some preliminary results are presented exploring

the problem of the genome super-symmetry. That latter is

the equivalene of the frequenies of two strings making a

omplimentary palindrome observed within the same strand.

Some simple models of DNA are studied that yield suh super-

symmetry. The models are ompared to the real data observed on

mitohondria, hloroplasts, yeasts and some other genomes of

higher animals.

Keywords. DNA, string, frequeny, palindrome, omplimentary

rule, random proess, Markov proess, orderness.

⋆ Sadovsky Mihael and Ksenya Nikitina (Krasnoyarsk,

Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .208

Searh and study of strutures in the harater sequenes

de�ned by random proesses

Abstrat. This paper presents a novel approah to the

identi�ation of a strutured symbol sequenes, suh as, for

example, a DNA sequene. The subjet of this study is the nature

of the distribution of distanes between the short subsequenes

(words). It is shown that the atual DNA sequene di�ers from

the theoretial random sequene.

Keywords. Order, triplet, frequeny ditionary, Markov proess,

the distribution of distanes, the nearest neighbor.

⋆ Sarkisov Vigen (Samara, Russia) . . . . . . . . . . . . . . . . . . . .219

Creating Investors' Pooled Portfolios at Various Risk

Criteria

Abstrat. The new opportunities arising from optimization

of onsolidated investors portfolios are investigated. The

onsolidation of Markowitz's portfolios is onsidered as an

example. The restritions on risk riteria at whih onsolidation

is pro�table are also formulated.

Keywords. Investment portfolio, trust management, pool of

investors.

⋆ Semenova Daria and Anastasiya Ivanova (Krasnoyarsk,

Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .222

Fuzzy and set-regression model of distribution of

onsumer preferenes between �rms

Abstrat. In the paper the onstrution, study and omparative

analysis of fuzzy model of I. Leung and a model based on a

regression of random set on the example of the distribution of

onsumer preferenes between ompanies manufaturing osmeti

produts.

Keywords. Fuzzy binary relation, a random set of events, set-

regression, segmentation of the market.

⋆ Semenova Daria and Guliza Kushbak kyzy

(Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 228

Correlation ratio between random sets of events

Abstrat. In this paper, we obtain a formula for measuring the

orrelation relationship of dependene between two random sets

of events.

Keywords. Correlation ratio, random sets of events, ardinality

indiator.

⋆ Semenova Daria, Lukyanova Natalia and Ludmila

Shangareeva (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . .234

Family of random sets of events of Frank

Abstrat. In paper a method whih allows to set probabilisti

distribution of a set of N events, using N probabilities and a type

of assoiative funtion, is o�ered.

Keywords. Random set of events, assoiative funtion, Frank's

assoiative random set of events.

⋆ Semenova Daria, Lukyanova Natalia and Ludmila

Shangareeva (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . . . . . .239

Estimate of the parameter of assoiative funtion by

the least squares method for assoiative random sets of

events of Frank and Ali-Mikhail-Haq

Abstrat. In paper the method of least squares to �nd the

parameter of assoiative funtion with respet to the families of

random set of events of Frank and Ali-Mikhail-Haq is onsidered.

Legitimate probabilisti distributions for eah found parameter

are alulated.
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Keywords. Random set of events, assoiative funtion, Frank's

assoiative random set of events. Random set of events, the

method of least squares, Frank's assoiative random set of events,

Ali-Mikhail-Haq's assoiative random set of events, probabilisti

distribution.

⋆ Vorobyev Oleg (Krasnoyarsk, Russia) . . . . . . . . . . . . . . . .44

Beyond usual measuring statistial interonnetions: An

eventologially revised approah to measurement for

agreement and assoiation (statistial dependene) of a

set of events

Abstrat. The author has developed a general theory for

measuring the statistial interonnetions between events,

alled �mathematial eventology�. The paper represents fresh

�eventologial� ideas that radially rethinking the basis of previous

approahes to measuring statistial interonnetions of events

beyond the traditional measurements in the probability theory

and mathematial statistis, adding to the already well-known

methods of measuring assoiation, or statistial dependeny,

another new group of methods of measuring agreement of

a set of events. It shows by useful �total� quantities (alled

agreement, assoiation, ovariane, set-distane, set-

nearness, and set-loseness of a set of events) formulas

in this ontext an be simpli�ed and elegantly summarized for

many appliations, inluding for the orret generalization of

the traditional indiators of statistial interonnetions of events

as Pearson orrelation, Yule assoiation, as well as a popular

index of agreement � Cohen kappa. Proposed new methods

demonstrate the growing potential of �eventologial� tehnologies

in the study of strutures of interonnetions (agreement,

assoiation, or statistial dependeny) of events, whih applies to

the measurement in the nominal (ategorial), and the ordered

and numeri (di�erene, ratio) sales.

Keywords. Categorial data, assoiation, dissoiation,

dependeny, independeny, agreement, disagreement,

ontingenies, many-way ontingeny tables, interrater

agreement measures, multiple raters, multiple ategories,

two-way ontingeny table, many-way ontingeny tables,

ovariane, set-distane, set-loseness, set-grouping.
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Set-d istogram measurers of disagreement of events

Abstrat. An extension of the notion of set-distane of an

N-set of events haraterizing its disagreement to (N +1)-family

of set-distanes of di�erent orders is onsidered. This family

of disagreement indexes alled set-distogram of a set of events

haraterizes the distribution of disagreement of events relative

to the power of subsets of the given set of events and serves

as a onvenient tool for measuring the detailed disagreement of

the set of events. Examples of set-distogram for some types of

probability distributions of sets of events with di�erent strutures

of agreement and disagreement.

Keywords. Probability, multivariate statistial analysis,

eventology, set of events, agreement, disagreement, set-distane,

set-distogram, set theory operation, atti, ellar.
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On the foundations of the eventologial method

Abstrat. Some foundations of the eventologial method are

disussed. New notions of the universal K-event (the universal

Kolmogorov event) and the �o-event (the name of universal

K-event) are de�ned. Two new eventologial axioms of �o-event

and of a set of �o-events are formulated from whih proposed

earlier axioms VI and VII follow. New onepts of a set-produt

and an ordered set-produt of sets of �o-events are introdued

that di�er from the usual onepts of diret and Cartesian

produts signi�antly.

Keywords. Eventology, probability, event, universal K-event, �o-

event, axiom of �o-event, axiom of a set of �o-events, set-produt

of sets.
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Eventologial generalization of Fr�ehet bounds for a set

of �o-events

Abstrat. An eventologiñal glane at the generalization of

the onept of Fr�ehet bounds for the probability of arbitrary

set-theoreti operation on a �nite set of �o-events is proposed.

Keywords. Probability, multivariate statistis, event, �o-event,

eventology, Fr�ehet bound, arbitrary set-theoreti operation,

layer, atti, ellar.

⋆ Zuparov Talat and Oybek Safarov (Tashkent,
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The entral limit theorem for random sums of a linear

proess generated sequene of m-dependent random

variables

Abstrat. In this work we prove the entral limit theorem

for random sums of a linear proess generated sequene of

m-dependent random variables.

Keywords. Stationary sequene of random variables, linear

proess, the entral limit theorem, m-dependent random variables,

random amount.
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Òîðãîâî-ýêîíîìè÷åñêèé èíñòèòóò

Ñèáèðñêèé �åäåðàëüíûé óíèâåðñèòåò
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XIV

êîí�åðåíöèÿ

ÔÈÍÀÍÑÎÂÎ∼ÀÊÒÓÀ�ÍÀß ÌÀÒÅÌÀÒÈÊÀ

è ÝÂÅÍÒÎËÎ�Èß ÌÍÎ�ÎÌÅ�ÍÎÉ ÑÒÀÒÈÑÒÈÊÈ

ÔÀÌÝÌÑ'2015

24 ∼ 25 àïðåëÿ 2015 ãîäà, Êðàñíîÿðñê

Ò å ì û

• Ôèíàíñîâî-àêòóàðíàÿ ìàòåìàòèêà

• Ìàòåìàòèêà â ãóìàíèòàðíûõ, ñîöèî-ýêîíîìè÷åñêèõ è åñòåñòâåííîíàó÷íûõ îáëàñòÿõ.

• Ýâåíòîëîãèÿ ìíîãîìåðíîé ñòàòèñòèêè

• Ýâåíòîëîãèÿ áåçîïàñíîñòè

• Ýâåíòîëîãèÿ ðèñêà è ïðèíÿòèÿ ðåøåíèé â óñëîâèÿõ ðèñêà è íåîïðåäåëåííîñòè

• Ýâåíòîëîãèÿ è ìàòåìàòè÷åñêàÿ ýâåíòîëîãèÿ

• Ôèëîñî�ñêàÿ ýâåíòîëîãèÿ è �èëîñî�èÿ âåðîÿòíîñòè

• Ïðàêòè÷åñêàÿ ýâåíòîëîãèÿ

• Ýâåíòîëîãè÷åñêàÿ ýêîíîìèêà è ïñèõîëîãèÿ

• Ýâåíòîëîãè÷åñêèå ïðîáëåìû èñêóññòâåííîãî èíòåëëåêòà

• Ýâåíòîêîíâåðãåíöèÿ íàóê è òåõíîëîãèé

• Òåîðèÿ âåðîÿòíîñòåé è ìàòåìàòè÷åñêàÿ ñòàòèñòèêà

• Ìíîãîìåðíûé ñòàòèñòè÷åñêèé àíàëèç

• Ïðèíÿòèå ðåøåíèé â óñëîâèÿõ ðèñêà è íåîïðåäåëåííîñòè

• Èçìåðåíèå è ìîäåëè ðèñêà

• Òåîðèÿ íå÷åòêèõ ñîáûòèé, îáîáùåííàÿ òåîðèÿ íåîïðåäåëåííîñòè

• Ìàòåìàòè÷åñêèå íà÷àëà õàîñà â ýêîíîìèêå

• Ñèñòåìíûé àíàëèç è óïðàâëåíèå ñëó÷àéíûìè ñîáûòèÿìè

Âàæíåéøèå äàòû:

• 22 ìàðòà 2015 � çàâåðøåíèå ïðèåìà çàÿâîê, äîêëàäîâ, ñåêöèé

• 29 ìàðòà 2015 � ïîäòâåðæäåíèå è ðàññûëêà ïðèãëàøåíèé

Èíñòðóêöèè:

• http://fam.onf.sfu-kras.ru/submission.php
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XIV

Conferene

FINANCIAL and ACTUARIAL MATHEMTAICS

and EVENTOLOGY of MULTIVARIATE STATISTICS

FAMEMS'15

24 ∼ 25 April 2015, Krasnoyarsk

Themes

• Finanial and atuarial mathematis

• Mathematis in the humanities, soio-eonomi and natural sienes

• Eventology of multivariate statistis

• Eventology of safety

• Eventology of risk and deision-making under risk and unertainty

• Eventology and mathematial eventology

• Philosophial eventology and philosophy of probability

• Eventology and the new humanity

• Pratial eventology

• Eventologial eonomis and psyhology

• Eventologial problems of arti�ial intelligene

• Converging sienes and tehnologies

• Probability theory and statistis

• Multivariate statistial analysis

• Deision-making under risk and unertainty

• Risk measurement and risk models

• Theory of fuzzy events and generalized theory of unertainty

• Mathematial onset to haos in eonomy

• System analysis and events management

Important dates:

• 22 Marh 2015 � deadline for papers, and sessions

• 29 Marh 2015 � noti�ation about aeptane/rejetion; distribution of invitations

Instrutions:

• http://fam.onf.sfu-kras.ru/submission-e.php
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Ýëåêòðîííîå èçäàíèå • http://fam.onf.sfu-kras.ru




